A Table with Different Settings of GAPTRON

Table 2: Settings of Gaptron

Surrogate Loss Gap map a Learning rate 7~ Exploration « Rezgret .
logistic 1—1[p; > 0.5]p; el 0 bl
p - " " In(2) exp(—2DX exp(2DX)K*X*D?

bandit logistic @) 1 —1[p; > 0.5]p; % 0 %
bandit logistic @) 1—1[p; > 0.5]p; ) VE 2KXD, /ity

: * K-1 K2X2|U)|?
hinge () 1 — max{1[m} > 3]} ol 0 SR
bandit hinge (3) 1 — max{1[m} > 8]} WD JEhr  2KXD
smooth hinge (3) (1 — min{1, m}})? SRXT 0 2KX?|U|?
bandit smooth hinge (6} (1 — min{1,m}})? SR YT 1/ w 2DK X+/2T

B Details of Section

Proof of Lemmam As we said before, the updates of W, are Online Gradient Descent (Zinkevich,
2003)), which guarantees

vy < IO

T
> (W
t=1

Now, by using (7) we find
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where in the last inequality we used (1 — max{a;,~})
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t=1

)

- W)+ Zlaul?)

T
i 7wl — (W) + > (L(Wy) — €4 ))1
. t=1
+E Z (Et[l[yé # ]l — (W) + 727||9t||2)1
t=1
+ |3 (0= mox(an v ]+ maxfar o}t~ 6(W + antn?)]
t=1
T
S T E |3 (- 001l £ ul 4ot
t=1

(®)

< (1—ay) and max{a;, v} < a; ++. Adding

E [ZtT:l Et(U)ﬂ to both sides of equation (8]) completes the proof. O

C Details of Full Information Multiclass Classification (Section [4)

C.1 Details of Section

Proof of Theorem[I] We will prove the Theorem by showing that the surrogate gap is bounded by 0
and then using Lemma[I] The gradient of the logistic loss evaluated at W, is given by:

where p; =

Vi (W) Zﬁ(ﬁt —ey,) @@y,
(ﬁt(l)a e ,f)t(k))—r and ﬁt(k) = U(Wt,mt, k)
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We continue by writing out the surrogate gap:

* K-
(1—a) Ly} # w) +a — (W) + Jllgel”

< (1 —an)lly; #ye] + atK —— — (W) — ( @) [ ]|* logy (Bt (yt))

K
K—1
< (1 —ag)ly; # ye] + ap—— % —L(Wy) — %X2 log, (Pt (yt)) ©)
0+ 521+ logz(ﬁt(yt)) Tty X * ogs (Be (1)) if p; < 0.5
=P+ (- pt) b+ 1ogy (Pr(yr) — gy X 1oga(P(ye))  if yf # yr and py > 0.5
1 -p) 5t + 10g2(pt) iy X log (p) if yf =y and p; > 0.5,

where the first inequality is due to Lemma [2] below.

We now split the analy51s into the cases in (9). We start with p; < 0.5. In this case we use
—log, () for z € [0, 1] and obtain

% + logy (Pe(ye)) — ﬁ)@ log, (P (yr))
< —%bgz(ﬁt(yt)) + logy (Pt (yt)) — ﬁ)@ log, (Pt (yt))

- gglog2<ﬁt<yt>>—-1ﬁ%§5zc21og2<ﬁt<yt>»

which is bounded by 0 since n < ;?g?% .

The second case we consider is when y; # ; and p; > 0.5. In this case we use z < —3 log,y (1 — )
forz € [0.5,1] and 1 — 2 < —2log, (1 — z) for = € [0.5, 1] and obtain

P+ (1= 50) S oy (0n)) = s X okl )

< S logy(1 - pi) — T L logs (1 = p) + 1082 (Pe(91)) = 7 X Toma (1))

= —dlogy [ S k) | - T om | D i ) | +1082(pe(yn)) = 15X 108 (w0)
k#y. k#y:

< — S log, () — “ e 4108 (1 on)) + Toma (1 (1)) = s X oy 711

3}%WW1£WWMW”

In(2)
2KX?2"

which is 0 since =

The last case we need to consider is y;7 = y; and p; > 0.5. In this case we use 1 — 2 < —log, ()
and obtain

