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Figure 9: SAC with and without output normalization. SAC in E' (no output norm) corresponds to
the canonical version presented in Haarnoja et al. (2018a). Mean and 95% confidence interval are
computed over eight training runs per environment.
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Figure 10: Comparison between different actor loss scales (3). Mean and 95% confidence interval
are computed over four training runs per environment.
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Figure 11: Comparison between RTAC (real-time) and SAC in E (turn-based). Mean and 95%
confidence interval are computed over eight training runs per environment.
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Figure 12: RTAC with and without output normalization. Mean and 95% confidence interval are
computed over eight and four training runs per environment, respectively.
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B Hyperparameters

Table 1: Hyperparameters

Name RTAC SAC
optimizer Adam  Adam (Kingma & Ba, 2014)
learning rate 0.0003  0.0003
discount () 0.99 0.99
hidden layers 2 2

units per layer 256 256
samples per minibatch 256 256

target smoothing coefficient (1) 0.005  0.005
gradient steps / environment steps 1 1

reward scale 5 5

entropy scale («) 1 1
actor-critic loss factor (3) 0.2 -

Pop-Art alpha 0.0003 -

start training after 10000 10000 steps

C Proofs

Theorem 1. * A policy w : A x X — R interacting with RTMDP(E) in the conventional, turn-based
manner gives rise to the same Markov Reward Process as T interacting with F in real-time, i.e.

RIMRP(E,x) = TBMRP(RTMDP(E), 7). 3)

Proof. For any environment E = (S, A, u, p, ), we want to show that the two above MRPs are the
same. Per Def. 2 and 4 for TBMRP(RTMDP(E), ) we have

(1) state space
(2) initial distribution

(3) transition kernel

(4) state-reward function

S x A,
()3 — ),

/ p(se41]st, a0)8(arsr — a) w(alse a) da,
A

[ .0 w(alsisan) da
A

The transition kernel, using the definition of the Dirac delta function §, can be simplified to

p(5t+1|5t7at)/ d(aty1 —a) w(alsy, ar) da = p(siy1lse, ar) w(ary1|se, az). (15)
A

The state-reward function can be simplified to

r(st,at)/ m(a|z) da = r(s¢, ar). (16)
A

It should now be easy to see how the elements above match RTMRP(E, ), Def. 3. O

*All proofs are in Appendix C.
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Theorem 2. A policy w(als,b,a) = w(al|s) interacting with TBMDP(E) in real time, gives rise to
a Markov Reward Process that contains (Def. 10) the MRP resulting from m interacting with E in the
conventional, turn-based manner, i.e.

TBMRP(E,n) x RTMRP(TBMDP(E), ) 4)

Proof. Given MDP E = (S, A, i, p,r), we have ¥ = (Z, v, 0, p) = RIMRP(TBMDP(E), ) with

(1) state space Z =8x{0,1} x A, (17)
(2) initial distribution v(s,b,a) = p(s) d(b) 6(a — c), (18)
(3) transition kernel 0(St41,br1, arg1|Se, be, ar) (19)
{5(st+1 —8¢) 0(bey1 — 1) w(agya|se) ifby =0 (20)

p(ser1lse, ar) 0(bey1) m(apgalse) ifby =17
(4) state-reward function p(s,b,a) =r(s,a)b. 21

We can construct Q = (Z, v, k, ), a sub-MRP with interval n = 2. Since we always skip the step in
which b = 1, we only have to define the transition kernel for b; = 0, i.e.

K(Zt+1|2t) = 02(3t+17bt+17at+1|5tabtaat) (22)

:/ 0(841, 0041, 004118, 1,0") 0(s',1,0'|54,0,ar) d(s',a’) (23)
SxA

= [5 AP(8t+1|8/,a/) 8(biy1) m(apyals') 6(s" — s¢) m(a'[sy) d(s,a")  (24)

= / p(siy1|8e,a’) 6(bpyr) w(a'|se) da'. (25)
A
For the state-reward function we have (again only considering b = 0)
7(s,b,a) 21)2\1,(37[)70,) (26)
= p(s,0,a) —I—/ p(s',1,d") o(s',1,d'|s,0,a) d(s',a’) 27)
— SxA
= / r(s'ya’) 6(s" — s) w(d'|s) d(s',a’) (28)
SxA
= / r(s,a’) w(d'|s) da’. (29)
A

The sub-MRP (2 is already very similar to TBMRP(E, ) except for having a larger state-space. To
get rid of the b and a state components, we reduce  with a state transformation f(s,b,a) = s. The
reduced MRP has

(1) state space {f(z):z€Z} =S, (30)
(2) initial distribution /V(z)dz = / (8)d(b)d(a —¢) d(s,b,a) = p(s), @31
f74s) {s}x{0,1}x A
(3) transition kernel /fral(&z’|z)) dz' for almost all z € f~1(s;) (32)
S ]
= /n(z’|z) dz' for almost all z € {s;} x {0,1} x A (33)
{50411 % 40,1} x A
= Ap(st+1|st,a') m(a|s;) da’ (34)
(4) state-reward function ~ #(z) for almost all z € f~'(s). (35)
= /Ar(&a’) w(d’|s) da’, (36)
which is exactly TBMRP (E, ). O
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Lemma 1. In a Real-Time Markov Decision Process for the action-value function we have

q;erTMDP(E) (8t,a1,a1)="(5¢ ’at)+E5t+1 ~p(-|st,at) [Eatﬂ ~r (- Stg1,¢) [q;?rTMDP(E) (8t41,a¢,8:11)]] (6)

