Supplementary Material: Same-Cluster Querying for Overlapping
Clusters

A Uniqueness of Factorization

In this section, we prove that under certain conditions, the clustering matrix A can be uniquely
(up to a permutation of columns) recovered from AA”, for both the uniform and i.i.d. ensemble.
Specifically, we have the following two results, proved in the sequel.

Lemma 3. [Uniform Ensemble Uniqueness] Let k > 2A — 2, A > 2, andn > c- (Z) log (z),for
some ¢ > 0. Consider two n X k binary matrices A and B, drawn from the uniform ensemble, and
assume that AAT = BBT. Then, B is a column-permuted version of A, namely, B = AP, where
P is a permutation matrix, with overwhelming probability.

Lemma 4. [i.i.d. Ensemble Uniqueness] Let A and B be two n X k binary matrices, drawn from the
i.i.d. ensemble with parameter p. Assume that AAT = BBT. Ifn > %ﬁ)r some ¢ > 0,
then B is a column-permuted version of A, namely, B = AP, where P is a permutation matrix, with
overwhelming probability.

To actually recover A from A AT we propose Algorithmsand for the uniform and i.i.d. ensembles,
respectively. It can be shown that the worst-case computational complexities of these algorithms are

@) (nk?’ (ﬁ)k) and O ((})), respectively. This means that the when & is fixed, the computational

complexities are polynomial in n, while if k& grows with n, e.g., kK = O(logn), then the computational
complexities are quasi-polynomial in n

A.1 Proof of Lemma[3l

First, note that if n > c(g) log (g) for some constant ¢ > 1, then all vectors in T} (A) will be present
in A, with high probability, by a simple coupon collector argument.

Idea of the solution for A > 2: We can think of the mapping from A; (ith row of A) to B; (ith row
of B) as a permutation ¢; of the columns i.e.

Notice that there can be multiple permutations o; that can explain the mapping A; — B;. A
permutation o can be described a series of swaps {(ix, jx)} which implies that at the kth step,
the element in the z’i,h position is swapped with the element in the izh position. The composition
of permutation o; with oo implies implementing the swaps corresponding to oo after the swaps
corresponding to o;. Now, if there exists a permutation o which is the same for all rows 4, then
definitely B can be constructed by a permutation of the columns of A. In fact if o; is the same for at
least k linearly independent rows of A, then o; is same for all rows of A because it uniquely defines
the rotation matrix R. Hence if one can construct a set of at least & A-sparse vectors which are

Algorithm 4 Factorization1 Algorithm for recovering A from A AT, when rows of A belong to
T (A)

Require: Similarity matrix AA7T.
1: Find a full rank & x k binary submatrix T of AAT .
2: Find the set of matrices Q € {0, 1}*** such that for any Q € Q, QQ” = T, and | Q;[|, =
A, Vi.
3: forQ € Qdo

4:  For the remaining n — k elements, consider the inferred values with the row indices in T. This
creates a system of k linear equations which can be solved for the membership vector of that
element.

5:  if All membership vectors belong to T (A) then

6: Exit the outer FOR loop

7: Return the matrix A.
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Algorithm 5 Factorization2 Algorithm for recovering A of AA” when elements of A are i.i.d
Bernoulli(p) random variables

Require: Similarity matrix AAT .

1: Find a k x k submatrix T of AA” formed by all k-dimensional binary unit vectors.

2: Choose a permutation matrix P which forms the membership vector for the indices of the rows
inT.

3: For each remaining n — k elements, consider the inferred values with the row indices in T. This
creates a system of k linear equations which can be solved for the membership vector of that
element.

4: Return the matrix A.

linearly independent and their gram matrix will have a unique factorization, then we are done (recall
that those vectors will be in A since A contains all vectors from T (A).

Construction: Consider the following matrices C; = [D I] and C; = [I D] of dimension
k — A+ 1 x k. Here D is a matrix of dimension k¥ — A + 1 x A — 1 and all the entries of D is 1
and I is the identity matrix. The matrix that we will use for our construction is the following:

_|C
o- ]
The number of rows in @ is at least k£ since we know that & > 2A — 2. Notice that the only
possible solution for the gram matrix of C; (and C') is of the form [P1; D11 D15 ... Py, where

[Py P12 Py3... Py,] forms a permutation matrix and [D1; D15 ... Dj,»] = D (This is true
only for A > 2. In order to see why, consider the rows of C'; and think of a game between these
rows where the first row makes a swap in its columns and then all the rows tries to make swaps so
that the inner products remain preserved. Suppose the first row makes a swap in the columns present
in the span of I in which case the other rows have to make the same swap. Now suppose the first row
makes a swap in the columns present in the span of D which is equivalent to no swap at all. Lastly,
suppose the first row makes a swap in the two columns in which one belongs to I and the other
belongs to D. Again it can be checked that the other rows has to make the same swap to preserve the
inner product. This implies that there exists a set of permutations X7 (X5) that explains the mapping
of all rows in C'; (C'5). If we can only show that there must exist a permutation ¢ that belongs to
both ¥; and X5, then we are done. Suppose the new solution is

0= Ql _ |P11 D1y Dyy ... Py,
o Q2 ~ | P91 Doy Doy ... Poyg

The set of columns containing D11, D13, ..., D1, and the columns containing Doy, Das, ..., Doy
are disjoint otherwise there must exist two rows in @ whose inner product violates its original value.
1) For k > 2A, there exists two rows in C; and C'5 whose inner product is 0 which cannot be the
case if the columns are not disjoint. 2) For & = 2A — 1, there exists a row in Cs whose inner product
is 1 with all the rows in C';. Again this cannot be the case if the columns are not disjoint. 3) For
k = 2A — 2, the inner product between any row in C; and C' is 2 which is not possible if the
columns are not disjoint). Therefore if we fix Ql, then the inner product of the any row of Q2 with
all the rows in Ql exactly specifies the position of the 1’s in all the columns except the columns
spanned by D1, D15, ..., D1,.. Hence a permutation in 3; exactly specifies all the swaps in >
except those swaps restricted to the columns spanned by D11, D1o, ..., D1,s (again can be verified
by a simple case study of the three cases: 1) k = 2A —2,2) k = 2A —1,and 3) k > 2A — 1.
However, if 31 contains a particular permutation, then a composition of that permutation with other
permutations that only contains swaps restricted to the columns in Dyy, D1, ..., Dy, does not
change the mapping from C; — Ql and therefore X; contains these permutations as well. Hence

there exist a single permutation ¢ in 3; and X5 that explains the mapping from @ — Q Hence the
proof is complete.

A.2 Proof of Lemmaf

Let e; € {0,1}* be the k-dimensional binary unit vector, namely, e; is all zero except at its ith
position. Suppose that all the {e;}¥_; vectors are present in the matrix A, and let us denote the
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sub-matrix formed by these unit vectors by Q. Thus, Q is a k x k matrix with rank k. It is easy to see
that for any k x k binary matrix R such that RR” = QQ7, R can be constructed by a permutation
of the columns of Q. Hence if the event “Q is a sub-matrix of A" is true, then for any matrix B such
that BB” = AAT”, B can be constructed by a permutation of the columns of A. Let E; denote the
event that the vector e; is not present in A.. Therefore,

k
P (Qis sub-matrix of A) =1—P (U EZ)
i=1
>1—Fk-P(E)
=1—k-[1-p-(1—-p* 1"
> 1—k- efclognflogk
1
=1-— )
nC

where the last inequality follows by substituting the condition on n in the theorem statement.

B The Rank of Random Matrices

In this section, we state two important lemmas concerning the rank of the clustering matrix under
both ensembles. For a set S C [n], with m = |S|, we let A s be the m x k projection matrix formed
by the rows of A that correspond to the indices in S.

Lemma 5. [Rank of Uniformly Drawn Matrix] Let A be a random matrix drawn uniformly from
Tx(A). Also, let S be a set of size m > k, drawn uniformly at random from [n]. Then, if m >

h
(,Sfl) [14 ¢1logk + o logn), for some ¢1 > 1 and co > 0, then

A—1
1

nezker’

P[rankg(As) = k] > 1—

(6)

Lemma 6. [Rank of i.i.d. Matrix] Let A be an i.i.d. matrix with Bernoulli(p) entries. Also, let S be
a set of size m > k, drawn uniformly at random from [n), and define o = max(p, 1 — p). Then,

P[rankg(As) = k] > 1 —min (1, k- o™ F*1). (7)

The above results imply that by taking m large enough (as a function of k, A, and n) we can guarantee
that a sub-matrix formed by a random subset of rows taken from A is of full rank with high probability.
Specifically, for the i.i.d. ensemble, if

logk 4 clogn

S|>k—-1-
4] log max(p, 1 — p)

£ Siid, ®)

for some ¢ > 0, then, P [rankg (As) = k] > 1 — n~°. Similarly, for the uniform ensemble, if
k
(a)
(x9)
A-1

for some ¢; > 0 and ¢y > 0, then, @ holds.