* K—-1 * n *
(1= pp) =3 +logz(p7) — MX210g2(pt)

K—-1 N n
< — 5 loga(p}) + logy (p7) — mXQ logy (pf),

which is bounded by 0 since = 21?(()2()2 .
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We now apply LemmalT] plug in v = 0, and use the above to find:

E[Z [yt?éyt] < H2+Z€t IT

t=1

K-
+Z (6= a0t £+ 0 =) + L)

U2 <
L4y ),
t=1

Using n = 21?(()2()2 completes the proof.
O
Lemma 2. Let {; be the logistic loss (1)), then
Ve (Wy)|1? Sln@) 222|206 (W),
Proof. We have
1 K
IVEWOI? =g s (Z(Myt k) —@(k))?)
k=1
1 X ’
<—— 2 1y: = k] — pe(k
<mle (@ e = k] — Bl >|)
1 9 _
< - 2m”iﬂtn log (Pt (yt))
1
=2—— 20, (W,
In(2) [[e][“€: (W),
where the last inquality follows from Pinsker’s inequality (Cover and Thomas, |1991, Lemma 12.6.1).
O

C.2 Details of Section [4.2]

Proof of Theorem 2] We will prove the Theorem by showing that the surrogate gap is bounded by 0

and then usmg Lemma Let k = arg maxy z,, (WE x;). The gradient of the smooth multiclass
hinge loss is given by

(e —ey,) @z iy #uys
VI (W) = (ej —ey,) @z ifyf =y,andm; <3
0 if yf =y and my > B.

We continue by writing out the surrogate gap:
* K—1 n
(1 —a)lly; # yel + as *gt(Wt)JrgHgtHQ

my 4+ (1 —m}) 5 — (1 — me(Wi, ) +nllael|*  if yf # yandmf < 8

. 10

_ (et ) 4 ify; =yeandm; < (9
L — (1 —=my(Wi, )+l |? ify; #ye and my > 8
0 if yf =y and m} > S.

In the remainder of the proof we will repeatedly use the following useful inequality for whenever
(I

my + me(Wy, ye) :<Wty:a t) — maX<Wt ) + (W ay) — maX<Wtk;mt>
k#yr k#y.

(W) — o (W) an
Ye

<(Wi o) — (W ay) = 0.
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We now split the analysis into the cases in (I0). We start with y; # y; and m} < $3, in which case
the surrogate gap can be bounded by 0 when n <

K—-1
my + (1 — mI)T — (1 =m(Wy,y)) + 77Hwt||2

* * K—-1
=m; +my(We,y) + (1 - mt)T — L+ 7lz|?

1
< 7 nXx> (by equation (TT))

<0.

We continue with the case where y; = y; and m} < (. In this case we have:

K—1 1 1-8

(1= mi) S = (= mi) el = —(1 = mi) o+l <~ 40X,
which is zero since n = 11(;(52 .
Finally, in the case where y; # y; and m; > ( we have:
L= (1= me(Wi,ye)) + |l =me(We, ye) + 1l|a: ]|
—m} 4 x| (by equation (TT))

<
§7ﬂ+77X2a

which is bounded by zero since 5 = % andn <

1
KXZ:
We now apply Lemmal(T] plug in v = 0, and use the above to find:

E lz [y, # yt}‘| S”g]n' + Z@(U) +T

t=1

K-1
+z (6= a0t # + 0 = e + L)

HDH2
<— E U).
2n +t:1 &)

Using n = 115(@ = % completes the proof. O

C.3 Details of Sectiond.3]

Proof of Theorem[3] We will prove the Theorem by showing that the surrogate gap is bounded by 0

and then usmg Lemma Let k = arg MaxXy, 4., (W[ x;). The gradient of the smooth multiclass
hinge loss is given by

2(ej, — ey,) ® @y ifyi # ue
V(W) = 2(e; —ey,)(1—m))@x, ifyf =yandm) <1
0 if yf =y, and my > 1.

