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Appendix
A.1 Proofs of main theorems

Proof of Theorem[I] We first calculate means and variances of our two test statistics, starting with
the U-statistic Sp. Define the function i : R® x R — R by

h(z1, 22) Z{Zu po(j)Hz2; — po(4)}
jEB
so that Sp = 71(%71) > i iy M Ziys Ziy). It s clear that
ESp =Y {p(j) —po(i)}*.
jEB
Now, define
Cl = Var(E{h(Z1, ZQ)|Z1}) and Cz = Var(h(Zl, Zz))

Using Serfling|[[1980, Lemma A, p.183] and the fact that Cov(Z1;, Z1;/) = 1¢;—;3{p(j) +8/a2}—
p(4)p(5’), we have that

L

=(2n-3 Var(Z{p (J)H Z25 — (J)}>
JjEB
+ E{ Var {Z1j = po(G) H{Z25 —po(4)} | Z1
(1205 - 22, - i) | )
2(n—1) > {p(j) = po()Hp(') — po(4)}Cov(Zy;, Zaj) + Y Cov(Zrj, Zajr)?
J3.3'€B 7,3'€B
2(n—1) Y _{p(j) + 8/ Hp(j) - po(j)}22(n1)<zp(j){p(j)po(j)})
JjEB Jj€EB
+>p(i)H1 - 2p( }+<Zp ) +%|B|+£ZPU){1—P(J)}
JEB JjEB JEB
n—l 82|B|
< {p(j (Y +
J;B p(j

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



As a result,
164|B|
E 2

jEB

‘We now turn to the test statistic T'g. First, it is clear that

ETs = p(B) — po(B°).

Moreover,
1 8 9
Var T = (Var]l{X"HeB o+ = 2 Var Wn+1> == [p(B){l —p(B)} + —2] <
n ! no
Now, under H, we have that
P(¢pp =1) <P(Sp > Ci,5) +P(Ts > Cs )
< n(n — 1)aty " 164|B| no*y 9y
~  656|B] n(n —1)a* 36 na? 2’
Now suppose that we have
|1BI® 14 c
> I bl :
§ > 8max [12{77,(71 — 1)a472} ,o(B°) |, 3)
which implies
|BJ? 1/4 64 3v/2
6>2 24{7} ,2p0(BS) + ———+= |-
- max[ n(n —1)aty? P(E + (nay)1/2
Then, under H; (6,1L;), at least one of
B3 1/4
Z p(7) = 24{n(n|— 1|)a4 2} @
jEB v
or /s
. 6+ 3v/2
> () = po(i)] = 2po(BY) + —5—175 %)
P (na?y)172

must hold. If (@) holds then we have that

. 164B
VarSp  _ ner Lien(pl) — mo()F + st

P <) = sy = [Ssen{p() —po(i)}* — {7,(,";56%}1/21
o sen{p() —po(j)}? n(l,?fillf;(‘ﬁ

= ; : +
[ en{P() = Po(i)}2 — {72l 117212 [576{ slibems 1172 — {200l }1/2)2

< 144 n 756y _ 144~ 756+ Y

T na?)icp{p(G) —po(j)}? 576> — 576 5762 '

On the other hand, if (3) holds then we have that ETs = p(B¢) — po(B°) > (GJF# and hence

na2~y)1/2
VarTp na’?y 9 0%
]P)(TB<CQB)7 < X — = —.

In conclusion, whenever H; (8, L1 ) holds and ¢ satisfies the lower bound in (3), we have that P(¢5 =
0) < /2, and the result follows.

Under H,(8,L,) and using va + b < v/a + v/b:
O IpG) - Y243 p() = po()l = llp = poll2 > 6.

jeB jeBe



Now, we suppose that we have instead of (3)):

B 1/4
0 > 8 max [12{"2} ,pO(BC)]

n(n — 1)a*y
|B| 1/4 6+ 3v2
>2 24{7} ,2p0(BS) + ———+= |-
- max[ n(n —1)aty? Po(B°) + (na2y)/2
That implies, at least one of
B 1/4
(2 1p() )1/2>24{7| ll )
oy n(n —1)aty
or /5
. 6+ 3v2
Z ‘p | > 2p0(B ) (nag )1/2
jeBe v
must hold. We conclude similarly the upper bounds for the L test. O

The proof of Theorem [3| will make use of the following inequality.
Lemma 1. Let Z ~ N(0,1) and p, A > 0. Then, writing [z]* , = max{—\, min(z, \)}, we have
that

E{[u+ z> N L mln(u, A) min(1, A).

