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Abstract

Modern large-scale kernel-based tests such as maximum mean discrepancy (MMD)
and kernelized Stein discrepancy (KSD) optimize kernel hyperparameters on a
held-out sample via data splitting to obtain the most powerful test statistics. While
data splitting results in a tractable null distribution, it suffers from a reduction
in test power due to smaller test sample size. Inspired by the selective inference
framework, we propose an approach that enables learning the hyperparameters
and testing on the full sample without data splitting. Our approach can correctly
calibrate the test in the presence of such dependency, and yield a test threshold in
closed form. At the same significance level, our approach’s test power is empirically
larger than that of the data-splitting approach, regardless of its split proportion.

1 Introduction

Statistical hypothesis testing is a ubiquitous problem in numerous fields ranging from astronomy and
high-energy physics to medicine and psychology [1]. Given a hypothesis about a natural phenomenon,
it prescribes a systematic way to test the hypothesis empirically [2]. Two-sample testing, for instance,
addresses whether two samples originate from the same process, which is instrumental in experimental
science such as psychology, medicine, and economics. This procedure of rejecting false hypotheses
while retaining the correct ones governs most advances in science.

Traditionally, test statistics are usually fixed prior to the testing phase. In modern-day hypothesis
testing, however, practitioners often face a large family of test statistics from which the best one
must be selected before performing the test. For instance, the popular kernel-based two-sample tests
[3, 4] and goodness-of-fit tests [5, 6] require the specification of a kernel function and its parameter
values. Abundant evidence suggests that finding good parameter values for these tests improves
their performance in the testing phase [4, 7-9]. As a result, several approaches have recently been
proposed to learn optimal tests directly from data using different techniques such as optimized kernels
[4, 9-13], classifier two-sample tests [14, 15], and deep neural networks [16, 17], to name a few. In
other words, the modern-day hypothesis testing has become a two-stage “learn-then-test” problem.

Special care must be taken in the subsequent testing when optimal tests are learned from data. If
the same data is used for both learning and testing, it becomes harder to derive the asymptotic null
distribution because the selected test and the data are now dependent. In this case, conducting the
tests as if the test statistics are independent from the data leads to an uncontrollable false positive
rate, see, e.g., our experimental results. While permutation testing can be applied [18], it is too
computationally prohibitive for real-world applications. Up to now, the most prevalent solution is
data splitting: the data is randomly split into two parts, of which the former is used for learning the
test while the latter is used for testing. Although data splitting is simple and in principle leads to the
correct false positive rate, its downside is a potential loss of power.

In this paper, we investigate the two-stage “learn-then-test” problem in the context of modern kernel-
based tests [3—6] where the choice of kernel function and its parameters play an important role. The
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key question is whether it is possible to employ the full sample for both learning and testing phase
without data splitting, while correctly calibrating the test in the presence of such dependency. We
provide an affirmative answer if we learn the test from a vector of jointly normal base test statistics,
e.g., the linear-time MMD estimates of multiple kernels. The empirical results suggest that, at
the same significance level, the test power of our approach is larger than that of the data-splitting
approach, regardless of the split proportion (cf. Section 5). The code for the experiments is available
athttps://github.com/MPI-IS/tests-wo-splitting.

2 Preliminaries
We start with some background material on conventional hypothesis testing and review linear-time

numbers up tod 2 N, 0 to denote that all entries of 2 RY are non-negative, €j to denote the
i-th Cartesian unit vector, and kK k:=k k.

Statistical hypothesis testing. Let Z be a random variable taking values in Z  RP distributed
according to a distribution P. The goal of statistical hypothesis testing is to decide whether some null
hypothesis Hg about P can be rejected in favor of an alternative hypothesis Ha based on empirical
data [2, 19]. Let h be a real-valued function such that 0 < E h?(Z) < 1. In this work, we
consider testing the null hypothesis Hp : E [h(Z)] = 0 against the one-sided alternative hypothesis
Ha : E[h(Z} > 0 for reasons which will become clear later. To do so, we define the test statistic

Zn) =1 ?:1 h(z;) as the empirical mean of h based on a sample Z, := fz;; :::; Zng drawn i.i.d.
from P ™. We reject Hy if the observed test statistic ~(Zp,) is significantly larger than what we would
expect if Hp was true, i.e., if P ( (Zn) < MZn)jHo) > 1 . Here is a significance level and
controls the probability of incorrectly rejecting Ho (Type-I error). For sufficiently large n we can
work with the asymptotic distribution of (Z), which is characterized by the Central Limit Theorem
[20].

Lemmal. Let = E[h(Z)]and 2 := Var[n(Z)]. Then, the test statistic converges in distribution
to a Gaussian distribution, i.e.,” N( (Zn) ) inN ©; ?):

bet be the CDF of the standard normal and ~% its inverse. We define the test threshold t =
n  ~1(1 )asthe(l )-quantile of the null distribution so that P ( (Zn) <t jHg) =1

and we reject Ho simply if ~(Z) >t . Besides correctly controlling the Type-I error, the test should
also reject Hgp as often as possible when P actually satisfies the alternative Ha. The probability of
making a Type-II error is defined as P ( (Zn) <t jHAa), i.e., the probability of failing to reject
Hp when it is false. A powerful test has a small Type-II error while keeping the Type-I error at
Since Lemma 1 holds for any , and thus both under null and alternative hypotheses, the asymptotic
probability of a Type-II error is [4]

Pa
P((Zn)<t jHa) e )y — (1)

Since is monotonic, this probability decreases with = , which we interpret as a signal-to-noise
ratio (SNR). It is therefore desirable to find test statistics with high SNR.

Kernel two-sample testing. As an example that can be expressed in the above form we present
kernel two-sample tests. Given two samples X, and Y, drawn from distributions P and Q, the
two-sample test aims to decide whether P and Q are different, i.e., Hp : P = Qand Ha : P & Q. A
popular test statistic for this problem is the maximum mean discrepancy (MMD) of Gretton et al. [3],
which is defined based on a positive definite kernel function k [21]: MMD?[P; Q] = E[k(x; X’) +
k(y;¥) kOy)  k(X';y)] = E[h(x; X";y; y)]; where X; X are independent draws from P, y; y’
are independent draws from Q, and h(x; X’;y;y") = k(O X') + k(y;y")  k(y')  k(y;X).
A minimum-variance unbiased estimator of MMD? is given by a second-order U-statistic [20].
However, this estimator scales quadratically with the sample size, and the distribution under Hg
is not available in closed form. Thus it has to be simulated either via a bootstrapping approach or
via a permutation of the samples. For large sample size, the computational requirements become
prohibitive [3]. In this work, we assume we are in this regime. To circumvent these computational
burdens, Gretton et al. [3] suggest a “linear-time” MMD estimate that scales linearly with sample size
and is asymptotically normally distributed under both null and alternative hypotheses. Specifically,
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let Xon = fX1;:00XangandYz, = fyg;::iiy2ng, i.e.ghe samples are of the same (even) size.
We can de nez; := (Xj;Xn+i;Vi;Yn+i) and (Zp) = % inzl h(z) as the test statistic, which by
Lemma 1 is asymptotically normally distributed. Furthermore, if the kdtriglcharacteristicq2],

it is guaranteed thatiMD?(P; Q) = 0 if P = Q andMMD?(P; Q) > 0 otherwise. Therefore, a

one-sided test is suf cient.

