A Linear regression with Gaussian features

In the setting of Section[2.1} we assume X to be centered Gaussian process of covariance ¥ where X
is a bounded symmetric semidefinite operator. As X is not bounded a.s., we need to use the weaker set
of assumptions given in Remark We thus need to compute Ry such that E [|| X [|>X ® X| 5 RoX
and a, R, such that E (X, X7 X) X ® X| < R,X. We show here that these conditions are in fact
simple trace conditions on 3, sometimes called capacity conditions [25]].

Lemma 1. If X ~ N(0,X) and A is a bounded symmetric operator such that Tr(X A) < oo,

E[(X,AX) X ® X] = 25A% + Tr(TA)E < (2\\21/21421/2”;[%% ¥ Tr(ZA)) s

Proof. Diagonalize ¥ = Zz>1 Aie; @ e;. Then there exists independent standard Gaussian random
variables X;,7 > O such that X =} /\1/2X e;.
Leti,j > 1.

(e, E[(X,AX) X ® X]e;) = E[(X, AX) (e;, X ® Xe;)] = E (X, AX) A3/2XM;/2XJ}
= AN AN PE XX XX
k.l

As X;,i > 1 are centered independent random variables, the quantity E [X; X; X}, X;] is 0 in many
cases. More precisely,

e if § # j, the general term of the sum in non-zero only when k = ¢ and [ = j or k = j and
[ = 1. This gives

e if ; = j, the general term of the sum is non-zero only when k = [. This gives
(e, E[{X, AX) X ® X]e;) = \; ZAkkAkE [X2XE) = MY Asde + 3724,

k#i
=\ Z Ap e + 207 A, ;.
k

In both cases,

<6i,]E [<X, AX> X [ X] 6j> = 2>\i>\in,j + <Z Ak,k>\k> /\i]-i:j .
k

Note that

TI(AE) = Z ek, EAek Z )\kAk k-
k

Thus we get
<€i7E [<X, AX> X & X] €j> = QAZ)\]Al] + TI‘(AZ))\Z].z:J
= 2(e;, XAYej) + Tr(AX) (e;, Xej)
= (e;, 2XAY + Tr(XA)X] ¢;) .

From this lemma with A = Id, we compute Ry = 2||Z||x—n + Tr(X), and with A = £, we
compute R, = 2||8|/3,-%3,+Tr(X1~). Thus in the Gaussian case, the condition of (weak) regularity
of the features is given by Tr(X1~%) < cc.
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Figure 3: In blue +, evolution of ||0,, — 6.]|? (left) and R(6,,) (right) as functions of n, for the
problems with parameters § = 1.4,6 = 1.2 (up) and 5 = 3.5, = 1.5. The orange lines represent
the curves D /n®* (left) and D’ /n®+1 (right).

Simulations. We present simulations in finite but large dimension d = 10°, and we check that
dimension-independent bounds describe the observed behavior. We artificially generate regression
problems with different regularities by varying the decay of the eigenvalues of the covariance 3 and
varying the decay of the coefficients of 6.

Choose an orthonormal basis €1, ..., eq of H. We define 3. = Z 1t Be; ® e; for some B >1and

0, = ZZ L7 %; for some § > 1 / 2. We now check the condition on « such that the assumptions
and [(b)] are satisfied.

(@) (0.,270,) = Zl (0, )P = Zfi_l j—20+28 which is bounded independently of

the dimension d if and only if Y-, TPt oo —2+af< -1l a< 26/@ 20-1

(b) Tr(xt=2) = ng ;~A(1=a) "which is bounded independently of the dimension d if and
only if Y00 i Pl= c o —B(l—a) < 1 a<1-1/8

Thus the corollary gives dimension-independent convergence rates for all @ < a, =
min ( — %, 25’%1)
In Figure we show the evolution of ||#,, — 6.||? and R(6,,) for two realizations of SGD. We chose

the stepsize v = 1/Ro = 1/(2||Z||n—n + Tr(X)). The two realizations represent two possible
different regimes:

e In the two upper plots, 5 = 1.4,§ = 1.2. The irregularity of the feature vectors is the
bottleneck for fast convergence. We have o, = min ( - %, %) ~ min(0.29,1) =
0.29.

e In the two lower plots, 5 = 3.5, = 1.5. The irregularity of the optimum is the bottleneck

for fast convergence. We have o, = min ( - %, 25‘%1) ~ min(0.71,0.57) = 0.57.
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We compare with the curves D/n®* and D’/n®*! with hand-tuned constants D and D’ to fit
best the data for each plot. In both regimes, our theory is sharp in predicting the exponents in the
polynomial rates of convergence of ||0,, — 0, ||? and R(6,,).