Proof of Lemmal[l] Define
E{ln+ 212} _ nt+ QA =m@A —p) = A+ m)@A +p1) — 6N — ) + oA+ 1)

h(p, A) = =
(1, 2) min(u, A) min(pu, A)
We now show that, for a fixed A > 0, we minimise % by taking ¢ = A. Indeed, for © > A\ we have
0
a—hu, 7{1— ~ SA+p)} > 0.

On the other hand, when ¢ < A we have

0

S ) = =5 (ABO = ) = XB(A+ 1) = 601 =) + 6+ ).

Moreover,
6%{%‘1’(A — 1) = A\ + ) — p(A — ) + oA+ )}

= p{d\ —p) —dA+p)} >0
and, as p \ 0, we have

BN — 1) — AB(A+ 1) — (A u) FOO+ 1) = NG + o) > 0.

It therefore follows that when p < A we have < 0. We have now shown that

T+ 3.
We can check (e.g. numerically) that A(A, \) > min(1, \)/2, and the result follows. O

= (na®)~1/2, we first consider the expectation of our test
A;=p(j) — po(j) and 07 = Vare; < 9/(na®) = 972, and

(g, A) > h(\\) =1 — 2@(2)\)

Proof of Theorem 3} Recalling that 7
statistic Dp. Writing €; = p; — p(j),
letting Z ~ N(0,1), we have

|E{[B; —po(D)]Z,} —E{[A; — ;27 }]

T—A T+A;
= / {P(e; > ) —P(0;Z > )} dox — / {P(e; < —2) —P(0;Z < —z)} dx
< 27sup|P(e; < z) —P(0;Z < z)|

Tz€R

C1 E{|lx,=jy — p(4) + 2/)Wn[’} _ =
“ Vo {p()(A = p(h)) +8/a2}3/2 f



where the final line follows from an application of the Berry—Esseen theorem. Applying this bound
and Lemmal[T} we therefore have for some universal constant C' > 0 that

EDp =

Mg

AE{[p; ZAE{A+07 - \/ﬁ|

J

Ao, B{[1A; /0 + 277 ) —

—7/0;

M=

<.
I

.
SE

1
> 3 |A;|min(|A;|, 7) min(1,7/0;) — —=
=1
1 cor 1 Cr
> -3 |A, A, — D (p)— 2L
> § oI min(,.m) = = £0nt) - T ©

where we write D, (p) := ijl |p(7) — po(7)| min(r, |p(4) — po(4)|). Moreover, under Hy we
have that EDg = 0.

We now turn to the variance of D . Since the function = — [x]” . is Lipschitz, we have that

Var (5 — poG)T1) < B{ (155 — 2o — p0) — moi7,) )
8 9

. 1
< Var(pj) < E + 2 < 3" @)

no no

On the other hand, when |p(j) — po(j)]| is large, we can prove a tighter bound. Indeed, using a
Chernoff bound we have

P(5; - p(j) 2 v) < exp(— "o v? ) Ele 5 (5r)]

na? 9 1 /na’v\2 4 nav\ 2
= exp| — g +87L< 16 ) _”log(l_n%ﬂ( 16 ))

With a similar bound for the lower tail, we thus establish that

2,2

() — p(j)| < v, with probability larger than 1 — 2 exp(— "C; 2” ) ®)
Thus, when p(j) — po(j) > 27, we have
Var([B; — po(1)7,) < E{(7 — [B; — po(i))",)*} < 47*P(H; — po(j) < 7)
< 872 exp(_i{p( )= poli) — ) ) < Togexp(_naz{p(jl);g po(j)}z), ©

and we can similarly prove the same bound when p(j) — po(j) < —27. Using (7) and (9), we can
see that, for any value of p(j) — po(j), we have