S| > [1+cilogk + calogn] 2 Syniforms )

B.1 Proof of Lemma[5
Given k, A € N, define the set

T(A) 2 {c € {0,1}* : wy(c) = A} : (10)
namely, the set of all k-length binary sequence with Hamming weight A. Let A be an n x k matrix

formed by drawing independently n sequences from T} (A) and putting those as rows of A. Let S be
a set of size m > k drawn uniformly at random from [1 : n]. Let As be an m x k matrix with the
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rows in A that correspond to the indices in S. We would like to understand how large m should be
such that
Plrankg(As) < k]

decays to zero as poly(n~—1). By symmetry, it is clear that

P [rankg(As) < k] = P[rankg(B) < k] (11)
< P[rankg,(B) < k] (12)

where B refers to a submatrix of A formed by taking, for example, the first m rows, and the last
inequality follows from the fact that for any filed F, and any binary matrix M it holds rankg(M) <
rankg (M).

We next analyze the probability term on the r.h.s. of the above inequality. To this end, we note that
the event rankp, (B) < k is in fact equivalent to the existence of a set R with |R| < k of column
indices such that each row of B has an even number of 1’s in R. Indeed, if this is the case, then some
columns will be linearly dependent and thus the rank must be smaller than k. Accordingly, given a
set of column indices R, let £r denote the event that each row of B has an even number of 1’s in k..
Then, using the above observation and the union bound,

P [ranks,(B) < k] =P | | ] €= (13)
IR|<k
"k

< P(ER). 14

<> (jp 7eER) 19

It is left to understand the behavior of P(£%). The number of rows that have an odd number of
non-zero elements in R is simply

A
RN (kE—|R
Niian= 2 (| ¢ |> ( A z|> 4>
£: odd

following a simple counting argument. Accordingly,
Pr(&r) = (1 — a)NIRIox (16)

where o 2 m - [(%)]71. To get a simple upper bound on the probability of interest, we next lower
bound Nz A k- Itis clear that

RN (k—|R
Nirjak > (' 1 |> < A _| 1|> (17)
k—A
> |R| - .
> R <A_1> (18)
Then,
P [rankgr,(B) < k| < Z <Iz) (1- a)z-(k[ﬁ)
(=1
ek ‘ £lo (l—a)-(ka)
< Z 7 e" o8 A-1
(=1
k k—A
< Zef[log(ek)—a‘(Ail)]. (19)
(=1
k
Now, taking m = (,ffg) [log(ek) + ¢1 log k + c2 log n], for some ¢; > 1 and ¢ > 0, we get that,
A—1

1 1
<

k
1
P [ranks, (B) < k] < — éz ot S et
=1

(20)
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B.2 Proof of Lemmal6l

Let A be an n x k i.i.d. matrix with each element distributed as Bernoulli(p), for some 0 < p < 1.
Let S be a set of size m > k drawn uniformly at random from [1 : n]. Let As be the m x k matrix
formed by the rows of A that correspond to the indices in S. We would like to understand how large
m should be such that

P[rankg(As) = k]

goes to one as 1 — poly(n~1, k~1). By symmetry, it is clear that
P[rankg(As) = k] = P[rankg(B) = k] (1)

where B refers to any submatrix of A. Without loss of generality, let us take it to be formed by the
first m rows of A. Also, we note that

Plrankg(B) = k] = 1 — P[rankg(B) < k] (22)
> 1 —P[rankg,(B) < k] (23)
= P [rankp,(B) = k] (24)

where the inequality follows from the fact that for any filed I, and any binary matrix M it holds
rankg(M) < rankg(M). Therefore, it is suffice to lower bound P [rankg, (B) = &].

Let F; designate the event that the first ¢ columns of B, denote by By, ..., B;, are linearly indepen-
dent. Then, it is clear that

P [Fis1] = P[Fipr|F] P [Fi] + P [Figa | F{ P [Ff]
= P[Fip1|F] P [Fi (25)

where the second equality is because conditioned on 7, the event F; 1, cannot occur. Inductively,
we then may write

k—1
P [ranks, (B) = k] = [ [ P [Fis1| 7] (26)
=0

with F; = (). We next lower bound each term in the product. To this end, recall that the fact that
B, ..., B, are linearly independent implies that the m x ¢ submatrix formed by these columns can
be transformed into a matrix with the first « columns forming an identity matrix, namely, the ¢ X ¢
identity matrix appears as a sub-block. Accordingly, this implies that any vector contained in the
span of By, ..., B, can be represented as follows: its first ¢ entries can have arbitrary values, and
the rest m — ¢ entries must be uniquely determined by the first ¢ entries. With this fact in mind, the
(i+ 1)th column of B is linearly independent of the previous ¢ columns if and only if it is not spanned
by these columns, or equivalently, if its last m — 7 entries can be arbitrary. The probability of this
being happen is clearly lower bounded by 1 — o™~ with a £ max(p, 1 — p). Combining the last
observations, we obtain

k—1
P [rankg, (B) = k] > JJ(1 — o™ 27)

=0
= H (1—ab). (28)

l=m—k+1
The above result is general, but note that

P [rankg,(B) = k] > (1 — o™ k+1)k (29)
> 1 — min(1, ka™ **t1), (30)

which concludes the proof.

C Proof of Proposition ]|

In this section we analyze Algorithm [T} which extracts the clustering matrix when the clusters are
disjoint. Pick m elements uniformly at random from the set of elements A/. We denote this set by
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‘R. Perform all pairwise queries among these m elements, resulting in a total of (’;L) queries. We
want to take m large enough such that we have representatives of all clusters, namely, among these
m elements there will exists at least one element (representative) from each cluster. We next show
that if m > —2— log(kn®) than with probability decaying to zero polynomially in 7, this is possible.

Mmin

Let & denote the event that no item in R appears in the £’th cluster. Then, we note that

k
P LL_Jl Ee] <k- @@P (& (31
Nmin m
<k. _ [fmin
<k (1 - ) (32)
<k.e mTRE (33)
<L (34)
r'rLE

To wit, after the second stage of Algorithm[I]with high probability we found k representatives 7 for
the clusters. Finally, for the remaining n — m items, we perform at most k queries to decide which

2
cluster they are in. Thus, the total number of quires is k(n — m) + {n" } log?(kn?).

min

D Proof of Theorem

In this section we analyze the performance of Algorithm [2| for the i.i.d. ensemble. The uniform
ensemble is handled in the same way. In the first step of Algorithm[2] we pick S elements uniformly
at random from A such that m = |S| > S;;q4., where the latter is defined in (8). According to
Lemma@ this ensures that rank(As) = k with high probability. We perform all pairwise queries
among these m elements, resulting in a total of (73) queries. Then, in the second stage, we extract
a valid membership of all chosen m element by a simple rank factorization procedure. We denote
by A s the resultant rank factorized matrix, and we note that it might be not unique. Nonetheless,
since m > S;; 4., we can find a subset of elements 7 C S whose membership vectors form a basis
of R*. Denote the k x k membership matrix corresponding to 7 by A+. Then, in the third step
of Algorithm [2| we query each of the remaining elements in [n] \ S with all the elements in 7.
Accordingly, for any ¢ € [n] \ S, let ¢; be the k-length vector containing the &k queries of element ¢
with 7. Subsequently, given {c; };, we find the membership vector m; of the ith element by solving
A 7m; = c;, which form k linearly independent equations in the %k variables. Thus, we can solve
this system of equations uniquely to obtain the membership vector of ith element. Note that despite
the fact that the second step of Algorithm is not unique (and then A s might be different from the
true A s), our algorithm will correctly recover the similarity matrix.

Indeed, let B; and Bs be two solutions obtained by the rank factorization procedure, such that
B;BT = B,BY = AsAZ. Consider two elements, say, {1, 2} whose membership vectors m; and
m; are unknown after the second step of Algorithm[2] Since we query these elements with all the
elements in S, we must have the following set of equations

{B1m1 = cy, {anh =cq,

35
B1m2 = Ca, B2m2 = Ca2. ( )

Denote by m; and m, the solutions of m; and ms, respectively, if B, is the solution used. Similarly,
let m; and ms be the solutions of m; and ms,, respectively, if B, is the solution used. Then,

mleQ = (Bl_lcl)TBI_ICQ
=ci (By")" By e
=ci (BY) 'Bi'c,
=c (BlBlT)*lcQ
(ByBT) e,
Ty, (36)

T
1
T
1

¢]

|
=
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Algorithm 6 Noisy Quantized Responses The algorithm for extracting membership of elements
via queries to oracle.

Require: Number of elements: NV, number of clusters k, oracle responses Oguantized (¢, j) for query
(1,7) € Q, where i, j € [N].
1: Choose a set S of elements drawn uniformly at random from N, and perform all pairwise queries
corresponding to these |S| elements.
2: Run Algorithm NoisyInferSupport1 to infer (A;, A ;) for each pair of entries (4, j) € S.

Extract the membership of all the |S| elements up to a permutation of the clusters.

