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Outline

The supplementary material is organized as follows.

Section 1: We address function estimation and proves Theorem 4 in the main paper. Our objective is
to design a small-bias estimator whose approximation value is highly concentrated around its mean.

Section 1.1: We present several ancillary results that will be used in subsequent proofs.
Section 1.2: We construct the function estimator §* using piecewise min-max polynomials.

Section 1.3, 1.4, and 1.5: We derive the bias, variance, and tail probability bounds presented in
Theorem 4, respectively, showing that the estimator g* admits strong theoretical guarantees for a
broad class of functions.

In particular, in Section 1.5.1, we establish a McDiarmid’s inequality under Poisson sampling, which
is of independent interest.

Section 2: We apply the function estimation technique derived in Section 1 to derive our generic
method for learning additive properties, and prove other theorems in the main paper.

Section 2.1: We establish the results in Theorem 5 and show that for all sufficiently smooth properties,
our property estimator f* achieves the state-of-the-art performance.

Section 2.2: We consider the problem of estimating Lipschitz properties. By proving Theorem 1,
we show for the first time that all Lipschitz properties can be estimated up to a small error € using
O(k/(?log k)) samples, with probability at least 2/3.

Section 2.3: We establish a general result on private property estimation, which trivially implies those
stated in Section 2.2 of the main paper.

Section 2.4: We utilize Theorem 5 and some specific constructions to prove the upper and lower
bounds in Theorem 2, respectively.
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1 Proof of Theorem 4: Estimating functions of Bernoulli probabilities

1.1 Ancillary results

Useful tools

The following two lemmas provide tight bounds on the tail probability of a Poisson or binomial
random variable. We use these inequalities throughout the proofs.

Lemma 1 (Chernoff Bound [2]). Let X be a Poisson or binomial random variable with mean p,
then for any § > 0,

)

n
P(X > (1+6)u) < ((HZ)“W) < e~ (P no)u/3

and for any ¢ € (0,1),
5 H
_ 87 752,u/2
P(X < (1-6)) < ((1 - 5)(1_5)) <P,
By setting ¢ to be 1/2 and 1 in Lemma 1, we have the following corollary.
Lemma 2. Let X be a Poisson or binomial random variable with mean p, then

HD(X < %H’) < 670‘15#'

and
P(X > 2u) < e 0381,

The n-sensitivity of an estimator f is the maximum possible change in its value when a sample
sequence of size-n input sequence is modified at exactly one location,

S(f,n) := max{|f (z") — f (y™)| : =™ and y" differ in one location}.
The McDiarmid’s inequality relates S(f, n) to the tail probability of f(X™).

Lemma 3 (McDiarmid’s inequality [7]). Let f be an estimator. For any constant € > 0, distribution
P € Ay, and i.i.d. sample sequence X" ~ p,

Pr (’f(X") - E[f(xn)]) > 5) < 2exp <_n522(5;m> .

As illustrated in the main paper, our construction relies on a variety of polynomials. To analyze these
polynomials and relate them to other quantities, we often need to bound the polynomials’ coefficients
based on their ranges. For a real polynomial, the next lemma provides tight upper bounds on the
magnitude of its non-constant coefficients.

Lemma 4. Ler p(x) = Z?:o ajx? be a degree-d real polynomial and

A= sup |p(z1)— p(z2)],
1‘1,1?26[071]

then for j > 1,
|aj| < A 23.503.

We will utilize the above lemma to bound the variance of polynomial-based estimators.

Unbiased estimator of (p — x)? and its characterization

The following polynomial is related to the unbiased estimator of (p — )” under Poisson sampling,
where we make the sample size an independent Poisson random variable. Note that both z € R and
v € N are given constant parameters.

v v -1 y I

L v—1 J v

e )= 3 (7)o T (2-5)
1=0 =0

This polynomial will play an important role in our consecutive constructions and corresponding

proofs. First, we establish and present several useful attributes of h,_, (y) below.



Lemma 5. For a Poisson random variable Y ~ Poi(np),
Elhy,(Y)] = (p — )"
Proof. By the linearity of expectation and definition of Poisson random variables,

Elh,. (V)] = Z (?)(—x)“_lE [IHI (z ) f;)]

=0 1’=0

v -1
_ (?)(_m)v—l;E [[v-0

=0 I’=0
_ - v —x v—1© P (np)j - /
N () et € S )
2 () S
_ - v —x v—1 (np)l e~ P — (np)jil
=2 (7)o 2 G-y
_ - v —x v—1_1
=2 <l>( )""'p
= (z—p)". -

Lemma 5 implies that polynomial h,, ,(Y") is the unbiased estimator of (E[Y]/n—z)? for Y ~ Poi(-).
The next three lemmas bound the polynomial’s value when the input variable is close to its expectation.