8 no?{p(j) — po(4)}”
V. < — ( ) 10
ar([p; —po(§))7;) < —5 exp 55 (10)
For j € [d] we will write P; := [p,; —po(j)]”, and, fori € [n+1] and j' € [d] we will write E;(-) :=
E(-[X1,...,Xi—1) and B/ (-) := E(- x Lyx,—;3|X1,..., X;-1)/p(j) for conditional expectations.
We will use the fact that B/ (P;) = EZ*(P;) almost surely for any ji, jo # jand i € [n + 1]. For



J1,j2 € [d] such that j; # js, we now consider

COV(le 5 sz) = Cov (En+1 (le),En+1 (Pj2)>

N iE{EHl (le)Ei+1 (sz) - E <Pj1)Ei (PjQ)}

D E[p(n)BL (P B (Pry) + pli2) B (P JEF (Py) + {1 = plia) — plia) YEL (P, EZ (P,)
— {pGUE (Py) + (1 = pU))EE (P) HpU2) B (P) + (1= p(72) B (Py,) }
= = > plnp(2)E | {EL (P,) — B (P HEP (B,) — B (P,)}]

= —np(j1)p(2)E[{[n™" +Bjy —po(i)]7, = [y — po(i)]Z, }
x {[Pj, — po(j2)]Ts — [Py — po(j2) —n ')} | X1 = ja]. (11
We can therefore always say that, when j; # jo, we have

[Cov([pj, — po(G)]7 [jn — Po(52)]7-)| < p(41)p(d2) /n- (12)

However, as before, tighter bound are available when max(|p(j1) — po(j1)|, [p(j2) — po(j2)]) is
large. Indeed, if j € [d] is such that |p(j) — po(j)| > 2(7 + 1/n), then, by (8) we have

E[{[p; - ro(/)]Z- — [p; Po(]) n7YT | Xy =]
= ;P(izﬂ{xl—ﬂ’ + — ZW’LJ pO >
=2
= ;p( %Z{l{)ﬁ:j} —p()} + @ ZWij > p(j) —po(j) — 7 — i)
g ;exp(—n;é;{p(j) —po(j) —r— 1/n}2> S % eXp(_na2{p(j) —po(j)b) (13)

128
It now follows from Cauchy—Schwarz, (T1), (I2) and (T3) that, whenever j; # jo, we have

|Cov([pj, = po(i))rs [Pr2 = Po(42)]Z,)]

< 2otntin) s -

o) — oY + ) ~ ()] ). 14)

.2
It now follows from (T0)), (T4) and the fact that sup,, - £ /128

— —1/2
T—Se / ,that

Var(Dp) = E{Var(DB|Z1, y .,Zn)} +Var(E{DB\Zl, o Zn})

d
(S t00) — mli} s~ ml)" )

22 d no{n(i) — 12
< T B S ()~ pog)) exp(- 2L E
j=1
d 2 S\ 2 2
{3 —po(j)|p(j)exp(—na (vl Sy
27_2 na2 N N2
< % na2 Z{p exp(i {p(yizspo(y)} )
L 80 __ (et1) 80D, (p) as)

n | naZell? r(p) < (e —1)2(na?)? = e'/2na?’



Under H,, we can now see that

e+l (4/v)1/2)< Y
-1 na?2 /= 4

As we have already shown in the proof of Theorem |I| I we also have that P(Ts > Co ) < v/4

under Hy, so that the Type I error of our combined test ¢/ is bounded above by /2. Now, suppose
that p is such that

P(DBZC;g): (D >

bl
na?