We continue by writing out the surrogate gap:

. K—-1
(1— a1y} # vl +a — G(W3) + 3 g

2my —mi? + (1—mf)2 2L — (1= 2my (Wi, ) + ndl|||? ifyf # ye and my < 1

_ )@= m)P R — (1= mi)? + pd]fa |2 (1 — m})? if y =y and m} < 1

1—(1=2m:(Wi,yt)) + 174||ar:t||2 ifyy #yandmy > 1

0 if yf =y, and my > 1.
(12)
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We now split the analysis into the cases in @) We start with the case where y; # y; and m; < 1.
By using (T1)) we can see that with n = % X2 the surrogate gap is bounded by 0:

N N K-1
2my —m;? + (1 - mf)QT — (1 = 2my (W, ye)) + |z ||
* *2 * 2K_1 2
=2(my +mi(Wi,y)) —mi” + (1 —my) e 1+ ndlx||
K—-1
<—miP4(1- m:)2T —14n4X? (by equation (TT))
1
< —— 4X2% <.
SR +n =

The next case we consider is when y; = y; and m} < 1. In this case we have
(1= mi PR (1 mi el 20— mi)? = () 21— mi ),
which is bounded by 0 since 7 = ;7.
Finally, if y; # y. and m} > 1 then
1— (1= 2me(Wy, ) + ndllae]|* =2me (Wi, ye) + nd|z|*

< —2m} + ndljx|? (by equation (TT))
< —2+ndX?

which is bounded by 0 since n < 5 X2 We apply Lemmawith ~ = 0 and use the above to find:

e[S i) <24 S KT

t=1

K-1
+Z( Uy; # yel +ar— —ft(Wt)+Z||gt||2>

||UH2
<—- E U).
2n +t:1 e

Using n = ﬁ completes the proof.

D Details of Bandit Multiclass Classification (Section [5)
D.1 Details of Section[5.1]

Proof of Theorem[d] First, by straightforward calculations we can see that pj(y;) >
(1*7)exp§;2DX)+v

= J. As in the full information case we will prove the Theorem by show-

ing that the surrogate gap is bounded by 0 and then using Lemma[I] We start by writing out the
surrogate gap:

B |1 - 001l £ ul + o ~ Bl + 2 [ngtn?]]

L togs (o)) +

= —a ; aK_ —_ —e x|
— B |(1- )1l A +a 10 - ) il

K-1 - n -
<E|(1—a)lly; # yi] +ar + logy (Pt (yt)) — mXZ logz(pt(yt))]
t
L 4+E [IOgZ(pt(yt)) W*XQ 10%2(]5:&(%))] if pf <0.5
=K |pf+ (1 - Pt) L+ logy (P (ye)) — m)@ IOgQ(ﬁt(yt))} if yf # y, and p; > 0.5
E|(1- pt)i +10g2(pt) WX 10%2(]%)} if yf =y, and p; > 0.5,

13)
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where the first inequality is due to Lemma 2]

We now split the analysis into the cases in (I3). We start with p; < 0.5. In this case we use
1 < —logy () for x € [0, 3] and obtain

K-1

. U 2 ~

5 + Ellogs (p:(y1)) — mX logs (Pt (yt))]

< & [~ 5oy () + 108:001(00) — o X ot i)
< B |~ om0 + Yok ) ~ s X o)

PR In(2)4
which is bounded by 0 when n < 255

The second case we consider is when y; # y; and p; > 0.5. In this case we use x < —% logy (1 —x)
forz € [0.5,1] and 1 — 2 < —1log, (1 — z) for = € [0.5, 1] and obtain

B ot + (1= 90 S 0w (u() — s X o)
< |~ Hogy(1 = pt) — S bloa(1 = ) + o0 — s X* o ()|

K K
- K-1 _ - -
=B | —glogy | 37 k) | = =g dlogs | 3 5eh) | +loga(Feln)) — X loga (el
L k#y k#y.

< B |~ 5 logs (7uly) — —— 5 108 (3u(ye) + logalPu(ue) = s X° logQ@t(yt))}
[ 1

— B |5 o8l ) ~ s X o )

which is bounded by 0 since n = ;‘}ﬁﬁ‘i .