4: Query each of the remaining n — |S| elements with all elements present in S. Subsequently run
algorithm NoisyInferSupport2 for each query and solve for the membership vector of the
unknown element.

5: Return the similarity matrix AAT.

e

Algorithm 7 NoisyInferSupportl The algorithm for inferring (A;, A ;) for two fixed entries
(i,)) € .
Require: Set S where every pairwise value is observed, and indices i, j € S
kE—A k—2A+4¢
I: Define A+ 1 numbers By = (|S] —2)((1 g2 —2(1-2¢)(1 —q)% +( —2q)2ﬁ>
A A
for{ =0,1,...,A
2: Caleulate Tj5 = > res 1[Yir = 1NY = 1]

r i
3: Return arg miny |T;; — Ey|

which means that the inner products will be preserved. Hence we will get the same similarity matrix
irrespective of the intermediate solution produced by the rank factorization which may be incorrect.

Finally, note that the number of queries needed in the above algorithm is (“;l) + k(n —|S|), which

concludes the proof.

E Proof of Theorem 2]

In this section we analyze the Algorithm[6]for quantized noisy oracle, under the uniform ensemble.

Recall that we deal with the setting where the oracle responses are Y;; = Oguantized(i,7) =
Q(ATA;) ® W, ;, and we assume that A was generated according to the uniform ensemble with
k > 3A. Let S be a set drawn uniformly at random from N, whose size will be determined in the
sequel.

We next analyze the probability of error associated with Algorithm [6] by investigating each of its
steps. Accordingly, in the first step of Algorithm@, we observe Y ;; for all pairs (¢, j) € S. Then, in

the second step of Algorithm@ using these (‘SI) observations we infer (A,;, A;), for any (4, j) € S.
This is done using the procedure in Algorithm 7] To wit, at the end of the second step of Algorithm [6]
we should have an exact estimate of ASAE with high probability. In the following, we show that
this is indeed correct.

Algorithm 8 NoisyInferSupport2 The algorithm for inferring (A;, A;) fori € S,j € S.

Require: Set S where every pairwise value is observed, Indices i € S, j ¢ S.
k—A k—2A4¢
1: Define A numbers E; = (|S| — 1) ((1 —q)? —2(1-29)(1 —q) ((ﬁ)) +(1- 2q)2ﬁ)
A A
for/{ =0,1,...,A
2: Calculate Tj; = ) res 1Y =1NY, =1]
r#i

3: Return arg miny |T;; — Ey|
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For a given pair (4, j) € S, we define a sequence of (A + 1) hypotheses {HZ}ZA:O, where

He: AJA;j=( forl=0,...,A. (37)
For a pair (i, j) € S, define
T2 ) 1Y, =1nY;, =1]. (38)
res
r#i,J

It is clear that each summand of T; ; is one if Y;,. = Y ;. = 1, and zero otherwise. We call the
aforementioned event a triangle formed by the triplet (4, j, ). Accordingly, the random variable T; ;
simply counts/enumerate the number of triangles formed by a given pair (i, j) € S. As can be seen
from Algorithm [7} the count T} ; is main quantity used to infer the value of A7 A ;. Accordingly, we
need to understand its probabilistic behaviour. For simplicity of notation, in the following we denote
by Py (-) and E,(-) the probability and the expectation operators conditioned on hypothesis H, being
true. Also, let Q;; £ 9 (AiTAj). Then, for k£ > 3A, it is an easy task to check that for a triplet
(i,7,7) € [n], we have
Pi(Qir =1NQj =1) =1—-P(Q;r =0)
- ]P)K(Qir = 0) + ]P)E(Qir =0 ﬁjr - 0)

E—A k—2A+£

A) (TR
k

(2) ()

:1—2(

+ (39)

In a similar fashion,
PZ(QZ‘T =0N er = 1) = Pé(Qir =1N er = O)
= PZ(QZ'T = 0) - Pé(Qir =0N er = 0)
k—A k—2A+20
oo MG o

)  ®

and,
(k72A+Z)
PiQu = 0nQy =)= L o) @
(a)
Therefore, using the above results, we obtain by the law of total probability,
Py(Yir =1N0Y, . =1)
(*25)
=(1-¢)°-2(1-29)(1 - q)~4%
(a)
(k—2A+£)
+(1- 2q)2 A 42)

—
(a)
Accordingly, we obtain

ET;;=E¢ Y 1Y =10Y, =1]

reS
r#4,j

)
—0&2)01@2%1Mﬂlm z
(a)

k—2A+¢
«+(1-—2q)2(‘>)> ) (43)

(2)
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Therefore for any two hypotheses H, and H,, we have

S| —2)(1 —2¢)?
(a)

kE—2A+7¢ kE—2A+ 0
CR)-CR) o

Now, given (A;, A;) it is clear that the random variables 1[Y;, = 1NY;, = 1], forr € S,r # i, J,
are statistically independent and therefore we can apply standard concentration inequalities, such
as, Chernoff’s inequality, to show that the value of the random variable T;; is strongly concentrated
around its mean. We state the following classical result (see, e.g., [[10])).

Lemma 7. [Chernoff’s inequality] Let (X;)?_, be a sequence of n i.i.d. Bernoulli(p) random
variables. Then, for any p > p,

1 n
P|= X; < g—mdr(pllp) 45
[nz > M] <e (45)

i=1

Let P9 designate the average probability of associated Algorithm for a given pair (i,j) € S.

error,1
Then, we have

A
Pe(rlrgr{l = ZP (H¢) Py [error]
=1

A
— Z P (H,) Py [Ig} |Tij — BoTij| < |Tij — EeTij@ ) (46)
=1 ’
Now, note that

P, {I}lﬂ |Tij — EoTij| < |Tij — EéTijq

5 (47)

where we have used the triangle inequality, i.e., |a — b| > ||a| — ||, for any a,b € R. Then, using
Lemmal[7] we obtain

ing g BTy — BpTy
<P, [mj_EeTl‘j>mlne#| eLij — Ey aq

Hling/ Y4 EeT‘, — EE’T"
P@ |:|j_lt_7 _EKE” > #* ‘ J U|

2
S 2. e*(‘$|*2)dKL(O‘Hﬁ) (48)
where
(k—A) (k—2A+Z)
BE(1-q)?—2(1-2¢)(1 —q)~2=+ (1 —2¢)°—2—~,
(a) (a)
and
a2p
(1 - 2¢)? (kz—2A+£) (k—mw)’
+ ——— min — .
Q(A) O£ A A

To simplify the above result, recall Pinsker’s inequality, which states that dy. (p||q) > 2|p — ¢|*, for
any 0 < p, q < 1. Therefore,

de (a]|f) > 2|a — B

LR I - Rl S
- 2 gl;g} k2
(a)
2
1_9 4 (k—QA-M) o (k—2A+€—1) .
_ ( 5 q) ’ A — A ’ 2 (o). (49)
(a)
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Combining the above results with the fact that 7(¢) is monotonically decreasing in ¢, we obtain

Pe(rirgr),l <2 max e~ (S1=2)n() 50)
= 9. US1=2)m(1) h

Therefore, at the end of the second stage of Algorithm @ we will have an exact estimate of AgAZL if
(5T) is satisfied for all (i, j) € S. By the union bound, we obtain that the overall probability of error
associated with second stage of Algorithm[6]is upper bounded by

Perror 1 <2 <|S> . ef(|$|*2)'77(1)
T 2

< on?. = (SI=2)n(1), (52)
Accordingly, taking |S| > ﬁ log(2n2+¢) + 2, for any € > 0, is sufficient to bring the probability
of error to at most n . Note that the above constraint on |S| expands to
2
2(X) log(2n2+e
S| > ()" los( ) +2. (53)

(1 - 2g)t [(%) - (2]

Next, given the exact estimate of AsA% from the second step our algorithm, in the third step we
extract the membership of all chosen |S| elements by a simple rank factorization procedure as in
Algorithm We denote the resultant rank factorized matrix by As. Finally, we analyze the fourth
step of Algorithm@ in which for each index j € S, we observe Y;;, for all i € S, and from these we
would like to infer the leftover inner-products. This is done with the help of Algorithm 8] which we
analyze in the sequel.

In fact the entire analysis of Algorithm [§] remains almost the same as that for Algorithm [7] (and
therefore it is omitted), except now T;; is a sum of |S| — 1 indicator random variables. Indeed, it can

be shown that the average probability of error ij,g,{z associated with Algorithmis upper-bounded
as follows

Pl < 9. o=(ISI=1n(1). (54)

error,2 —

and accordingly, the overall probability of error associated with fourth stage of Algorithm [6]is upper
bounded by

Perror,2 <2 |S| . (’I’L — |S|) . e_(ls‘_l)"’](l)
< on?. (S, 55

1
n(1)
of error to at most n~°. Thus, we may conclude that with high probability we have the exact values
of ATA, foralli ¢ S,and j € S. Foreach i ¢ S we denote by c; the |S| length vector containing

the inner-products AZTAJ-, forj € S.