Other well-known examples are goodness-of- t tests based on the kernelized Stein discrepancy
(KSD), which also has a linear time estimate ¢]. In our experiments, we focus on the kernel
two-sample test, but point out that our theoretical treatment in Section 3 is more general and can be
applied to other problems, e.g., KSD goodness-of- t tests, but also beyond kernel methods.

3 Selective hypothesis tests

Statistical lore tells usot to use the same data for learning and testMé& now discuss whether it is

indeed possible to use the same data for selecting a test statistic from a candidate set and conducting
the selected tesPB]. The key to controllable Type-I errors is that we need to adjust the test threshold

to account for the selection event. As beforedgtdenote the data we collected. Jet= f g2 be

a countable set of candidate test statistics that we evaluate on thédatadf t' g, the respective

test thresholds. Assume tHak; g are disjointselection eventdepending orZ,, and that their
outcomes determine which test statistic ouTofve apply. Thus, all the tests and events are generally
dependent viZ,,. To de ne awell-calibratedtest, we need to control the overall Type-I error, i.e.,

P (rejecfHg). Using the law of total probability, we can rewrite this in terms of the selected tests

X . .
P(rejeciHo) =  P(i>t'jAi;Ho)P(AijHo): (2)
i2l
To control the Type-I erroP (rejeciHo) , it thus suf ces to controP ( ; >t ' jA;;Ho) for
eachi 21 , i.e., the test thresholds need to take into account the conditioning on the selection event
A;. A naiveapproach would wrongly calibrate the test such thét; > t' jHy) , hot accounting

for the selectiorA; and thus would result in an uncontrollable Type-I error. On the other hand, this
reasoning directly tells us why data splitting works. Thareds evaluated on a split &, that is
independent of the split used to computend hencé ( ; >t' jAij;Ho) = P( i >t'jHo).

Selecting tests with high power. Our objective in selecting the test statistic is to maximize the
power of the selected test. To this end, we start fibd N differentbase function$y; :::; hy.
Based on observgd data, = fz1;:::;2.0 P", we can computel basetest statistics
ui= u(Zn)= 2 L hy(z)foru2[d]. Let :=( 1;:::; ¢)> and = E[h(Z)], where

n

h(Z) = (hy(Z);:::;hg(Z))> . Asymptotically, we havg n( ) 1N (0; ) , with the vari-
ance of the asymptotic distribution given by Covfh(Z)].? Now, for any 2 RY nf0g that

is independent of , the normalized test statistic := = F is asymptotically normal, i.e.,
> 2
P n —f 1N (0;1). Following our considerations of Section 2, the test with the
2

>

highest power is de ned by

> 1
1

TG T X
where the constrairk k = 1 is to ensure that the solution is unique, since the objective of the
maximization is a homogeneous function of or@én . The explicit form of ! is proven in
Appendix C.2. Obviously, in practice, is not known, so we use an estimate ofo select . The
standard strategy to do so is to split the sanzh]dnto two independent sets and estimateand
tes I.€., two independent training and test realizatioh8[ 9, 13]. One can then choose a suitable
by using ¢ as a proxy for . Then one tests with this and . However, to our knowledge,

there exists no principled way to decide in which proportion to split the data, which will generally
in uence the power, as shown in our experimental results in Section 5.

21n practice, we work with an estimate of the covariance obtained fro#y, , which is justi ed since

P oz ) I°N (0; 14) for consistent estimates of the covariance.



Our approach to maximizing the utility of the observed dataset is to use it for both learning and
testing. To do so, we have to derive an adjustment to the distribution of the statistic under the null,
in the spirit of the selective hypothesis testing described above. We will consider three different
candidate set$ of test statistics, which are all constructed from the base test statistits do

so, we will wogk with the asymptotic distribution of under the null. To keep the notation concise,

we include the n dependence into. Thus, we willassume N (0; ) , where is known and
strictly positive. We provide the generalization to singular covariance in Appendix E.

To select the test statistics, we maximize the SNR= > =( ~ )% and thus the test power

over three different sets of candidate test statisticsTpdse = f | 2fey;:::;e499 i.€., we

directly select from the base test statisticSTgaq = f jk k=19, where we allow for arbitrary

linear combinations, Jost=f | 0;k k=19, where we constrain the allowed values to
increase the power (see below). The rule for selecting the test statistic from these sets is simply to
select the one with the highest value. To design selective hypothesis tests, we need to derive suitable
selection events and the distribution of the maximum test statistic conditioned on its selection.

3.1 Selection from a nite candidate set

We start withTpase= f | 2 eq;:::;egggand use the test statistigase= max 27, - Since
the selection is from a countable set and the selected statistic is a projectipwefcan use the
polyhedral lemma of Lee et gR4] to derive the conditional distributions. Therefore, we denote

. 1 . .
u = argmaxypq -, with | = ( w)2, and obtain p,se = . The following corollary
characterizes the conditional distribution. The proof is given in Appendix C.1.
2

Corollary 1. Let N (;),z:= S,V (%) = maxXoajeu ; , and

u u i uj

TN(; 2;a;b) denote a normal distribution with meanand variance 2 truncated aia andb. Then

the following statement holds:
" ”

u =argmax %:z=2 STN Y1V (2)V = : (4)

u u2[d] u u

u

This scenario arises, for example, in kernel-based tests when the kernel parameters are chosen from a
grid of prede ned valuesd, 4]. Corollary 1 allows us to test using the same set of data that was used

to select the test statistic, by providing the corrected asymptotic distribit)oihe only downside

is its dependence on the parameter grid. To overcome this limitation, several works have proposed to
optimize for the parameters directh,[9-12]. Unfortunately, we cannot apply Corollary 1 directly to

this scenario.

3.2 Learning from an uncountable candidate set

To allow for more exible tests, in the following we consider the candidate Bgts andTost that
contain uncountably many tests. For these sets, we cannot direci{g)uselerive conditional tests,

since the probability of selecting some given tests is 0. However, we show that it is possible in both
cases to rewrite the test statistic such that we can build conditional tests baggdFirst, for Ty,

we rewrite the entire test statistic including the maximization in closed form. Seconthdpwe

derive suitable measurable selection events that allow us to rewrite the conditional test statistic in
closed form and derive their distributions in Theorem 1.

Wald Test. We rst allow for arbitrary linear combinations of the base test statistic¥herefore,
dene Twag=f jk k=1gand waqg:=max 271, - We denote the optimal for this set as

wald := argmax, -1 ﬁ: This optimization problem is the same aq®), hence wayq =
> 2

and we can rewrite the "Wald" test statistic &gg = Wi'dl =(> 1)H)z=

( Wag  Waid) 2

k Z k:Note thatTwaig cOntains uncountably many tests. However, instead of deriving individual

conditional distributions, we can directly derive the distribution of the maximized test statistic, since
wald ¢an be written in closed form. In fact, under the null, we have N (0;14) and wayq

follows a chi distribution withd degrees of freedom. Surprisingly, the presented approach results in

the classic Wald test statistic [25], which originally was de ned directly in closed form.