The last case we need to consider is when ¢ = y; and p; > 0.5. In this case we use 1—z < — log, ()
and obtain

E [(1 - pi)% + log, (p}) — mﬁ 10%2(??)}

_n

K-1 * * *
g (5) + 108(07) — s X om0

x|
which is bounded by 0 when 5 < 22

KXZ
We now apply Lemma|I]and use the above to find:

- [ ES K1
/
<— i
E ;M%#yt]} =" +E ;@(U) + K T
T K 0
+E Z <(1at)]l[y:7éyt]+at ét(Wt)+2gt2>]
t=1
U|? o
g—” | +T+E | 4U)].
2n t=1
Usingn = ;‘}ggi gives us:
T T
K2X?|U|P?
E 1y, < +9T+E LU,
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Setting v = 0 gives us

T
K2X2D?
< E
Z} lv: # yt] “Tn(2)exp(—2DX) ©

Z&(U)} :

t=1

If instead we set y = min {1, K;éj? ’ } we consider two cases. In the case where 1 < ,/ Z=X"D~ 2);2’3 2
we have that T' < K2X?2D? and therefore

sz]l . #ytl _2K2X2D2
t=1
In the case where 1 > 4/ w we have that

T T T

Lz_:l 1y, # u ] <2KXD\/£+E ;et(U)] ,

which after combining the above completes the proof. O

Zet ]

D.2 Details of Section|5.2]

Proof of Theorem[3] First, note that p}(y;) > 7. The proof proceeds in a similar way as in the full

information setting (Theorem , except now we use that pj(y;) > 7 to bound E,[||g¢|?]. We will
prove the Theorem by showing that the surrogate gap is bounded by 0 and then using Lemmal[I] We
start by splitting the surrogate gap in cases:

(- b # ul +a Xt - Bl6Wo) + T Edflg?)]

E [mi + (1= mi) 52 — (1= mu(Wa,g0) + @2 i yp # yeand my < 8
(1

_JE[a-mn B - (=) + sl ?] ify; =y, andmf < B

B 1= (1= m(We, ) + i ] ifyf #yand mi >

0 if yf =y andmy > 3.
(14)

We now split the analysis into the cases in (IEI) We start with y} # y, and m; < (. The surrogate
gap can now be bounded by 0 when 1 < =5

E [m: Fa-mnE W) + Jyt)nmtﬂ

K
K-1
=E |m; + mi(Wy,y:) + (1 —m; -1+ 2}
i W)+ (1= ) S~ 1
1 K
<=+ 777)(2 (equation (TT))

<0.

We continue with the case where y; = y; and m; < 3. In this case we have:

K-1 1

E <1_m;)K—<1—m:>+n||wt||ﬂ =E[—<1—m?)z< )

||$t||2

which is bounded by zero since = Wi(é XBQ) .
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Finally, in the case where y; # y; and m} > /3 we have:

E1- (1 - mt(Wtayt))

n Ui 2
x =E |miWyy) + ——|
i1 = [metWosw) + s
n 2 .
<E|-m}+ ——|x ] by equation
ot 4 —fad?] by equation (D)
K
76+—77X2
Y

which is bounded by zero since n = VI((Q ~= and 8 <0.5.

We now apply Lemma|I]and use the above to find:

T

Ny ol g
Z]l[yt#yt] < o +
t=1

T

Z( 1 —ag)1[y; # vt +CltKI; L — L (W) + th2)]

. Zet ] :

T

> u(U)

t=1

K-1
e
TR

2

K —
+ 7 —THE
277

Plugging inn = A’[((EXBQ and 8 = % gives us:

K3X2D? K — T
lZMt#yt] S(K 1)+7 K1T+IE ;Et(U)l.

We now set ¥ = min {1, %} In the case where 1 < ,/% we have
d K3X2D2
E Zﬂ[yé;éyt} > Zet .
t=1

In the case where 1 > ,/ % we have

T T T

E|> Ly #wl| <2KXDy\/5 +E |} 4U)],
t=1 2 t=1

which completes the proof. O

D.3 Details of Section[5.3]
Proof of Theorem|f] First, note that pj(y;) > 7. The proof proceeds in a similar way as in the full

information case. We will prove the Theorem by showing that the surrogate gap is bounded by 0 and
then using Lemma T} We start by writing out the surrogate gap:

