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Appendix

A Notation

In addition to O(+) notation, for two functions f, g, we use the shorthand f < g (resp. 2) to indicate
that f < Cg (resp. >) for an absolute constant C. We use f =~ g to mean cf < g < Cf for
constants ¢, C.

B Oblivious and Non-oblivious sketching matrix

In this section we introduce techniques in sketching. In order to optimize performance, we introduce
multiple types of sketching matrices, which are used in Section 3. In Section B.1, we provide the
definition of CountSketch and Gaussian Transforms. In Section B.2, we introduce leverage scores
and sampling based on leverage scores.

B.1 CountSketch and Gaussian Transforms

CountSketch matrix comes from the data stream literature [CCF02, TZ12].

Definition B.1 (Sparse embedding matrix or CountSketch transform). A CountSketch transform is
defined to be Il = ®D € R™*™, Here, D is an n X n random diagonal matrix with each diagonal
entry independently chosen to be +1 or —1 with equal probability, and ® € {0,1}™*™ isanm X n
binary matrix with ®p,(;); = 1 and all remaining entries 0, where h : [n] — [m] is a random
map such that for each i € [n], h(i) = j with probability 1/m for each j € [m]. For any matrix
A € R4 T1A can be computed in O(nnz(A)) time.

To obtain the optimal number of rows, we need to apply Gaussian matrix, which is another well-
known oblivious sketching matrix.

Definition B.2 (Gaussian matrix or Gaussian transform). Let S = ﬁ -G € R™*™ where each

entry of G € R™*"™ is chosen independently from the standard Gaussian distribution. For any
matrix A € R"*%, S A can be computed in O(m - nnz(A)) time.

We can combine CountSketch and Gaussian transforms to achieve the following:

Definition B.3 (CountSketch + Gaussian transform). Let S’ = STI, where I € R**" is the CountS-
ketch transform (defined in Definition B.1) and S € R™* is the Gaussian transform (defined in
Definition B.2). For any matrix A € R"*%, S’ A can be computed in O(nnz(A) + dtm®~2) time,
where w is the matrix multiplication exponent.

B.2 Leverage Scores

We do want to note that there are other ways of constructing sketching matrix though, such as
through sampling the rows of A via a certain distribution and reweighting them. This is called
leverage score sampling [DMMO06b, DMMO06a, DMMS11]. We first give the concrete definition of
leverage scores.

Definition B.4 (Leverage scores). Let U € R™** have orthonormal columns with n > k. We will
use the notation p; = u? [k, where u? = ||e] U||3 is referred to as the i-th leverage score of U.

Next we explain the leverage score sampling. Given A € R"*¢ with rank k, let U € R"** be
an orthonormal basis of the column span of A, and for each i let k - p; be the squared row norm
of the i-th row of U. Let p; denote the i-th leverage score of U. Let 8 > 0 be a constant and
q = (g1, ,qn) denote a distribution such that, for each ¢ € [n], ¢; > Sp;. Let s be a parameter.
Construct an n X s sampling matrix B and an s X s rescaling matrix D as follows. Initially, B = 0™**
and D = 0°**. For the same column index j of B and of D, independently, and with replacement,
pick a row index i € [n] with probability ¢;, and set B; ; = 1 and D; ; = 1/,/q;5. We denote this
procedure LEVERAGE SCORE SAMPLING according to the matrix A.

Leverage score sampling is efficient in the sense that leverage score can be efficiently approximated.

11
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Theorem B.5 (Running time of over-estimation of leverage score, Theorem 14 in [NN13]). For any
e > 0, with probability at least 2/3, we can compute 1 + € approximation of all leverage scores of

matrix A € R4 in time O(nnz(A) + r*e=2) where r is the rank of A and w ~ 2.373 is the
exponent of matrix multiplication [CWS87, Will2].

In Section C we show how to apply matrix sketching to solve regression problems faster. In Sec-
tion D, we give a structural result on rank-constrained approximation problems.