Lemma 6. For a Poisson random variable Y ~ Poi(np),
E[va]
2
E[h; o(Y)] < o
Furthermore, if for some positive constant ¢!, both np and 2v are at most < ¢’ logn,

9 2 logn\ >
B2 o(v)] < 2 ( 2087)

Proof. We consider the first inequality. Note that for all y € Z™*,
v—1 v—1
0< H (y_ll):]lyZU' H (y_l/) <y’
I'=0 I'=0
This inequality trivially implies that

v—1 2

1 E[Y?]

E[h2 (V)] = —E (H (v - r)) < S
=0

Based on the first inequality, we prove the second one as follows.

E[y2v]

2v

B[J2 o(V)] < &

1 2v 2v
2u—t t
= n2v2t1 <t>(n]:)

t=1

2v
1 2 : 2v—t 2v / t np
S n2v (2v) ( t )(c logn) c'logn

t=1

)27} np
' logn

2¢'1 2v—1
§2p< c 0gn> . 0
n

< T(Qv—&—c’logn
n v




Lemma 7. [6] For a Poisson random variable Y ~ Poi(np) and a parameter

o2
Mmax{n@@,@}
p

(v < (22)

we have

n
Lemma 8. [4] For x € [0,1], v € N, m € N, and a parameter

V4
52max{‘x—m, mv}’

n n

we have
|ho,z(m)| < (20)".

1.2 Function estimator construction

Let g be a continuous real function over the unit interval. Given i.i.d. samples X" from a Bernoulli
distribution with unknown success probability p, our objective is to estimate the function value g(p).

Poisson sampling and sample splitting Generating exactly n samples creates dependencies be-
tween the counts of symbols. To simplify the derivations, we use the well-known Poisson sampling
technique and make the sample size an independent Poisson variable N with mean n. In addition,
we apply the standard sample splitting method and divide the sample sequence X% into two sub-
sample sequences by independently putting each sample into one of the two with equal probability.
Equivalently, we can simply generate two independent sample sequences from Bern(p), each of an
independent Poi(n/2) size. For notational convenience, we replace n by 2n and denote by N7 and
N7 the number of times symbol 1 appearing in the first and second sample sequences, respectively.

logn

Covering the unit interval Let c be a sufficiently large constant and define ¢, := ¢=3—. Cover

the unit interval [0, 1] by three sets of nested intervals
Ij=cn [(5 - 1)% 5%,

I = [(5 =215z, G+ 1) = U Iy,

kK - - J+l *
I¥ o= [(j = 3)* 23, (j +2)°] = U I

where j = 1,... and in the union, /_5 and /_; are taken to be empty.
Let M, := 1/,/c,, be the number of intervals so that I, . .., I, form a partition of [0, 1].

Parameter ¢ and these intervals are chosen so that for all j € [M,,], if N1 /n € I; we can assume that
p €I and Ni/nel 7, and regardless of the value of p, with high probability we will be right.

Min-max polynomial approximation For each j € [M,], let z; := ¢, (j — 3)?1,;>3 be the left
end point of I**, and | I3*| := ¢, (j + 2)® — ¢, (j — 3)*1;>3 be the length of the interval I7*.

Then for any = € I7*, there exists y, € [0, 1] such that z = ; + [;*] - y,.. Let A be a small absolute
constant in (0, 0.1), and define the degree parameter as

dy = max{d eN: d-2%%4t2 < nA}.

Denoting
ri(y) =g (z; +171y)
we can find the degree-d,, min-max polynomial of r;(y) over y € [0, 1], say

dn
Fj (y) = Z aj’uyv~
v=0



By Lemma 4, for all v > 1, the following upper bound on |a;,| holds.

laj,| <235 sup  |g(z1) — g(22)|-

z1,22€07"

Noting that y, = |I7*|~! (x — x;), we can re-write 7;(y,.) as
dn
= Zaﬁ,|]j*|_”(x —x;)".
v=0
Piecewise-polynomial estimator g* By Lemma 5, for j € [M,,], an unbiased estimator of §;(p) is

v -1 N l/
Eg,(N1) Z%UU**\ oz, (N1) Z“ﬂ””**' vZ( )(_xj)vl 11 (nl_ n>
v=0

v=0 1'=0

For j > M, we denote
B3, (Ny) := Eg,, (min {Ny, ¢, (M, + 2)}).

Let T be a sufficiently large constant satisfying 7' > max,¢o,1) [9(z)|, and write [A]® instead of
min{max{A, a}, b}. Utilizing sample splitting, we estimate g(p) by the following estimator,

T
oo

F(NLND = S By, (N1 e+ > By (N)ssp, | g,

j=1 7' Eli—2:5+2) _r

1.3 Bounding the bias of G*

Recall that I3, ..., I, form a partition of [0, 1]. For any z € [0, 1], let j, denote the index j such
that z € I;. By the triangle inequality, the absolute bias of ¢* (N1, N{) admits

IE[g* (N1, ND] — 9(p)| < |35, (p) — g(p)| +|E [§" (N1, NY) — G5, (0)] |
Sygjp( |+E|:2T<]1N1€I*]1N1€I* +]lN1€I* >:|