E [(1— a1y} # gl + ar s

- B(W) + LBl

K
B [2my —mi? + (1= mi) P52 — (1= 2mu(Wi,p0) + s dlla?]if g7 # o and mj
_JE[Q - miP iR - (- mi)? + sl 21— m)?] if g =y, and m;
E[1- (1= 2m (Wi, 0)) + 5rydllo?] if y# # y, and m}
0 if yf =y, and m}
(15)
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We now split the analysis into the cases in (T3). We start with the case where y; # y; and m; < 1.
By using (TT)) we can see that for 1) = 73+=

K-1 n
E |2 2 (1= mp)2 T — (1 — 2my(W, 4|z, ?
2 = (PR (1= (W) + ]
=E |2(m] W, P (1 -my)? -1 Al ||
2t W) = i+ (L P 1
<IE{ mi? + (1—m*)2K_1—1+ I 4X2] (by equation (TI))
- ! YK Pi(ye)

L Kn, o
<——= 4+ —4X°<0.
< K+ 5 <

The next case we consider is when y; = y; and m; < 1. In this case we have

E [(1 ik S R S BT P LT mz>2]

K

n
o)
=E[—<1—m:>21+ 7 4||wt|2<1—m:>2}

K pt(yt)

—B |- + i

K v
which is bounded by 0 since ) = 3=

Finally, if y; # y; and m} > 1 then

E [1 - (L 2 (W) + fyt)ﬂxnwtnﬂ

n 2
E [2m:(W4, ye) + 4||x
|: t( t yt) pé(yt) || t” :|

<E [—2771;5k + ,774||wt||2} (by equation (TT))
Pi(ye)
K
<924 =1yx2
Y

which is bounded by 0 since 7 < 57=3=. We apply Lemma and use the above to find:

Z U g ls
lyr # el | < o + +(U)
=1

t=1

Z( 1= ay)lly; #yt]‘FGtK_
B T
Zet(U)].

t=1

+ AT

Lnwy + Zg)]

D?
<—+7T'+E
21

Plugging in ) = ;=3 gives us:
T
> ét(U)] .

T
2K2X2D?
|3 4| <X ra
— t=1

Now we set vy = min{l, W;@DQ} In the case where 1 < \/w we have
> o).

t=1

T
E|> 1y #w ] <4K*X?D?+E

t=1

In the case where 1 > 4/ w we have

T
E|Y 1y # yt]] <2DKXV2T +E

t=1

zmm] ,

t=1
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Algorithm 2 ADAHEDGE with abstention

Input: ADAHEDGE
I: fort=1...7T do
2:  Obtain expert predictions y; = (y1,...,y8) " € [-1,1]¢
3: Obtain expert distribution p; from ADAHEDGE
4 Set §; = (D¢, Yt)
5: Let y; = sign(g)
6: Set bt =1- |@t|
7.
8
9

Predict y; = y; with probability 1 — b; and predict y; = * with probability b,
: Obtain ¢; and send ¢; to ADAHEDGE
: end for

which completes the proof.

E Online Classification with Abstention

The online classification with abstention setting was introduced by |Neu and Zhivotovskiy| (2020) and
is a special case of the prediction with expert advice setting [Vovk| (1990); [Littlestone and Warmuth
(1994). For brevity we only consider the case where there are only 2 labels, -1 and 1. The online
classification with abstention setting is different from the standard classification setting in that the
learner has access to a third option, abstaining. Neu and Zhivotovskiy|(2020) show that when the
cost for abstaining is smaller than % in all rounds it is possible to tune Exponential Weights such that
it suffers constant regret with respect to the best expert in hindsight. Neu and Zhivotovskiy| (2020)
only consider the zero-one loss, but we show that a similar bound also holds for the hinge loss (and
also for the zero-one loss as a special case of the hinge loss). We use a different proof technique
from |Neu and Zhivotovskiy|(2020), which was the inspiration for the proofs of the mistake bounds
of GAPTRON. Instead of vanilla Exponential Weights we use a slight adaptation of ADAHEDGE
(De Rootij et al.| 2014) to prove constant regret bounds when all abstention costs c¢; are smaller than
%. In online classification with abstention, in each round ¢

1 the learner observes the predictions y; € [—1,1] of expertsi = 1,...,d

2 based on the experts’ predictions the learner predicts y; € [—1, 1] U %, where * stands for
abstaining

3 the environment reveals y, € {—1,1}

4 the learner suffers loss £, (y;) = +(1 — yy;) if y, € [~1,1] and ¢; otherwise.
The algorithm we use can be found in Algorithm[2] A parallel result to Lemma I] can be found in
Lemma 3] which we will use to derive the regret of Algorithm 2}

Lemma 3. For any expert i, the expected loss of Algorithm 2| satisfies:

T T T
ST = b)ulyr) + i) <3 4(yi) + ;gg B S (= ) + e+~ 0(31)
t=1 t=1 t=1 Abstention gap
4
+ 3 In(d) + 2,
where vy = E;op, [(61(G1) — €4 (y1))?].