C Multiple Regression

Linear regression is a fundamental problem in Machine Learning. There are a lot of attempts trying
to speed up the running time of different kind of linear regression problems via sketching matrices
[CW13, MM13,PSW17, LHW17, DSSW18, ALS'18, CWW19]. A natural generalization of linear
regression is multiple regression.

We first show how to use CountSketch to reduce to a multiple regression problem:

Theorem C.1 (Multiple regression, [Wool4]). Given A € R™*4 gnd B € R™ ™ [et S € Rs*™
denote a sampling and rescaling matrix according to A. Let X* denote arg miny ||AX — B||% and
X' denote argminy |[SAX — SB|%. If S has s = O(d/e) rows, then we have that

IAX" = Bl < (1 + )| AX™ - Blf%
holds with probability at least 0.999.

The following theorem says leverage score sampling solves multiple response regression:

Theorem C.2 (See, e.g., the combination of Corollary C.30 and Lemma C.31 in [SWZ19]). Given
A€ R"™ gnd B € R™™, let D € R"*™ denote a sampling and rescaling matrix according to
A. Let X* denote argminy ||AX — B||% and X' denote argminy |DAX — SB||%. If D has
O(dlog d+ d/e) non-zeros in expectation, that is, this is the expected number of sampled rows, then
we have that

IAX" = B} < (1 + )| AX™ - Bl %
holds with probability at least 0.999.

D Generalized Rank-Constrained Matrix Approximation

We state a tool which has been used in several recent works [BWZ16, SWZ17, SWZ19].

Theorem D.1 (Generalized rank-constrained matrix approximation, Theorem 2 in [FT07]). Given
matrices A € R"*? B € R"*P, and C € RI*Y, let the singular value decomposition (SVD) of B
be B =UgpXpVy and the SVD of C be C = UcXcV, . Then

BYUBUZAVeVA ), CT = argmin  ||A — BXC||p
rank —k X €RPXq

where (Up U;_AVCV(;r )i € R™*4 js of rank at most k and denotes the best rank-k approximation
to UgUp AVeVd € R™ 4 in Frobenius norm.

Moreover, (U BU;AVCVCT )i can be computed by first computing the SVD decomposition
of UBU;AVCVCT in time O(nd?), then only keeping the largest k coordinates. —Hence
BYUBUL AVeVA ) CT can be computed in O(nd? + np* + qd?) time.

E Closed Form for the Total Least Squares Problem

Markovsky and Huffel [MVHO7] propose the following alternative formulation of total least squares
problem.

min |C" —Cllr (6)

rank —n C’€Rm X (n+d)

12
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When program (1) has a solution (X, AA, AB), we can see that (1) and (6) are in general equivalent
by setting C’ = [A + AA, B + AB]. However, there are cases when program (1) fails to have a
solution, while (6) always has a solution.

As discussed, a solution to the total least squares problem can sometimes be written in closed form.
Letting C' = [A, B], denote the singular value decomposition (SVD) of C' by UXV T, where ¥ =
diag(o1, - ,0n+d) € R™*(+d) with gy > g9 > -+ > On+d- Also we represent (n+d) X (n+d)

matrix V as Vir Vio where Vi; € R™ " and V,y € R¥4,
Vor Voo

Clearly C = Udiag(oy,-++ ,0p,0,--+,0)V T is a minimizer of program (6). But whether a solution
to program (1) exists depends on the singularity of V5. In the rest of this section we introduce
different cases of the solution to program (1), and discuss how our algorithm deals with each case.

E.1 Unique Solution

We first consider the case when the Total Least Squares problem has a unique solution.

Theorem E.1 (Theorem 2.6 and Theorem 3.1 in [VHVOI]). Ifo,, > 0y41, and Vas is non- smgular
then the mzmmlzer C is given by Udiag(oy, -+ ,0,,0,---,0)V' T, and the optimal solution X is
given by V12V22 .

Our algorithm will first find a rank n matrix C' = [A’, B’] so that ||C’" — C||r is small, then solve
a regression problem to find X’ so that A’X’ = B’. In this sense, this is the most favorable case

to work with, because a unique optimal solution C exists, so if C’ approximates C well, then the
regression problem A’ X’ = B’ is solvable.

