
Supplementary material to ‘Locally private
non-asymptotic testing of discrete distributions is

faster using interactive mechanisms’

Berrett Thomas
CREST, ENSAE, IP Paris

5, avenue Henry le Chatelier
91120 Palaiseau Cedex, FRANCE
thomas.berrett@ensae.fr

Butucea Cristina
CREST, ENSAE, IP Paris

5, avenue Henry le Chatelier
91120 Palaiseau Cedex, FRANCE
cristina.butucea@ensae.fr

Appendix

A.1 Proofs of main theorems

Proof of Theorem 1. We first calculate means and variances of our two test statistics, starting with
the U -statistic SB . Define the function h : RB × RB → R by

h(z1, z2) =
∑
j∈B
{z1j − p0(j)}{z2j − p0(j)}

so that SB = 1
n(n−1)

∑
i1 6=i2 h(Zi1 , Zi2). It is clear that

ESB =
∑
j∈B
{p(j)− p0(j)}2.

Now, define
ζ1 := Var

(
E{h(Z1, Z2)|Z1}

)
and ζ2 := Var

(
h(Z1, Z2)

)
.

Using Serfling [1980, Lemma A, p.183] and the fact that Cov(Z1j , Z1j′) = 1{j=j′}{p(j)+8/α2}−
p(j)p(j′), we have that(
n

2

)
VarSB =

2∑
c=1

(
2

c

)(
n− 2

2− c

)
ζc = (2n− 3)ζ1 + (ζ2 − ζ1)

= (2n− 3)Var

(∑
j∈B
{p(j)− p0(j)}{Z2j − p0(j)}

)

+ E
{

Var

(∑
j∈B
{Z1j − p0(j)}{Z2j − p0(j)}

∣∣∣∣ Z1

)}
= 2(n− 1)

∑
j,j′∈B

{p(j)− p0(j)}{p(j′)− p0(j′)}Cov(Z1j , Z1j′) +
∑
j,j′∈B

Cov(Z1j , Z1j′)
2

= 2(n− 1)
∑
j∈B
{p(j) + 8/α2}{p(j)− p0(j)}2 − 2(n− 1)

(∑
j∈B

p(j){p(j)− p0(j)}
)2

+
∑
j∈B

p(j)2{1− 2p(j)}+

(∑
j∈B

p(j)

)2

+
64

α4
|B|+ 16

α2

∑
j∈B

p(j){1− p(j)}

≤ 18(n− 1)

α2

∑
j∈B
{p(j)− p0(j)}2 +

82|B|
α4

.
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As a result,

VarSB ≤
36

nα2

∑
j∈B
{p(j)− p0(j)}2 +

164|B|
n(n− 1)α4

.

We now turn to the test statistic TB . First, it is clear that

ETB = p(Bc)− p0(Bc).

Moreover,

VarTB =
1

n

(
Var1{Xn+1∈Bc} +

4

α2
VarWn+1

)
=

1

n

[
p(B){1− p(B)}+

8

α2

]
≤ 9

nα2
.

Now, under H0 we have that

P(φB = 1) ≤ P(SB ≥ C1,B) + P(TB ≥ C2,B)

≤ n(n− 1)α4γ

656|B|
× 164|B|
n(n− 1)α4

+
nα2γ

36
× 9

nα2
=
γ

2
.

Now suppose that we have

δ ≥ 8 max

[
12
{ |B|3

n(n− 1)α4γ2

}1/4

, p0(Bc)

]
, (3)

which implies

δ ≥ 2 max

[
24
{ |B|3

n(n− 1)α4γ2

}1/4

, 2p0(Bc) +
6 + 3

√
2

(nα2γ)1/2

]
.

Then, under H1(δ,L1), at least one of∑
j∈B
|p(j)− p0(j)| ≥ 24

{ |B|3

n(n− 1)α4γ2

}1/4

(4)

or ∑
j∈Bc

|p(j)− p0(j)| ≥ 2p0(Bc) +
6 + 3

√
2

(nα2γ)1/2
(5)

must hold. If (4) holds then we have that

P(SB < C1,B) ≤ VarSB
[ESB − C1,B ]2

≤
36
nα2

∑
j∈B{p(j)− p0(j)}2 + 164|B|

n(n−1)α4

[
∑
j∈B{p(j)− p0(j)}2 − { 656|B|

n(n−1)α4γ }1/2]2

≤
36
nα2

∑
j∈B{p(j)− p0(j)}2

[
∑
j∈B{p(j)− p0(j)}2 − { 656|B|

n(n−1)α4γ }1/2]2
+

164|B|
n(n−1)α4

[576{ |B|
n(n−1)α4γ }1/2 − {

656|B|
n(n−1)α4γ }1/2]2

≤ 144

nα2
∑
j∈B{p(j)− p0(j)}2

+
756γ

5762
≤ 144γ

576
+

756γ

5762
<
γ

2
.

On the other hand, if (5) holds then we have that ETB = p(Bc)− p0(Bc) ≥ 6+3
√

2
(nα2γ)1/2

and hence

P(TB < C2,B) ≤ VarTB

{ETB − 6
(nα2γ)1/2

}2
≤ nα2γ

18
× 9

nα2
=
γ

2
.

In conclusion, wheneverH1(δ,L1) holds and δ satisfies the lower bound in (3), we have that P(φB =
0) ≤ γ/2, and the result follows.

Under H1(δ,L2) and using
√
a+ b ≤

√
a+
√
b:

(
∑
j∈B
|p(j)− p0(j)|2)1/2 +

∑
j∈Bc

|p(j)− p0(j)| ≥ ‖p− p0‖2 ≥ δ.
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Now, we suppose that we have instead of (3):

δ ≥ 8 max

[
12
{ |B|
n(n− 1)α4γ2

}1/4

, p0(Bc)

]
≥ 2 max

[
24
{ |B|
n(n− 1)α4γ2

}1/4

, 2p0(Bc) +
6 + 3

√
2

(nα2γ)1/2

]
.