Accordingly, taking |S| > log(2n2+¢) + 1, for any € > 0, is sufficient to bring the probability

Finally, the only thing that is left to do is solve for the membership vector of each of the (n — |S|)

elements. This is done similarly as was done in Algorithm [2] (see the m[I). Specifically, from
k

Lemma we know that by taking |S| > %[log(ek) + clogk] + calogn, for some ¢; > 1

and ¢y > 0, the rows of A g form a basis of F§ with high probability. Note that is a stringent
condition, and thus Lemma [5]holds. Furthermore, were also able to observe that if the rows of A s
formed a basis, then for an index i €¢ S, the set of values of {AT A}, forall j € S were enough to

determine the vector A ;. Indeed, given the resultant matrix A s from the rank factorization step in
the third step of Algorithm@ the unknown membership vector c; of the j ¢ S element is found by

solving Asc; = s;.

Finally, we conclude the proof by noting that the total number of observed entries is

S
1= (5)) #1115, 56

and that (53)) is the stringent condition which ensures vanishing error probability.
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Algorithm 9 Quantized Responses The algorithm for extracting membership of elements via
queries to oracle.

Require: Number of elements: NV, number of clusters k, oracle responses Oguantized (¢, j) for query
(1,7) € Q, where i, j € [N].
1: Choose a set S of elements drawn uniformly at random from N, and perform all pairwise queries
corresponding to these |S| elements.
2: Run Algorithm InferSupportsize to infer ||A;||,, for ¢ € S. Then, run Algorithm

InferIntersectionl to infer (A;, A;) for each pair of entries 7, j € S.

Extract the membership of all the |S| elements up-to a permutation of clusters.

4: Run Algorithm InferSupportsize2 to infer ||A;|, for i ¢ S. Then, for i ¢ S, run Algorithm
InferIntersection2 to infer (A;, A;) for j ¢ S, and solve for the membership vector for all
elements.

5: Return the similarity matrix AAT .

»

Algorithm 10 InferSupportsizel The algorithm for inferring || A;||, for a fixed entry i € S.

Require: Set S where every pairwise value is observed, and index ¢ € S.
1: Define A numbers Ey = (|S| — 1)(1 —q¢—(1-29)1 —p)z) for{ =0,1,...,k
2: Calculate T; = > res 1[Y5 = 1]
r#i

3: Return arg ming |T; — Ey|

F Proof of Theorem 3

In this section we analyze the Algorithm [9]for quantized noisy oracle, under the i.i.d. ensemble.

The main difference between Algorithm [6|and Algorithm []lies in the fact that for the i.i.d. ensemble
we first need to infer the number of non-zero elements in every row of A (or, {; norm of every row),
before proceeding with a similar analysis as in the proof of Theorem[2] As in Section[E] we analyze
the probability of error associated with Algorithm[9] by investigating each of its steps. Given a set S,
recall that the second step in this algorithm is to infer the number of non-zero elements A, fori € S.
This is done with the aid of Algorithm For every index i € S, let

T& ) 1Y, =1] (57)
JES:j#i

Also, let { H, g}]Z:O be a sequence of Hypotheses defined as follows:

He: [[Aillg=4, £=0,...,k. (58)
As before, let Q;; £ Q(AZTAJ-). Then, it is clear that
P [Qij =1 =1— (1 —p), (59)

and therefore,
EeTi = (IS = 1) [(1 - ¢)(1 = (1 = p)*) + q(1 = p)']
=(SI-)[1-¢- (12001 -p)]. (60)
Accordingly, for any two different hypotheses H, and H,/, we obtain
[E¢Ti = EoTil = (IS = 1)(1 — 2q)

"(1—p)£—(1—p)” : (61)

Algorithm 11 InferSupportsize2 The algorithm for inferring || A;||, for a fixed entry i ¢ S.

Require: Set S where every pairwise value is observed, and index i ¢ S.
1: Define A numbers E; = |S]| (1 —q—(1-2¢9)(1 —p)‘f) for/ =0,1,...,k
2: Calculate Tj = ) s 1[Y;, = 1]
3: Return arg ming |T; — Fy|
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Algorithm 12 InferIntersectionl The algorithm for inferring (A, A ;) for two fixed entries
1,] €8S.
Require: Set S where every pairwise value is observed, and indices i, j € S.

1: ifYZ] = 0 then

2:  Return0

3: else

4:  Define A; ; numbers E, = (|S| — 2)((1 —q)? = (1—q)(1 —2q)(1 —p)lAillo — (1 —¢)(1 —

2¢)(1 — p)IAsllo 4 (1 — 2¢)2(1 — p)uAiumlAjno—f) for0=1,...,A:,
5:  Calculate T; j = > res. 1Y, =1NnY, = 1]

r#i,J
6:  Return argming |T; ; — E|

Algorithm 13 InferIntersection2 The algorithm for inferring (A;, A;) fori € S,j ¢ S.

Require: Set S where every pairwise value is observed, and indices i € S§,j € S.
1: lfY” = ( then
2:  Return 0
3: else

4:  Define A; j numbers E; = (|S|— 1) ((1 —q)?—(1-q)(1—2¢)(1 —p)lAillo — (1 —g)(1 -

20)(1 — p)Allo 4 (1 - 2)2(1 - p)IAdatIAN =) for e =1, A
5:  Calculate T; ; = Z,;if 1Y, =1NnY,. =1]

6:  Return argminy |T; ; — Ey|

Now, given A, it is clear that the random variables 1[Y;; = 1], for j € S\ {¢}, are statistically

independent and therefore we can apply Lemma Specifically, let Pe(rir)or,l designate the average

probability of associated Algorithm[I0] for a given'index ¢ € S. Then, we have

k
Pefr?or,l = ZP (H¢) Py [error]
=0
A
=Y P(H)E [rgl;g; |Ti —EeTi| < |721Ez75|} (62)
—1

As in Appendix [E] (see eqs. (#6)-[8)), we obtain

P, [2%1&% |T: —EoTi| < |Ti — E[m}

< 2. USI=D)n0) )
where
_ 1—2¢q 2 B )
"0 = % [(A=p) = (=P (64)
Combining the above results with the fact that 7j(¢) is monotonically decreasing in ¢, we obtain
Pl <2 max e~ (51700 )
= 2. (SI=1)m(k) 6

Therefore, at the end of the first step in the second stage of Algorithm [0 we will have an exact
estimate of ||A,||,, for i € S, if (66) is satisfied for all i € S. By the union bound, we obtain that the
overall probability of error associated with this stage of Algorithm J]is upper bounded by

Perror1 < 2|S| - e~ (ISI=2)n(k)
S on - e_(ls‘_l)'ﬁ(k)_ (67)
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Accordingly, taking |S| > ﬁ log(2n!*€) + 1, for any € > 0, is sufficient to bring the probability
of error to at most n . Note that the above constraint on |S| expands to

2log(2n!Te)
(1=2¢)?[(1 =p)*' = (1 —-p)*]

S| > S+ 1. (68)

After inferring the £p-norm of each row, in the second step of Algorithm@ we infer (A, A ), for any
(i,4) € S. This is done using the procedure in Algorithm The analysis of this procedure is very
similar to the analysis in Appendix [E] In the following probabilities and expectations are evaluated
conditioned on A] A; = £ and the values of ||A;|, and ||A||,. With some abuse of notation we
denote these probabilities and expectations by P, and [E,, respectively. For a triplet (¢, j,7) € [n], we
have

PZ(QiT =1n er = 1) =1 _P@(er = O)
- P@(Qir = 0) +PZ(QZT =0nN er = 0)
=1-(1 _p)”AiHo —(1 _p)l\Aa‘Ho
+(1— p)”AiHU"'”AJHO—e. (69)
In a similar fashion,
P@(Qir =0N er = 1) = PZ(QZ‘T =1nN er = O)
= ]PZ(Qir = 0) - PE(QiT =0N er = 0)
=(1- p)HAiHD —(1- p)l\AjHo +(1— p)HAiHOH\AJHo—f’ (70)

and finally,

Py(Qir = 0N Q;r = 0)=(1 ,p)l\AngJrHAjHo*Z_ (71)
Therefore, using the above we obtain by the law of total probability,
P(Yir =1NY, =1)
=(1-¢)? PQir =1NQ;. =1)
+2¢(1 —q) Pe(Qir =1N7Zj, = 1)
+¢* - Py(Qir = 0N Q- = 0)
=(1—q)* - (1-2¢)(1—q)(1—p)lAlo
— (1= 2g)(1 — q)(1 — p)Aslo
+(1—2¢)%(1 - p)HAz‘HoHlAJ‘l\o—f
2 T, (72)