B Proof of Theorems [Iland

We recall here the definition of the regularity functions
on(B) =E [(n — 0,577 (6n — 0.))] €[0,00],  BER.

B.1 Properties of the regularity functions
We derive here two properties of the sequence of regularity functions ¢,,,n > 1 that are useful for
the proof of Theorem 3] The first one is a simple consequence of the above definition of the regularity

function. The second property is the closed recurrence relation of the regularity functions ¢,,, n > 0
associated to the iterates of SGD.

Property 1. For all n, the function @, is log-convex, i.e., for all By, B2 € R, forall A € [0, 1],
Pn ((1 - A)Bl + ABZ) g Qﬁn(ﬂl)li)\@n(52))\ .

Proof. The proof is based on the following lemma, that we state clearly for another use below.

Lemma 2. Ler 6 € H. Then for all 51,52 € R, A € [0,1],

<9’ E—[(l_x)ﬁl+w219> < (6,570 (9, 5720
This lemma follows from Hélder’s inequality with p = (1 — A\)~! and ¢ = A~!. Indeed, diagonalize

Y= 21 i€ X e;. Then

(6, 2710V ARlg) Zu‘[“‘”ﬁl“ﬂ%, i)’

—Z(ul 0.007) " (u 0,007

< (Z :ui_Bl <97 €i>2> (Z 'u—52 9, 6 )

=(0,57%0) " (0,5 P20)"
We now apply this lemma to prove Property E}
enl((L= N1+ AB) = E |(0 — 0., T 10702030 (g, —,))]
E (00 = 0., 577 (00— 0))' " (0 = 0,577 (0, - 0.))"] .

Using again Holder’s inequality, we get

1-X

(pn((l - )‘)61 + )‘/62) < ]E [<9n - 9*7 2761 (an - 0*)” ]E [<9n - 0*, 2752 (an - 9*)>})\

= ()071(51)1_/\90n(62>A
O]

Property 2. Under the assumptions of The()rem Sor all n, the function ,, is finite on (—o0, a,
andif 0 < B < o

¢n(B) < pn1(8) = 2ypn—1(8 — 1) +71*Ry V/*RE/2 0, _1(~1).
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Proof. By assumption |(a), ¢o(a) = || ~2/20,|? is finite, i.e., there exists § € 7 such that 0, =
%2/2¢. Then for any 8 < a, 6. = $%/2 (£(2=5)/20) thus o (B) = || S77/20,? s finite.

Further, assume that for some n, the function ¢, is finite on (0o, @]. Then we can rewrite the
stochastic gradient iteration (I as

0, — 0, =1d X, ® X;,)(0n—1 — 0.) .
Substituting this expression in the definition of ¢,, and expanding the formula, we get

on(B) =E [(6n = 0.,577 (0, — 0.))]
=E [<(Id —Xn ® Xn)(enfl —0.), E_B(Id X, ® Xn)(gnil — 9*)>]

=E (001 — 0., 577 (001 — 6.))] ®
—29E [(0p1 — 0., 27 X, @ Xy (601 — 6.))] ®)
+9°E [(fn-1 — 0+, X, @ Xpn 77X, @ Xy (01 — 64))] . (10)

Note that the first term of this sum is ¢,_1(3). Further, 6,_; is computed using only
(X1,Y1),...,(Xn—1,Yn_1), thus it is independent of X,. It follows that

E [(n1 = 02,27 X0 @ Xn(0n1 = 02))] = E [(n1 = 00, Z7E [X ® X, ] (01 = 0.))]
= E[(fn1 = 0,577 (651 — 6.))]

=¢n-1(B—-1). (1n

Finally,
E [(0h—1 — 0, X © X2 X, @ X (011 — 64))] (12)
—E [<9n_1 —0,, X)) (X, E*ﬁXn>] (13)

We now assume that 0 < 5 < «. We apply Lemmawith 61=0,0=a,\=f/a

(X0, B7PX,,) < | X, 2070/ (X, nmex,, )=

Let E'x, denote the expectation with respect to X, only, while keeping Xy, ..., X,,_1 random.
Applying Holder’s inequality, we get

Ex. {<Xn, X, (0 — 6., Xn>2]

<Ex, [IXalP072) (X, 272 X,) % (01 = 00, X)?]