Before we prove Lemma [3]let us compare Algorithm [2] with GAPTRON. The updates of weight matrix
W, in GAPTRON are performed with OGD. In Algorithm [2|the updates or p; are performed using
ADAHEDGE. The roles of a; in GAPTRON and b; in Algorithm [2] are similar. The role of a; is to
ensure that the surrogate gap is bounded by 0, the role of b, is to ensure that the abstention gap is
bounded by 0.
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Proof of Lemma[3] First, ADAHEDGE guarantees that

T T

D 4(G) — 6(yi) < 24| In(d) Y v +4/31n(d) + 2.

t=1 t=1

Using the regret bound of ADAHEDGE we can upper bound the expectation of the loss of the learner
as

[M]=

(L = be)le(yr) + bect)

o
Il

I
="

T
(1= be)le(yf) + bree + be(y;) — Z (Ce(Ge) — Le(wy))

o~
Il
—

B

T
(1= be)le(y7) + bece + L(yi) — Le(3e)) + 24 | In(d) th +4/31In(d) + 2

o~
Il
-

I
M=

T
ft(yz)Jr}?I;%{ n(d) +Z 1bt)ft(yt)JrCtbtJr??vtgt(yt))}+4/31n()

n

t=1

O

To upper bound the abstention gap by 0 is more difficult than to upper bound the surrogate gap as the
negative term is no longer an upper bound on the zero-one loss. Hence, the abstention cost has to be
strictly better than randomly guessing as otherwise there is no 1 or b; such that the abstention gap is
smaller than 0. The result for abstention can be found in Theorem [7] below.

Theorem 7. Suppose max; c; < % forallT. Then Algorithm@ guarantees

T T In(d) T
> = be)le(yp) + beer) < § H(y))+min { ———~ § +4/3In(d)+
t=1 t=1 t=1

1 —2max; ¢’

Proof. We start by upper bounding the v, term. We have

1

vy = Z]Eﬁt [(yé - Z‘jt)2] < i(l —9)(@e +1) < %(1 = 18:);

where the first inequality is the Bhatia-Davis inequality (Bhatia and Davis, |2000). As with the proofs
of GAPTRON we split the abstention gap in cases:

(1= be)le(yy) + cebe +mve — Li(Ge)

< (1= be)le(y7) + ceby + 77%(1 = [9¢]) — Le ()

— {30~ 40— ity =
el + (L= [9e)) + 5 (1= |9e)) — 5+ 19e])  if yf # e

Note that regardless of the true label (1 — bt)ﬁt(yt) + c¢by — £4(3:) < Osince ¢; < 5. Hence, by
using Lemmal we can see that as long as ¢; < 5

(16)

T T
> (A= b)l(y;) + bier < Zzt (y) + 24| In(d) Y v +4/31n(d) + 2
t=1 _

t=1

Now consider the case where y; = y;. In this case, as long as n < 1 — 2¢; the abstention gap is
bounded by 0. If y; # y; then

(9] + ce(1 = [Gel) + 051 = |5e) = 51+ [Gel) = ce( = [5e]) + 51 = [Gel) — 5(1 = [e])-
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So as long as 7 < 1 — 2¢, the abstention gap is bounded by 0. Applying Lemma [3|now gives us

a . m@ & )
D (1= b)) + bree — La(yi) < inf + (1= b)ee(wy) + eebe + e — (i)

t=1 K t=1
+4/3In(d) + 2
In(d)

— +4/31 2
_1—2maxtct+ /31n(d) +2,

which completes the proof. O

With a slight modification of the proof of Theorem [7]one can also show a similar result as Theorem 8
by Neu and Zhivotovskiy| (2020), albeit with slightly worse constants. We leave this as an exercise
for the reader.
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