1 .
k 1k

4



One-sided test (OST). The original Wald test was de ned to optimally td$t : = 0 against
the alternativeH, : 6 0 [25]. Thus, it ignores the fact that we only test against the "one-
sided" alternative 0, which suf ces since we consider linear-time estimates of the squared
MMD as test statistics and their population values are non-negative. Multlms)rvgth yields

= —1%. Using 0,we nd ! 0. Thus, we have prior knowledge over the
asymptotically optimal combination® . To incorporate this, we a priori constrain the considered
values of by the condition 0. Thuswe de neTost=f | 0;k  k=1g, wherethe

norm constraink k= 1 is added to make the maximum unique. We suggest using the test statistic
osT:= Max 21, . Before we derive suitable conditional distributions for this test statistic, we
rewrite it in acanonical form

Remark1l. Dene = , = 1 and 0= 1 1= L Thisimplies N (0; 9

> >
and ost:=maxyg k=1: 0 =maxy k=1: o0

(> )z Y A

NI

Thus in the following, we focus on the canonical form, where the constraints are simply positivity
constraints. For ease of notation, we stick witand instead of and ° We will thus analyze
the distribution of

> >

klea}Xo(> )%:( > )%; ®)

where ( ):=argmaxy ;. O(;i)%. We emphasize that ( ) is a random variable that is
determined by . For conciseness, however, we will useand keep the dependency implicit. We
nd the solution of (5) by solving an equivalent convex optimization problem, which we provide
in Appendix B. We need to characterize the distribution(s)f under the null hypothesis, i.e.,

N (0; ) . Since we are not able to give an analytic form for it is hard to directly compute
the distribution of ost as we did for the Wald test. In Section 3.1 we were able to work around this
by deriving the distribution conditioned on the selection of In the present case, however, there are
uncountably many values that can take, so for some the probability is zero. Hence, the reasoning
of (2) does not apply and we cannot use the PSI framework of Lee et al. [24].

Our approach to solving this is the following. Instead of directly conditioning on the explicit value of

, we condition on thactive setForagiven ,we de nethe activesetdd:= fuj ,60g [d].
Note that the active set is a function of de ned via(5). In Theorem 1 we show that given the
active set, we can derive a closed-form expression forand we can characterize the distribution of
the test statistic conditioned on the active set. Figure 1 depicts the intuition behind Theorem 1 and
Appendix A contains the full proof. In the following, let denote a chi distribution withdegrees of
freedom and'N (0; 1; a; 1 ) denote the distribution of a standard normal RV truncated from below at

a, i.e., with CDFF#(x) = {3 (2.
Theorem 1. Let N (0;) be anormal RV irRY with positive de nite covariance matrix.
Let bedenedasin5),U:= fuj ,60g,1:=jUj,z:= Ig — ,andV asin

Corollary 1. Then, the following statements hold.

>

1) Ifl =1: ) max Uz=2 d TN@O; L,V (2);1):

k=1; o0( > )

2) Ifl 2 max —f U
k k=1; O0( > )2

With Theorem 1 and Remark 1, we are able to de ne conditional hypothesis tests with the test statistic
ost. First, we transform our observatidnaccording to Remark 1 to obtain it in canonical form,

e, ! Inand ! L. Then we solve the optimization problg) to nd . Next, we

de ne the active set), by checking which entries of are non-zero. Theorem 1 characterizes the

distribution st conditioned on the selection. We can then de ne a test threshdldhat accounts

for the selection ob, i.e.,

@ )@ (vp+(v) ifjuj=1

o) fiui=1 2 ©
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Figure 1. Geometric interpretation of Theorem 1 dor 2 and unit covariance= | (denoted

by the black dotted unit-circle)Left: If ~ is in the positive quadrant (green), the constraints of
the optimization are not active and the optimal direction is the same as for the Wald test, hence
the distribution of the test statistic follows. When” is in the orange or purple zone, one of the
constraints is active and is a canonical unit-vectoRight: If | = 1, for example when only the
rst direction is active, we additionally condition an= 2, which is independent of the value of
> sincez is orthogonal to . For the observed valug, we only select = e if > Y

If this was not the case, thenwould lie in the orange/vertically lined region and we would select

= ey. This explains the truncated behavior and is in analogy to the results of Lee et al. [24].

with ' being the inverse CDF of a chi distribution wittdegrees of freedom, which we can
evaluate using standard libraries, e.g., Jones §&ll. We can then reject the null, if the observed
value of the optimized test statistic exceeds this threshold®bgr,>t . We summarize the entire
approach in Algorithm 1.

4 Related work

Our work is best positioned in the context of modern statistical tests with tunable hyperparameters.
Gretton et al[4] were the rst to propose a kernel two-sample test that optimizes the kernel hy-
perparameters by maximizing the test power. This in uential work has led to further development
of optimized kernel-based testg{L2]. Since any universally consistent binary classi er can be
used to construct a valid two-sample text,[28], Kim et al.[14], Lopez-Paz and Oqudh5] used

classi cation accuracy as a proxy to train machine learning models for two-sample tests. Kirchler
et al.[17], Cai et al.[29] studied this further, and Cheng and Cloninff&i] proposed using the
difference of a trained deep network's expected logit values as the test statistic for two-sample tests.

All the aforementioned “learn-then-test” approaches optimize hyperparameters (e.g., kernels, weights
in a network) on a training set which is split from the full dataset. While the null distribution becomes
tractable due to the independence between the optimized hyperparameters and the test set, there is a
potential reduction of test power because of a smaller test set. This observation is the main motivation
for our consideration of selective hypothesis tests, which allow the full dataset to be used for both
training and testing by correcting for the dependency, as we discuss in Section 3.

More broadly, properly assessing the strength of potential associations that have been previously
learned from the data falls under an emerging sub eld of statistics knowglastive inferencg3Q].

A seminal work of Lee et a[24] proposed a post-selection inference (PSI) framework to characterize
the valid distribution of a post-selection estimator where model selection is performed by the Lasso
[31]. The PSI framework has been applied to kernel tests, albeit in different context, for selecting
the most informative features for supervised learni®gy B3], selecting a subset of features that

best discriminates two sample®], as well as selecting a model with the best t from a list of
candidate models3f]. All these applications of the PSI framework consider a nite candidate set.
Our Theorem 1 can be seen as an extension of the previously known results of Le@4ttal.



uncountable candidate sets. To our knowledge, our work is the rst to explicitly maximize test power
by using the same data for selecting and testing.

Unfortunately, we cannot directly use our results to optimize tests based on complete U-statistics
estimates of the MMD, which would be desirable since those estimates have lower variance than the
linear version we use. The dif culty arises since our method requires asymptotic normality under the
null, which is not the case for complete U-statisti8f [To circumvent this problem, Yamada et al.