For a pair (i, j) € S, let us define

ey (T CIA A I [A, < ¢ o)
1,0 . .
[Ailly + [[Allg — K, i Al + [[Allg > &
Accordingly, define a sequence of A;; hypotheses {H,}:
He: AJA;j=( forl=01,...,A;;. (74)
Furthermore, define
T;; 2 ) 1Y, =10Y; =1]. (75)
resS
r#£i,j
It follows that,
E/T; ; = (IS] — 2) Teh, (76)
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and thus, for any two hypotheses #, and H,/, we have
E(T;; — Eo Tyl = (IS] - 2)(1 — 29)*

(1= p)HAilloHIA;‘Ho—@ —(1 _p)\IAil\o+\IAJ\\o—€/

> (IS] = 2)(1 = 2¢)* [(1 = p)" " = (1 = p)*]. (77

Then, using the same machinery as in Appendix [E] (see eqs. (@6)—(52)), it can be shown that the
overall probability of error associated with second stage of Algorithm [9)is upper bounded by

Py <2 <|5> o= (S1=2)-7(k)
12 e

S 2n2 . e—(|S\—2)-ﬁ(k) (78)

where

o =29 [ —p)Ft = (1 —p)F]
(k) = 5 :
Therefore, at the end of the second stage of Algorithmﬂ if |S| > ﬁ(lk) log(2n?*¢) + 2, for any £ > 0,

then we will have an exact estimate of ASAE with probability of error to at most n~°. Note that the
above constraint on |S| expands to

21 2 24¢
|S1> — 9g)4 (ig( :71 _) — p)k]? +2 (79)
(1=2¢)*[(1—-p) (1—p)¥]
24
B 2log(2n?te) 42 (80)

- PPl -29)%(1 - p)Ph2

Next, given the exact estimate of ASAE from the second step of our algorithm, in the third step we
extract the membership of all chosen |S| elements by a simple rank factorization procedure as in
Algorithm We denote the resultant rank factorized matrix by A s. Finally, we analyze the fourth
step of Algorithm|9] in which for each index j ¢ S, we observe Y, for all i € S, and from these we
would like to infer the leftover inner-products. This is done with the help of Algorithms[IT]and[I3]
which we analyze in the sequel.

In fact the entire analysis of Algorithms[TT)and[T3|remains almost the same. Indeed, in Algorithm TT]
we infer ||A;||,, for i ¢ S. To this end, we define

T &> 1Yy =1]. (81)
jes
It is evident that 7T is very similar to (57)), and thus, using the same steps as in (57)—(68), it can be
shown that if
2log(2n'*e)
5
(1-2¢2[(1 =p)*~t = (1 -p)*]

then with overwhelming probability we correctly infer || A;
arguments in (69)—(80), it can be shown that if

2log(2n2T¢)
p2(1 _ 26])4(1 _ p)2k72
then AlgorithmT3|succeeds, namely, with high probability, at the end of the fourth step of Algorithm[9]
we have the exact values of AiTAj, forall i ¢ S, and j € S. For each i ¢ S we denote by c; the
|S| length vector containing the inner-products A7 A ;, for j € S. Note that is the stringent
condition among (68)), (82)), and (83), and thus if (80) holds the other conditions hold too.

Finally, the only thing that is left to do is solve for the membership vector of each of the (n — |S|)
elements. This is done similarly as was done in Algorithm[2](see the proof of Theorem([T). Specifically,

from Lemma@ we know that by taking |S| > k — 1+ —log+x§pl—p) + ¢ log n, for some € > 0

and ¢, > 0, the rows of A s form a basis of F5 with high probability. Note that is a stringent

S| > (82)

o» for i ¢ S. Then, using the same

S| > + 1, (83)

25



Algorithm 14 Noisy Responses The algorithm for extracting membership of elements via queries
to oracle.

Require: Number of elements: NV, number of clusters k, oracle responses Oquantized (¢, j) for query
(i,7) € Q, where i, j € [N].

1: Choose a set S of elements drawn uniformly at random from A/, and perform all pairwise queries

corresponding to these |S| elements. Compute T;; = 3 res 1[Y; = 1N Y, = 1] for all
r#i,
i,j €S. -

2: Query the remaining n — |S| elements with all elements present in S. Subsequently compute for

alli € §,j ¢ S, Tij = > res\{a;} L[Yir = 1N Y, = 1] where x; is an arbitrarily selected
T#L,T
element from S such that x; # i ’

3: Group all the (l‘gl) +1S] - (n—|S]) counts T;; into A + 1 groups such that the difference between
any two intra-group points is smaller than the difference between any two inter-group points. If
not possible, return NOT POSSIBLE.

4: Order the groups by their value and label them by assigning the hypothesis H; to the £*" group
in the order.

5: Assign (A;, A;) to be ¢ for queries Q = (i, j) such that T}; belonged to the /" group.

6: Extract the membership of all the |S| elements present in S by a rank factorization (may not be
unique). Obtain k linear independent vector from the solution space and represent them as a 7.

7: Solve the membership vectors of all elements by solving the £ linearly independent equations
obtained by getting the inner product with 7.

8: Return the similarity matrix AA”.

condition, and thus Lemma [6] holds. Furthermore, were also able to observe that if the rows of A s
formed a basis, then for an index ¢ €¢ S, the set of values of {AiTAj}, for all j € S were enough to

determine the vector A ;. Indeed, given the resultant matrix A s from the rank factorization step in
the third step of Algorithm@ the unknown membership vector c; of the j ¢ S element is found by

solving Asc; = s;.

Finally, we conclude the proof by noting that the total number of observed entries is

S
1= (15) #1810 - 18D, 54

while (80) ensures a vanishing error probability.

G Proof of Theorem 4

In this section, we analyze Algorithm[I4] At the end of the second stage of Algorithm[T4] we have
access to all counts T;;, for all pairs (i,7) € S,and ¢ € S, j ¢ S. Suppose that these counts satisfy

- Tizjz' <9 (85)

max |T;. ;
T W T,y

i1i1 €He
Tiyjo €Hy

min_ |7T;
Tiyj, €He
Ti2j2 EHZ/
LAl

where T;; € H, implies that AT A; = (. Now, according to the third stage of Algorithm we
group the counts {T;; } with the objective of forming (A + 1) clusters such that the count difference
between any two intra-cluster points is less than the count difference between any two inter-cluster
points. We next prove that counts belonging to two distinct hypotheses H, and H, must also belong
to different clusters. We prove this property by contradiction.

Tl > 2 (56)

171

Indeed, the above claim can be wrong only if one of the following two situations happen: First,
there are two clusters .4 and B both of which contain counts belonging to H, and Hy. Denote
the relevant counts in A by ay and ay/, and the counts in B by b, and by, where ay, by € H, and
ag by € Hyp. Then, according to (85)—(86), we must have |a; — ag| > |ay — byr|, but this clearly
contradicts the way the clusters were formed in the third step of Algorithm[T4] The second situation
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is when all counts belonging to H, and H, are in the same cluster. However, since our objective
is to find (A + 1) clusters, the counts in a particular hypotheses has to split into multiple clusters
for this to happen. This implies, for example, that there exists three clusters A, 3, and C, and three
hypotheses Hy, Hy, and Hj, such that that A and B contain counts belonging to H, only and C
contains counts from Hy: and H,. But then there exist counts in C whose difference is at least 2,
whereas the maximum difference between counts in A and B is ¢ (since both contain counts from the
same hypothesis), which again clearly contradicts the solution of the proposed algorithm. Therefore,
we may conclude that, by construction, counts belonging to different hypotheses must belong to
different clusters. Since we look for (A + 1) clusters, we exactly recover the clusters where each
cluster corresponds to the counts of a particular hypothesis only. Moreover, we can correctly label the
clusters as well because of the monotonicity of ¢ in the value of the counts belonging to hypothesis
H, provided we have a valid solution by the algorithm.

In the following, we derive the sufficient conditions under which @—@) are satisfied. First, note
that in Algorithm [14| when computing the triangle counts for pairs (¢, j), such thati € S and j & S,
we omit one arbitrarily picked element (denoted by x; where z; # %) from S. We do that because we
want the expected value of the triangle count under the different hypotheses to be the same as in the
case when (4, j) € S. Accordingly, recall (#4). In order to satisfy (83)-(86), it is clear that T;; should

|EeTij —Ep Tij)
6

deviate from its mean by at most ming r.p¢r , which implies that

5 USI=2)(1 - 2" &

3(a)

kE—2A+1 k—2A
A A '
Then, using the same machinery as in Appendix [A] (see, eq. @#6)—(52)), it can be shown that at the

end of the third step of Algorithm (4} the overall probability of error is upper bounded by
Perror < 2n2 . e‘(‘5|—2)-ﬁ 5

where

k—2A+1) _ (k—zA)

2
é(1—2(1)4‘( A A ’

n 3 (89)
1 k
i (a)
Accordingly, taking
2
18 k 1 ) 2+e
‘S| > (A) Og( n ) - + 27 (90)

(1 =297 [(RH) - (2]
for any € > 0, is sufficient to bring the probability of error to at most n=—=.