The last summation has three terms. By definition, the first term is no larger than D} (n, p) /n. By
the Chernoff bound (Lemma 1) and the fact that p € I; , for sufficiently large constant c, the second
term is at most T'p/n®. Therefore, it remains to consider the third term. By the triangle inequality
and definition of ¢*, the third term is at most

Bn(g,p) :=|E [(ij—l(p) = 3,(p) ]lfjgez;p]

+ B[ @0 - 5,00 10y |
+ ‘E [(Eq (N1) = 35, (1)) 11116%} ’ + ‘IE [(Egjpl(Nl) ~ G5, 1(0)) 11116%} ’

+ ‘E |:(E§jp+1(N1) - gijrl(p)) ]]'Z\Llelj*fp:| .

We bound the first term of B, (g, p) as

< |E [g5,-1(p) = 35, )]

< |3j,-1(p) — 9(0)| + |9(p) — 3), (p)|
2D;(2n,p)

b

B (@510 3, 0) T |

IN

n

W



where the last step follows from the definition of D} (2n, p). The second term of B, (g, p) satisfies

the same inequality, and is at most 2D} (2n,p)/n. Note that the last three terms of B,,(g,p) are
clearly of the same type. Hence for simplicity, below we only analyze the first one.

For any j € [M,,], we can express Ej, (N1) in terms of h, ., (N1), i.e.,
dn

Eﬁj (Nl) = Z ajv |I;*|_1)h’l}7$j (Nl) .
v=0
In addition, recall that by definition,

dn
=Y aull 7 —2;)"
v=0

The linearity of expectation combines the above two equalities and yields

E[(By (M) = Fi0) 1y | = S i [(hue, (V1) = (0= 2)") T ]
v=0

Therefore, given integers a and b satisfying b > a > d,,, our new objective is to bound
INv,n<aa b;pvj) =FE [(hv,wj (Nl) - (p - xj)v) IlNle[a,b]] .

Bounding the magnitude of IN,, ,, For all integer s > 1, let us denote

oo )= 3 () oyt 30 el

=0 te[s—1,s—1]
We first relate IN,, ,, to H, ,, through the following lemma.
Lemma 9. For any two integers a and b satisfying a > b > v,

INU,n(av bapaj) = HU,,,,(a,p,j) - Hv,n(b + 17p,j)~

Proof. By the linearity of expectation and binomial theorem, we can rewrite the left-hand side as

INy(a,b,p, j) = Z (;’)(—xj)v—lE [(lﬂl (JXI - 2) —pl> ane[a,b]] :

1=0 1'=0
For each | < v, we evaluate the inner expectation as follows:

-1 -1
Ny ! t U\ _np(p)t —np (D)
(- 5) )] = 2 T ()t ot 5 ot
I'=0 t€[a,b] I'=0 t€la,b]
_ 1 ! —n (np)t l —n (np)t
=2 P TR 2. ° pT
te[a,b] te(a,b)
= el )
t€la—1,b—1] te(a,b]
1 —n (np)t ! —n (np)t
Y ety 3 el
te€la—l,a—1] te[b—1+41,b]

Therefore, to bound |IN, ,,(a, b, p, 7)|, we only need to bound |H, ,,(a, p, j )| and |[H, (b +1,p, j)|.
We shall proceed by relating these quantities to Ay, (a — 1) for [ =0,...,v — 1.

Lemma 10. For any integer s satisfying s > v,
s 1 vl

. - np
H’u,n(&p,])— " IZ _‘TJ U = 1h/l :cJ(S_l)
=0

Proof. The following recursive formula of binomial coefficients is well-known:

)=+



Utilizing this recursive formula, we can re-write the quantity of interest as

v—1
. v—1 v— —-n npt
Hv,n(&p’j)zz< l >(—xj) (+1)1+1 Z e p (D)
1=0

t!
te[s—1,s—1]

N ”il (1} ; 1) (—a;)"p! Z e_np(nTI!?)t

te[s—1,s—1]

v—1 v— —-n (np)
+ < )(—:vj) B T

t=s—(l+1)

—p-)Y ( I D D

=0 te[s—1,s—1]
v—1 S
N Z v — 1 x;) (DL —an
2 (s— (I + 1)
v—1
o _np (np)*~(HY
= (p - x])H’U 1,n S p7 + Z < > ) (l+1)pl+1e pm.

This equation establishes a standard recursive relation between H, ,,(s,p,7) and H,_1 (s, p, j).
To prove our desired result, we relate the second quantity on the rlght hand side to hy 1 4, (s — 1),

:enppz(v—l) NS 1)li(gzp_)(i)1_)ll)!
:enppz(v—l) Jo-n- lil((ﬁpl);__ll)!
—e nppz(vl) o1~ T2 (5= 1) = 1) (np)s—t

n! (s =1)!
5 v—1
— efnpp(np 1' <U 1) I’] (v—1)-1 H (5 1 ll)
<S 1’=0
(

s—1
= pe” P np) hy—1;(s —1).