[34] considered incomplete U-statistic¥5] and Zaremba et al37] used a Block estimate of the
MMD. Under the null, these approaches either have approximately asymptotic normal distribution
[34] or require a higher sample size to reach the asymptotic normality [n principle thus our
approach is applicable with these methods if one is willed to assume asymptotic normality and to
neglect the induced errors. Besides that, since the linear-time estimate has lowest computational cost,
it should generally be used in tferge-data, constraint-computatioregime f]. On the other hand

one should consider the other approaches when the computational efforts are not the limiting factor.

Moreover, under the assumption that N ( ;) , similar scenarios have previously been inves-
tigated in the traditional statistical literature, but the idea of data splitting is not considered there.
In particular, our construction ofy,q turned out to coincide with the test statistic suggested in
Wald [25]. The one-sided versiorpst also has a twin namecdchi-bar-squaré test previously
considered in Kud38]. While their test statistic is constructed to be always non-negative qagr

can be negative. Furthermore, they derived the distribution of the test statistic by decomposing the
distribution into2? selection events, which, howevemay represent a quite dif cult problehfi39,

p. 54]. Our work circumvents this dif culty by de ning a conditional test, which does not require
calculating any probability of the selection events. Another difference is that our approach only
de nes2? 1 different active sets, by enforcing 6 0. It is instructive to note that there exist
other more complicate settings of “learn-then-test” scenarios in which the normality assumption may
not hold [L5-17, 29]. Extending our work towards these scenarios remains an open, yet promising
problem to consider.

5 Experiments

We demonstrate the advantages@8T over data-splitting approaches and the Wald test with
kernel two-sample testing problems as described in Section 2. For an extensive description of
the experiments we refer to Appendix D. We consider three different datasets with different input
dimension®. 1.DIFF VARp = 1): P = N (0;1) andQ = N (0; 1:5). 2. MNIST(p = 49): We
consider downsampled 7x7 images of the MNIST data&dt fvhereP contains all the digits and

Q only uneven digits. 3Blobs (p = 2): A mixture of anisotropic Gaussians where the covariance
matrix of the Gaussians have different orientationd¥andQ. We denote b, the linear kernel,

andk the Gaussian kernel with bandwidth For each dataset we consider three different base sets
of kernelsK and choose- with the median heuristic: (@)= 1: K =[k-], (b)d =2: K =[Kk-; K],
(c)d=6: K =[Ko.25~; Ko:5~; K=; ka~; kg-; kiin]. From the base set of kernels we estimate the base
set of test statistics using the linear-time MMD estimates. We compare four different approaches:
i) OST, ii) WALD, iii) spLIT: Data splitting similar to the approach in Gretton ef{4], but with the

same constraints &ST. spLITO.1denotes that 10% of the data are used for learningnd 90%

are used for testing, iWAIVE: Similar to splitting but all the data is used for learning and testing
without correcting for the dependency. TkelvE approach is not a well-calibrated test. For all

the setups we estimate the Type-II error for various sample sizes at a levl:05. Error rates

are estimated over 5000 independent trials and the results are shown in Figure 2. In Appendix D.1,
we also investigate the Type-I error and show that all methods excepafge correctly control

the Type-l error at a rate. Note that all of the methods scale wit(n) and the difference in
computational cost are negligible.

The experimental results in Figure 2 support the main claims of this paper. First, comp&ing

with sPLIT, we conclude that using all the data in an integrated approach is always better (or equally
good) than any data splitting approach. Second, comp&iagto WALD, we conclude that adding

a priori information ( 0) to reduce the class of considered tests in a sensible way leads to higher
(or equally high) test power. Another interesting observation is in the results of the data-splitting
approach. Looking at thelFr VAR experiment, in the leftmost plot, we can see that the errors are
monotonically increasing with the portion of data used to select the test. Since there is only one test,
the more data we use to select the test, the higher the error (less data remains for testing). In the



Figure 2: Type-II errors obtained from different experiments. The rows (columns) correspond to
different datasets (sets of base kernels). For all considered €S@xutperforms all the (well-
calibrated) competing methods, i.eRLST and WALD.

middle plot, selection becomes important. Hence, we can see that the gap in performance between
all data-splitting approach reduces. However, the order is still consistent with the previous plot.
Interestingly, in the rightmost plot, learning becomes even more important. Now, the order changes.
If we use too little data for learning the testHLITO.1), the error is high. However, if we use too

much data for learning the testKLIT0.8), the error will be high as well. That is, there is a trade-off

in how much data one should use for selecting the test, and for conducting the test. The optimal
proportion depends on the problem and can thus in general not be determined a priori.

In the Appendix D.3 we also comparg,seto a selection of a base test via the data-splitting approach.
Here,spLITO.1 consistently performs better than the other split approaches, which is plausible, since
the class of considered teStg,scis quite small.SPLITO.1can even be better thap,se See discussion

in Appendix D.3.

In Figure 3, we additionally consider a construcied dataset where the distributions share the rst
three moments and all uneven moments vanish (Figure 7 in the appendix). We compare the results
for different sets ofl 2 [5] base kernel& = [kgm; i kgo|], wherekp, (X;y) = (x y)" denotes the
homogeneous polynomial kernel of orderBy constructionky, does not contain any information

about the difference d? andQ, foru 6 4. Thus, ford 3 the well-calibrated methods have a
Type-Il error ofl . Only theNAIVE approach already over ts to the noise. Adding the fourth
order polynomial adds helpful information and all the methods improve performance. However,
adding the fth order, which again only contains noise, leads to an increased error rate. We interpret
this as bias-variance tradeoff that should be considered in the construction of the base set



Algorithm 1 One-Sided Test (OST)

input A = P ﬁMMDZ(P; Q),
~= InfApply Remark 1}
= 1 {Apply Remark 1}

=argmaxy y=1:. o

IS

(> )
U= fuju2[d]; ,> Og

2=n S
I =juj
if | 2then

t= '@ )
if | =1 then .

V' =maxyay T (2”>( )3 )(2 : Figure 3: Type-Il errors when the rst poly-

_ 1 w : nomial kernels are used for a two-sample test

) t = >((} A VDOV with symmetric distributions with the equal co-
ift < T then variance (Figure 7 in the appendiXST out-

Rejec(:tH o ) performs all the (well-calibrated) competitors.

In Appendix D.2 we compare how the constraints 0, as suggested in Gretton et al. [4], work in
comparison to th©STapproach. We nd that while the constraints 0 lead to consistently
higher power than the Wald test, the simple positivity constraints can lead to both, better or worse
power depending on the problem. We thus recommend using the OST.

6 Conclusion

Previous work used data splitting to exclude dependencies when optimizing a hypothesis test. This
work is the rst step towards using all the data for learning and testing. Our approach uses asymptotic
joint normality of a prede ned set of test statistics to derive the conditional null distributions in
closed form. We investigated the example of kernel two-sample tests, where we use linear-time
MMD estimates of multiple kernels as a base set of test statistics. We experimentally veri ed that
an integrated approach outperforms the existing data-splitting approach of Grettdd etius

data splitting, although theoretically easy to justify, does not ef ciently use the data. Further, we
experimentally showed that a one-sided t€3$7), using prior information about the alternative
hypothesis, leads to an increase in test power compared to the more general Wald test. Since the
estimates of the base test statistics are linear in the sample size and the null distributions are derived
analytically, the whole procedure is computationally cheap. However, it is an open question whether
and how this work can be generalized to problems where the class of candidate tests is not directly
constructed from a base set of jointly normal test statistics.