E.2 Solution exists, but is not unique

If 0, = 0,41, then it is still possible that the Total Least Squares problem has a unique solution,
although this time, the solution X is not unique. Theorem E.2 is a generalization of Theorem E.1.

Theorem E.2 (Theorem 3.9 in [VHVOI1]). Letp < n be a number so that o, > 0py1 = = Op+1-
Let V), be the submatrix that contains the last d rows and the last n —p + d columns of V. IfV,

is non- smgular then multiple minimizers C = [A B] exist, and there exists X € R"*? 5o that
AX =

We can also handle this case. As long as the Total Least Squares problem has a solution X, we are
able to approximate it by first finding C = [A’, B’] and then solving a regression problem.

E.3 Solution does not exist

Notice that the cost || c-C |%, where C is the optimal solution to program (6), always lower bounds
the cost of program (1). But there are cases where this cost is not approchable in program (1).

Theorem E.3 (Lemma 3.2 in [VHV91]). If Vay is singular, letting C denote [A, B), then AX = B
has no solution.

Theorem E.3 shows that even if we can compute C precisely, we cannot output X, because the

first n columns of C cannot span the rest d columns. In order to generate a meaningful result, our
algorithm will perturb C’ by an arbitrarily small amount so that A’X’ = B’ has a solution. This
will introduce an arbitrarily small additive error in addition to our relative error guarantee.

F Omitted Proofs in Section 3

F.1 Proof of Claim 3.1

Proof. Let C* be the optimal solution of min,, i _, cregpmxm+a [|C' — [A, B]|lr. Since
rank(C*) = n < m, there exist U* € R™**t and V* € R51*("+d) g0 that C* = U*V*, and

13
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Algorithm 2 Least Squares and Total Least Squares Algorithms

1: procedure LEASTSQUARES(A, B)
2 X < minx ||AX—B||F

3 CLs + [A, AX]

4: return Cpg
5
6
7

: procedure TOTALLEASTSQUARES(A, B)
CrLs < Mingank —n ¢ [|C = C'||F
return C'rpg

rank(U*) = rank(V*) = n. Therefore

min ||[U*V — C||% = OPT?.
V6R51X(7L+d)

Now consider the problem formed by multiplying by .S; on the left,

min  ||S1U*V — 5,03
V eRs1 %X (n+d)

Letting V' be the minimizer to the above problem, we have

V' = (5,U")'S.C.

Thus, we have

min |US.C —C|% < ||U*(S,U*)TS,C - C|%
rank —n UER™Xs1

= UV’ - C|%
<(1+o)|S UV - 8,C|%
<1+ oS U*v* —8.C|%
<1+ e |UVF - Clfi

= (14 ¢)>OPT?

where the first step uses the fact that U*(S;U*)1S; € R™*1 with rank n, the second step is
the definition of V', the third step follows from the definition of the Count-Sketch matrix S; and

Theorem C.1, the fourth step uses the optimality of V', and the fifth step again uses Theorem C.1.
O

F.2 Proof of Claim 3.2

Proof. We have

|U25:C = Cll3 < (1 +¢)|U25:CDy — CD1 |7

<
< (1+e)|U1S1CDy — CDy||%
< (1+€)?|U18:C - C||F,

where the first step uses the property of a leverage score sampling matrix D1, the second step follows
from the definition of Us (i.e., Us is the minimizer), and the last step follows from the property of
the leverage score sampling matrix D; again.

F.3 Proof of Claim 3.4

Proof. From Claim 3.2 we have that Us € colspan(C' D1 ). Hence we can choose Z so that CD;Z =
Us;. Then by Claim 3.1 and Claim 3.2, we have

||CD1Z510 — CH% = HUgSlC — CH% < (1 —‘1-6)4 OPT2.

Since Z; is the optimal solution, the objective value can only be smaller. O
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F.4 Proof of Claim 3.5

Proof. Recall that Z1 = arg min,, i, zerdxs1 |CD1251C — C||%. Then we have

|CD1228,C — C||F < (1+¢€)||D2CD1 225, C — DoC|| 7
< (1+€)[|D2CD1Z,5:C — D>C||3
< (1 +?ICD1215:C ~ C|7,
where the first step uses the property of the leverage score sampling matrix D, the second step

follows from the definition of Z5 (i.e., Z5 is a minimizer), and the last step follows from the property
of the leverage score sampling matrix Ds. O

F.5 Proof of Claim 3.6
Proof.