(s—1)!

Substituting the last quantity into the previous recursive relation yields

s—1
. . —np \1WP
Hon(5:0.3) = (0= ) o 3) 4 9 (2 i (5 1),

with a base case Hy (s, p, j) = 0. Therefore, the principle of mathematical induction implies

g1’1}1

Y —71 np ’U
Hv,n(svpa]) - po—2 S—]_ 1 Z —.f] = 1hl wJ(S_l) O

Without loss of generality, we assume that clogn is a positive integer so that nz; € Z* for all j,
since otherwise we can modify the value of ¢ by at most 1 to fulfill this assumption. As an implication
of Lemma 10, for integer s such that s/n or (s — 1)/n is the end point of I (right end point if



Jp < 2), and sufficiently large constant ¢ satisfying clogn > d,

(np)* !
. —-n v—Il—1
|Hv,n(5ap7.7p)| = pe r (S _ 1)‘ ;(p - x7p) hl!a:jp (S o 1)
v—1
=Pr(Ny=s—1)-p Z(p — ;)" i, (s —1)
=0
p v—1
<3 > (p—aj,) iy (s— 1)
=0

P v—1
< Lo (1)

where the second last step follows from the Chernoff bound and the last step follows from Lemma 8
by setting § = |I J’-‘p*|. Under the same set of conditions, we can show that

‘ p o\ !
|Hv,n(sapvjp - 1)‘ < Ev (2|ij )
and

. P o v—1
|Hv,n(87p7.7p + 1)| < ﬁv (2|ij |>

Bounding the bias of g* Now we are ready to analyze the quantity of interest:

dn

= > a5l E [(h (1) = (r=)°) T, }
v=0 ’
dn

= Zaij|I;:|_”Ivan(nxjp+1,nl‘jp+47pajp)
v=0

’IE [(Egjp(Nl) ~35,(0)) H?GIJJ

dn
=) a1 (Hyn (0, 41,0, ) 1,52 — Hyn(naj, a4+ Lp,j))‘
v=0
d
- wr—v 2P v-l
> a7 (2|1;p*)
v=1

< f: 27T . 23.5dn <1> 2£U (2)1)—1
— 5
= 4c, ) N

Td,, - 245
<=

cnn®

IN

.p'

The same reasoning also shows that

_ Td,, - 245
‘]E |:(E§jp1(N1) - gjp_l(p)) ]l%e[; :| = T P
and
_ Td,, - 245
‘]E |:(E§jp+1(N1) - gjp+1(p)) 1%61; } ‘ < W - D
Consolidating all the previous results yields the desired bias bound:
T 3T'd,, - 2454 5
% ! n *
IE[g* (N1, N7)] — g(p)| < o ‘p+ e P+ EDg(2n7p)
p

5 s



1.4 Bounding the variance of G*

In this section, we establish the following bound on the variance of our estimator.
Lemma 11. For sufficiently large c,

72c(logn) , 2 877
Y. (Ly(2n,p))” - p+ perall 2

Proof. Since Var(X) < E[X?] and 1x - 1% = 0 for any random variable X, we have

Var(g* (N1, Np)) <

2
Var(g*(N1, Nj)) <E (g*(Nl,N{)]lwlg; ]lN—{eI* )
n P n Jp

2
e (v (1101, )

2

3 €lip—1dp+1]

+4T2-Pr( g1 0—5{ )
< ) E[Eﬁ,(zvl)HSTQ-Pr(]fe.ff;z)-

i'€lip—1,5p+1]
For sufficiently large c, the second term is at most 872p/n° by the Chernoff bound. It remains to
analyze ]E[E;j (Ny)] for j € [j, — 1,7, + 1]. By the Cauchy-Schwarz inequality,

dn 2
E[EZ (Ny)] (Z ajol 13| ho s, (N1)>
v=0

(Zlawlll** " (B m,wm)l)

Consider the inner expectation. If j,, < 2and j € [j,, — 1,7, + 1], then 2; = 0. By Lemma 6,
2(32clogn)?*~1p
B[y ., (N1)] < :

U,Tj n2v—1
This together with Lemma 4 and the definition of L} (n, p) implies that

E[EZ, (N1) (ngvu** " (Bm2, j<N1>])5>

d v—1
- ) * * k[ —V 32c logn 640(10g n)p
§ <Z (23.5dn+1Lg(2nap)|Ij |) |I] | <) -

n n
v=0

2

2

64c(1
S (dn25.5dn+1L*(2n7p))2 C( Ogn)p

n
If j, >2and j € [j, — 1, j, + 1], then by Lemma 7,
v—1
72¢%(1 242
E[h2, (V) < (720(logn)p) < ( c (ogn) jp> (720(logn)p).
I n n n

Analogously, ( d, 2

E[EZ (M) < | D lagull5 |~ (E[hz,z_,uvm)Q)
v=0

d . v—1 2
- * Hok *3k | —V 3- 21'50(10g n)j 72C(10g Tl)p
<§ (2354 Lx (2n, p)|17*]) |17 ] (P) fealoen)p

n n
v=0

IN

72c¢(1
< (dn24'5d"+1LZ(2n,p))2 e Zgn)]?.