< B, (1502 s~ 0. %07 E (X050, (6 - 0107

= (001 — 00, B[ X0 |2 X0 @ X,] (01 — 0.)) 2
X (Buo1 — 00, E [(X,, 270X, X, @ X, ] (6nr — 6.))7°
< Ré_ﬁ/QRé/ﬂ (Op_1—0.,5(0,_1 —0,)),

where in this last step, we use the assumptions that the features X are bounded and regular, in their
weak formulation of Remark 3] Returning to the computation of (12)-(13), we get

E[{(0p—1— 0., X0 ® X, 27X, @ X (0—1 — 0.))]

=E [Exn [<9n—1 — 00, X0)? (X, E_BXH>H (14)

< Ry ORYE [0y — 0., 2001 — 0.))]

= Ry "R (-1). (15)
The result is obtained by putting together Equations (8)-(T0), (TT) and (T3). O
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B.2 Proof of Theorem[Il

A remarkable feature of the proof that follows is that only Properties[T]and2]of the regularity functions
are used to derive the theorem. In particular, we do not use the definition of the regularity functions
o, 1n this section.

We start with a few preliminary remarks. Using the recurrence Property 2]and that yRy < 1,
©(0) < pr-1(0) =7 (2 = vRo) pr-1(—1)
< pr-1(0) = vpp-1(=1).
Thus the sequence ¢ (0), k > 0 decreases, and
Yr-1(=1) < 0r-1(0) — ¢x(0). (16)
By summing this inequality over k > 1, we get

7Y wr(=1) < ¢o(0). (17)
k=0

Using again the recurrence Property [2]
pr(a) < pr-1(@) = 2ypr-1(a = 1) +7*Rapr-1(-1) (18)
< pr—1(a) +v*Rapr—1(—1).
By summing for k£ = 1, ..., n and using the bound (T7),

n—1

on(2) < gola) +7°Ra > or(-1)
k=0

0 (Q) + VRQQOO (O)

o(a) + X 0). (19)

<
<
S R4 ROQDO

In words, the sequence ¢, (a), n > 0 is bounded by D := ¢g(a) + %@0(0). As a side note, this
proves Theorem 3 for 3 = c.
We can now give a closed recurrence relation ¢ (0), k > 0. Using the log-convexity Property
ve-1(0) < <pk_1(—1)g/(g+1)<pk—1(Q)l/(g“) < (pk_l(_l)g/(ngl)Dl/(gH) )
Substituting in (T6), we obtain
pr-1(0) — ¢x(0) = yor-1(-1)
> 4D~V (0)1 e

This gives the wanted closed recurrence relation for ¢ (0), £ > 0. It implies a decay of ¢4 (0) as
follows: consider the real function f(p) = ﬁ It is a convex function on the positive reals, with

derivative f'(p) = fiﬁ. Using that a convex function is above its tangents, we obtain
F(er(0)) = f (pr-1(0)) = " (0r-1(0)) (¢1(0) — x-1(0))
1 1
=——————— (0r(0) — pr—1(0
2 ooy (20— 9k (0)
1
> 77D*1/g )
e
By summing this inequality for k = 1, ..., n, we obtain
1 1 1
— 72 = f(¢n(0)) > 0)) + —yD Ve > —yD~ ey,
This implies conclusion [I] of Theorem [T}
2 as 1
E[llfn —6.1°] = en(0) < 23D 5. (20)
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Further,

n n

2 21
in er(=1) < mi -1 < 1)< 0) — grs1(0)) |
B oD < min oD <D D e < on DL (o)~ ok (0)
k=[n/2] k=[n/2]
where in the last step we used (T6)). Telescoping the sum, we obtain
21
i -1) < i 1<z
02};&%( 1)< L or(—1) < Pl (0) 1)
21a2, 1 e @F 1
Snyye [n/2]% T yatl ™ patl”

Using that ¢,,(—1) = 2E[R(6,,)], this gives conclusion [2]of Theorem|T]

B.3 Proof of Theorem[3|

We continue the proof of Theorem [I]to prove Theorem 3] By the log-convexity Property I} for all
Bel0,al,
on(B) < vn(0) 17ﬁ/g@n (Q)ﬁ/g .
Using Equations (20) and (T9), we obtain
a—p
o 1
en(B) < @DW .