That implies, at least one of

(
∑
j∈B
|p(j)− p0(j)|2)1/2 ≥ 24

{ |B|
n(n− 1)α4γ2

}1/4

or ∑
j∈Bc

|p(j)− p0(j)| ≥ 2p0(Bc) +
6 + 3

√
2

(nα2γ)1/2

must hold. We conclude similarly the upper bounds for the L2 test.

The proof of Theorem 3 will make use of the following inequality.
Lemma 1. Let Z ∼ N(0, 1) and µ, λ > 0. Then, writing [x]λ−λ = max{−λ,min(x, λ)}, we have
that

E
{

[µ+ Z]λ−λ
}
≥ 1

2
min(µ, λ) min(1, λ).

Proof of Lemma 1. Define

h(µ, λ) :=
E{[µ+ Z]λ−λ}

min(µ, λ)
=
µ+ (λ− µ)Φ̄(λ− µ)− (λ+ µ)Φ̄(λ+ µ)− φ(λ− µ) + φ(λ+ µ)

min(µ, λ)
.

We now show that, for a fixed λ > 0, we minimise h by taking µ = λ. Indeed, for µ > λ we have
∂

∂µ
h(µ, λ) =

1

λ

{
1− Φ̄(λ− µ)− Φ̄(λ+ µ)

}
> 0.

On the other hand, when µ < λ we have
∂

∂µ
h(µ, λ) = − 1

µ2

{
λΦ̄(λ− µ)− λΦ̄(λ+ µ)− φ(λ− µ) + φ(λ+ µ)

}
.

Moreover,
∂

∂µ

{
λΦ̄(λ− µ)− λΦ̄(λ+ µ)− φ(λ− µ) + φ(λ+ µ)

}
= µ

{
φ(λ− µ)− φ(λ+ µ)

}
> 0

and, as µ↘ 0, we have

λΦ̄(λ− µ)− λΦ̄(λ+ µ)− φ(λ− µ) + φ(λ+ µ) =
2

3
λµ3φ(λ) + o(µ4) > 0.

It therefore follows that when µ < λ we have ∂h
∂µ < 0. We have now shown that

h(µ, λ) ≥ h(λ, λ) = 1− 2Φ̄(2λ)− 1

λ
√

2π
+

1

λ
φ(2λ).

We can check (e.g. numerically) that h(λ, λ) ≥ min(1, λ)/2, and the result follows.

Proof of Theorem 3. Recalling that τ = (nα2)−1/2, we first consider the expectation of our test
statistic DB . Writing εj = p̂j − p(j), ∆j = p(j)− p0(j) and σ2

j = Var εj ≤ 9/(nα2) = 9τ2, and
letting Z ∼ N(0, 1), we have∣∣E{[p̂j − p0(j)]τ−τ

}
− E

{
[∆j − σjZ]τ−τ

}∣∣
=

∣∣∣∣∫ τ−∆j

−∆j

{P(εj ≥ x)− P(σjZ ≥ x)} dx−
∫ τ+∆j

∆j

{P(εj ≤ −x)− P(σjZ ≤ −x)} dx
∣∣∣∣

≤ 2τ sup
x∈R

∣∣P(εj ≤ x)− P(σjZ ≤ x)
∣∣

≤ Cτ√
n

E{|1{X1=j} − p(j) + (2/α)W11|3}
{p(j)(1− p(j)) + 8/α2}3/2

.
τ√
n
,
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where the final line follows from an application of the Berry–Esseen theorem. Applying this bound
and Lemma 1, we therefore have for some universal constant C > 0 that

EDB =

d∑
j=1

∆jE
{

[p̂j − p0(j)]τ−τ
}
≥

d∑
j=1

∆jE
{

[∆j + σjZ]τ−τ
}
− Cτ√

n
‖∆‖1

≥
d∑
j=1

|∆j |σjE
{

[|∆j |/σj + Z]
τ/σj
−τ/σj

}
− Cτ√

n

≥ 1

2

d∑
j=1

|∆j |min(|∆j |, τ) min(1, τ/σj)−
Cτ√
n

≥ 1

6

d∑
j=1

|∆j |min(|∆j |, τ)− Cτ√
n

=
1

6
Dτ (p)− Cτ√

n
, (6)

where we write Dτ (p) :=
∑d
j=1 |p(j) − p0(j)|min(τ, |p(j) − p0(j)|). Moreover, under H0 we

have that EDB = 0.

We now turn to the variance of DB . Since the function x 7→ [x]τ−τ is Lipschitz, we have that

Var
(
[p̂j − p0(j)]τ−τ

)
≤ E

{(
[p̂j − p0(j)]τ−τ − [p(j)− p0(j)]τ−τ

)2}
≤ Var(p̂j) ≤

1

n
+

8

nα2
≤ 9

nα2
. (7)

On the other hand, when |p(j) − p0(j)| is large, we can prove a tighter bound. Indeed, using a
Chernoff bound we have

P(p̂j − p(j) ≥ v) ≤ exp
(
−nα

2

16
v2
)
E[e

nα2v
16 {p̂j−p(j)}]

≤ exp

(
−nα

2

16
v2 +

1

8n

(nα2v

16

)2

− n log
(

1− 4

n2α2

(nα2v

16

)2))
≤ exp

(
−nα

2

32
v2
)
.