Consolidating the above results yields the desired bound. O



1.5 Sensitivity bound

Incorporate our sampling scheme, we define the sensitivity of an estimator § as the maximum possible
change in its value when an input sequence is replaced by another that differs in exactly one location,

S(g) == max{‘g(mm) - g(ym') :m,m’ € Z, 2™ and ym/ differ in one location} .

By construction, sensitivity upperly bounds n-sensitivity, i.e., S(§) > S(g,n) for all n. Due to
sample splitting, replacing the given sample sequence X" by a sequence that differs in at most one
location could change Ny, Ny, or both, by at most one. In other words, to bound the sensitivity of §*,
we need to bound the change in the estimator’s value when we modify N; or N; by one. We proceed
as follows. If the value of N; increases or decreases by one, we need to consider the following two
types of differences:

D_gyl)(nvj7 S) = Eﬁj (S) - Ef]j (8 - 1)v
for s satisfying s — 1,5, or s+ 1 € nI7*, and
DéQ)(n,j, 5) = Eg,(s) — Eg,_,(s — 1),

for s satisfying s € nl;*; N nl;*. If the value of V- 1 increases or decreases by one, we need to
consider the difference:
Dg?’) (n,j, s) := Ej, (s) — E@j—1(3)>

ford s §altcilsfying s € nl;* Nnl;*. The triangle inequality relates this quantity to the previous two
and yields

D) (0, 3,8)| = | Eg, () = B, (s = 1)
< |Ej,(s) — Ez,(s — 1)| + |Eg, (s = 1) — Eg,_, (s — 1)
= ‘]D)gl)(n,j,s)’ + ‘]D)S(]Q)(n,j,s - 1)’ .
Hence to bound S(§), we only need to derive upper bounds for |]D§1)| and \ID)E,Q) |, which we refer
to as the type-1 and type-2 differences, respectively. In Section 1.5.2 and 1.5.3, we show that both

quantities are at most Sy (2n)/n'~*. Given this, and a Poisson-sampling McDiarmid’s inequality
derived in the next section, we establish the third inequality in Theorem 4.

1.5.1 From bounded difference to concentration

In this section, we establish a McDiarmid’s inequality for Poisson sampling, showing that small
sensitivity still implies strong concentration under formulation. We believe that this result is of
independent interest. Specifically, we show that for any p € Ay, N ~ Poi(n), XV ~ p,

Lemma 12. For any error parameter ¢ € (0, 1) and estimator f satisfying S ( f )>1/n,

Pr (‘f(XN)_]E {f(XN)H >5) < 4exp <_2n@i:5'2(f))2>

Proof. By the linearity of expectation and triangle inequality,
E[f(X™)] = E[f(X™)]| < S(f), ¥m.

Therefore for any m,

ELf(X™)] —E[f (X)) =

Y E[f(XY)] - Pr(N =) — E[f(X™)]
t=0

— S (EF(X)] — E[f(X™)]) - Pr(N =1)
t=0
< S(F) S|t —m]-Pr(N =1).

10



We consider the last summation and simplify it as follows:

>t —m|-Pr(N =t)

0
=Y (m-t)Pr(N=t)+ > (t- N =t)
t=0 t=m
=mPr(N <m) Ztexp +Ztexp ——mPr(N>m)

mPr(Ngm)—nPr(NSm—l)—!—nPr(NZm—l)—mPr(NZm)
(m —n)(Pr(N <m) —Pr(N >m)) + n(Pr(N =m) +Pr(N =m —1)).

Note that the second quantity on the right-hand side satisfies

Pr(N=m)+Pr(N=m—-1)<Pr(N=n)+Pr(N=n-1)

n

< Qexp(—n)%
<1
TV
Consequently we have
E[f(X™)] = E[f (XM < S() DIt —m|-Pr(N =1)
t=0

< S(f) ((m —n)(Pe(N < m) ~ Pr(N > m)) + V)
S(F) - (fm — n| + v/n).

Next, let £ € (0, 1) be a constant to be determined later. The probability of interest satisfies
(-2 o]
_ ijPr (7™ = BIFGE)| > €) Pr(y = m)
§Pr_(N¢n[1—s’,1+E’])+ S Pr([fxm) ~EFEN)| > 2) Pr(N = m).

men[l—e’,1+¢’]

We can easily bound the first term through the Chernoff bound. For the second term,

> pr(|feem —EFem)| > e - [EIFO0)] ~ EIF(X)|) Pr(v = m)

men(l—e’,14¢€’]

< Z Pr( fx

men[l—e’,1+¢’]

< 2exp <_ (e = S(f)(ne' + \/@)2) ,

(X™) ~E[f*(X™)]| > & = S(f)(ne’ + V) ) Pr(N = m)

n(1+e)(S(f))?

where the last step follows from the McDiarmid’s inequality. Next, setting

d=—° ¢ (O, 1) ,
2s() -~ \ 2

we can rewrite last term, with the multiplicative factor of 2 removed, as
o n / 2 e _ £1)2
o [LE= S+ P\ (5= RS
n(l+¢)(S(f))? n(1+¢)(S(f))?