Broader impact

Hypothesis testing and valid inference after model selection are fundamental problems in statistics,
which have recently attracted increasing attention also in machine learning. Kernel tests such as
MMD are not only used for statistical testing, but also to design algorithms for deep learning and
GANs [41, 42]. The question of how to select the test statistic naturally arises in kernel-based
tests because of the kernel choice problem. Our work shows that it is possible to overcome the
need of (wasteful and often heuristic) data splitting when designing hypothesis tests with feasible
null distribution. Since this comes without relevant increase in computational resources we expect
the proposed method to replace the data splitting approach in applications that t the framework
considered in this work. Theorem 1 is also applicable beyond hypothesis testing and extends the
previously known PSI framework proposed by Lee et al. [24].
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A Proof of Theorem 1

In this section we prove the main theorem. The outline of the proof is as follows: We rst characterize
the "selection event”, i.e., we characterize under which conditions each actiéssselected. This

is done with Lemmas 2 and 3. For the casel we then show that the PSI framework of Lee et al.
[24] can be applied and we recover the result of Corollary 1. Itis not surprising, that for the<dse

the PSI framework works, sindg corresponds to a single xed and the probability of selecting it

is greater tha®. For the casé 2, we show, that the considered test statistic essentially takes the
same form as the Wald test but only on the active dimensions. Thus it folloywsliatribution. This
distribution does not change even if we explicitly condition on the selectith dhis is because the
randomness that determines which active set is selected is independent of the value of the selected
test statistic. Before we start with the proof we collect some notation we introduce for the proof.
Notation:

The objective of the optimizatioh( ) :=

S
(> )2
Projector onto the active subspace (leaving the dependendyiroplicit):
X
= YT
u2uU

wheree, denotes thel-th Cartesian unit vector iR¢.

> >

Z:= g S = s

denotes the pseudoinverse of

As a rst step, we need to characterize which values a@brrespond to which active set This is
done with Lemma 2, which we prove separately in A.1.

Lemma 2. LetU := fuj , 60g. Then,

= argmax
kk=1; o( > )

[N

if and only if all of the following conditions hold:

1 @ > Oifuzu (a);
"@u(- (i _ =0ifu2U (b
2. —— p~—; 8uzU,

(Gld )% uu

3. ,=0 8u2U (a);
«>0 8u2U (b),
k k=1 (o).

Intuitively, Condition1(b) ensures that is a local maximum of the objective function for the active
dimensions. Condition 1(a) ensures that & U, increasing ,, does not improve the SNR. Condition
2 is harder to interpret, but is needed in cases where all entriesu@ negative. Condition 3 enforces
that lies in the feasible set of (5).

Note that > is essentially a one-dimensional RV. We de ne another random variable

> >

z:= lg ——— = —_— (7)

>

In Appendix A.2, we show that is closely related to the partial derivatives of the objective function
and we have
@ g z

1 = : 8
@u(> )E (> ) ()

[N

We can then rewrite the conditions of Lemma 2 as follows.
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Lemma 3. The conditions of Lemma 2 are equivalent to

z, O 8u2U (a);

1 z, =0 8u2U (b);

>

2. —
(- )2

V  (z),with

V (2) :=max yay

3. ,=0 8u2U (a);
«>0 8u2U (b,
k k=1 (c).

Proof of Lemma 3. Condition 1 directly follows from(8). The second condition follows by inserting
the de nition of z

>

pi
(> ) r
> Zu N e> >
; T P — P
( > )7 uu ! > uu
> eﬁ Z
’ 1 1 P pi
(> F T w
g > 1P > > 1
S B w € Zu( )?
( )?
g z,( ” )%
() (> o e '
where we used éu( g )z ( )u > 0, which holds since is positive and we only consider

u such thakg, 6 . O

Note thatvV (z) is always non-positive by Condition 1 and the positivity af With the above two
lemmas we are able to prove Theorem 1.

Proof of Theorem 1We prove the two casds= 1 andl 2 separately.

1.): Letu 2 [d] suchthay = fu g. In this case, by Condition 3, = e, . We shall now see how
Lemma 3 constrains the distribution qf . For Condition 1(b), we have, = 0 by the de nition of
z. So there only remain the constraints 1(a) and 2. Using the de nffipof z, we can rewrite 1(a)
as

e e S 0 suzU( AE® g

uu u

whereARM®) js the matrix | 4 e - and we used that its-th row contains only zeros.

Note that Condition 2 is the same as used in Section 3.1. Thus we can de ne the A¥tes we
do in the proof of Corollary 1. We have now all the remaining constraints as linear inequalities of
and thus we can nd the conditional distribution by applying Theorem 2. De nirg (Te—)f

2
andc := > ! we getAll®l¢ = 0. Note that wheneveiAc); = 0, the constraint does
not change anything in Theorem 2. Thus the result follows by uairg A2l and application of
Theorem 2.

>

An alternative proof can be done by noting thats independent 01E>7 if we consider
= g, as xed. Thus, the ful llment of Condition 1b) is independent(efi)l. Since the
> 2

-
NS
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unconditional distribution of>—)£ follows a standard normal, adding Condition 2 results in a
> 2
truncated normal.

2.) Next, we consider the cagdj 2. Again we will be considering the conditions as stated
in Lemma 3. As we state iflL5), we have ~ 0 and thus Condition 2 is ful lled, sinc¥
is always non-positive. Thus, we can neglect Condition 2. Our rst step will be to nd a closed
form functionhy suchthat = hy( ) (this function wil‘:pnly hold true ifU is actually the active
set). De ning the projector onto the active subspace  ,, eu€] , by Condition 3(a) we have

= . Using (7), we can rewrite Condition 1(b) as

z=0" = . — ©)

> >
This de nes a system dfnon-trivial equations and by Condition 3, hasl free parameters. We
de ne as the pseudoinverse of .° For the pseudoinverse it is easy to show = .
Since has full rank, a possible solution (§) necessarily has to be of the form = ¢ for
somec 2 R. Plugging this intq9), we getc = E— Using(15) we get0 ( - 3 = %:

> 2

Hencec 0. Usingk k=1 we getc= ﬁ Thus, given that the active setlis we found a
closed-form solution for  as a function of , i.e.,

= hy( ):= m: (10)

Note that so far we did not use Condition 3(b), so this formula itself does not ensure the positivity of

Replacing in the de nition (7) ofz with its closed form, the constantcancels, and we get
Z =

Note that = and( ) wo= yoifu;u®2U. This implies thatz, =0 if u 2 U and
thus alsa” =0.