This proves conclusionof the theorem. We now consider the case 8 € [—1,0). By the log-convexity
Property [T}

i < i < i _1)8 148
RULS or(B) < i or(B) < min or(—1) 7P (0)

Using that 1 (0), k > 0 is decreasing and the inequality (ZI), we obtain

—B
win m—l)ﬂsok<o>1+ﬂ<%/zw<o>l+ﬁ< i m—l))

[n/2]<k<n [n/2]<k<n

g (21 -
< @rny21(0) 1 P21 (0)

277 1
S B oY) (0).

Using finally (20), we obtain conclusion 2] of the theorem

278 1 a2 1 % 1
i < = < a—p3 D )
(]g}gngln Pk (6) n_ﬂ 7—[3 ')/Q Pn//21g f}/ﬂ_ﬁ nﬁ_ﬁ

C Proof of Theorems[2] and 4

We start in the casewhere the optimum is irregular: 6, ¢ ¥ ~°/2(#). In that case, we give a lower

bound in the convergence rate by studying the expected process 6,, := E[0,,]. Indeed, by Jensen’s
inequality,

on(B) =E [(6n = 0,577 (6 = 0.))] = (0n — 0., 577 (0, — 6.)) . (22)

The expectation ,, can be interpreted as the (non-stochastic) gradient descent on the population risk
R(6). Indeed, by taking the expectation in (I)), we obtain

G, — 0. = (Id %)@y — 0.) = —(Id —%)"4, . (23)

Note that as v < 1/Rp, I — vX is a positive definite matrix. Indeed, by the weak definition of Ry in
Remark 3}

RS >E[|X|PX ® X] =E[(X ® X)(X ® X)] » E[X ® X]* =%?,
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thus Ry is larger than the operator norm of 3. Thus v¥ < R%]Z < Id.

In the following, if « € R and k € N, (%) denotes the generalized binomial coefficient: () =

k
w Fix now o > 0. We have the (formal) power series

(1-2) = é (_ka)(—l)kxk - g (a The 1) b
y = go (QHZ 1)(1 —y)"*

This last equality holds in [0, co] for y € [0, 1]. In that case, all terms of the serie are positive, thus
the meaning of the sum is unambiguous.

Note that 0 < X < Id, thus we have, formally,
cvoa N fat k-1
SR> Z( . )(Id'yE)k.
k=0

The rigorous meaning of this equality is that for all § € H,

IRCERUES N QR IR

k=0

Both terms of the equality can be infinite: here we are using the convention stated in Section [2.1|that
implies that (9, 2~%0) = co < 0 ¢ X°/?(H). In particular, take o« = @ — 3 and § = £=7/20,

00 =77 (0,,5770,) = 3 (a - Z k- 1) (0.5 (1d —5)*0,)
k=0

= io: |:(Oé— 6 ;rn2n — 1) <9*’z_ﬁ(1d _72)2n9*>
n=0

a_ﬂ+2n -8 o 2n+1
+< o )<9*72 (1d—yz)2+1g,) | .

Using that (*~73271) < (T,717") and (0., £70(1d —y2)*0.) > (0., 877 (1d —9%)*"+10.)

2n+1
and then (23), (22),

a—pF+2n
2n +1

) (0., 7P (1d —%)2"0,)
o +9 B s
- Z_;J (a 2nﬁ+ 1 n) (o = 02,2770 — 6.))

. [(a—pB+2n
<27;)< om 1 )%(/3)~

From (14, Equation 5.8.1], we have the formula I'(z) = limy_, #kz(z-&-k) where I" denotes the
Gamma function. Thus as n — oo
a—p[+2n _(a—ﬁ)(a—ﬂ+1)---(a—ﬂ+2n) (Qn)a*f}
m+1 ) (2n +1)(2n)! (2n+1)I'(@a—-B) "