11




Hence, it suffices to obtain tight upper bounds on the right-hand side quantity, for which we consider
the following two cases. If the parameter ¢ is relatively large such that

e > 4v/nS(f),

the quantity of interest is at most

(_ (5 —VnS(f))? ) _ (_ £2 )
exp —— | £ exp —_— | .
n(1+e)(S(f))? 32n(S(f))?

Otherwise, we have £2/(32(S(f))2) < 1/2, implying

g? 1
2exp| ————— | =2 2exp|—= ) > 1.
32n(5(f))? 2
Consolidating previous results, we get

Pr ( PN B [f*(XN”)” > 5)

< 2exp <_32n(5(f))2> +Pr(N" gn[l —¢',1+¢'])
I ex —ln 2
<2exp< 32n(S(f))2> 2 p( 3" >
2 2
< 2ex fgiA 2 ex fgiA
e ( 32n(S(f))2> e ( 12n(S(f))2>

&2
<4exp (W) . O

1.5.2 Bounding the type-1 difference

The following lemma provides tight upper bound on the type-1 difference.
Lemma 13. For s satisfying s — 1,s, ors+ 1 € nl’*,

d. . 945d,+1
n

|5, () = B, (s = )] < L:(2n).

n
Proof. Recall that
“ (v _ s U
o= () T )

1=0
The difference between h,, -, (s) and hy, ;; (s — 1) is

e, (5) — oy (s 1) = 3 (flj)(_xj)v_l ﬁ (2 ) Zn) ) ﬁ (8;1 . 2))
)

“ (v ol s
=3 (e (G- 7)
1=0 =1
v—1 -1
v v—1 s—1 U
— 2 _ e \(v=1)= _
(e I ()
1=0 1I'=0
= Ehvfl,a:j (S 1)

12



By Lemma 4 and the definition of L} (2n),

lajul <2%50 2. sup |g(z1) — g(z2)| < 2% L (2n)| 1.

21’2261;*

Therefore, the quantity of interest satisfies

|E§j (8> | -

Za]l1|l** 1JLJ( )_h’U,.LJ(S_l))|

Z%UU**\ v2 hy—12,(s = 1)

23.5dn+1

L (zn)ujﬂzv\[;*rv Q)

IN

23 Sdp+1

< L* 2n) ZUT’ 1
v=1
d,, - 94-5dn+1

L;(2n),

where the third last inequality follows from Lemma 8 by setting 6 = |1 i |, and the last inequality
follows from Zi’;l 20—l <, - 29n, O

1.5.3 Bounding the type-2 difference

In this section, we show the following upper bound on the type-2 difference.
Lemma 14. For s satisfying s € nl;*, Nnl;",

4 - 24.5dn
|Eg,-.(5) = Eg,(s)| £ ————Dj(2n).

n

Proof. Note that Ej5, | (N;) — Ej3, (N;) is an unbiased estimator of (§;_1 — g;) («). For simplicity,
denote G;(x) := (gj—1 — §;)(x) and I} := I*, N I7* = ¢, [(j — 3)*1;>3, (j + 1)2]. Then we
have |g;(z)| < 2D} (2n)/n forz € Ij\. Let

x; =cn(j — 3)211]-23
be the left end point of T2, and
1L} == cn(G+1)* = ca( — 3)% 1523
be the length of T JA Forany z € T JA, there exists y, € [0, 1] such that

A
x =+ |15 |ye.

Since x — ¥, is a linear transformation, there exist coefficients b;,,,v = 0,. .., d,,, independent of z,
such that
dn
j(z) = Z ijy;'
v=0

By the definition of g; () and the triangle inequality, we can deduce that |g;(z)| < 2D} (2n)/n for
alx el jA Furthermore, according to Lemma 4,

24.5dn
bl < 2Dy (2)

Substituting y,, by |IJA|_1(x — x';), we can re-write g;(z) as
dn
A —v v
= ijv\lj | (ac — x;)
v=0

13



Consequently, we have the following equality:
(Ef?j—l - E{?j) (s) = ijvuj{\‘ivhv,x; (s).
v=0

Therefore, for all s € nl j\,
dn
|(E§j71 - Egj) (S)| - ijv|ljf'\‘7vhv,$; (5)
v=0

v

dn 3.5d *
2.235mpx(2m)

<D IR @A)

v=0

23'5d"D*(2’n,) dn
§ g Z 2’U+1

n v=0

4 - 24.5(1" .