With a similar bound for the lower tail, we thus establish that

|p̂(j)− p(j)| ≤ v, with probability larger than 1− 2 exp
(
−nα

2v2

32

)
. (8)

Thus, when p(j)− p0(j) ≥ 2τ , we have

Var
(
[p̂j − p0(j)]τ−τ

)
≤ E

{(
τ − [p̂j − p0(j)]τ−τ

)2} ≤ 4τ2P(p̂j − p0(j) ≤ τ)

≤ 8τ2 exp
(
−nα

2

32
{p(j)− p0(j)− τ}2

)
≤ 8

nα2
exp
(
−nα

2{p(j)− p0(j)}2

128

)
, (9)

and we can similarly prove the same bound when p(j) − p0(j) ≤ −2τ . Using (7) and (9), we can
see that, for any value of p(j)− p0(j), we have

Var
(
[p̂j − p0(j)]τ−τ

)
≤ 8

nα2
exp
(
−nα

2{p(j)− p0(j)}2

128

)
. (10)

For j ∈ [d] we will write Pj := [p̂j−p0(j)]τ−τ and, for i ∈ [n+1] and j′ ∈ [d] we will write Ei(·) :=

E(·|X1, . . . , Xi−1) and Eji (·) := E(· × 1{Xi=j}|X1, . . . , Xi−1)/p(j) for conditional expectations.
We will use the fact that Ej1i (Pj) = Ej2i (Pj) almost surely for any j1, j2 6= j and i ∈ [n + 1]. For
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j1, j2 ∈ [d] such that j1 6= j2, we now consider

Cov
(
Pj1 , Pj2

)
= Cov

(
En+1

(
Pj1
)
,En+1

(
Pj2
))

=

n∑
i=1

E
{
Ei+1

(
Pj1
)
Ei+1

(
Pj2
)
− Ei

(
Pj1
)
Ei
(
Pj2
)}

=

n∑
i=1

E
[
p(j1)Ej1i (Pj1)Ej1i (Pj2) + p(j2)Ej2i (Pj1)Ej2i (Pj2) + {1− p(j1)− p(j2)}Ej2i (Pj1)Ej1i (Pj2)

−
{
p(j1)Ej1i (Pj1) + (1− p(j1))Ej2i (Pj1)

}{
p(j2)Ej2i (Pj2) + (1− p(j2))Ej1i (Pj2)

}]
= −

n∑
i=1

p(j1)p(j2)E
[{

Ej1i (Pj1)− Ej2i (Pj1)
}{

Ej2i (Pj2)− Ej1i (Pj2)
}]

= −np(j1)p(j2)E
[{

[n−1 + p̂j1 − p0(j1)]τ−τ − [p̂j1 − p0(j1)]τ−τ
}

×
{

[p̂j2 − p0(j2)]τ−τ − [p̂j2 − p0(j2)− n−1]τ−τ
} ∣∣ X1 = j2

]
. (11)

We can therefore always say that, when j1 6= j2, we have

|Cov([p̂j1 − p0(j1)]τ−τ , [p̂j2 − p0(j2)]τ−τ )| ≤ p(j1)p(j2)/n. (12)

However, as before, tighter bound are available when max(|p(j1) − p0(j1)|, |p(j2) − p0(j2)|) is
large. Indeed, if j ∈ [d] is such that |p(j)− p0(j)| ≥ 2(τ + 1/n), then, by (8) we have

E
[{

[p̂j − p0(j)]τ−τ − [p̂j − p0(j)− n−1]τ−τ
}2 ∣∣ X1 = j

]
≤ 1

n2
P
(

1

n

n∑
i=2

1{X1=j} +
2

nα

n∑
i=1

Wij − p0(j) ≤ τ
)

≤ 1

n2
P
(∣∣∣∣ 1n

n∑
i=2

{
1{X1=j} − p(j)

}
+

2

nα

n∑
i=1

Wij

∣∣∣∣ ≥ p(j)− p0(j)− τ − 1

n

)
≤ 2

n2
exp

(
−nα

2

32
{p(j)− p0(j)− τ − 1/n}2

)
≤ 2

n2
exp

(
−nα

2{p(j)− p0(j)}2

128

)
. (13)

It now follows from Cauchy–Schwarz, (11), (12) and (13) that, whenever j1 6= j2, we have

|Cov([p̂j1 − p0(j1)]τ−τ , [p̂j2 − p0(j2)]τ−τ )|

≤ 2

n
p(j1)p(j2) exp

(
−nα

2

256

[
{p(j1)− p0(j1)}2 + {p(j2)− p0(j2)}2

])
. (14)

It now follows from (10), (14) and the fact that supx≥0
xe−x

2/128

x∧1 = 8e−1/2, that

Var(DB) = E
{

Var
(
DB |Z1, . . . , Zn

)}
+ Var

(
E
{
DB |Z1, . . . , Zn

})
=
c2ατ

2

n
+ Var

( d∑
j=1

{p(j)− p0(j)}[p̂j − p0(j)]τ−τ

)

≤ c2ατ
2

n
+

8

nα2

d∑
j=1

{p(j)− p0(j)}2 exp
(
−nα

2{p(j)− p0(j)}2

128

)

+
2

n

{ d∑
j=1

|p(j)− p0(j)|p(j) exp

(
−nα

2{p(j)− p0(j)}2

256

)}2

≤ c2ατ
2

n
+

10

nα2

d∑
j=1

{p(j)− p0(j)}2 exp
(
−nα

2{p(j)− p0(j)}2

128

)
≤ c2ατ

2

n
+

80

nα2e1/2
Dτ (p) ≤ (e+ 1)2

(e− 1)2(nα2)2
+

80Dτ (p)

e1/2nα2
. (15)
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Under H0, we can now see that

P(DB ≥ C3) = P
(
DB ≥

e+ 1

e− 1

(4/γ)1/2

nα2

)
≤ γ

4
.

As we have already shown in the proof of Theorem 1, we also have that P(TB ≥ C2,B) ≤ γ/4
under H0, so that the Type I error of our combined test ψB is bounded above by γ/2. Now, suppose
that p is such that

Dτ (p) ≥ max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}
1

nα2
,

where C is the universal constant in (6). For such p, it follows from (6) and (15) that

P(DB < C3) ≤ VarDB

{ 1
2Dτ (p)− C3}2

≤ γ

2
.