As a consequence, the serie > n® A=, (3) diverges. The criteria for the convergence of Riemann
series implies that ¢,,(3) can not be asymptotically dominated by 1/n%~#+¢ for ¢ > 0.
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We now turn to the case [(b)] where the features are irregular: with positive probability p > 0,
X ¢ Y%/2(H) and (X,6,) # 0. With probability p, the second iterate §; = —v(X1,6,)X; is
irregular, ie., 6; ¢ Y°/2(H). By a simple shift of the iterates, we show that the effect of the
irregularity of the initial condition for this iteration started from 6, has an effect equivalent to the
irregularity of the optimum, thus we can apply the result above to lower bound the convergence rate.
More premsely, consider the iterates 6,, = =0Opt1 — 91 and 0, = 0, — 0. The iteration (I can be
rewritten as G,L = Gn 1 — 7(9 0*, X)X, and 90 = 0, thus the new sequence 9 satisfies our
framework. We can assume thatls satisfied, i.e., 0, € 2%/ 2(7{). In that case, with probability p,
0, =0, — 6, ¢ Y.%/2(H). Thus by the case above,

on(B8) =E[(6n = 0., 27 (0 — 6.))]

=E[(fur — 0,57 (601 - 0.))]

is not asymptotically dominated by 1/n%8+¢ for ¢ > 0.

D Robustness to model mispecification

In this section, we describe how the results of Section E] are perturbed in the case where a linear
relation Y = (0., X) a.s. does not hold. Following the statistical learning framework, we assume a
joint law on (X, Y"). We further assume that there exists a minimizer 6, € # of the population risk
R(0):
1
0, € argmin {R(G) - -E [(Y - <9,X>)2]} .

0cH 2

This general framework encapsulates two types of perturbations of the noiseless linear model:

e (variance) The output Y can be uncertain given X. For instance, under the noisy linear
model, Y = (0,,X) + Z, where Z is centered and independent of X. In this case,
R(0,) = E[Z?] = E[var (Y |X)].

e (bias) Even if Y is deterministic given X, this dependence can be non-linear: Y = ¢ (X)
for some non-linear function . Then R(6,) is the squared L? distance of the best linear

approximation to ¢: R(6,) = 3E [(z/}(X) - (9*,X>)2]
In the general framework, the optimal population risk is a combination of both sources
1 1 2
R(0.) = B [var (Y|X)] + SE [(E[qu — (0., X)) ] .

Given i..d. realizations (X1, Y1), (X2,Y2),... of (X,Y), the SGD iterates are defined as
90 207 en :anl _7(<9n717xn> _Yn) Xn (24)

Apart from the new definition of .., we repeat the same assumptions as in Section 2} let Ry < co be
such that | X[|? < Ry a.s., denote ¥ = E[X ® X] and ¢,,(8) = E [(6,, — 0., 577 (6,, — 6,))].

Theorem 5. Under the assumptions of Theorem|]]

/

min E[R(0;) — R(0.)] < 2

o a+1 + 2R0’YR(9 )

where C' is the same constant as in Theorem|I]

The take-home message is that if we consider the excess risk R(6y) — R(6.), we get the upper bound
of the form 2C"n~ (@1 analog to Theorem but with an additional constant term 2RoyR (0.).
This term can be small if R(6,.) is small, that is if the problem is close to the noiseless linear model,
or if the step-size ~y is small. In the finite horizon setting setting, one can optimize ~y as a function of
the scheduled number of steps n in order to balance both terms in the upper bound. As C” oc y~(@+1),
the optimal choice is y oc n~(@+1/(@+2) which gives a rate ming—q_._, E[R(0x) — R(0.)] =
o) (n*(gﬂ)/(gﬂ))_
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Figure 4: In blue +, evolution of ||0,, — 0,||* (left) and R(#,,) (right) as functions of n, for the
problems with parameters d = 105, 3 = 1.4, = 1.2. The orange lines represent the curves D /n®*
(left) and D’ /n®++1 (right).