Let us now de nex :=( ) r resulting inX7, =0 forallu 2U. SinceX andz are both linear

transformations of they are jointly normally distributed. In Appendix A.3 we show taandz
are uncorrelated. This, together with the joint normality, implies that they are independent, i.e.,

X ? z: (11)

Further the non-zero coordinatesXfare jointly distributed according toladimensional standard
normal distribution. Hence, its euclidean norm follows a chi-distribution

kaz B (12)

Let us summarize how we used all the conditions of Lemma 3 and nish the proof. We used 1(b),
3(a), and 3(c) to sho\i0). We thus still need to condition on 1(a), and 3(b). Conditioning on 1(a)
can be done using the independence ahdX . To condition on 3(b), we rewrite it in terms &,
i.e., forallu 2 U we have

I

%X‘ >0 %X-
OIS S PR Ol e

>0,

u

Thus it only depends on the direction Xf. Since the non-trivial entries ot follow a standard
normal, the direction oK™ is independent of its norm, i.e.,

X

2

kXkp ? (13)

3For intuition, assume WLOG that = f1;::::|g. The pseudoinverse is then simply the inverse of thd
blockmatrix padded with zeros.
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Figure 4. Numerical veri cation of Theorem 1. For the histogram, we generate a random covariance
matrix 2 R* 4andsample N (0;) . We solve(5) and only accept the samples for which
the active set i¥) = f1;2g. The orange line is the theoretical distribution according to Theorem
1, which is given by a chi distribution with two degrees of freedom. For the speci c example the
acceptancerate B(U = f1;2g) 4%.

In the end we get

— Conditions1;2;3 %2 .
. ( ) | (, ) h
d Zy 0 8uz2U; (111)g

()%k% >0 8u2U (3
u

Conditions1(a); 3(b)

la

1
X'kz =

A.1 Proof of Lemma 2

Proof of Lemma 2.Since the objective is a homogeneous function of order zerq ime can make
the proof by considering the optimization without the constriirt = 1.

The necessity of the conditions is trivial to show. We thus only show the suf ciency. The fourth
condition ensures that is in the feasible set. For the other conditions, assume there ex2s®¢

such that,  Ofor all u 2 [d] and_ - T . In the following we show that this

> 7 > 7
implies that at least one of the conditions above is violated, and hence the conditions are suf cient.
We separate two caséywhere ~ 0,andii) ~ <O0.
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i) Assume ~ 0. We have

\

1
(> ) -
X @ >
= u T
u2[d] @”( D
> >
- >
1 3
(~ ) (7 )?
1 !
> 2 > > >
= T T T T T
(> > (> ) (7 )2 (7 )2 (> )2
|
> 3 > > > ’
>
1 1 1 1 1
(~ ) G ) (7 )2 (7 )2 )2
|
> % > > ’
= T T 1 T T
(~ )2 (7 )? (~ )7 (> )2
0;
where we used the assumpti?rf—)g > ﬁfor the rstinequalityand ~ 0
and the Cauchy-Schwarz inequality to arrive at the last line. Since, by assumptior)
for all u, this implies@ﬂ( - ¥ > 0 for someu and thus is a contradiction to
u > 2 _
Condition 1.
i) Assume ~ < 0. Wedeneu = argmax ﬁg By the third condition and the
u2[d] (& eu)?
assumption > < 0, we have) > = - T “— . This implies , < 0. We
e ey
then get
1
> B X u B X u ea ey 2
> o Yo ;P Yo 3 3
( ) upg  ( ) g ( )2 (5 eu)
1
X u € & °
u 1 1
w2l €& e ‘(7 )?
P > 3
_ u uz2p] v & &
- 1
eﬁ eu 2 ( > )2

>

1 )

g & ° (7 )
<

\Ilavhere to arrive at the last line we use
1

[N

0 and the triangle inequality
1

o v & & = o ok Tk kg fek=k P k= > E
Thus this violates the assumpti?ﬂﬁ ( T
> 2 > 2

Note that the above inequalities also hold fer—)g Thus we get tha(t>—)£ _
> 2 N I

(ui)l. This implies that = jUj = 1. Thus the following statements hold true:
e, e )?

i) > <0 ) I=1; (14)
i)y 1 2 ) > o (15)
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A.2 Gradient of objective

>

We overload the notation and de rze:= —— similar as in (7) but for any . Then

r f()=r

)
(> )ir () > (> )P)

i (16)

A.3 Proof of Equation (11)
In the proof of Theorem 1 we used th&atandz are independent. Which we prove here. Sikte

andz are jointly normal, we only need to show that they are uncorrelateg. To do so recall that we
are only interested in the distribution under the nulland hénseE[ ] = E X = E|[z]. Since

Xu=0foralluzu ansz =0 forallu®2 U, it suf ces to show thaiXj is uncorrelated witlz;
foralli2U,j 2 U.

h i h i h . i
Cov z;Xj =E zX; =E i ()i (()2)
X 1 X 1
= (O) DwEli; d] () ju s stE[t o]
u2uU s;t,u 2U
1 X 1
= (@) E)ju iu (@] f)ju is st tu
u2u s;tu 2U
= ()¢? ()7
JI 1)
=0 () =0

ThusX andz are uncorrelated and independent.

B Solution of the continuous optimization problem

The presented solution is similarly described in Gretton dtlaSec. 4. There arL. 1 norm constraint
was used, which, however does not change anything. For completeness we include it here. We de ne

>

(> )

()=

[N

and we want to nd
= argmax ——
g;k k=1 (> )?
Sincef is a homogeneous function of order 0 inve havef (¢ ) = f () foranyc > 0. We can
thus solve the relaxed problem (we implicitly exclude= 0)

O=argmax f( ):
0
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The solution of the original problem is then simply given as a rescaled version of the relaxed problem

0

- We shall solve the relaxed problem for two different cases.

hou2[d: . O.

In this case, we know thahax of( ) Oandhence °=argmaxf( ), ©°=
0
argmaxf?( ). ThesetS := f 2 RYj 0;f( ) 0Ogis convex and the functions
0
f() o0
au( )=( > )andg( ):= ~ are convex (recall that is a positive matrix). Thus
our problem becomes
0— ().
= argmax ;
gzs %( )

which is a concave fractional program. In our implementation we solve itby xing = a
for somea > 0 and then minimizing the denominator. Thus we are solving the quadratic
optimization problem

minimize ~
subject to: 0

>

= a
We solve this problem with the CVXOPT python package [43].

i) y < 08u?2Id].
In this case we have

u =argmax ——.
u2[d "

>

< 0. By (15)we havd =1. Thus we simply = ¢, , where

Note that in the case = 0, is not well de ned and we could randomly select any. However,
the probability of this happening is 0.

C Other proofs

C.1 Proof of Corollary 1

As we pointed out in the main paper, when selecting a test from a countable number of test that can be
written as projections of the base testsve can use the results of Lee et[a]. For completeness
we explicitly include the relevant theorem.

Theorem 2 (Polyhedral LemmaZ4], Theorem5.2)Let N ( ;), ; 2 RY, 2 R4 ¢
positive de nite, andA 2 RS ¢ b 2 RS for somes 2 N. Denec := > Y and
z:= lg ¢~ .Thenwe have

> A bz=22TN Z ;7 V@)V
whereTN(; ?;a;b) denotes a Gaussian distribution with meaand variance 2 that is truncated
ata andb. Here

b (Az), b (A2);
\Y; = max ————~ "4 vy*(z):= min T4
(2) j:(Ac)),(<o (Ac); (2) J:(Aé)1>0 (Ac);

Note thatc is simply a xed vector.z is a random variable that can be shown to be independent of
> . The result enables us to draw a realizatfoof the random variable (RV) and select if

A" b. Since the truncation points of the Gaussian only deper#) amdz is independent of >

we can compute a reliabfevalue of > ~ by using Theorem (2).