———D;(2n). O
2 Proofs of other theorems

2.1 Proof of Theorem 5

Let 7 € Ay, be an arbitrary distribution and XV be an i.i.d. sample sequence from 7 of an independent
N ~ Poi(2n) size. Applying sample splitting to XV, we denote by N; and N/ the number of times
symbol ¢ € [k] appearing in the first and second sub-sample sequences, respectively. Applying the
technique presented in Section 1.2, we can estimate the additive property

f(p) = Z fi(pi)

i€[k]

= fi (N, N)).

i€[k]

We start by bounding the bias of f*. Fix A € (0,1/4) and let T be a sufficiently large constant
satisfying 71 > max; e[y max,e(o,1] |fi(z)]. The results in Section 1.3 and triangle inequality imply

by the estimator

ELf* (X)) - /(7)) S FH (NN Zfz p)| < D [BLA (N NDL = i)

i€ (k]
T 3Td,, - 24-5% 5

< g = 4 I D )
= Z (TL5 Di + e 1d pi + nDﬁ(Qﬂ,]%))

i€ (k]

T | 3Td, -2*%" 5
=4+ — 4 - D% (2n, p;

n5+ cnn® +nz 7. (2n:pi)

i€ (k]

T
< = D3 (2n,p;
_n5+cn4logn EX[I;] 7 (2. pi)

Next we analyze the variance of f *. Due to Poisson sampling and sample splitting, all the counts V;
and N/, i € [k] are mutually independent. Therefore, by Lemma 11 in Section 1.4,

Var(f*(XN)) = Var | 37 i (N N)) | = Var (F(Vi, N)))
i€[k] i€[k]
72c(logn . 2 8712
<> (ng—fﬂ ) (L7, 2np))" pit —5 'Pi)
i€ k]

872  T72c(logn) . 2
=—5+t . Z (L%, (2n,pi))" - pi-

nb
1€ (K]
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To characterize higher-order central moments of f *, note that changing one sample point in XV
would change the counts N;, N/, or both for at most two symbols. Hence, according to Section 1.5,

for a given n the sensitivity of f *, also defined in the same section, satisfies

. dmax;e ) S, (2n)

S(7) < ———r5
This bound together with Lemma 12 yields
s N s N Tll_2>\€2
Pr(|frx™) —E[f1(xV)]| > ¢) < dex e 5 @R )
g fi

2.2 Proof of Theorem 1

Recall that an additive property f is a Lipschitz property if all the f;’s have uniformly bounded
Lipschitz constants. Our proof of Theorem 1 relies on the following lemma, which corresponds
to Theorem 7.2 in [3] whose proof is completely constructive. In other words, there is an explicit
procedure to compute the polynomial described in the following lemma.

Lemma 15. There exists a universal constant C' such that for any degree parameter d € Z and
1-Lipschitz function g over an arbitrary bounded interval I := [x1, x3), one can find a polynomial §
of degree at most d satisfying

19(z) — g(2)| < W,vx el

We restate Theorem 1 below under Poisson sampling. By the results in [9], this suffices to imply the
corresponding result under fixed sampling, where the sample size is fixed to be n.

Theorem 1. If f is an L-Lipschitz property, then for any p € Ay, N ~ Poi(n), and XN ~ p,

’]E[ } ﬁ)’ Z nlogn nlogn

and
[k N L2
Var(f1(XV) < —

Proof. Without loss of generality, we assume that all the f;’s have Lipschitz constants uniformly
bounded by 1. The derivations in Section 1.3 and 2.1 imply

E(f* M<—+Z max(fog (1) = f ()]

i k] €ljp; —Lodp; +

Here, for 5 > 3, we choose fi,j/ (z) to be the min-max polynomial defined in Section 1.2; for 5/ < 3,
we employ the polynomials used in Lemma 15 instead. Note that the latter polynomials may not be
the min-max polynomials. However, this would not affect our analysis as our proof in Section 1 also
holds for these polynomials (simply change the definition of D} (2n, p)).

For any symbol 7 satisfying j,, < 3,

logn
z |1j:|(pi —0) n Pi i
max () — fi(p)] < max = = —.
j’e[a‘pfl:jpﬁl]'f” (i) = Ji(po) ™ 3 €lip; Loy +1] dn, logn nlogn

On the other hand, applying Lemma 15 and the definition of min-max polynomials to our case implies
that for any symbol 7 satisfying j,, > 3,

. 1] _ i
max it (Di) — Jilps S max =
j E[Jpl 17]p7+1] ‘f )] (p ) f (p )‘ j’e[jpi_lmjp,y"_l] dn n
and 1
*ok ogmn .
= Ipi = [(]IM - 3)27 (jpi + 2)2]’
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or equivalently,
Jps € npi 2, _npi +3| c npi 2.4 np; .
' clogn clogn clogn clogn

7 ' 1 np; D
mas | Fog () = filp)| S 7 < 4\/ 5¢

J'€lip; —Lydp; + clogn nlogn’