In the theorem below, we study the SGD iterates 6,, in terms of the power norms ¢, (3), 8 €
[~1,a — 1], in particular in term of the reconstruction error ¢, (0) = E[||0,, — 0. ] if « > 1. Note
that the population risk R(6) is a quadratic with Hessian 3, minimized at 6., thus
1 1

E[R(0,) — R(0.)] = QE [(0r — 0., E(0n — 0.))] = 59071(_1) .
Thus the theorem below extends Theorem
Theorem 6. Under the assumptions of Theorem|]]

1. forallB>0,8<a—1,

c - a
(Pn(ﬁ) < 2% + 4R(1) (BJrl)/,f{$+1)/g,y']z(9*)7

2. forall 3 € [-1,0), B<a—1,

: '’ - a o
koqunn @k(ﬂ) <2 ng(_ﬂﬁ) 4 4R(1) (B-‘rl)/fR(gﬁle)/fryR(@*) ,

where C, C' are the same constants as in Theorem

This theorem is proved at the end of this section. We expect the condition 8 < a — 1 to be necessary.
More precisely, when R(6,) is positive, we expect the error 6,, — 6, to diverge under the norm
|[28/2|if 8 > o — 1. In particular, this would imply that the reconstruction error diverges when
a < 1.

In Figure ] we show how the simulations of Appendix [A]are perturbed in the presence of additive
noise. We consider the noisy linear model Y = (6., X ) + 02Z, where X ~ N(0,%) and Z ~
N(0,1) are independent. As in the previous simulations, we consider the case > = Zle iPe;Re;

and 4, = Z?:1 i~%; with here d = 10°, 3 = 1.4, § = 1.2. In the noiseless case o> = 0, we have

shown that the rate of convergence was given by the polynomial exponent o, = min (1 - %, 25‘%1)

These predicted rates are represented by the orange lines in the plots. In blue, we show the results
of our simulations with some additive noise with variance 02 = 2 x 10~*. The exponent a still
describes the behavior of SGD in the initial phase, but in the large n asymptotic the population
risk R(6,,) stagnates around the order of o2. Both of these qualitative behaviors are predicted by
Theorem 5| Moreover, the reconstruction error ||6,, — 6. || diverges for large n.

Proof of Theorems[5|and[8] Note that in this proof, we use the strong assumptions of regularity of
the feature vector X. We do not know whether it is possible to prove the same result under the weak
assumptions of Remark 3]

Our proof stategy is the following: we decompose the SGD iterates sequence #,, as a sum of sequences
0, = v, + Zzn:1 ng), where each of the auxiliary sequences is interpreted as the iterates of some
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SGD iteration under a noiseless linear model. We thus apply the results of Section[2]to control these
auxiliary sequences and obtain the presented bound.

Define ¢, = Y,, — (0., X,,), the error of the best linear estimator. Then Equation (24)) can be rewritten
as

0o =0, On = 0n-1— ¥{On—1 — s, X0) X0 +vE0 X0 -
We see this iteration as an additively perturbed version of the iteration
vy =0, Un =Vp—1—Y{Un-1— 0, Xn)X
studied in Section 2] To understand the effect of the additive noise, define for all [ > 1
771(1):’7€le, m(f)=nﬁf)1 <777(zl)17X )Xo, n>1.
Then
= v+ Z . (25)

Indeed, this last equation is checked by induction: 90 = 0 = 19, and if the equation is satisfied for
some n = 0,

en-‘rl - 9n - 7<9n - 9*7Xn+1>Xn+1 + ’Y€n+1Xn+1

n n
=V, + an) - <Vn —+ an) — 0*7Xn+1> X’fH-l + 775::&1)
=1

=1

n+1
= [Vn — ’y<Vn — 9*,Xn+1 n+1 + Z |: ) _ ')/ n(l),Xn+l>Xn+l + 777(1_:1 )
=1

! n+1
=Upt1 + ZWT(LJ)A + 772+1 .
1=1
We use the decomposition (23)) to study ¢,,(3). Using the triangle inequality,

) I <V +Z"(l)> |
)

@n(ﬂ) =E

=1

<z (|

5-6/2 Zn(l)

2
2 n
<o eas |
=1
The first term is studied in Section[2] We detail the analysis of the second term. Note that
D = (=X ® XLy = o = (I =X ® Xn) -+ (I = X141 ® X))
= =1 X0 ®Xp) - (I =7 Xip1 ® Xpy1)ve Xy 27)

Thus if 1 < ',
E [<n§f>,zfﬁn,(f'>>} ) [<E [ﬁg)‘XHh...,Xn] ,E*Bnﬁf’>>]
=E[((I 7X@ Xp) -+ (I = X101 @ X E X, 5]

Note that by definition of 6., 0 = VR(0.) = —E[(Y; — (0., X1))Xi] = —E [;X;] thus we obtain
that the cross products E Km(f ), »-h m(ll )>] are zero. This gives

n 2 n
o] -Soe fe-oral]
=1

=1

E
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Note that from Equation (27), ng ) and 777(112 141 are equal in law. Thus