D, (p) > maxs (4/v )1/2 4(e +1)’10240 190 i
1 7 el/2y

where C'is the universal constant in (&). For such p, it follows from (&) and (T3) that
VarDp <7

W= Bnm -G

Now, under H; (d, Ls), we have
Z{p (7)}? min(1,7/[p() — po(4)])

2 mm(Hp = poll3, 7llp — poll2) > min(6?,76)
This proves that

L2d(e+1) 10240 1
En,a(po, L2) <max{(4/'y) 1 ’61/27’120 (na?)i/2”

We now prove the LL; result. Let ) # B C [d] be given, and suppose that

1B|\ Lpd(e+1) 10240 .
6> SmaX[(?wé2 maxy (4/7) / , 61/27,120 ,po(B°)|.

e—1

Then, under H; (6, 1L;), at least one of

1/2 .
Z Ip(5) — po(4) > (JjL) {(4/ )1/2 4( -i-ll)7 16(1)3240 120}

jEB

or

S () 6+ 3v2

> 2po(B°) +
& D2 2B Gazyire

holds. If the second of these holds, then, as in the proof of Theorem' we have P(Tp < Ca ) <
/2. On the other hand, if the first holds, then we have

I =l > Y (000) = ()} = 7 (Z 9(0) ~ ()]

jeB

4(e+1) 10240 ’ 1
> maxf (4 XD S50 o) L

and our interactive test rejects Hy with probability at least v/2. Thus,

B\ Y? +1) 10240
5}l7a(po,L1)§8maX[<T|wé|2> {(4/ )2 Ale ), oy 126’}7 O(Bc)]

e—1

Proof of Proposition|d] The minimax risk for testing is

Rn,a(po,6) > inf inf sup E, (¢) +E,(1—¢
(o0)2 of f s (B () 4By (1~ 0))

= Qlené ¢1nf {]Epo + Eé[]EPs(l - 9)- IP§€H1(5)]}’



where F¢ is the average with respect to £ uniformly distributed over V.

Denote by QFj" and QP the likelihood of the sample Z, ..., Z, when the original sample is
distributed according to pg and pe, respectively. We write

QP?
EE[Eps(l - (b) : Ip5€H1(5)] = E§ [EPOCQP(’)R(:[ - ng€H1(5)) : (1 - ¢):|

QP QF¢
EPO |:E5 Qpn( ngQHl(é)) ’ (1 - ¢):| > ]EPO |:E§ QPEL (1 - ¢):| - M-

Back to the minimax risk

Ron,a(po,6) > nga ¢1€nf E,, (@) + Ep, { QP” 1 — )} -m
> inf (1—n)P,, (E P
> ngga( n) ( 5@ Py 2 n) o0

> inf (1-— 1—7TV Py, EcQPY) | —
*lega( 77)( n (QFy, EcQ §)> 71,

for arbitrary 7 in (0,1). O

Proof of Theorem[9] For general sequentially interactive mechanisms, we use the convexity of the
Kullback-Leibler discrepancy and the fact that the Kullback—Leibler discrepancy is bounded above
by the x? discrepancy to get

KL(QPy, EeQPY) < Eg/mo(z)log mi)

m0(z) "
n r ¢
m; (2|21, .., Zi—1) g
—SN"EE log —i 0 (2| Zy ooy Ziq)dz;
; £5po /Og m?(2i|Z1,...,Zi,1)ml(Z| ! 1) &
" [ (mS =m0 (2| 24,y Zia)
<N E:E / dz;
*; o m0(z| 21, . Zi1)

- qil 24 ',Z g e 7Zz qi\Z; ',Z ,...,ZZ‘_ T
= ZEfEPo (pf 7p0)T/ ( | - 'm0 1) ( | - 1) de(pg pO)
i=1 m;

(zi|Z1,y .oy Zi1)

= Ee¢ [(pe — po) " Qpe — po)] -
In the particular case of noninteractive mechanisms, we have

m§(Z) b2\ |
mO(Zy) - om0 (Z)

X (QF), E:QP) =Ky, <Eg

Indeed, ]Epo[(mf(Zi_) —m¥(Z;))/m(Z;)] = 0. Moreover,
o mi(Z) L mE(Z) 1)> L

2(QP", B.QP") < Eq ¢ "R, (Dl g ’
QP EQRY) < Beg exp (_ pv(mg?(zi) iiz)