Therefore,

The above result together with the Cauchy-Schwarz inequality implies

<7 2,/
[ ﬁ’ +Z€Z[£] nlogn [k] nlogn nlogn

where the second inequality follows by observing va + b < y/a + V/b. Analogously, by previous
results, we can bound the variance of f* as follows,

s 1 logn N 2
Var(f*(X™)) < o + TI=3% (Lfi (271;1%')) “Di-
i€[k]

By the definition of L}, and the assumption that f; is 1-Lispchitz,

L} (2n,p;) =  max " { sup Wy)_m} <1

J'€lip;—1 x7y€I;,*7\yfa:|21/n |y - J}|
Hence,
N 1 logn 1 logn 1
* N
Var(f*(X7)) ? 1-3x Z Pi < — nl-3% < pl—ax H

2.3 Private property estimation

According to [1], we can construct a differentially private property estimator fg,, by first applying f *
to the sample sequence, and then privatizing its estimate through adding Laplace noise. The following

lemma characterizes the sample complexity of f/,, and enables us to upper bound the private sample
complexity of estimating general additive properties.

Lemma 2. There exists a universal constant c* such that
C(fipr26,1/3,20) < CZ {cf(f*,a, 1/3) + min {n . S(f*,n) < sa}} :
The right-hand side also upperly bounds C'(2e,1/3,2a).

By Theorem 5 in the main paper, for f *(X™) to achieve an accuracy of € with probability at least
2/3, for all p € Ay, it suffices for the sampling parameter n to satisfy the following three conditions:

3 $-a Toz 12
n > <4T>7 n > %, and n > 16ylog 12 , Vi.
D3 (n) € S%.(n) €

where T is a uniform upper bound on | f;(z)|, Vi € [k], z € [0, 1]. To further make the estimator’s
n-sensitivity smaller than ae, the sampling parameter n should also satisfy the condition:

ni=A 1

St (n) — ae

Define ns(2¢, 2a) as the smallest n satisfying all the four inequalities above. Then,

Theorem 6. The (¢,1/3, «)-private sample complexity for any additive property | satisfies
Cy(e,1/3,a) < ny(e, o).
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2.4 High-probability property estimation

In this section, we present tight upper and lower bounds on the (e, §)-sample complexity of estimating
various properties. The error parameter € can take any value in (0, 1). All the upper bounds follow
from Theorem 5 in the main paper. Below we focus on deriving the lower bounds.

Shannon entropy
For any absolute constant 3 € (0,1),

k 1 log?k
% ilog-=- < .
ok + log 5 T2 S Cy(e,9)

The first part of the lower bound follows directly from [9]. To show the second part of the lower
bound, let &’ € (0,1) be a parameter to be determined later, and consider the following [9] two

distributions in Ay,
L (1= 1—-¢ 2+¢
PE=A8k—1)" " "3(k-1) 3

and

L 1 1 2
Pr=\se—1) 3k —-1)3)
The entropy difference between these two distributions is

1—¢ 1—¢ 24, 24 1 1 2, 2
H(p) — H(py) = 1 1 —glog g —glog g
(P2) = H(p1) = ——log 5=y + —5—log —5— — glog gy — g log 3
’ 1—¢ 2 ! 2 !
— S og2(k — 1) + = log (1 — &) + “ L jog 21 E
3 3 2
E./
> 3 log(2e 1 (k —1)).

For sufficiently large k, choose ¢’ = 9¢/log(2e~!(k — 1)). The difference between H (py) and
H (p>) is at least 3¢.

On one hand, since p) and p, differ by 2¢’/3 in ¢; distance, any algorithm that distinguishes the
two distributions with confidence 1 — ¢ requires at least Q(E%2 log %) samples. On the other hand,
any entropy estimator f that utilizes C';(f,¢, ) samples can be used to distinguish p and p> with
confidence 1 — . This yields the desired lower bound.

Normalized support size

The lower bound follows from [8].

Power sum

For any absolute constants 5 € (0,1) and ¢ € (1/2,1),

ka 1 k272a
+ log — - S Cy(e, 6
Eilogk g5 2 1(€:9)
and
ks o= ]
Cr(e,9) S 1@ + (lo ) .
1(&:9) ea logk 55 &

The first part of the lower bound follows from [5]. Analogously, to show the second part of the
lower bound, let £ € (0, 1) be a parameter to be determined later, and consider the following two

distributions in Ay,
L 1—¢" 1—¢” 24¢"
Pe=\8k—1)"""3k-1) 3

and

Vo = (3(k11)""’3(k11)’§)'
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The difference between the power sums of these two distributions satisfies

s -sisr=-b (o) + () 0 (35 (5
e () - ()

Q) () (o (3)

’ (k—1)'=*—2%).

ag
>
—2-39

For k that is sufficiently large, choose parameter ¢” = 6e - 3"/ (a(k — 1)'~* — a - 2%). The differ-
ence between P, (p>2) and P, (p3) is at least 3e.

The desired lower bound follows from the same reasoning as in the Shannon-entropy case.
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