It is evident that for the algorithm to return a valid solution, there must exist counts for all the (A + 1)
hypotheses. We will show that this event happens with high probability under some conditions. For
two indices ¢, j € [N], we have
Ay (k—A
() (a0

k

(a)

Then, it is clear that (91) is minimized when ¢ = A, in which case we have P(ATA; = A) = (—i)
A

If we only focus on an index 7 € S (we are selecting an index in S because indices in S are queried

with every other index in [IV]), then let U; ; be the random variable which describes the number

of indices (excluding i itself) such that AT A; = ¢. It s clear that U; ¢ can be written as a sum of
(n — 1) i.i.d. binary random variables, and

P(ATA; =10) = oD

A\ (k—A
(n—1)(%)(a%)
k
(a)
Applying Chernoff’s inequality once again, and taking a union bound over all (A + 1) hypotheses,

we may conclude that if n > 10(2) logn, then U; ;, > 0, for all £, with high probability.

E(Ui,e) = 92)
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Algorithm 15 NoisyInferSupportl The algorithm for inferring (A, A ;) for two fixed entries
i,j € S.

Require: Set S where every pairwise value is observed, and indices i, j € S

o)) o (o
for(=0,1,...,A

2: Calculate Tij = Z resS ]l[YW =1N er = 1]
r#i,j
3: Return arg miny |T;; — Ey|

1: Define A+1 numbers Ey = (|S|—2)

Algorithm 16 NoisyInferSupport2 The algorithm for inferring (A;, A;) fori € S,j ¢ S.

Require: Set S where every pairwise value is observed, and indices i € S,j € S.

-mm o (4] -me[o (4 (52)]
for{ =0,1,...,A

2: Calculate Tj; = > res 1[Y; = 1NY ;. = 1]
r#i

1: Define A numbers E; = (|S| — 1)

3: Return arg ming |T};; — E|

H Dithered Responses

In this section, we present our main result concerning dithered responses, i.e., Odithered (7, 7) =
Q(ATA; +Z;;), where Z;; ~ Normal(0,5?), independently over pairs (i,j). Here, we con-
sider the uniform ensemble only, but using the same techniques developed in this paper, the
ii.d. ensemble can be handled too. Let Q(-) denote the Q-function, namely, for any = € R,

Q(z) £ [ FA=e~*/2dt. Finally, for £ = 0,1, define

Gl o) 25 [ (ALA) @ (280} ara, -] ©3)

where {A;}?_, are three statistically independent random vectors drawn from T} (A). With these
definitions, we are ready to state our main result.

Theorem 6. Assume that A was generated according to the uniform ensemble. Then, there exists a
polynomial-time algorithm, given in Algorithm[6] which with overwhelming probability, recovers the

similarity matrix AAT, using |Q] > (l‘g‘) +|S| - (n — |S|) queries, where for any € > 0,

2log(2n?*)
G1(k, A) — Go(k, A)*

S| > (94)

Proof of Theorem 6] The algorithm for this setting is the same as Algorithm[6] but with Algorithms
and[§]replaced with Algorithms[T5|and[T6] Accordingly, the main difference in the analysis compared
to Appendix[Alis the computation of the statistics of the enumerators, and thus we omit some technical
details. Specifically, recall that we assume that A was generated according to the uniform ensemble.
Now, as before, we notice that for three distinct indices (i, j,7) € [n], we have

]P)z(YZ‘T = 1OY]'T = 1) =1-2 'PZ(Yir = 0)
+PU(Ys =00 Y, = 0). (95)

ATA,
Q| —, ; (96)

Then, it is clear that

Py(Y;, = 0) = Ey
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and
Py(Y,, =0NY, . =0)

ATA, T
_E, [Q( J >Q(Al A’“)]. ©7)
ag ag

It is also clear that (96) is independent of £ and (3, j, ), while (97) depends on ¢ only. Therefore,
Py(Yi =10Yj =1) =1

ATA, ATA, TA,
—E, [2@ (ja ) —Q( Ja )Q (AlUA ﬂ . (98)

Next, as before, for a pair of indices (i, j) € S, define
A

T; ;

oo ()
E/T;; = (|S] —2) |1 —2E; |Q -’J
T T
0 (AJUAT> o (AmaAT)H ' (100)

Accordingly for any two hypotheses H, and s, we have
BT — BT

ATA, TA,
o (M) o (20)
ag g
T
0 (Aj AT>Q<AZ.TAT>H o
g g

2 (|S| —=2) - Ty (102)

Then, using the same machinery as in Appendix [E] (see eqs. @6)—(52)), it can be shown that the
overall probability of error associated with second stage of Algorithm [J]for the dithered oracle is
upper bounded by

1Y, =1NnY, =1], (99)

and thus,

_]EZ

= (IS - 2)

—Ey

I‘%
Perror,l < 2n? - ei(‘8|72)-70- (103)

Therefore, at the end of the second stage of Algorithmﬁ if |S| > =2 log(2n2*¢) + 2, for any

o
€ > 0, then we will have an exact estimate of A g Ag with probability of error to at most n=°. The
other parts of the algorithm are handled in the same way (see egs. (33)—(56), and thus omitted. We
emphasize that as before, the over all query complexity (l‘g‘) + S| - (n — |S]) is dominated by the
above condition on S.

I Information-Theoretic Lower Bounds

In this section, we provide information-theoretic lower-bounds on the query complexity for exact
recovery of the clustering matrix A, associated with the scenarios considered in this paper. We denote
by Ha(z) the binary entropy of = € (0, 1), namely, Ha(z) £ —zlogy  — (1 — ) logy(1 — ), and
denote by « the binary convolution, i.e., px ¢ £ (1 — p)q + p(1 — q). We have the following results
proved in the sequel.

Theorem 7. [ii.d. Ensemble] Assume that A was generated accordingly to the i.i.d. ensemble with
parameter p. Then, for any adaptive algorithm, in order to achieve Pepor < 0, the necessary query
complexity is
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o For Ogirect:

k
Q| > 1” [Ha(p) — 6. (104)

ogk '
e For Oquantized:

Ha(p) — 6
Ha (gx[1 = (1= p*)F]) — Ha(q)

Q] > nk - (105)

e For Odithered-

nk - [Ha(p) — 9]
Mo [£Q (458 )] —Bra o (#5)]
Theorem 8. [Uniform Ensemble] Assume that A was generated accordingly to the uniform ensemble

with parameter A. Then, for any adaptive algorithm, in order to achieve Peyor < 6, the necessary
query complexity is

€2 > (106)

e For Odirect:

> .
9] > nk - £ 40 (107)
e For Oquantized:
Lloe (%) —
Q] > nk - —E Off(g N (108)
Ho ((J*( o )> — Hal(q)
(2)
o For Ogjthered-
k
Q> nk - [ log (x) — 4] (109)

1.1 Proof of Theorem/7]
I.1.1 Proof of Eq.[104]

We consider the case where A was generated according to the i.i.d. ensemble. We observe |Q]
elements, drawn uniformly at random from the matrix Y, where Y;; = Odirect(¢,]) = AZ-TAj.
Let Perror denotes the average probability of error associated with any estimator of A given the

observations Y, namely, Perror £ IP’{A(YQ) # A}. We note that

H(A)=H(A|Q) (110)
=1(A;Yq|Q) + H(A[Yq,Q) (111
F4
< (A Y0|Q) + nk - Aerror (112)
= H(Yq|?) — H(Ya|A,Q) + nk - Peror (113)
A0 F v 6]0) + nk - Perror (114)
where the inequality follows from Fano’s inequality [[10] which implies that
H(A‘YQ) < Perror . log |-A‘ < nk - Perror (115)

where A is the set of all possible n x k binary matrices, and thus |.A| = 2"*. Since A is an i.i.d.
matrix with Bernoulli(p) elements, we have H(A) = nk - Ho(p). Therefore, we obtain that

nk - Ha(p) < H(Yq|2) + nk - Perror. (116)
It is only left to upper bound the entropy H (Y o|2) + nk - Perror. It is clear that
H(Yol®) < (9] - max H(ATA,) (117)
i#]
<19 -logk (118)
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where the second inequality follows from the realization that A7 A ; has a maximum value of k.
Therefore, using (T16), we obtain

nk - Ha(p) < Q] - logk + nk - Perror- (119)
Accordingly, to achieve Pe,or < d, it is necessary that
nk
Q> — -4 120

as claimed.

I.1.2 Proof of Eq.