2
s | = i [ -3 ]
=1 =1 1=1
This last quantity is the sum of the expected squared power norms

i(9) = |[==24|

E

of the SGD iterates nl(l), [ > 1 on a noiseless linear model, with initialization 779) = ve1X1. When

B = —1, this control is given by (T7): with our notation here, this gives
n o0 1
D_ei(=1) <D _el(-1) < Z61(0). (29)
=1 =1

When 3 = a — 1, a similar control can be obtained from (I8) which gives:

27¢)_1(a—1) < ¢j_1(a) - ¢i(@) +7*Rawi_1(-1).
By summing these inequalities for [ = 2,3, ..., we obtain,

o0 o0
27> pila—1) < ¢i(@) +7°Ra Y ¢i(-1)
=1 =1

Rq
<wrla) + @1 (0) (30)
0
Note that using the strong assumption of regularity of the feature vectors,
#1(0) =B [IverXu[?] < 12RoE [3] = 292 RoR(6.),
2
Al =B [[52ex || < Rak 2] = 22 RaRe0.).
We use these expressions to simply further (29) and (30):

> @i(=1) < 2yRoR(6.),
=1

> (e —1) < 2R R(0.) .-
=1

If 3 € [-1,a — 1], we use the log-convexity Property [I| and Holder’s inequality: decompose
=1-N-D+Ma—-1)withA=(+1)/q,

D> 6B <Y e P ei(a— 1)

=1 =1

" =X /o A
< (Z wi(—1)> (Z (o — 1))
=1

A

< (27RoR(6.))" ™ (2vRaR(6.))
R(6.). @D

Putting back together Equations (26)), (28) and (31), we obtain

on(B) < 2E [HZ_W21/n

2
} +4yRyMRAR(0.)

The theorem follows the application of Theorem [3to the sequence v, in order to control the first
term. O
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E Proof of Corollary/I]

We apply Theoremin the following way. Denote 6,, = x,, — zq, 0+ = T4« — xg, Where x, = ﬁl is
the function identically equal to % These vectors belong to the Hilbert space H = ¢2()). Denote
(.,.) and |.|| the £3(V) scalar product and norm. Denote also X,, = €,, — €, € H and y = 1/2.
Note that ¥ = E[X,, X, | = ﬁL. The graph is connected thus Ao = 0 is the unique zero eigenvalue
of L [L1, Lemma 1.7]. The corresponding eigenspace is the space of constant functions. The
vectors 8, X, 0, are orthogonal to the null space of X, thus the quantities of the form (6,,, X~0,,),
(X0, X72X,,), (0., X %0,) are finite.

We have 6y = 0 and the averaging update step (7) can be written as
9n = Qn_l - <9n—1 — 9*,Xn> Xn .

The last form makes explicit the parallel with Equation (I). To apply Theorem[I] we check that its
assumptions are satisfied. First, || X,,||? = 2 a.s. thus can take Ry = 2 and then v = 1/Ry. Second,
we seek o > 0 such that [|[S7%/26, || < oo and Ro = supy, uyee (€0 — €w, X% (ey — €4)) < 0.
In the following, we bound these constants for all o < d/2, thus giving decay rates for the expected
squared distance to optimum of the form n~ for all « < d/2. However, our bounds of the constants
|2/26,| and R,, diverge as & — d/2. Nevertheless, by estimating how fast the bounds diverge as
o — d/2, we obtain a decay rate of n~ %2 by paying an additional logarithmic factor.

Fix 0 < o < d/2. We check assumptions|(a)|and[(b)}
(a)

N-1
=20, = M (s — 0, L™ (x40 — wg)) = M* Z A — 20, ui)?
i=1
First, as x, is a constant vector, (x., u;) is zero for all ¢ > 1. Second, z¢ = e,, . Thus

N-1
IZ7020,)7 = M* Y A ui(v.)?
i=1

oo
:Ma/(ooo)do'v*()\)/(; dsl{sg)\fa}

:Ma/ dS/ dO’v*(}\) l{Ags—l/a}
0 (0,00)

~ Mo / ds o, ((0,5-1/°]).
0

The graph G is of spectral dimension d with constant V, thus o, ((0,s~/*]) < V~ls za.
However, if s < §_&, it is better to use a more naive bound. As all eigenvalues of L are

max?

