A Proofs of lower bounds

A.1 Group-sparse dominance

The set A(p) in the optimization problem can be decomposed into A(u) = Ag(p) U -+ U Ag(p)
where Ay () is the set of alternative parameters in which arm & of category 1 is optimal. Indeed,
as we know that A} = pi > 0, the best category is known and the regret incurred by suboptimal
categories is non-existent. Thus, asymptotically, we fall back into deriving a lower bound on the
regret in one category, i.e. in the classic multi-armed bandit setting.

A.2 Strong dominance

Without loss of generality, we assume that we have M = 2 categories and category 2 has a unique
worst arm. The condition in the optimization problem can be written as

K K

SONHuk =X+ N2 = M) = 2,Y N € M),

k=2 k=1
where A(11) = Ag(p) U -+ U Ag (i) U A%() where Ay (p) is the event in which the best arm is
mistaken by arm k in the category 1, i.e.,

Ap(p) = {pi}x] = 00, py[x -+ X]pg, +00[x -+ x] — 00, ui[x] — 00, pi[x -+ x] — 00, g
and A%(p) is the event in which we mistake category 2 as the optimal category, i.e.,
A (1) = {1} x] = 00, pui[x - x] = o0, g [ X, +00[x - - ], 00
On A (1), the condition is equivalent to
NE (b —13)” > 2,

and on A%(p),
K
SONE(ut - i) =2
k=1

The minimization problem can thus be separated in two parts: the first part corresponds to finding the
best arm in the optimal category and the second part to finding the optimal category.

For the first part, the solution is the same as in the multi-armed bandit setting and is given by
2

N} = o
For the second part, let us prove that the solution is given by N3 = ﬁ and N2 =0fork # K.
We have the following problem
K K
]g%glogN,fAz,k —=: f(N?)  subject to ;Ng (Agp)? > 2.

On one side, we have

;g;gf(N)sggf(o,...,an)f(o,...,o,( 2 ) 2

and on the other side, since Ay, < Ag i, we have

2

2,K

K 1 K
2 2 2
- >
kEZI NkAg’k > A27K kil Nk (AQ’]C) =N

Hence the solution of the optimization problem in the suboptimal category and the lower bound on
the regret follows.
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A.3 First-order dominance

By simplifying the optimization problem, one obtains the two following conditions

VEk#1,N}(A)? > 2,
and Vk € [K],

e

-1

(WA (hya = )"+ N2 (12 = i)") 1 {02 < b }] + N2 (B20)”

i=1

K
_\2 _\2
F (N -m) N 8 7)) 2 2,

j=k+1
~ Nhulo4NZE o NIplyNZu?
o HNigabiga i K I Mt bl
where f1; = NI, T2 and 11 NN

Assuming the arms are intertwined, the first term in the above equation disappear since the condition
in the indicator function is not verified. In the case of M = 2 categories and two arms per category
K = 2, the following conditions are derived

2 2
N21 2 2 N22 2 2
(A12) (Az2)
and
2 2 1 1 —\2 2/ 92  _\2
NY (Ag1)” + Ny (p3 _M) + N3 (Nz -n) >2,
where 71 = 71\7%;1%2;#3

Since this is a minimization problem, it is clear that the regret is minimize on the lower bounds of
N4 and NZ. Putting this two quantities in the last inequality, we obtain

N2> (A221)2 [1 _ ((N%A;N)Q + (“%A;;LY)} .

Developing 1z, we have

=
I
V)
|

2 2
D122 T B20)? (A12)" + (Az2)
o o= )
Now developing AQLQ , we get:
_ 1,2
py—f Ao (13 — 13) _ A128575
A (D) + (A2)" (A12)" + (As)°
Similarly,
_ 1,2
13— 0 _ A28
Az (A1,2)2 + (Az,z)2
Plugging this into the inequality on N7, we obtain
2
1,2
L (a23)
Ny = 7 |- 2 2
(Az1) (A12)" + (Az2)

The result follows by the decomposition of the expected regret.
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B Characterizations of dominance

B.1 Strong dominance

Let (e;); denotes the unit vectors. Taking x = ej, and y = ¢; hands puj, > .
In the other direction, let (o, 5) € A(K) x A(K). We have

K K—1 K—1 K—1
o) =Y onp =Y onpik + (1‘ Z“’“) puac = puac + 3 o — prc)
k=1 k=1 k=1 k=1
Now, using the previous equality, we obtain
K-1 K
(o, 1) Zakuk Zﬁkuk = (nk—p})+ > ax(p )+ Be(pi—pi) > 0.
k=1 k=1 k=2

B.2 First-order dominance

Taking x = ey, hands pf, > p2. In the other direction, let x € A(K). We have

K
(ko pt =) =Y xu i, — i) = 0.
k=1

C Regret upper bounds of CATSE

C.1 Group-sparse dominance
Consider the following clean event

_ T K ~1 1 < __ 20
& =Vt e [T],Vk € [K] |1 (t) — | < NIt

Using union bounds over ¢ and k, one obtains thanks to the subGaussian assumption that P (€;) >
26 KT In the following, we assume the clean event holds true. In the case in which only the optimal
category is active, we get the regret of the UCB algorithm