IC = Cl% =ICDy - Z - $:.C - C|I%
< (1 + 6)2||CD1Z1510 — CH%
< (14 0O(e)) OPT?

where the first step is the definition of C, the second step is Claim 3.5, and the last step is Claim
3.4. O

F.6 Proof of Claim 3.7

Proof. By the condition that C = [A AX], B = AX, hence X is the optimal solution to the
program min x cgnxa ||AX — B||%. Hence by Theorem C.1, with probability at least 0.99,

IAX - B|} < (1+€)|AX — B[} =0
Therefore o L N
I[A, AX] = [A, Bl|[% = ||[A, B] - C|% = |IC = C|%.
Then it follows from Claim 3.6. O

F.7 Proof of Lemma 3.8

Proof. Proof of running time. Let us first check the running time. We can compute C' = S5 - C by
first computing Ss - C'Dy, then computing (S2C D7) - Z, then finally computing S2C D1 755, C.
Notice that D; is a leverage score sampling matrix, so nnz(C'D;) < nnz(C). So by Definition B.1,
we can compute Sy - C'Dy in time O(nnz(C')). All the other matrices have smaller size, so we can
do matrix multiplication in time O(d - poly(n/e¢)). Once we have C, the independence between
columns in A can be checked in time O(sz - n). The FOR loop will be executed at most n times,
and inside each loop, line (21) will take at most d linear independence checks. So the running time
of the FOR loop is at most O(sz - n) - n - d = O(d - poly(n/e)). Therefore the running time is as
desired.

~

Proof of Correctness. We next argue the correctness of procedure SPLIT. Since rank(C') = n, with
high probability rank(C) = rank(Ss-C) = n. Notice that B is never changed in this subroutine. In
order to show there exists an X so that AX = B, it is sufficient to show that at the end of procedure
SPLIT, rank(A) = rank(C'), because this means that the columns of A span each of the columns of
C, including B. Indeed, whenever rank(Z*v[i]) < 1, line 25 will be executed. Then by doing line
26, the rank of A will increase by 1, since by the choice of j, A, ; + 6 - B, ;j 1s independent form

A, 1i—1]- Because rank(C') = n, at the end of the FOR loop we will have rank(4) = n.
Finally let us compute the cost. In line (10) we use ¢/ poly(m), and thus

A 52 N
2 < —— . ||B|I% <62 7
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We know that X is the optimal solution to the program min y cgnxa |S2AX — S, B |%.. Hence by
Theorem C.1, with probability 0.99,

IAX ~ B3 < (1 +¢ min_[SAX — S,B||% = 0.
X eRnXxd

which implies AX = B. Hence we have
I[A, AX] - C|r < |[A, AX] - C|lr + |C — C||r
=4, B]-C|p+C-C|r
<6+|C-Cllr

where the first step follows by triangle inequality, and the last step follows by (7). [

F.8 Proof of Lemma 3.9

Proof. We bound the time of each step:

1. Construct the s; x m Count-Sketch matrix S; and compute S;C with s; = O(n/e). This step
takes time nnz(C) + d - poly(n/e).

2. Construct the (n+ d) x dy leverage sampling and rescaling matrix D; with d; = O(n/€) nonzero
diagonal entries and compute C'D;. This step takes time O(nnz(C') + d - poly(n/e)).

3. Construct the do x m leverage sampling and rescaling matrix Do with d = 5(11 /€) nonzero
diagonal entries. This step takes time O(nnz(C') + d - poly(n/e)) according to Theorem B.5.

4. Compute Z, € R%*51 by solving the rank-constrained system:

min |D2CD1ZS,C — DyC||%.
rank —n ZeR41 %51
Note that DyC'Dy has size O(n/e) x O(n/e), $1C has size O(n/€) x (n+ d), and DyC has size
O(n/e) x (n + d), so according to Theorem D.1, we have an explicit closed form for Z5, and the
time taken is d - poly(n/e).