= Eee [] (1 + By

n
< Ee ¢ exp < (pe — po) TZE
i=1

< Eeer [exp ((pe — po) " QUper — po))] -1




Proof of Theorem[6] For i € [n], write ¢;(j|-) for the density of Z;|{X; = j}, and write

d
= a:(2l5)po(5)
j=1

For j, € [d]let B={2,...,j. + 1}, and for j,j’ € B and i € [n] write

sy = [ { LD M LED) ),

For each i € [n], the matrix Q; := (w!;); e is a covariance matrix so it is symmetric and non-

negative definite. Writing Q := n~! o, Q;, then Q) is also symmetric and non-negative definite
and hence has real eigenvalues 0 < Ay < ... < A;, and associated eigenvectors vy, ..., v;, . Since
Q is a-LDP we have that

trace ({2 Ztraee Z Z /mo qz )) - 1}2 dz < (e* — 1)%..

i=1jEB

Now if we take jo := max{j € B : \; < 2(e® — 1)} we have that jo > j./2 — 1. Indeed, if we
had jo < j./2 — 1 then

SO0 > (e — o) 2 — 17 > (o +2)(e — 1)

J>Jjo
which is in contradiction with the fact that 37, A; < ji(e® — 1),
Given a sequence & = (&1,...,&;,) € {—1,1}/° define 6g = Z{le &rug; for j € B, define
8¢ =" ,cp 0j and, given € > 0, define

[ ma-apsal e
pe(j) = { po(5)(1 — eég) otherwise

Note that we have E?Zl pe(j) = 1. Write E. C {—1,1}7° for the set of all sequences & such that

|5g’| < 1/(2¢) and max;cp |5g| < po(j« + 1)/(2¢). Then, for & € E, we have p¢ € P4. Given
& € E. write

d
ZZQi(ZU)Pg( = (1—edf)mj(z +e26§qz z|7)

ol {5 ) -2

where we write 1 = (1,...,1) € R/~ for the constant vector, ¢i(z|-) = (¢:(2[2), ..., q(z]j« + 1))
and §¢ = (5?, cey 52) = >"7° , &vy. Let 1 be a uniformly random element of 2., and define

YE["

N2 mp(Za)]
AR ..mg<zn>} -



Let 1’ be an independent copy of 7, and let £, &’ be two independent sequences of Rademacher

random variables. Then, using the facts that 1 + x < e*forall z € R and Z, = —Z,, we have
my(z1)my, (z1) ... mp(zn)mp (2n)
E u 't dzy...dz,| — 1
W) = By | [ Ao

= By {(1+ 25725, ... (1+€2670,8,)} —1 < Enm/{exp(ne%gﬁén/)} —1

Jo 00 20
1
= En,n/ {exp <n62 Z nknic)\k> — 1} = En,n’ {Z (ZE) (TLG Z 77k77k>\k) }

k=1

1 00 1 Jo 20
< Pg(fiEE E’{Z (20! <ne kaﬁﬁ%) }

{=1

= ( Pyl exp(ne nggkxk> —1}
n2et Jo ) exp(2n264(e°‘ — 1)4j0) -1
(feue {exp< ZA>_1} P (€€ 2,)? '

We now study P¢({ € Z.). Note that for each j € B the random variable 5g is subgaussian

with variance proxy Zﬂ":l vi $ < 1. We therefore have [Boucheron, Lugosi and Massart, 2013}

Theorem 11.8]
i\ < S \y1/2 ( j) < S \11/2
Eg{r;g\(sg\} < {210g(2.)}"* and  Varg (max|6{]) < 8{2log(2j.)}'/? + 2.

Hence, P¢(max cp \62\ > 2log1/2(2j*)) — 0asd — oo. Now (52r is subgaussian with variance

proxy
Jo 2 Jo
S (L) =S 0fv? <l <.
k=1 \jE€B k=1

We may therefore take

€= min{ 1 polj- +1) —1 }
3 (na2)1/2 g2 (4.) " i
Now

Ipe = polls = €Y 167 = po()SF | +€ Y po(i)I6| = €Y 67| — eld |-
JEB JEB*® jEB
By the Khintchine inequality we have that

1 1/2
ZE5|6J| = ZEg kavkg > 2172 Z(Z%g) = 23/2 Z 1 L2, >1/4)
€B

jEB jEB
Jx o jO _.7*/4 > .7*
Z Z Vi =4 ) = 3/2 = ’
2 24+/2

jEB k=1

where the final inequality follows from the facts that jo > j./2 — 1 and j, € N. Now

Vare <Z |5g|) = Varg <Z jzgfkvkj ) < E¢ (Z ifkvkj >2

JEB JEB'k=1 JEB'k=1

Denote by V = ZjGB 2110:1 EkVkj

. We can prove that, for ¢ > 1,

Jo
> P ( > &rors

jeB k=1
< J7exp (—12log(j*) < exp(~(t> — 1)log(j")).