8log6
Br < Z Avg

On the other hand, the set of active categories is empty if the optimal category is non active. That

IogN (t)
N (t)
reward. Let A denote this event. The number of times it happen is bounded. Indeed, since

1
A € {ﬁ%(N%(t)) <2 W} Ay,

means that V& < s, fi. (N () < 2 where s is the number of arms with positive expected

and




we have

T T
El Y 1{4} SIE[ > 1{«41}]
t=MK+1 t=MK+1
T
32 16 o
= <3+ (u]) %% (u%)Q) +;P(u1(U) S

< (3 + (%2 log (:5)2) + ieXp {—%(uif}

1

<3+ 32 log 16 + 8
T (m)? T () ()

Finally, the set of active categories has more than one element if a sub-optimal category is active, i.e.
Im # 1,3k € [K|; uir (N7 (t) > 24/ %. Let B denote this event. The number of times it
happen is also bounded. Indeed,

EzT:l{B}SZET:IP’

m,k u=1

—m log u
g (u) = 2 W >

N
e R

Combining the three inequalities, we conclude.

C.2 Strong dominance

Let &, denote the clean event
£ = {Vt € [Tl;¥m € [M],¥x € R, (x, i™(t) — ™) < |x|28(¢,6)} ,

where 3(t,6) = \/N%(t) (Klog2 +log $).
Lemma 2. With probability at least 1 — 6, the following holds uniformly overall all x € R¥,

(x, 0™ (p) —pu™) < IIXIIQ\/p (K10g2+10g5>-

Proof. Fixx € Rand d € (0, 1) a confidence level. According to (Lattimore and Szepesvari, 2018),
we have with probability at least 1 — 4,

~ 1
15@) = plly, < \/2 (Klog2 + log 5) :

If an agent pulls each arm sequentially, we are in the fixed design setting. In this case, (assuming ¢ is
a multiple of K'), we have V; = N (t)I, i.e. it is a diagonal matrix and we conclude.

Using union bounds over the time and the categories, and using the definition of the confidence set,
we obtain P (£§) < IMT.

Suppose we are in the clean event and let m # 1 and ¢ be the last time when we did not invoke the
stopping rule, i.e. that the category m is still active. First remark that category 1 is never eliminated
by category m on the clean event since miny, p1f > maxy, u}". By Equation (), this means that

Vx € A(K), Yy € A(K), (1) ~(y, 7" (0) < (Il + Iy ) \/ g (1085 + K 10s2).

15



where N (t) denotes the number of times each category have been pulled. As we are in the clean
event, we have

1

Vx € A(K),Vy € A(K), (x, 1) = (y,u™) < 2(|x]l2 + lyll2) \/2 <1og 5

0 —i—K]ogQ).

Inverting this equation, we obtain the following upper bound on N ()

1Y (Il + iyl
VXEA(K),VyEA(K)aN(t)§8<K10g2+10g5) ((x,u1>—<yaﬂm>) .

The proof is conclude with the proof of the UCB algorithm [3].

C.3 First-order dominance

Lemma 3. With probability at least 1 — 9,

“~m m 1 1
[FG () = ™2 < NeT <\/K10g5 + \/1+(K+1)10gK> ;

where [igi (t) denotes the vector [i"™ () ordered in decreasing order:

Proof. The McDiarmid inequality gives the following
P{ 53 (1) — ™| = Bla% (8) — u"l| + = b < exp(—2te?/K)

Now we just has to bound E||zign () — ™ |2. If Y1, ..., Yy are o2 sub-Gaussian, then

£2
P {i_r{%%%NE > 5} < Nexp (—M) .

This give, by a careful integration, that

E ( max Y;-)Q < 20%(log(N) +1).

i=1,...,

In our case, we have 02 = i. Using that the expectation of the k™ maximum of N random variables

is smaller than the expectation of the maximum of N — (k — 1) random variables [L1]], we obtain

K
N 1 1+ (K +1)log K
E mmt_m2<7
75 ) = < 5 e

(14 log(K — (k1)) = %(K +logK) <

where the last inequality comes from the Stirling formulae. The result follows. O

Let define the clean event

= {w € [1).¥m € [m. 755 (0) — "2 < —= (N/Klog}; ¥ ¢1+<K+1>1ogf<>}

By the lemma and with union bounds over ¢ and m, we have P (£7) < 6MT. Let m # 1 and ¢ be
the last time we pulled category m.

By Equation (2), we have
Vx € AGK), (%, 7Ly (1) — i (1) < 2/xl121(6,6).

Moreover, notice that after ¢ samples

1 ~ ~m m -~ ~m m
vx € AK), |6 oy (1) = fign (D)) — (¢t — ™) | < lfigy (8) = pllz2 + g (1) — 1™ 12

< 2v(t,9),
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where the last inequality holds true with probability at least 1 —d M T'. Combining the two inequalities,
one obtains with probability at least 1 — M T,

2
1
N7(t) < o\ [Klog : + I+ (K T 1)log K
|1t — |3 4

16
It = pm3

where in the last inequality we used the Cauchy—Schwarz inequality. Hence the result.

1
<K10g5 + Klog K +1log K + 1)
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