5. Run procedure SPLIT to get A € R*2*" and B € R*2*? with s, = O(n/e). By Lemma 3.8, this
step takes time O(nnz(C') + d - poly(n/e)).

6. Compute X by solving the regression problem min x cgnxa || AX — B||% in time O(d-poly(n/e)).
This is because X = (A)'B, and A has size O(n/e) x n, so we can compute (A)" in time
O((n/€)¥) = poly(n/e), and then compute X in time O((n/¢)? - d) since B is an O(n/e) x d
matrix.

Notice that nnz(C') = nnz(A) + nnz(B), so we have the desired running time. O

F.9 Procedure EVALUATE

In this subsection we explain what procedure EVALUATE does. Ideally, we would like to apply pro-
cedure SPLIT on the matrix C directly so that the linear system AX = B has a solution. However,
C has m rows, which is computationally expensive to work with. So in the main algorithm we
actually apply procedure SPLIT on the sketched matrix So C. When we need to compute the cost,

we shall redo the operations in procedure SPLIT on C to split C correctly. This is precisely what we
are doing in lines (24) to (27).

F.10 Putting it all together

Proof. The running time follows from Lemma 3.9. For the approximation ratio, let A, A be defined
as in Lemma 3.8. From Lemma 3.8, there exists X € R™*? satisfying AX = B. Since X is
obtained from solving the regression problem |[AX — B||%, we also have AX = B. Hence with
probability 0.9,
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Algorithm 3 Our Fast Total Least Squares Algorithm with Regularization

1: procedure FASTREGULARIZEDTOTALLEASTSQUARES(A, B, n,d, \¢, §) > Theorem G.7

20 514 O(n/e), sy « O(n/e), , s3 < O(n/e), dy < O(n/e)

3: Choose S € R*1*™ to be a CountSketch matrix, then compute S7C

4: Choose Sy € R*2*("+4) to be a CountSketch matrix, then compute C'S;

5: Choose D1 € R%*™ to be a leverage score sampling and rescaling matrix according to the

rows of C'Sy
6: Zl, Z2 — argminzleRnxsl,ZZGRSQXW IlchS;ZQlelc— chH% +)\HchS;ZQ||%‘ +
M| Z15:C|% > Theorem G.2
7: A, B, 7 + SPLIT(CS, , Z1,Z5,5,0,n,d, 5/ poly(m)), X + min||AX — B||r
8: return X

9: procedure SPLIT(CS] , Z1, Z, $1C, n, d, &) > Lemma 3.8
10: Choose S3 € R*3 ”Z to be a CountSketch matrix R o R
11: 6(—(530;5;)2221510 DC:CS;ZQlelc;6253C
12: A+ 0*7[71], B+ C*,[n+d]\[n] >A= C*’[n], B = C*,[n+d]\[n]; A= SgA, B = S3B
13: T+ 0, 7(i) =—1foralli € [n]

14: fori=1—ndo

15: if Z*yi is linearly dependent of Z*’[n]\{i} then

16: j Ininje[d]\T{Ew is linearly independent of A}, A, ; <+ Z“- +0- E*,j, T +
TU{j} (i) < j

17. return A, B, 7 > n] — {1} U ([n+d]\[n])

I[A, AX] ~ Cllr <6+ |0~ Cllr <5+ (1+O(e)) OPT,

where the first step uses Lemma 3.8 and the second step uses Claim 3.6. Rescaling e gives the
desired statement.

G Extension to regularized total least squares problem
In this section we provide our algorithm for the regularized total least squares problem and prove its

correctness. Recall our regularized total least squares problem is defined as follows.

OPT:= _ min IOV —[A, Bllle + MUl +AIVIE (8
AER’”X",XER"Xd,UE]RMX",VER"X“H’d)

subject to [A, AX] =UV

Definition G.1 (Statistical Dimension, e.g., see [ACW17]). For A\ > 0 and rank k matrix A, the
statistical dimension of the ridge regression problem with regularizing weight X is defined as

1
PRV P i N
et 14+ \/o;
where o; is the i-th singular value of A for i € [k].

Notice that sd (A) is decreasing in ), so we always have sd (A) < sdg(A) = rank(A).