P (V> 1/2108(j"))

IN

>t 2log(j*)>



Now, E¢[V?] = [7720P:(V > w)dv < 2j* +2 [T vexp(—v®/2 + j*)dv < j*.

>jen %l

Moreover, E§|5§+| < ji/ 2 Writing Z := I

we have Varg(Z) < 1152 and hence that

E(Z%) _ 1
1612 =2

1
L= EeZ < | +4612P(1/4 < Z < 4612) + +4612P:(Z > 1/4).

Thus,

Pg(”pf_m”l = 192f> (ZW 96ff> <5+| ~ 192\f>

1 1924/2 - 1
T 9224 1/2 710000

for j, sufficiently large. Thus

3/4 e
ngjfx(p07Ll) 26.]* Zmln{ J ,.7 PolJ i
, (na?)1/2" 10g1/2(2;,)

= min{ jf/4 ) Jupold + 1) }7
(710[2)1/2 10g1/2(2]*)

and the result follows.

The proof for the Ly test follows the same lines. It is sufficient to bound from below ||p¢ — pol|2
with high probability. We have

1 . 1 5.
P (pg — pol3 > i’ j*> > P | € Z 5J 725+ Zé§p0 > mgzj*

jEB JEB
; 1 . .
> Pe [ Y (602 = g | = Pe (208 - 6lpo(s) ,
JjEB JEB
for j. large enough. Moreover, 3, p Eﬁ(ég)Q = YieB 2k v? ; = Jjo by orthonormality of the

eigenvectors v; and
2 , 2

) Jo
Ee | [ D607 ) | =D vk | =ds-

jEB jEB k=1
Therefore, P (3 5(0} )2 > 2jy) < 1/4. Denote by Z = > jen(d: 7)2 We get
1
1 = Ee(Z/EZ) < Z +2P{(Z 2 BZ/4) + P(Z > 2BZ) < 5 +2- Pe(Z > jo/4)

meaning that P:(Z > j./16) > P:(Z > jo/4) > 1/4 (as jo > j.«/2 —1 > j./4 for j, large
enough). Also

36
Pg 2(5+ Z 65170 S _fEE |(5Jr Zégp()
JjEB Jx jEB
1/2

36

< — Ef 5+ Eg Z5€po
Jx JjEB

1/2

36 .1/ 6

ST / ZZ”IWPO < 1/2°
* %

10



which is less or equal to 1/5 for j, large enough. Thus

1/4 1/2

gNI o(Po,L2) 2 6\/]: pe mm{ J ’J po(j ,1}.
(na?)1/2 log1/2(2j*)

O

Proof of Theorem[8] Let us first prove the bounds for the Ly norm. When € € [0,1 — 1/d] we can
define the probability vector

b= (1_6)p0+(07"~u076)7
which satisfies ||p — pol|1 = €{1 — po(d)} < e and

d—1 1/2
I~ ol = |1 = @)+ L pli?| = 1= 1/0)
j=1
Thus, using Theorem 1 of Duchi et al.{[2018]] and taking ¢ < \/7 we have that

1
My — M, < —
[My — Mol|ry < 7
for any sequentially interactive privacy mechanism that takes py to My and p to M;. We can there-
fore establish a lower bound of the order of (na?)~'/2 for the L, testing problem.