Proof of Corollary 1. We need the distribution of— after conditioning on the selection of. To
obtain this distribution we rst need to characterize the event that leads to the selectionTdfe
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selection event simply is = argmax -+, - -w for all u 2 [d]. Therefore, de ne the matrix

u2[d] u u u
A:=diag+;:::; L) —-A(u ), wherediag( ) de nesad  d matrix with the arguments on its
diagonal and zeros everywhere else afd isad d matrix with ones in the column given by its
argument and zeros everywhere else. It follows (Aat); = 4] u_-andu = argmax -+ is

u u2[d] "

equivalent toA 0 =: b. Apart from this we de ne := e“u ,sothat > = —. Then we can
denec:= > Yandz := lg ¢ > asinTheorem 2, and denote byhe value of
the random variable that we observed (note that this coincides with the de nition we used far
the Corollary). By our de nitions we havgAc); = -+~ = 1 ~(uj yj). Since

is positive de nite,(Ac); < 0if j 6 u and(Ac)y = O.uThus according to Theorem ¥; is an

optimization over an empty set and we can set it toFurther(Az); = ul S Ly

c

(Az)] _ i u u

1
N
5

Combining the previous two expressions we ob 1 J ,» _
u u u u j
can then directly apply Theorem 2 and the result follows. O

C.2 Proof of Equation (3)

In the main paper we omitted the proof of the closed form solution’of We thus need to show
> 1

argmax = :
kgkzl (> )2 k 'tk

Proof. We are only interested in! if the alternative hypothesis is true and thus at least one entry of
is positive. We further assume that the covariandeas full rank. Hence there existda> 0 such

that ~ >pforal withk k=1,ie., thedenominatqr > )7 is strictly positive and has a
lower bound. Since 6 0, this implies thamax, =1 ( - > 0. Also the nominator has an

1
)2
upper bound which is given by” > =k kif k k=1. Hence the whole maximization is
upper bounded. Since the unit spher&fhis a compact set, we can conclude that the maximum of
the objective is attained. Thus it suf ces to show that foras ! the objective is not maximized.

In the following, we use that the objective of the maximization is a homogeneous function of order 0
in and hence we can relax the constr&ink =1 to 6 0 (note that this not affect the existence
of the maximum). As we showed in Appendix A.2, the gradient of the objective function is given by
> 1 >

(7 ) (> ) >

Setting the gradient to zero we obtain
>

— = 0 , =C

(> )z
If ¢ < 0the objective attains a negative value, sincée is a strictly positive matrix, and thus does
not correspond to the global maximum, which we already know to be positive. Thus, the maximum
has to be attained for songe> 0. Using the constrairk k = 1 it follows that the global optimum is
attained at ! . O

1 for somec?2 R:

D Experimental details and further experiments

We rst give some details on the experiments we showed in the main paper. For all the experiments

we start with a set ofl base kernel& = [Kky;:::;Kkq] that are chosen independently of the observed
data sampleX = fxj;:::;X2ng P2" andY = fyq;:::;y2n0 Q2". First, we de ne
Zi = (Xi;Xn+i:;Yi;Yn+i) and compileX andY intoZ = fz;;:::;z,9. For each kernel we de ne

hi<z) = hixx%y;y9) = k(xx9+ ki(y;y)  ki(x;y9 K (y;x9. For all the methods we
estimate the covariance matrix on the whole dataset as

1 X 1 X 1 X
i == hi(z)hj (z«) - hi(zk)ﬁ h; (zxo):
k=1 k=1 Ko=1

AN
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We then further assume that " which is justi ed since the CLT also works with a consistent
estimate of the covariance. For all the methods that do not split the @&& (WALD, andNAIVE)
we estimate the entries 6fas

p_ 2 p_1X
A =" nMMD,(P;Q)= " n = hi(z«):
k=1
i.e., we directly absorb th%ﬁ dependence of the asymptotic distribution intoFor data splitting
we estimate’, on a split of the data anfi. on the other split. For exampkrLITO.3 means that

30%of the data are used to estimadteand70%used to estimaté,.. We assume that the number of
samples in the respective subsets are even and otherwise neglect some samples.

Methods We compare four different methods:

i) OST: The test we recommend to use, as described in Algorithm 1.
i) WALD: The Wald test, which does not take into account the prior informationO.

iii) sPLIT: Data splitting similar to the approach in Gretton et[4]. spLITO.3 denotes that
30% of the data are used for learning and 70% are used for testing. Here we rst, learn

on the training sample, i.e., = argmax ( - "); . We then use the test statistic
k k=1; o( 7~ )2
AA> _, which follows a standard normal under the null. This differs from the approach
> 2

in Gretton et al[4], since we optimize with the constraints 0, whereas Gretton et al.
[4] suggested a simple positivity constraint 0. We discuss this in Section D.2.

iv) NAIVE: Two stage procedure where all the data is used for learning and testing without
correcting for the dependency, i.e., without splitting the data. Thus the test statistic is the
same as foOST, but we work with the wrong null distribution, i.e., the one that is only
valid for data splitting. This approach is not a well-calibrated test, see Fig. 8 and hence is
useless.

Datasets TheDIFF VARlataset is a simple one-dimensional toy dataset, whereN (0; 1) and
Q = N (0O; 1:5).

TheBlobs dataset was constructed using a mixture of 2D Gaussians8onagrid. The centers

and the covariances are = diag0:1;0:3) and o = diag0:3;0:1). Samples fron andQ are

shown in Figure 5. Th8lobs dataset is constructed such that the main variance in the data does not
re ect the difference betweeR andQ, which happens on a smaller length scale. This is inspired by
Gretton et al[4], where similar data has been considered to showcase that such problems bene t
from careful kernel choice. We can reproduce this behavior with our results, which show that for this
dataset the performance is bad if one only considers the median heuristic Gaussian kernel together
with a linear kernel.

The MNISTdataset was constructed by rst downsampling all the imagés t& pixels (originally

28 28), by simply averaging over elds of 4 pixels. We de neP to contain all the digits, while

Q only contains uneven digits. For our experiments we draw with replacement from the images in
the database. Some samples from both distributions are shown in Figure 6.

Experiments for Figure 3 For Figure 3 we constructedlaD data set such that both andQ are
symmetric (thus all uneven moments vanish) and have the same variance, see Figure 7.

D.1 Type-l errors

To verify which methods are theoretically justi ed, i.e., control the Type-I error at a leveD :05,
we run the following experiments, similar to the experiments in the main paper, Wher€).

1. DIFFVAR (p=1): P = N (0;1) andQ = N (0;1).

2. MNIST (p = 49): We consider downsampled 7x7 images of the MNIST datasgt\vhere
P contains all the digits an@ = P.
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Figure 5: Samples from B>BS dataset.