In this subsection we deal with the noisy quantized oracle, i.e., Y;; = Oquantized(AZTAj) @ Wi,
Similarly to (114)), we have

H(A) < H(Yq|Q) — H(Ya|A, Q) + nk - Peror (121)
= H(YQ‘Q> - |Q‘ 'HQ(q) +nk - F)error (122)

where we have used the fact that H(Zq|A, Q) = |Q] - Ha(g). We next evaluate H (Y q|Q2). Given
€, the (i, j) element of Y is a Bernoulli random variable with success probability given by ¢ * 53,5,

where 3;; £ ]P’{AZ-TAj > 0}, and + denotes the binary convolution. Now, note that for ¢ = j,

B =P{lla|* > 0} = 1 — P{||a;|* = 0}

=1-(1-p", (123)
and i # j,
Bi; =1 —P{ala; =0}
=1-(1-p)k (124)
Therefore,

<100 Ha (g [1— (1= 9)")). (125)
Combining (122)), (123), and the fact that H(A) = nk - Ha(p), we obtain
nk - Ha(p) < 9] Ha (g% [1 = (1 - p)*])

- |Q‘ 'H2(Q) + nk - Perror- (126)
Accordingly, to achieve Pe.or < 4, it is necessary that
-4
Q] > nk - #2(p) (127)

Ha (q*[1 = (1= p?)*]) = Ha(q)’
as claimed.
1.1.3  Proof of Eq.[106|

We now consider the dithered oracle, where Y;; = Q(ATA; + Z;;), with Z;; ~ Normal(0, 02).
Here, the analysis is very similar to the previous subsection. In particular, similarly to (I22)), we have

H(A) < H(Yq|Q) — H(YalA, Q) + nk - Peror (128)
ATA
— H(Yol0) - 0] M |Q (S22
+ nk - Perror- (129)

It is clear that given €, the (¢, j) element of Y is a Bernoulli random variable with success probability
T
EQ (M) Therefore, we obtain

led

H(YolQ) < |9 - Ha [EQ (Ai‘“?)} . (130)
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Combining the above results and the fact that H(A) = nkHz(p), we may conclude that
ATA
nkHs(p) < Q] - Ho {]EQ( 2)}

- |Q| EHZ |:Q <A A ):| +nk - Perror- (131)

Accordingly, to achieve P < 6, it is necessary that
nk - [Ha(p) — 9]

Q| > {]EQ (ATA2>:| —EH, [Q (%)} |

(132)

as claimed.

1.2 Proof of Theorem 8|
1.2.1 Proof of Eq.[107|

We consider the case A where was generated according to the uniform ensemble, and the oracle
response is Y;; = AT A ;. Similarly as in (TT4), we have

H(A) < H(YQ|Q) +nk - Perror~ (133)

For the uniform ensemble, note that H(A) = n - log ( 2) Next, as in the previous subsection, note
that

H(Yq|Q) < |9 .mfo(AfAj) (134)
1#]
<9 -log A (135)

where the second inequality follows from the realization that A7 A ; has a maximum value of A.
Combining the above, we obtain

n - log (Z) < |9| - log A + nk - Perror- (136)

Accordingly, to achieve Pe,or < d, it is necessary that

tlog (1) =6

> nk -
(€2} 2 nk log A

) (137)
as claimed.

1.2.2  Proof of Eq.[10§]

We now deal with the noisy quantized oracle, i.e., Y;; = Oquantized(A,LTAj) @ W;;. Similarly to
(122)), we have
H(A) < H(YQ|Q) - |Q| ' HQ(q) +nk - Perror- (138)
It is clear that given 2, the (4, j) element of Y is a Bernoulli random variable with success probability
Bij x ¢, where 3;; = P{aTa; > 0}. Note that for i = 7,
Bii = P{||la;||* > 0} =1, (139)
while i # 7,

(k*A)
Iherefore, using the above we obtain

kE—A
H(Yal) < (9] - s <q* Ca )> . (141)
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Combining the above results and the fact that H(A) = n - log ( 2), we may conclude that

k k—A
wetog () <1072 <q((A))> - 19 #a(0)
A
+ nk - Peror- (142)

Accordingly, to achieve Pe.or < 4, it is necessary that
k
ilog () =9

(1 C2) -

A

Q] > nk - , (143)

as claimed.

1.2.3  Proof of Eq.[109]

We now consider the dithered oracle, where Y;; = Q(AT A, + Z;;), with Z;; ~ Normal(0, o%).
Here, the analysis is very similar to the Subsection[[.1.3] In particular, similarly to (I29), we have

ATA
H(A) < H(Yal0) — 0] - EHy [Q ( L )}
+ 1k - Perror. (144)
Also, similarly to (I30), we have

ATA
H(Yq|Q) < 9| - H, {EQ (ﬁ)} (145)
Combining the above results and the fact that H(A) = nlog (Z) we conclude that

() < s (42

T
- |Q| -EHo |:Q <A1 A2):| + nk - Perror. (146)

g

Accordingly, to achieve P < 6, it is necessary that
nk - [% log (Z) — 4]

H [EQ (2122 | — B, [ (AL22)] (147)

9] >

as claimed.

J Worst Case Model: At Most 2 Clusters

In this section we prove the following special result for A = 2.

Theorem 9. Let N; be the set of elements which belong to the i’th cluster, and assume that A = 2.
If, for every triplets of distinct clusters p, q,r € [k, we have [N}, \ {N; UN,}| > a - n, for some
a > 0, then by using Algorithm (g) + T (n — T) queries are sufficient to recover the clusters,
where o - T' = 3log k + logn.

For ease of notation, we will say that an element tests positive with another element if the response to
their query is 1 (i.e., they have one cluster in common). Otherwise, we will say they test negative.
We will also say that a cluster is maximal if there does not exist any element that does not belong to
the cluster but tests positive with every element in the cluster. The proof of Theorem [0 hangs on the
following theorem.

Theorem 10. Let C be a given clustering and let N; be the set of elements which belong to the i’th
cluster. If for every triplets of distinct clusters p, q,r € [k], we have N, \ {N; UN..} # ¢, then the
ground truth clustering C is the only valid clustering that is consistent with the entire query matrix.
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Algorithm 17 Worst-Case Quantized Responses for A = 2 The algorithm for extracting
membership of elements via queries to oracle for adversarial data.

Require: Number of elements: NV, number of clusters k, oracle responses Oguantized (¢, j) for query
(1,7) € Q, where i, j € [N].

1: Choose a set S of elements drawn uniformly at random from [N], and perform all pairwise
queries corresponding to these |S| elements.

2: Construct a graph G = (V, £) where the vertices are the |S| sampled elements. There exist an
edge between elements (4, j) only if they are determined to be similar by the oracle.

3: Construct the maximal cliques of the graph G such that all edges in £ are covered and no three
cliques intersect. Each maximal clique forms a cluster.

4: Query each of the remaining n — |S| elements with all elements present in S. For each cluster, if
an element is similar with all the elements in that particular cluster, then assign the element to
that cluster.

5: Return all the clusters.

To prove this result we need the following lemma.

Lemma 8. For a given clustering C, if for every triplets of distinct clusters p,q,r € [k], we have
Np \ AN, UN,.} # @, then the clusters N; are maximal.

Proof. Proof of Lemma [§| We will prove this by contradiction. Suppose there exists a cluster N;
which is not maximal and there exist an element ¢ N such that x tests positive with every element
in V;. This is only possible if {z} UN; C N; for some j or if {z} UN; C N; UN (A partition of
N into two sets ¢/ and V such that {z} UU C Nj and {z} UV C Nj). Both these situations are not
allowed according to our guarantees (N; \ {N; UN} # ¢), which completes the proof. O

We now prove Theorem [I0}

Proof of Theorem We will prove this result by induction on the number of clusters. Consider the
base case of k = 3 where there are only three clusters say N7, N3, N3. Now the sets A7 \ {N3 U
N3}, No \ {N1 UN3} N3\ {N7 UN;} are non-empty and disjoint. In any different clustering
C, these three aforementioned sets have to belong to different clusters. Without loss of generality,
assume that A7 \ {Na UN3} C N7 and N \ {NV; UN3} C Na. In that case, it is easy to see that
any element in N; N A5 must belong to both N 1 and J\72 since it must test positive with elements in

both N7 \ {N2 UN3} and N \ {N7 UN3}. With this argument we get that the clustering C is the
same as the clustering C.