Proof of the lower bounds for the L, -risk, interactive mechanisms Fix j. € [d] and write B =

{1,...,7«}. Let @ be a sequentially interactive, a-LDP privacy mechanism, and for each i €

[n],j € [d] and 2z, ..., 21, 2, write q(2|j, z1,...,2;—1) for the conditional density of Z; given

Xi=4,21=2z,...,7Zi—1 = zj—1. Foreach i € [n] and z1,...,z;_; define the j, x j, matrix
Qi(z1,...,2i-1) by
(Zla ceey Ri— 1)]1]2

/{p G2l 2 ; )}< gi(2lj1s 21, zim1) 1) ( ¢i(2lj2; 21, - zi1) 1>sz

1y---5<i—1 - - .

o ' P02l 21,5 2im1) Py a2l 21, 2im)

Consider the j, X j, non-negative definite matrix

Q:=E,p, [Z Qi(Z1, .. -7Zz’—1)}

i=1

and write A1 > Ay > ... > X;, > O for its eigenvalues and v1, ..., v;, for its associated eigen-
vectors, with vg = pg and Ay = 0 if j, = d. Given a sequence { = (&1,...,& A@-1)) €
{—1,1}7+Md=1) define 53 = i*:/\l(d_l)&vkj for j € B and define 52‘ = ZjeB 52. Further,

given € > 0, set

N @ —eshpo(h) +edl ifjeB
pe(d) = { (1= €0 )po(4) otherwise

This sums to zero, and when € S po(j«)/+/log(27.) and £ is an i.i.d. Rademacher vector, then p¢ is
also non-negative with high probability. Moreover, for each i € [n] and z1, ..., z;, we have

71)

J«A(d
> Gk

(pf _pO)TQi(Zi|'> Zlyeey Zi—l)
pg(h(z’b" Zlye ey Z’i—l)

< e |pe — ol < 267
jeB

)

and this is < €j, — 0 with high probability. Given z1, ..., z, and £ write

mg(Zl» .- '1zn) = HP?%(ZH',ZL .- .721'71)
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for the marginal density of Zy,...,Z, when X,..., X,, have distribution p,, and similary de-
fine mq for the density of Z1, ..., Z, when X1, ..., X,, have distribution py. Writing M, for the

distribution associated with m,¢ and M for the mixture distribution E¢ (M), we have that

~ _ ma(2) 1o mo(2) .
KL(Mo[|M) < E¢[KL(Mo|[M)] = E¢ [/ o(2)log me(2) d ]

n i T
be =D Qi\Zi|"y 21y -y Zi—
:_ZEE I:/(Hngi’(Zi’|'vzla---aZi’1)) log<1—|— (pe TO) (el 2 1)>d21~--
=1

=1 p0q1(2i|'7217"'7z’i—1)
~ - Tin,",Z,...,Zj_ 2
Z [/<1_[p0qZ zi/| zl,...,zi/_l))<(p5 TPO) ¢ilzl 21 ’ 1)) dzl...dz,-]
i—1 Po Qi(zi"azlawwzifl)
_ JxA(d—1)
—GQZEE{ 3 4 ]Epo{ Zl,...7zi1)jlj2}5gz] > Eg[fklsz,vglﬂvb}
j1,j2€B k1,ka=1
J=A(d—1)

Z A = 2tr(Q) < €2j.na’.

Now, as in our earlier, non-interactive, lower bound, we have

JeA(d—1)
Ipe —polli =€ D | D &urj| Zp €l
jeB k=1

We can then choose € < min{(j,na2)~1/2, py(j,)/log"/?(2j,)} to prove a lower bound of

€]x X min{( I )1/2,%}.

na? 0g'/?(2j.)

A.2 Examples

Polynomially decreasing distributions. Suppose that py(j) o j~'=# for some 8 > 0. Writing
C = 2(1 —27P)=1/(B+3/4) "when na? < (d/C)?P+3/2, consider j = [C(na?)'/(2#+3/2)], Then,
when also na? > 1, we have that

3/4

d d —1- © L —1— . . ._g—
> Po(@:zg:jﬂf - < J; a7 da SO 7P (na?)1 /2
=j+1 S B T i s gy T 1 =270 (na?)!/? 1—27F

j3/4 92B+3/4 j3/4

< = .
= (na?)/2 CBH3/4(1 — 2-8) ~ (na?)l/2
Thus, when 1 < na? < (d/C)?#*3/2 we have that j, < [C(na?)'/(2#+3/2)]. On the other hand,
if na® > (d/C)?P*+3/2 then we will just say that j, < d. It follows that