Now, under H1(δ,L2), we have

Dτ (p) =

d∑
j=1

{p(j)− p0(j)}2 min(1, τ/|p(j)− p0(j)|)

≥ min(‖p− p0‖22, τ‖p− p0‖2) ≥ min(δ2, τδ)

This proves that

En,α(p0,L2) ≤ max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}
1

(nα2)1/2
.

We now prove the L1 result. Let ∅ 6= B ⊆ [d] be given, and suppose that

δ ≥ 8 max

[(
|B|
nα2

)1/2

max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}
, p0(Bc)

]
.

Then, under H1(δ,L1), at least one of∑
j∈B
|p(j)− p0(j)| ≥

(
|B|
nα2

)1/2

max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}
or ∑

j∈Bc
|p(j)− p0(j)| ≥ 2p0(Bc) +

6 + 3
√

2

(nα2γ)1/2

holds. If the second of these holds, then, as in the proof of Theorem 1, we have P(TB < C2,B) ≤
γ/2. On the other hand, if the first holds, then we have

‖p− p0‖22 ≥
∑
j∈B
{p(j)− p0(j)}2 ≥ 1

|B|

(∑
j∈B
|p(j)− p0(j)|

)2

≥ max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}2
1

nα2
,

and our interactive test rejects H0 with probability at least γ/2. Thus,

E I
n,α(p0,L1) ≤ 8 max

[(
|B|
nα2

)1/2

max

{
(4/γ)1/2 4(e+ 1)

e− 1
,

10240

e1/2γ
, 12C

}
, p0(Bc)

]
.

Proof of Proposition 4. The minimax risk for testing is

Rn,α(p0, δ) ≥ inf
Q∈Qα

inf
φ∈ΦQ

sup
pξ∈H1(δ),ξ∈V

{
Ep0(φ) + Ep(1− φ)

}
≥ inf
Q∈Qα

inf
φ∈ΦQ

{
Ep0(φ) + Eξ[Epξ(1− φ) · Ipξ∈H1(δ)]

}
,

6



where Eξ is the average with respect to ξ uniformly distributed over V .

Denote by QPn0 and QPnξ the likelihood of the sample Z1, ..., Zn when the original sample is
distributed according to p0 and pξ, respectively. We write

Eξ[Epξ(1− φ) · Ipξ∈H1(δ)] = Eξ

[
Ep0

QPnξ
QPn0

(1− Ipξ 6∈H1(δ)) · (1− φ)

]
= Ep0

[
Eξ
QPnξ
QPn0

(1− Ipξ 6∈H1(δ)) · (1− φ)

]
≥ Ep0

[
Eξ
QPnξ
QPn0

(1− φ)

]
− γ1.

Back to the minimax risk

Rn,α(p0, δ) ≥ inf
Q∈Qα

inf
φ∈ΦQ

Ep0(φ) + Ep0
[
Eξ
QPnξ
QPn0

(1− φ)

]
− γ1

≥ inf
Q∈Qα

(1− η)Pp0
(
Eξ
QPnξ
QPn0

≥ 1− η
)
− γ1

≥ inf
Q∈Qα

(1− η)

(
1− 1

η
TV (QPn0 , EξQP

n
ξ )

)
− γ1,

for arbitrary η in (0,1).

Proof of Theorem 5. For general sequentially interactive mechanisms, we use the convexity of the
Kullback–Leibler discrepancy and the fact that the Kullback–Leibler discrepancy is bounded above
by the χ2 discrepancy to get

KL(QPn0 , EξQP
n
ξ ) ≤ Eξ

∫
m0(z) log

mξ(z)

m0(z)
dz

=

n∑
i=1

EξEp0

[∫
log

mξ
i (zi|Z1, ..., Zi−1)

m0
i (zi|Z1, ..., Zi−1)

m0
i (zi|Z1, ..., Zi−1)dzi

]

≤
n∑
i=1

EξEp0

[∫
(mξ

i −m0
i )

2(zi|Z1, ..., Zi−1)

m0
i (zi|Z1, ..., Zi−1)

dzi

]

=

n∑
i=1

EξEp0
[
(pξ − p0)>

∫
qi(zi|·, Z1, ..., Zi−1)qi(zi|·, Z1, ..., Zi−1)>

m0
i (zi|Z1, ..., Zi−1)

dzi(pξ − p0)

]
= Eξ

[
(pξ − p0)>Ω(pξ − p0)

]
.

In the particular case of noninteractive mechanisms, we have

χ2(QPn0 , EξQP
n
ξ ) = Ep0

(Eξmξ
1(Z1) · ... ·mξ

n(Zn)

m0
1(Z1) · ... ·m0

n(Zn)

)2
− 1

= Ep0

[
Eξ,ξ′

(
mξ

1(Z1) · ... ·mξ
n(Zn)

m0
1(Z1) · ... ·m0

n(Zn)

mξ′

1 (Z1) · ... ·mξ′

n (Zn)

m0
1(Z1) · ... ·m0

n(Zn)

)]
− 1

= Eξ,ξ′
n∏
i=1

Ep0

[(
1 +

mξ
i (Zi)−m0

i (Zi)

m0
i (Zi)

)(
1 +

mξ
i (Zi)−m0

i (Zi)

m0
i (Zi)

)]
− 1

= Eξ,ξ′
n∏
i=1

(
1 + Ep0

[
mξ
i (Zi)−m0

i (Zi)

m0
i (Zi)

mξ
i (Zi)−m0

i (Zi)

m0
i (Zi)

])
− 1.

Indeed, Ep0 [(mξ
i (Zi)−m0

i (Zi))/m
0
i (Zi)] = 0. Moreover,

χ2(QPn0 , EξQP
n
ξ ) ≤ Eξ,ξ′ exp

(
n∑
i=1

Ep0(
mξ
i (Zi)

m0
i (Zi)

− 1)(
mξ
i (Zi)

m0
i (Zi)

− 1)

)
− 1

≤ Eξ,ξ′ exp

(
(pξ − p0)>

n∑
i=1

Ep0

[
(
qξi (Zi|·)
m0
i (Zi)

− 1)(
qξ
′

i (Zi|·)>

m0
i (Zi)

− 1)

]
(pξ′ − p0)

)
− 1

≤ Eξ,ξ′
[
exp

(
(pξ − p0)>Ω(pξ′ − p0)

)]
− 1.
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Proof of Theorem 6. For i ∈ [n], write qi(j|·) for the density of Zi|{Xi = j}, and write

mi
0(z) :=

d∑
j=1

qi(z|j)p0(j).