Lemma G.2 (Exact solution of low rank approximation with regularization, Lemma 27 of
[ACW17]). Given positive integers ny,ns,r, s,k and parameter A\ > 0. For C € R™*",
D e R®*"2, B € R™*™2 the problem of finding

i CZrZsD — B||% + M|CZg|% + M| Zs D2
ZReRTj{})lgseka” R4S %+ AMCZr|% + Al Zs D,

and the minimizing of CZr € R™*F and ZsD € RF*"2, can be solved in
O(nyr - rank(C) + ngs - rank(D) + rank(D) - ny(ng + r¢))

time.
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Theorem G.3 (Sketching for solving ridge regression, Theorem 19 in [ACW17]). Fix m > n. For
A e R™", B c R and \ > 0, consider the rigid regression problem

min ||[AX — B||% + M| X|%.

XeRnxd
Let S € R**™ be a CountSketch matrix with s = O(sdy(A)/€) = O(n/e), then with probability
0.99,
Xmln |SAX — SB|% + | X% < (1 + 6) mln ||AX B|% + )| X%
€R
Moreover, SA, SB can be computed in time

O(nnz(A) + nnz(B)) + O ((n+ d)(sdr(A) /e +sdr(A)?)).

We claim that it is sufficient to look at solutions of the form C' S; Z9715:1C.

Claim G.4 (CountSketch matrix for low rank approximation problem). Given matrix C' €
Rmx(n+d) - Tot OPT be defined as in (8). For any € > 0, let S € R5*™, Sy € R%2%™ pe
the sketching matrices defined in Algorithm 3, then with probability 0.98,

min |CSy Z2Z15:C — C||% + M|CS] Zs||% + M| Z15:C||% < (1 + €)? OPT.
Z1ER™X 51, ZyeRs2Xn

Proof. Let U* € R™*™ and V* € R"*("+4) be the optimal solution to the program (8). Consider
the following optimization problem:

. * _ 2 2
pepin NV = Clle + AlVIE ©

Clearly V* € R™*("+4) i5 the optimal solution to program (9), since for any solution V' € R"*(n+d)
to program (9) with cost ¢, (U*, V) is a solution to program (8) with cost ¢ + A|U*||%.

Program (9) is a ridge regression problem. Hence we can take a CountSketch matrix S € R™ xm
with s; = O(n/¢) to obtain

. * _ 2 2
Lomin IS0V = SiCl + AV (10

Let Vi € R™*("+4) be the minimizer of the above program, then we know

v [507] [sic
1= \/X.I—n 0 )

which means V; € R™*("+4) Jies in the row span of S;C € R*1*("+4)  Moreover, by Theorem
G.3, with probability at least 0.99 we have

[U*V2 = Cllf + AVilE < A+ UV = CllE + AV % (11

Now consider the problem

min [|[UV; — C||% + AU |% (12)
UGRan

Let Uy € R™*"™ be the minimizer of program (12). Similarly, we can take a CountSketch matrix
Sy € Ro2*(n+d) with s, = O(n/e) to obtain

min ||[UV1Sy — CS, ||% + M|U||% (13)
UeRmxn

Let U; € R™*™ be the minimizer of program (13), then we know

o7 _ [V [saCT
1 - \/Xln 0 )
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which means U; € R™*" lies in the column span of C'Sy € R™**2, Moreover, with probability at
least 0.99 we have

1U Ve = CllF + AULIE < (1+X) - (1UeVa = ClIF + Al|Uoll)
< (14N - (U VL = ClIF + AU (1F) (14)
where the first step we use Theorem G.3 and the second step follows that Uy is the minimizer.
Now let us compute the cost.
[UsVi = CI% + MUL[E + AV F
= AVili% + (12 = Cl1F + AU 1)
< AVAlE + A+ (IU*Ve = CllE + AU |1F)
<L+ (AUTE + (U VL = Cll% + AVl 7))
<A+ (MU I3+ A+ (JUV* = Cll3+ AV*II3)
<1+ ([UV* — Cl% + MU 3+ AV*[13)
(1+¢€)?0OPT
where the second step follows from (14), the fourth step follows from (11), and the last step follows
from the definition of U* € R™*" V* ¢ R*(n+d),