smaller or equal than Spax, 0o, ((0,57/2]) < 4, ((0, 6max]) < V1642 Then

[ oo
/ ds V_léﬁl/fx —I—/ ds V_ls_fil
0 5

—a
max

Hz—a/Qe*”Q < M

d
_ Mozv—lé‘d/?—ai )
max g oo

(b) Let {v,w} € E. As |£~%/2,|| is a norm, by the triangle inequality,
=72 (e0 = ew)l® = 172 [(2x — €w) = (22 — ea)] |I”

2
< (152w = el + 5/, — )

<2 (I=/2 (. — el P+ |52 (o, — e)?)
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We bound the two quantities as above. We obtain

d
Ra — E*&/Q v — €w 2 g 2Ma 15d/2 a .
s 1272, — )] o

Theorem|I] gives
* R 1
E n — Lx 2 =E an_e* 2 < i E—a/29* 2 = 6* ) —
o 2] = 16 = 0.17] < 2 (15720, + 22001 =
(d/2)* 1sd/2—a 4 15d d 1
< MoV /2—« MeV—Ls /2—a 9* 2\ -
(1/2)(1 max d 20 + max g9 H || ne

Note that |6, ]|3 < 1 and recall the scaling t = n/M:

1 1
E I 2 <dd/2+1V 16d/2 @ .
[z — . ] T
This bound is valid for all & < %. Choose o = % — 1122?
logt 2

e S R

log 2/ logt
2, O 18

As we assume ¢t > < dmax. Thus we obtain conclusion

The proof of 2]is similar. Theorem|T] gives

. 1 9 ) 1
Og}jgnﬂ*] 3 Z (zk(v) —zp(w))" | = Og}jgnE [2 (g — @, Lz, — $*)>]
{v,w}e€
1
=M min E |= (0, —0,,2(0, — 0,
02332” [2< k (O )>}
e
1
<22 (U=l + 2160 ) o
,Yoz+1 «
d 1
< 2a+1do< 1511/2 « ]
max o q/2 — ottt
Taking again a = g — zlégt andt > 2
- 1 2 d/241 jd/27,—1 dlogt 2
Og}clgnl[ﬂ 3 Z (zp(v) —zp(w))"| <2 d**V (5max710g2 prypasy

{v,w}e€
This gives conclusion 2] of the corollary.
F  Proof of PropositionI]

The graph T4 is invariant by translation, thus the spectral measure o, is the same for all vertices
v € V. Thus

N—-1 N—-1 N—-1
WVIow(dA) =Y ow(dd) =D Y ui(w => (Z ui(w)2> x = > Ox-
wey weV =0 1=0 wey 1=0

Thus
1
(0, E)) = 17 {0 <i SN =1\ < B}

We need to bound the number of eigenvalues of the Laplacian of T4 below some fixed value E.
The eigenvalues of the Laplacian of the circle T} are 1 — cos (2%£),i € Z, —A/2 < i < A/2 [11L
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Example 1.5]. As T4 is the Cartesian product T} x - -- x T} (with d terms), the eigenvalues of the
Laplacian of the torus T4 are the

271 27 A A
1—cos<7xl>+...+1—c0s(md), i1,...1q € 7, —§<i1,...,id<§.
Fory € [-m, 7], 1 — cos(y) > 2y Thus

A
. 2min\ Ly (2w _ L 2 | (27 2 L (2 2
cos A cos ) S = A A

9 o  EA?
S+t < 3
We need to count the number of integer points in the Euclidean ball centered at 0 and of radius
\/E/8A in R%. This problem is famously known as Gauss circle problem. For our purposes, a crude
estimate suffices: there exists a constant C'(d), depending only on the dimension d, such that for all
radius R, the number of integer points in the ball of radius R is smaller than 1 + C(d)R%. This leads
to the final estimate

<E

(. , A AT\
UU((O,E]):F {(21,...7ld)€ <Zﬂ (_2,2:|) \{0} such that
1cos<27zl>+...+1cos<27/r\zd) <E}’
1 EA?
< ga|{rinezn o |4 v < B0

EY/?

1 EA\Y? ¢(a)
< Adc(d)< S ) = ]d/2

This proves the proposition with V (d) = 84/2/C(d).
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