Now, assume that this lemma is true when there are % clusters. Under this assumption, we will prove
the statement of the lemma for k£ + 1 clusters by contradiction. Assume that there exists a different

clustering C such that there does not exist any i, € [k] for which V; = J\~/j If \; is a disjoint
cluster that is N7 NN = ¢ for all clusters NV}, then all elements in A; must belong to a disjoint

cluster in C and we must have C to be the same as C by using the induction assumption. So now,
we assume that no cluster N; is disjoint. Assume that there exists some %, j such that N; C ./\7]
Since C is a valid clustering, hence all elements in J\N/'J \ N; must test positive with all element in
Ni;. This can happen only if 1) there exists some other cluster V,, such that Nj U {N; \ N;} C A,
but this is not allowed since N; ¢ N,,. 2) If there exists two other clusters V,, and A, such that
N; U{N; \ N;} € N, UN, but again this is not allowed since N; ¢ N, UN, (same argument as in
proof of Lemma §)). So the previous assumption cannot happen and therefore there cannot exist some
i, j such that \; C N and by a similar argument there cannot exist ¢, j such that N; C N;. Now,
without loss of generality, assume that A7 N A5 # ¢. Hence there must exist some ./\7J such that
NN N1 NN, # ¢. Let us denote one such element z that belongs to AV; N A, N Na. Now there
cannot exist an element y € J\~/'J \ {N1 U N>} because y will test positive with 2 but 2 cannot belong

to three clusters. Hence it must happen that C; C N1 U MNs. Now, consider two elements z1, 22 such
that z; € N1 \ N and 23 € Ny \ NV] such that z; and z» test negative. Such a pair of elements
must exist otherwise the clusters N7, N2 will not be maximal according to Lemma@ Now both the
elements z;, zo cannot belong to ./\7] since they test negative. On the other hand, both of them cannot
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be outside J\~/j since if x has to test positive with both z7, z2 then = must belong to three clusters in C
which is not allowed again. Hence, without loss of generality, assume that z; is contained in C’j. If
21 only belongs to A7, then obviously no element from N3 \ A can belong to ./\7] (because z; will
not test positive with that element) and therefore J\~/} C N7 which is not allowed. Therefore, assume
that 27 also belongs to another cluster N3 and under this assumption, further assume that an element
23 € No N N3 is contained in ./\7j so that /\7] ¢ Ni. However, according to the guarantee that we are
provided, there must exist an element z4 € N7 \ {NV2 U N3} and an element z5 € A5 \ {N7 UN3}.
Now, neither of them can be included in /\7] since (z4, 23) and (z5, z1) must test negative. If (24, 25)
test negative, then this creates a contradiction since one of them have to be included in ]\7j Now if
(24, z5) test positive, then one of z4 and z5 must belong to three clusters in C to satisfy the following
constraints: (z4, ), (24, 21), (25, 23), (25, ), (24, 25) test positive and (z4, 23), (25, 21) test negative
(21 € N1 UN3z and z5 € Ny \ {N] UN3} and similar for (24, 23)) which is not allowed. Hence our
initial assumption is incorrect and there cannot be a different clustering C. O

We are now ready to prove Theorem[9] The proof follows from the following three arguments.

1. Suppose we randomly sample a subset of elements S and let N; = N; N S be the set of
elements in S which belong to the ¢’th cluster. A bad event is if there exist three distinct
clusters p, ¢, € [k] such that N, C N, U N,.. For a particular triplet of clusters, the
probability of this event to happen is clearly upper bounded by (1 — «) S| < e=IS|, Taking
a union bound over all triplets of clusters, the bad event will happen with probability at most
k3e~IS|. Therefore, taking « - |S| = 3log k + log n will make this probability at most
1/n.

2. Now, from Theorem[I0} it is easy to see that once we are given all the queries involving
elements in S, we are able to obtain the ground truth clustering and therefore all the clusters
N; produced by an algorithm that returns a valid clustering.

3. Finally, each element not in S, will be queried with all elements in S. If an element belongs
to the ¢’th cluster, then obviously it will test positive with all elements in N;. If an element
does not belong to the i’th cluster (say it belongs to the j’th cluster and k’th cluster) then it
will not test positive with all elements in N; (because of our guarantee). So we will recover
the correct cluster every element belongs to.

It remains to show that Steps 2 and 3 in Algorithm |17/|return a valid clustering if all the queries
constrained to elements in S are provided. We know that all elements that belong to a particular cluster
form a clique in the graph. We also know that all the edges can be covered by k£ maximal cliques (the
cliques can be overlapping) such that no three cliques intersect. Hence Step 3 of Algorithm[T7] will
return a valid clustering, which completes the the proof.

Finally, we notice that we can in fact show a necessary condition for the case of A = 2, which almost
coincide with Lemmal 8] hinting that the above conditions might be also necessary.

Lemma 9. Let C be a given clustering and let N be the set of elements which belong to the ith

cluster. If for some pair of distinct clusters p, q € [k], N}, C Ny, then it is not possible to recover the
ground truth clustering.

Proof of Lemmal9 Consider a pair of clusters \,,, N, such that NV, C N,. Itis easy to see that it is
impossible to determine which elements actually belong to the cluster AV, even if all possible query
responses are provided. O

K Proof of Theorem [3

We start this section by stating a conjecture which is the natural extension of Theorem [10]to any
A>0.

Conjecture 10. Let C be a given clustering and let N; be the set of elements which belong to the
i’th cluster. If for every ordered subset of A + 1 distinct clusters p1,pa, .. .,pa+1 € k], we have
Npy \ {Up, 2p. Np, } # ¢, then the ground truth clustering C is the only valid clustering that is
consistent with the entire query matrix.
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Unfortunately, we could not prove the above result, but rather the following weaker result.

Theorem 11. Let C be a given clustering and let N; be the set of elements which belong to the i’th
cluster. If N \ {Uj N} for all clusters i € [k), then the ground truth clustering C is the only valid

clustering that is consistent with the entire query matrix.

Proof of Theorem[I1] Notice that the sets ;\ {U,; N; }, forall i € [k], are non-empty and disjoint.

In any different clustering C, the elements belonging to these aforementioned sets have to belong
to different clusters. Without loss of generality, assume that N; \ {U;; N; # N;} C N;. In that

case, for any subset S C [k], it is easy to see that any element in (), g Ny must belong to (. ¢ N,
since it must test positive with elements in N; \ {U;,; V; # N} for all i € S and tests negative
with elements in N; \ {U,; N; # N;} forall i ¢ S. With this argument we get that the clustering

C is the same as the clustering C. O

We are now in a position to prove Theorem 5| The proof hangs on the following three arguments.

1. Suppose we randomly sample a subset of elements S and let N; = N; N S be the set of
elements in S which belong to the ith cluster. A bad event is if there exists a cluster ¢ € [k]

such that \V; \ {UJ it N} = ¢. For a particular cluster, the probability of this event is

upper bounded by (1 — )!8I < e=*IS|. Taking a union bound over all clusters, the bad event
will happen with probability at most ke~ S|, Therefore, taking « - |S| = log k + logn,
will make this probability at most 1/n.

2. Now, from Theorem[I1] it is easy to see that once we are given all the queries involving
elements in S, we are able to obtain the ground truth clustering and therefore all the clusters
N by an algorithm that returns a valid clustering. If the clusters are maximal, then Step
3 in Algorithm 3] (a slightly modified version of Algorithm[I7) returns a valid and unique
clustering.

3. Finally, each element not in S will be queried with all elements in S. If an element belongs
to the 4’th cluster, then obviously it will test positive with all elements in ;. If an element

does not belong to the i’th cluster then it will not test positive with all elements in N;
(because of our guarantee). So we will recover the correct cluster every element belongs to.

L. Experiments on Simulated Data

We conduct in-depth simulations of the proposed techniques over synthetic data. We focus on the
uniform ensemble and the quantized noisy oracle Oquantized- Recall that in our proposed algorithms
(see, e.g., Algorithm@), we make || = (l‘g‘) + |S|(n — |S]) queries, and for every query (7, j) € €,
we infer using the count 7}; the unquantized value AT A ;. Accordingly, for evaluation, we investigate
the amount of incorrect inferences made by our algorithm. It is only possible to recover the original
matrix A only if all the inferences are correct (using Algorithm [)). Fig. [2a] presents the log-query
complexity (log, |€2]) as a function of the number of items n, for A = 2, k = 8, and ¢ = 0.
We compare the simulated performance of Algorithm [6] with the theoretical lower and and upper
bounds in Theorems [2]and [§] respectively. It can be seen that our theoretical upper bound follows
closely the numerically evaluated performance of Algorithm @Fig. shows log |€2| as a function
of the number of clusters &, for A = 2, n = 4000, and ¢ = 0, and the same conclusions as above
remain true. Then, in Figs.[2cH2e| we consider the noisy scenario with ¢ controlling the “amount”
of noise. We first assume that the value of ¢ is known. Specifically, in Fig. we present log |2| as
a function of the noise parameter ¢, for n = 2000, £ = 7, and A = 2. Again, it can be seen that
our theoretical upper bound match the simulated performance of Algorithm[6] We notice that the
effect of the noise on the query complexity is not drastic, which imply that the proposed algorithm is
robust. To illustrate the underlying mechanism of Algorithm|[6] in Fig. [2d|we present the amount of
correct and wrong inferences occurred at the end of the second step of Algorithm|[6] for n = 1000,
k = 8, A = 2. In this figure, we took |S| = 400, which is the sufficient size for recovery in the
noiseless case (but not for the noisy regime). It can be seen that the number of wrong inferences
grows moderately up to ¢ = 0.1, and then the effect of choosing an insufficient |S| becomes more
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Figure 2: Results of our techniques on simulated datasets.

severe. This suggests the potential application of our algorithms also when partial, rather than exact,
recovery is the performance criterion. Finally, we illustrate how Algorithm[T4]works in the absence
of noise. Specifically, in Fig. @ we provide a histogram of the counts 75; defined in Algorithm

for A =2,k =7,n = 2000 and ¢ = 0. It is evident that the data can be separated into three groups
(recall the third step of Algorithrn and therefore it is possible to infer correctly AT A ; for all
pairwise queries.
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