3/4 3/4
i . _z2e d
gN L (po, L) < 7( )1/2 < mln{(nQQ) TB+3 7(71042)1/2 }

More generally, suppose that po(j) oc 5~ '"?L(;) for some slowly-varying function L : [1,00) —
(0, 00). We recall that L is said to be slowly-varying if and only if lim,_,o, L(tz)/L(x) = 1 for all
t > 0, and that Karamata’s theorem says that

- (v=1) [Zt77L(t)dt

=1
T—00 g;*’YJFlL(x)

for any v > 1. Writing ¢4 := Z?:l ¢~1=PL(¢), whenever j — oo with j < d we have that
d

S o) =cgt > PL@) — et Y TPL) ~ et Y P L)

t=j+1 t=j11 t=d+1 t=j+1
N i7PL(5) _ jpo(j)

cqfs B

12

dZZ‘:|



p3/4+8

(na2 1/2

Letting o2 := inf{z > 1: L(z) < }, we can see that

HllIl(Ina2 5 d)3/4

8'}:I,Ia(p01]1"1) S (na2)1/2

Let us discuss the lower bounds. Writing ¢ = 2-2543/2) gnq j — | {ena?/log(na?)}/(28+3/2) |

2(1-277)?
when log(na?) > logc + (28 + 3/2) log 2 and 1o§(m2) < d?#13/2 we have that
(i) i’ - i’ _ B (na?)!/?

log'/3(2j)  log"?(2) S, €717 T log 2(2)(1 = 278)  (na?)!/2 1 =27 1ogh/?(2) o +3/4
734 B(2B +3/2)1/2 L Joge+ (28 +3/2) log2 -1/ o
~ (na?)t/2 c1/2(1 - 2-F) log(na?) ~ (na?)t/?’
Hence, we have £, > j. On the other hand, when 10;?%2) > d?P1+3/2 and log(na?) > ¢220+3/2,
we have

do(d _ P B (a2 &
10g1/2(2d) - (na2)1/2 1_2—5 d3/4+610g1/2(2d) - (na2)1/2’

and so /,, = d. In either case, then,

ENI (p ) - {(na2)/log(na2)}(3/4)/(2ﬂ+3/2) A d3/4
05 ~ (noz2)1/2

d3/4

_ 21 3/(48) 2\ —28/(4B+3)

More generally, suppose that po(j) o< 7~ "PL(j) and recall the definition of x,,,> from Exam-
ple Taking j = min(|Zpa2, 10g(na2)), d) in Theorem@, we have that

min(xnaz/ log(na?)» d)3/4
(na2)1/2 ’

gNI (p()»Ll)

which matches our upper bound up to a log factor.

Exponentially decreasing distributions.  Suppose that py(j) o exp(—j?) for some 3 > 0.
Writing C for a large constant, if (73 + 3) log(Cna?®) < d” then consider j = [{log(Cna?)/2 —
(1- 1/(4ﬁ)) log log(Cna2)}1/B]. Then

Zp Cexp(-el)de B < log" ") (Cna?) __j%

0 = ~ ~ ~ )
fd+1 exp(—xf) dx vV Cna? VCna?

and we can therefore see that j, < log'/?(na?). As aresult,

10g3/(4ﬂ) (na?)  d3/4 }

N (po.Ly) < min{

(na?)1/2 7 (na2)1/2
Concerning the lower bounds, write ¢ for a small constant and consider j = |{log(cna?)/2 +
log log(cna?)/(48) — logloglog(cna?)/2}1/7|. Ifj < d then we have
vy _ B .
i) log ena?)e " 1og Dena) i

log/2(25) ~ log'/?(log(cna?)) ~ Vena? ~ Vena?
If, on the other hand, j > d, then
dpo(d) S dexp(—d®) N log® 49 (cna?) a3/
log'?(2d) ~ log'?(2d) ~  Vena? Vena?’

In either case, then, we have

gnl\ila(po,lq) Z mln{

and this matches our previous upper bound.

)

10g3/(45) (na?) d3/4 }
2

no no
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