Figure 6: Samples from downsamplBtNIST datasetP (left) contains all digits, whil& (right)
only contains uneven digits.

3. BLoBs (p = 2): A mixture of anisotropic Gaussians aRd= Q.

The results are in Figure 8. All the methods exaeptve correctly control the Type-I error at a rate

= 0:05even for relatively small sample sizes. Note that all the described approaches rely on the
asymptotic distribution. The critical sample size, at which it is safe to use, generally depends on the
distributionsP andQ and also the kernel functions. A good approach to simulating Type-I errors in
in two-sample testing problems is to merge the samples and then randomly split them again. If the
estimated Type-I error is signi cantly larger that working with the asymptotic distribution is not
reliable.

D.2 Comparison of the constraints

In Section 3.2 we motivate to constrain the set of considerémlobey 0, thus incorporating

the knowledge 0. All our experiments suggest that this constraint indeed improves test power as
compared to the general Wald test. In Gretton efddla different constraint was chosen. Therés
constrained to be positive, i.e., 0. The motivation for their constraint is that the sum of positive

de nite (pd) kerr]§l functions is again a pd kernel functi@i][ Thus, by constraining 0 one
ensuresthat = ., yky is also a pd kernel. While this is sensible from a kernel perspective,

it is unclear whether this is smart from a hypothesis testing viewpoint. From the latter perspective
we do not necessarily care whether or notde nes a pd kernel. Our approach instead was purely
motivated to increase test power over the Wald test. In Figure 9 we thus compare the two different
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Figure 7: Probability density functions used for the experiment in Figure 3 of the main paper. Both
distributions are symmetric and are constructed to have the same variance.
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Figure 8: Type-I errors for similar distributions as the one considered in the main paper. To simulate
type-I errors we choose distributions P = Q that are similar to the ones considered for the Type-II
errors. We see that all well-calibrated methods reliably control the Type-I error at arate = 0:05, and
conclude that working with the asymptotic distributions is well justified for the considered examples.
The NAIVE approach fails to control the error, as it overfits in the training phase without a correction
in the testing phase.

constraints to the Wald test on the examples that were also investigated in the main paper with d = 6
kernels (again five Gaussian kernels and a linear kernel).

From Figure 9 we observe that the positivity constraint of Gretton et al. [4] does not allow for general
conclusions. Depending on the problem, the positivity constraint can both lead to higher or lower test
power than the Wald test or tests with the constraint 0. It will thus generally depend on the
problem at hand which constraint is better. However, at least the approach we recommend ( 0)
seems to guarantee a test power at least as high as the Wald test, whereas the positivity constraint can
also be worse. As long as one has not a clear indication that the positivity constraint leads to better
performance, we thus recommend the constraint 0.

D.3 Discrete selection from Ty,6e

In this experiment, we use the same datasets and base kernels as for the experiment in the main paper.
Instead of considering Twagq and Tost, we consider Ty,se. We thus only compare to a data-splitting
approach where also one of the base test statistics is selected. For completeness, we also include the
NAIVE approach, which again overfits for d > 1. Note that the thresholds for ,s can be computed
with Corollary 1 and do not rely on Theorem 1. The results are shown in Figure 10, again averaged
over 5000 independent trials. In most of the cases, we observe that 1,5 outperforms the data-splitting
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Figure 9: Comparison of the different constraints: In the main paper we argue that OST is a principled
approach to constraint the class of considered tests, when 0O is guaranteed. Gretton et al. [4]
suggested a different constraint 0. With Theorem 1, we can also work with these constraints
without data-splitting. The results suggest that indeed OST is a meaningful way to constrain the class
of tests, as it consistently outperforms the Wald test. On the other hand the constraint suggested by
Gretton et al. [4], can only be seen as a heuristic. For some cases it performs better than the Wald test
and the OST, but it can also perform worse.

approaches. However, for the MNIST dataset and d = 2, the splitting approach that uses 10% for
learning and 90% for testing does perform slightly better. Our attempt to explain this behavior lies
in the truncation V ~ of the conditional distribution. While for OST, we can show that V— 0 (see
proof of Theorem 1), for Corollary 1, V™~ cannot be bounded. If V™ is very large, the selected test is
very conservative. We acknowledge that this is not a sufficient analysis of this phenomenon, but leave
a more theoretical treatment for future work.

E Singular covariance matrices

In the main paper we assumed that is strictly positive, i.e., non-singular. However, in practice, some
eigenvalues of the covariance matrix can be sufficiently close to zero to cause numerical problems.
In the case of the kernel two-sample test, this can happen if we consider kernels that are too similar
and thus cause redundancy in our observations. In practice, this happens for example if we consider
Gaussian kernels with too similar bandwidths on an easy problem.

Note on regularization: One strategy to recover the numerical stability of the algorithm is to
regularize the covariance matrix ¥ + |. Doing this indeed increases the numerical stability,
since it leads to a well-behaved condition number. However, it also makes the whole approach
more conservative, since the (artificially) increased variance decreases the value of the test statistic
compared to the threshold. This leads to an increase of Type-II error and thus a loss of power. To
evade this, we suggest the more elaborate strategy below.

Since is symmetric, there exists an orthonormal basis fvjQjc[q) and non-negative numbers T igic[q)
such that

i=1
If is singular, we can assume WLOG that there exists dg 2 [d] such that j =0ifi  dg and hence
> -
= iViVvi -

i=do+1

Now if v;' & 0 for some i 2 [do], we immediately know that & O and could reject. In other
words the signal-to-noise ratio along this direction is infinite. Thus, in the following we assume
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Figure 10: Type-II errors for discrete selection, i.e., the class of considered tests is Tp,s. The rows
(columns) correspond to different datasets (sets of base kernels). Similar as in Figure 2, our approach

base Outperforms the splitting approaches in most cases. However, for the MNIST dataset and d = 2
we see that the splitting approach with 10% training and 90% testing data (SPLITO.1) performs better.

. P
v; = O0foralli 2 [do], and hence, ?Zdo +1ViVi = . We can then rewrite the objective as
follows
T 7 Pa 2\
— i=do+1 VIVi
max ———— =p  Mmax P —
20 ( )2 i=dg+1 iViVi 20 ( T i=do+1 1ViVi )z
Now define = ;_; ,; iViVj . Since is symmetric its pseudoinverse is given as =
d 1 T
i=do+1 ~;ViV; and we get
T Py VAl T +
i=do+1 ViVi
P, max Pd 1 = max ﬁ:
aper ViV 20 (T g g iViYy )2 20 ( )2
Similar as in Remark 1 we can define * and ‘= ™. However, in Theorem 1 we assumed

that the covariance is not singular. Therefore in Theorem 1 we used | = jUj, which corresponded to
the rank of (see Appendix A). However, in the present case the rank of ~ ~  does not equal
the number of non-zero entries of . Therefore we use | = rank(  * ). With this we can apply
Theorem 1 and get the conditional distribution under the null.

In practice, we have to treat the covariance matrix as singular if its condition number is below some
threshold, as otherwise the numerical precision does not suffice to invert matrices faithfully.
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