For j∗ ∈ [d] let B = {2, . . . , j∗ + 1}, and for j, j′ ∈ B and i ∈ [n] write

ωijj′ =

∫
mi

0(z)
{qi(z|j)
mi

0(z)
− 1
}{qi(z|j′)

mi
0(z)

− 1
}
dz.

For each i ∈ [n], the matrix Ωi := (ωijj′)j,j′∈B is a covariance matrix so it is symmetric and non-
negative definite. Writing Ω̄ := n−1

∑n
i=1 Ωi, then Ω̄ is also symmetric and non-negative definite

and hence has real eigenvalues 0 ≤ λ1 ≤ . . . ≤ λj∗ and associated eigenvectors v1, . . . , vj∗ . Since
Q is α-LDP we have that

trace(Ω̄) =
1

n

n∑
i=1

trace(Ωi) =
1

n

n∑
i=1

∑
j∈B

∫
mi

0(z)
{qi(z|j)
mi

0(z)
− 1
}2

dz ≤ (eα − 1)2j∗.

Now if we take j0 := max{j ∈ B : λj ≤ 2(eα − 1)2} we have that j0 > j∗/2 − 1. Indeed, if we
had j0 ≤ j∗/2− 1 then

j∗∑
j>j0

λj > (j∗ − j0) · 2(eα − 1)2 ≥ (j∗ + 2)(eα − 1)2,

which is in contradiction with the fact that
∑
j λj ≤ j∗(eα − 1)2.

Given a sequence ξ = (ξ1, . . . , ξj0) ∈ {−1, 1}j0 define δjξ :=
∑j0
k=1 ξkvkj for j ∈ B, define

δ+
ξ :=

∑
j∈B δj and, given ε > 0, define

pξ(j) :=

{
p0(j)(1− εδ+

ξ ) + εδjξ if j ∈ B
p0(j)(1− εδ+

ξ ) otherwise
.

Note that we have
∑d
j=1 pξ(j) = 1. Write Ξε ⊂ {−1, 1}j0 for the set of all sequences ξ such that

|δ+
ξ | ≤ 1/(2ε) and maxj∈B |δjξ | ≤ p0(j∗ + 1)/(2ε). Then, for ξ ∈ Ξε, we have pξ ∈ Pd. Given

ξ ∈ Ξε write

mi
ξ(z) =

d∑
j=1

qi(z|j)pξ(j) = (1− εδ+
ξ )mi

0(z) + ε
∑
j∈B

δjξqi(z|j)

= mi
0(z)

[
1 + ε

∑
j∈B

δjξ

{
qi(z|j)
mi

0(z)
− 1

}]
= mi

0(z)

[
1 + εδTξ

{
qi(z|·)
mi

0(z)
− 1

}]

where we write 1 = (1, . . . , 1) ∈ Rj∗ for the constant vector, qi(z|·) = (qi(z|2), . . . , qi(z|j∗ + 1))

and δξ = (δ2
ξ , . . . , δ

j∗
ξ ) =

∑j0
k=1 ξkvk. Let η be a uniformly random element of Ξε, and define

Y = Eη

[
m1
η(Z1) . . .mn

η (Zn)

m1
0(Z1) . . .mn

0 (Zn)

]
− 1.
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Let η′ be an independent copy of η, and let ξ, ξ′ be two independent sequences of Rademacher
random variables. Then, using the facts that 1 + x ≤ ex for all x ∈ R and Ξε = −Ξε, we have

Ep0(Y 2) = Eη,η′

[ ∫
m1
η(z1)m1

η′(z1) . . .mn
η (zn)mn

η′(zn)

m1
0(z1) . . .mn

0 (zn)
dz1 . . . dzn

]
− 1

= Eη,η′
{(

1 + ε2δTη Ω1δη′
)
. . .
(
1 + ε2δTη Ωnδη′

)}
− 1 ≤ Eη,η′

{
exp
(
nε2δTη Ω̄δη′

)}
− 1

= Eη,η′

{
exp

(
nε2

j0∑
k=1

ηkη
′
kλk

)
− 1

}
= Eη,η′

{ ∞∑
`=1

1

(2`)!

(
nε2

j0∑
k=1

ηkη
′
kλk

)2`}

≤ 1

Pξ(ξ ∈ Ξε)2
Eξ,ξ′

{ ∞∑
`=1

1

(2`)!

(
nε2

j0∑
k=1

ξkξ
′
kλk

)2`}

=
1

Pξ(ξ ∈ Ξε)2
Eξ,ξ′

{
exp

(
nε2

j0∑
k=1

ξkξ
′
kλk

)
− 1

}

≤ 1

Pξ(ξ ∈ Ξε)2

{
exp

(
n2ε4

2

j0∑
k=1

λ2
k

)
− 1

}
≤

exp
(
2n2ε4(eα − 1)4j0

)
− 1

Pξ(ξ ∈ Ξε)2
.

We now study Pξ(ξ ∈ Ξε). Note that for each j ∈ B the random variable δjξ is subgaussian
with variance proxy

∑j0
k=1 v

2
kj ≤ 1. We therefore have [Boucheron, Lugosi and Massart, 2013,

Theorem 11.8]

Eξ

{
max
j∈B
|δjξ |
}
≤ {2 log(2j∗)}1/2 and Varξ

(
max
j∈B
|δjξ |
)
≤ 8{2 log(2j∗)}1/2 + 2.