Proof. After starting with the definition of the action-value function for an environment
(X,A,u,p,7r) = RTMDP(E) with E = (S, A, u, p,r), we separate the transition distribution p
into its two constituents p and § and then, integrate over the Dirac delta.

q;erTMDP(E) (@1.a:) = q;irTMDP(E) (st,a¢.a) (37)

=71(80,0¢,00) B s, 1 ar1~p(150,00.00) Bary~m(Iser1,ae00) [GRrvpp() (514150041 ,8¢41)]] (38)

=r(sp,a) + /p(3t+1|5taat) /5(at+1—at) da41 dsi+1 (39)
s A

= T(3t7at)+/sp(3t+1|5taat) Ea,,~n(|se11,80) [qRrmpp(p) (St41:01,@141)] dsia (40)

O

Lemma 2. In a Real-Time Markov Decision Process for the state-value function we have

U;erTMDP(E)(Sta ap) = r(se, ar) + Es,y1~p(-ls0,a0) [Eatwr(~|8t, ay) [“}erTMDP(E)(St+1a"'t)]]~ )]

Proof. We follow the same procedure as for Lemma 1.

Vrnmpp(e) (&) = Vgnvpp(e) (St:at) (41)

= Eat"/ﬂ'('|5t,at) ["'(St At 7a’t)+E3t+1 »Qt4+1~p(-|St,at,at) [v}?rTMDP(E) ( St+1,0t+1 )H (42)

= T(Staat)+Eat~1r(~|st,at)[/Sp(st-H|5taat)[46(at+1_at) Vrtmpp(E) (St41,0t41) dag1 dseqq]
(43)
= T(Stvat)+ép(5t+1|5t,at) Ea,~n(|s0,a0) [VRrmpp ) (St41:6¢)] dsty (44)
O
Proposition 1. The following policy loss based on the state-value function
Liniopeyx = Bsyan~DBs, i mp(lsean) Dk (@ (-5t a0) || exp(Eyw(se41,-))/Z(5041))  (10)

has the same policy gradient as LfATfMDP( By L€

VWL%CIDP(E),W = V‘KL%IDP(E),W (11)

Proof. As shown in Haarnoja et al. (2018a), Equation 9 can be reparameterized to obtain the policy
gradient, which, applied in a RTMDP, yields

VWL%%DP(E)J = ]Emt,e[v‘lr(l()g“(hﬂ(xtv E)azt) - iVWQ(zta hr(-’”t» 5))} (45)
and reparameterizing Equation 10 yields
VaLiinipp(s)x = Bay o[ Va (1027 (he (€1, €),2) = YV Eq, ,, op(-a) 0 (st11, B (1, €))]] (46)

where h is a function mapping from state and noise to an action distributed according to 7. This
leaves us to show that

Va,@(Ts,a¢) = Vo, r(@e,0) +Va, Bz, p(lar.an) [V(@e41)] = YVa, Es,  op(cz) [V(St41,01)]
—_———

=0

“47)
which follows from the definition of the soft action-value function and simplifying quantities defined
in the RTMDP. O

15



D Definitions

Definition 7. A Turn-Based Markov Decision Process (Z,A,v,q,p) = TBMDP(E) augments
another Markov Decision Process E = (S, A, u, p,r), such that

(1) state space Z =5 x{0,1},
(2) action space A,
(3) initial state distribution v(s0,b0) = u(so) 0(bo),

. . . 5(5154,_1 - St) 5(bt+1 — 1) lfbt =0
4) transition distribution Sta1,b Sty by a) = ;
(4) q(Se41,be41]58, bt 5 ar) {p(st+15t7at) 3(bes1) ifb, =1
(5) reward function p(s,b,a) =1r(s,a)b.

Definition 8. Q = (Z,v,k,T) is a sub-MRP of ¥ = (Z,v, 0, p) if its states are sub-sampled with
interval n € N and rewards are summed over each interval, i.e. for almost all z

k(2']2) = K" (2|2) and F(z) =v§(2). (48)

Definition 9. A MRP Q) = (S, p, K, F) is a reduction of @ = (Z, v, k,T) if there is a state transfor-
mation f : Z — S that neither affects the evolution of states nor the rewards, i.e.

(1) state space S={f(z):z€ Z}, (49)
(2) initial distribution u(s) = /V(z)dz, (50)
f=1(s)
(3) transition kernel K(si1]s) = / k(2'|2) d2' for almost all z € f~*(s), (51)
“1(st41)
(4) state-reward function r(s) =7(2) foralmostall z € f~*(s). (52)

Definition 10. A MRP U contains another MRP ) (we write §2 < V) if U works at a higher frequency
and has a richer state than V but behaves otherwise identically. More precisely,

QO x VU <= Qisareduction (Def. 9) of a sub-MRP (Def. 8) of V. (53)

Definition 11. The n-step transition function of a MRP Q = (S, u, k,T) is

K™ (St4n|st) = / 5(Stqn|Stan_1)K" " (Stan_1/5¢) dStyn_1. ’ with k' = K (54)
s

Definition 12. The n-step value function v of a MRP Q2 = (S, p, k,T) is

vy (se) = 7(s¢) +/ /{(st+1\st)vg_1(st+1) dsiyiq. | with vsll =7 (55)
s

16