Hence, Pξ(maxj∈B |δjξ | ≥ 2 log1/2(2j∗)) → 0 as d → ∞. Now δ+
ξ is subgaussian with variance

proxy
j0∑
k=1

(∑
j∈B

vkj

)2

=

j0∑
k=1

(vTk 1)2 ≤ ‖1‖2 ≤ j∗.

We may therefore take

ε � min

{
1

j
1/4
∗ (nα2)1/2

,
p0(j∗ + 1)

log1/2(j∗)
,

1

j
1/2
∗

}
.

Now
‖pξ − p0‖1 = ε

∑
j∈B
|δjξ − p0(j)δ+

ξ |+ ε
∑
j∈Bc

p0(j)|δ+
ξ | ≥ ε

∑
j∈B
|δjξ | − ε|δ

+
ξ |.

By the Khintchine inequality we have that∑
j∈B

Eξ|δjξ | =
∑
j∈B

Eξ

∣∣∣∣ j0∑
k=1

ξkvkj

∣∣∣∣ ≥ 1

21/2

∑
j∈B

( j0∑
k=1

v2
kj

)1/2

≥ 1

23/2

∑
j∈B

1{
∑j0
k=1 v

2
kj≥1/4}

≥ 1

23/2

(∑
j∈B

j0∑
k=1

v2
kj −

j∗
4

)
=
j0 − j∗/4

23/2
≥ j∗

24
√

2
,

where the final inequality follows from the facts that j0 > j∗/2− 1 and j0 ∈ N. Now

Varξ

(∑
j∈B
|δjξ |
)

= Varξ

(∑
j∈B

∣∣∣∣ j0∑
k=1

ξkvkj

∣∣∣∣) ≤ Eξ
(∑

j∈B

∣∣∣∣ j0∑
k=1

ξkvkj

∣∣∣∣)2
 .

Denote by V =
∑
j∈B

∣∣∣∣∑j0
k=1 ξkvkj

∣∣∣∣. We can prove that, for t > 1,

Pξ

(
V ≥ t

√
2 log(j∗)

)
≤

∑
j∈B

Pξ

(∣∣∣∣ j0∑
k=1

ξkvkj

∣∣∣∣ ≥ t√2 log(j∗)

)
≤ j∗ exp

(
−t2 log(j∗)

)
≤ exp(−(t2 − 1) log(j∗)).
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Now, Eξ[V 2] =
∫∞

0
2vPξ(V ≥ v)dv ≤ 2j∗ + 2

∫∞
j∗
v exp(−v2/2 + j∗)dv . j∗.

Moreover, Eξ|δ+
ξ | ≤ j

1/2
∗ . Writing Z :=

∑
j∈B |δ

j
ξ|∑

j∈B E|δjξ|
we have Varξ(Z) ≤ 1152 and hence that

1 = EξZ ≤
1

4
+ 4612Pξ(1/4 ≤ Z < 4612) +

E(Z2)

4612
≤ 1

2
+ 4612Pξ(Z ≥ 1/4).

Thus,

Pξ

(
‖pξ − p0‖1 ≥

εj∗

192
√

2

)
≥ Pξ

(∑
j∈B
|δjξ | ≥

j∗

96
√

2

)
− Pξ

(
|δ+
ξ | >

j∗

192
√

2

)

≥ 1

9224
− 192

√
2

j
1/2
∗

≥ 1

10000

for j∗ sufficiently large. Thus

ENI
n,α(p0,L1) & εj∗ & min

{
j

3/4
∗

(nα2)1/2
,
j∗p0(j∗ + 1)

log1/2(2j∗)
, j

1/2
∗

}
= min

{
j

3/4
∗

(nα2)1/2
,
j∗p0(j∗ + 1)

log1/2(2j∗)

}
,

and the result follows.

The proof for the L2 test follows the same lines. It is sufficient to bound from below ‖pξ − p0‖2
with high probability. We have

Pξ

(
‖pξ − p0‖22 ≥

1

144
ε2j∗

)
≥ Pξ

ε2

∑
j∈B

(δjξ)
2 − 2δ+

ξ ·
∑
j∈B

δjξp0(j)

 ≥ 1

144
ε2j∗


≥ Pξ

∑
j∈B

(δjξ)
2 ≥ 1

16
j∗

− Pξ
2δ+

ξ ·
∑
j∈B

δjξp0(j) ≥ 1

18
j∗

 ,

for j∗ large enough. Moreover,
∑
j∈B Eξ(δ

j
ξ)

2 =
∑
j∈B

∑
k v

2
kj = j0 by orthonormality of the

eigenvectors vj and

Eξ


∑
j∈B

(δjξ)
2

2
 =

∑
j∈B

j0∑
k=1

v2
kj

2

= j2
0 .

Therefore, Pξ(
∑
j∈B(δjξ)

2 ≥ 2j0) ≤ 1/4. Denote by Z =
∑
j∈B(δjξ)

2 We get

1 = Eξ(Z/EZ) ≤ 1

4
+ 2Pξ(Z ≥ EZ/4) + Pξ(Z ≥ 2EZ) ≤ 1

2
+ 2 · Pξ(Z ≥ j0/4)

meaning that Pξ(Z ≥ j∗/16) ≥ Pξ(Z ≥ j0/4) ≥ 1/4 (as j0 ≥ j∗/2 − 1 ≥ j∗/4 for j∗ large
enough). Also

Pξ

2δ+
ξ ·
∑
j∈B

δjξp0(j) ≥ 1

18
j∗

 ≤ 36

j∗
Eξ

|δ+
ξ ·
∑
j∈B

δjξp0(j)|


≤ 36

j∗

Eξ(δ+
ξ )2 · Eξ(

∑
j∈B

δjξp0(j))2

1/2

≤ 36

j∗
j

1/2
∗

∑
k

∑
j

v2
kjp0(j)

1/2

≤ 36

j
1/2
∗

,
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which is less or equal to 1/5 for j∗ large enough. Thus

ENI
n,α(p0,L2) & ε

√
j∗ & min

{
j

1/4
∗

(nα2)1/2
,
j

1/2
∗ p0(j∗ + 1)

log1/2(2j∗)
, 1

}
.

Proof of Theorem 8. Let us first prove the bounds for the L2 norm. When ε ∈ [0, 1 − 1/d] we can
define the probability vector

p = (1− ε)p0 + (0, . . . , 0, ε),

which satisfies ‖p− p0‖1 = ε{1− p0(d)} ≤ ε and

‖p− p0‖2 = ε

[
{1− p0(d)}2 +

d−1∑
j=1

p0(j)2

]1/2

≥ ε(1− 1/d).

Thus, using Theorem 1 of Duchi et al. [2018] and taking ε ≤ 1√
8nα2

, we have that

‖M1 −M0‖TV ≤
1√
2

for any sequentially interactive privacy mechanism that takes p0 to M0 and p to M1. We can there-
fore establish a lower bound of the order of (nα2)−1/2 for the L2 testing problem.

Proof of the lower bounds for the L1-risk, interactive mechanisms Fix j∗ ∈ [d] and write B =
{1, . . . , j∗}. Let Q be a sequentially interactive, α-LDP privacy mechanism, and for each i ∈
[n], j ∈ [d] and z1, . . . , zi−1, z, write q(z|j, z1, . . . , zi−1) for the conditional density of Zi given
Xi = j, Z1 = z1, . . . , Zi−1 = zi−1. For each i ∈ [n] and z1, . . . , zi−1 define the j∗ × j∗ matrix
Ωi(z1, . . . , zi−1) by

Ωi(z1, . . . , zi−1)j1j2

:=

∫
{pT0 qi(z|·, z1, . . . , zi−1)}

(
qi(z|j1, z1, . . . , zi−1)

pT0 qi(z|·, z1, . . . , zi−1)
− 1

)(
qi(z|j2, z1, . . . , zi−1)

pT0 qi(z|·, z1, . . . , zi−1)
− 1

)T
dz.

Consider the j∗ × j∗ non-negative definite matrix

Ω := Ep0
[ n∑
i=1

Ωi(Z1, . . . , Zi−1)

]
,

and write λ1 ≥ λ2 ≥ . . . ≥ λj∗ ≥ 0 for its eigenvalues and v1, . . . , vj∗ for its associated eigen-
vectors, with vd = p0 and λd = 0 if j∗ = d. Given a sequence ξ = (ξ1, . . . , ξj∗∧(d−1)) ∈
{−1, 1}j∗∧(d−1) define δjξ :=

∑j∗∧(d−1)
k=1 ξkvkj for j ∈ B and define δ+

ξ :=
∑
j∈B δ

j
ξ . Further,

given ε > 0, set

pξ(j) :=

{
(1− εδ+

ξ )p0(j) + εδjξ if j ∈ B
(1− εδ+

ξ )p0(j) otherwise
.

This sums to zero, and when ε . p0(j∗)/
√

log(2j∗) and ξ is an i.i.d. Rademacher vector, then pξ is
also non-negative with high probability. Moreover, for each i ∈ [n] and z1, . . . , zi, we have∣∣∣∣ (pξ − p0)T qi(zi|·, z1, . . . , zi−1)

pT0 qi(zi|·, z1, . . . , zi−1)

∣∣∣∣ ≤ e2α‖pξ − p0‖1 ≤ 2e2αε
∑
j∈B

∣∣∣∣j∗∧(d−1)∑
k=1

ξkvkj

∣∣∣∣,
and this is . εj∗ → 0 with high probability. Given z1, . . . , zn and ξ write

mξ(z1, . . . , zn) =

n∏
i=1

pTξ qi(zi|·, z1, . . . , zi−1)
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for the marginal density of Z1, . . . , Zn when X1, . . . , Xn have distribution pξ, and similary de-
fine m0 for the density of Z1, . . . , Zn when X1, . . . , Xn have distribution p0. Writing Mξ for the
distribution associated with mξ and M̄ for the mixture distribution Eξ(Mξ), we have that

KL(M0‖M̄) ≤ Eξ[KL(M0‖Mξ)] = Eξ

[∫
m0(z) log

m0(z)

mξ(z)
dz

]
= −

n∑
i=1

Eξ

[∫ ( i∏
i′=1

pT0 qi′(zi′ |·, z1, . . . , zi′−1)

)
log

(
1 +

(pξ − p0)T qi(zi|·, z1, . . . , zi−1)

pT0 qi(zi|·, z1, . . . , zi−1)

)
dz1 . . . dzi

]

≤
n∑
i=1

Eξ

[∫ ( i∏
i′=1

pT0 qi′(zi′ |·, z1, . . . , zi′−1)

)(
(pξ − p0)T qi(zi|·, z1, . . . , zi−1)

pT0 qi(zi|·, z1, . . . , zi−1)

)2

dz1 . . . dzi

]

= ε2
n∑
i=1

Eξ

[ ∑
j1,j2∈B

δj1ξ Ep0
{

Ωi(Z1, . . . , Zi−1)j1j2

}
δj2ξ

]
= ε2

j∗∧(d−1)∑
k1,k2=1

Eξ

[
ξk1ξk2v

T
k1Ωvk2

]

= ε2
j∗∧(d−1)∑
k=1

λk = ε2tr(Ω) . ε2j∗nα
2.

Now, as in our earlier, non-interactive, lower bound, we have

‖pξ − p0‖1 = ε
∑
j∈B

∣∣∣∣j∗∧(d−1)∑
k=1

ξkvkj

∣∣∣∣ &p εj∗.
We can then choose ε � min{(j∗nα2)−1/2, p0(j∗)/ log1/2(2j∗)} to prove a lower bound of

εj∗ � min
{( j∗

nα2

)1/2

,
p0(j∗)

log1/2(2j∗)

}
.

A.2 Examples

Polynomially decreasing distributions. Suppose that p0(j) ∝ j−1−β for some β > 0. Writing
C = 2(1− 2−β)−1/(β+3/4), when nα2 ≤ (d/C)2β+3/2, consider j = dC(nα2)1/(2β+3/2)e. Then,
when also nα2 ≥ 1, we have that

d∑
`=j+1

p0(`) =

∑d
`=j+1 `

−1−β∑d
`=1 `

−1−β
≤
∫∞
j
x−1−β dx∫ d+1

1
x−1−β dx

≤ j−β

1− 2−β
=

j3/4

(nα2)1/2

j−β−3/4(nα2)1/2

1− 2−β

≤ j3/4

(nα2)1/2

2β+3/4

Cβ+3/4(1− 2−β)
=

j3/4

(nα2)1/2
.

Thus, when 1 ≤ nα2 ≤ (d/C)2β+3/2 we have that j∗ ≤ dC(nα2)1/(2β+3/2)e. On the other hand,
if nα2 > (d/C)2β+3/2 then we will just say that j∗ ≤ d. It follows that

ENI
n,α(p0,L1) .

j
3/4
∗

(nα2)1/2
. min

{
(nα2)−

2β
4β+3 ,

d3/4

(nα2)1/2

}
.

More generally, suppose that p0(j) ∝ j−1−βL(j) for some slowly-varying function L : [1,∞) →
(0,∞). We recall that L is said to be slowly-varying if and only if limx→∞ L(tx)/L(x) = 1 for all
t > 0, and that Karamata’s theorem says that

lim
x→∞

(γ − 1)
∫∞
x
t−γL(t) dt

x−γ+1L(x)
= 1

for any γ > 1. Writing cd :=
∑d
`=1 `

−1−βL(`), whenever j →∞ with j � d we have that
d∑

`=j+1

p0(`) = c−1
d

∞∑
`=j+1

`−1−βL(`)− c−1
d

∞∑
`=d+1

`−1−βL(`) ∼ c−1
d

∞∑
`=j+1

`−1−βL(`)

∼ j−βL(j)

cdβ
=
jp0(j)

β
.
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Letting xnα2 := inf{x ≥ 1 : L(x) < x3/4+β

(nα2)1/2
}, we can see that

ENI
n,α(p0,L1) .

min(xnα2 , d)3/4

(nα2)1/2
.

Let us discuss the lower bounds. Writing c = β2(2β+3/2)
2(1−2−β)2

and j = b{cnα2/ log(nα2)}1/(2β+3/2)c,
when log(nα2) ≥ log c+ (2β + 3/2) log 2 and cnα2

log(nα2) ≤ d
2β+3/2, we have that

jp0(j)

log1/2(2j)
=

j−β

log1/2(2j)
∑d
`=1 `

−1−β
≥ βj−β

log1/2(2j)(1− 2−β)
=

j3/4

(nα2)1/2

β

1− 2−β
(nα2)1/2

log1/2(2j)jβ+3/4

≥ j3/4

(nα2)1/2

β(2β + 3/2)1/2

c1/2(1− 2−β)

{
1 +

log c+ (2β + 3/2) log 2

log(nα2)

}−1/2

≥ j3/4

(nα2)1/2
.

Hence, we have `∗ ≥ j. On the other hand, when cnα2

log(nα2) > d2β+3/2 and log(nα2) > c22β+3/2,
we have

dp0(d)

log1/2(2d)
≥ d3/4

(nα2)1/2

β

1− 2−β
(nα2)1/2

d3/4+β log1/2(2d)
≥ d3/4

(nα2)1/2
,

and so `∗ = d. In either case, then,

ENI
n,α(p0,L1) &

{(nα2)/ log(nα2)}(3/4)/(2β+3/2) ∧ d3/4

(nα2)1/2

=
{
nα2 log3/(4β)(nα2)

}−2β/(4β+3) ∧ d3/4

(nα2)1/2
.

More generally, suppose that p0(j) ∝ j−1−βL(j) and recall the definition of xnα2 from Exam-
ple A.2. Taking j = min(bxnα2/ log(nα2)c, d) in Theorem 6, we have that

ENI
n,α(p0,L1) &

min(xnα2/ log(nα2), d)3/4

(nα2)1/2
,

which matches our upper bound up to a log factor.

Exponentially decreasing distributions. Suppose that p0(j) ∝ exp(−jβ) for some β > 0.
Writing C for a large constant, if ( 1

4β + 1
2 ) log(Cnα2) ≤ dβ then consider j = d{log(Cnα2)/2−

(1− 1/(4β)) log log(Cnα2)}1/βe. Then
d∑
`=j

p0(`) ≤
∫∞
j

exp(−xβ) dx∫ d+1

1
exp(−xβ) dx

. j1−βe−j
β

.
log3/(4β)(Cnα2)√

Cnα2
.

j3/4

√
Cnα2

,

and we can therefore see that j∗ . log1/β(nα2). As a result,

ENI
n,α(p0,L1) . min

{
log3/(4β)(nα2)

(nα2)1/2
,

d3/4

(nα2)1/2

}
.

Concerning the lower bounds, write c for a small constant and consider j = b{log(cnα2)/2 +
log log(cnα2)/(4β)− log log log(cnα2)/2}1/βc. If j ≤ d then we have

jp0(j)

log1/2(2j)
&

log1/β(cnα2)e−j
β

log1/2(log(cnα2))
&

log3/(4β)(cnα2)√
cnα2

&
j3/4

√
cnα2

.

If, on the other hand, j > d, then

dp0(d)

log1/2(2d)
&
d exp(−dβ)

log1/2(2d)
&

log3/(4β)(cnα2)√
cnα2

&
d3/4

√
cnα2

.

In either case, then, we have

ENI
n,α(p0,L1) & min

{
log3/(4β)(nα2)√

nα2
,
d3/4

√
nα2

}
,

and this matches our previous upper bound.
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