Finally, since V; € R™*("+% Jies in the row span of S;C' € R***("+4) and U; € R™*" lies in the
column span of C'S; € R™>*2 there exists Z; € R"*1 and Z; € R*2*" so that V; = Z§9,C €
R*(+d) and U; = CS] Z5 € R™*™. Then the claim stated just follows from (Z}, Z3) are also
feasible. O

Now we just need to solve the optimization problem

min |C Sy Z2Z151C — C||3 + A|CS3 Za||3 + M| Z15:C % (15)
ZleRnXa‘lyZ2€R32Xn

The size of this program is quite huge, i.e., we need to work with an m x do matrix C'Sy . To handle
this problem, we again apply sketching techniques. Let D; € R% *™ be a leverage score sampling

and rescaling matrix according to the matrix C'Sy € R™*#2 g0 that Dy has d; = 6(71 /€) nonzeros
on the diagonal. Now, we arrive at the small program that we are going to directly solve:

min ID1C Sy 2,7151C — DiC|[3 + M| D1CSY Zs|[ 7 + M| 2151 Cll7 (16)
Z1ER"XS1 ZoeRs2Xn

We have the following approximation guarantee.

Claim G.5. Let (Z;,73) be the optimal solution to program (15). Let (Zy, Z») be the optimal
solution to program (16). With probability 0.96,

1S5 222,5,C = Cli + M|CS] Zalf + M| Z1S1C [
<(1+ (1087 23 2181C = Cll3 + A|CS; Z3 7 + M| 21 51 Cl[%)

Proof. This is because
1CSS Z:2,8:C = C|3 + A|CSY Za|3 + N 2151 C1%
<(1+6) (ID1C8] 2:218:C = DiCI[% + NIDiCS] Zalf3) + NI ZiSiCll3
<(1+e (||D105;2221510 — D.C|)% + N|DiCST Zo||% + A\\lelcn%)
<(1+e€) (|D1CS; Z5ZS1C — D1 C||3 + A|D1CS3 Z5 || + M| Z: 5. C||F)
<(1+ 2 (|CS] Z32$1C — Cl% + N|CS] Z3 1% + |21 .C%)

where the first step uses property of the leverage score sampling matrix D1, the third step follows

from (2 1, 22) are minimizers of program (16), and the fourth step again uses property of the leverage
score sampling matrix D;. O
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Let U = OS;/Z\Q,‘? = 21510 and C = UV. Combining Claim G.4 and Claim G.5 together, we
get with probability at least 0.91,

IOV —[A, Bl|3+ U3+ AIV]% < (1+¢)*OPT 17)

If the first n columns of C' can span the whole matrix 6’, then we are in good shape. In this case we
have:

Claim G.6 (Perfect first n columns). Let S35 € R*3*"™ be the CountSketch matrix defined in Algo-
rithm 3. Write C as [A, B] where A € R™*™ and B € R™*%. [f there exists X € R"*? 5o that
B = AX, let X € R"* be the minimizer of minx cpnxa || S3AX — S3B||%, then with probability
0.9,

1[4, AX] — [A, Bll% +AUI7 + MV[3 < (1+¢)' OPT

Proof. We have with probability 0.99,
|AX - B} < (1+ [ AX ~ B|} =0
where the first step follows from Theorem C.1 and the second step follows from the assumption.
Recall that C' = UV, so
1A, AX] = [A, Bl + MUl + AV
=0V — (4, Bl + MU[IE +AIVIE < (1+€)*OPT

where the last step uses (17). L]

However, if C does not have nice structure, then we need to apply our procedure SPLIT, which would
introduce the additive error 4. Overall, by rescaling €, our main result is summarized as follows.

Theorem G.7 (Restatement of Theorem 3.11, algorithm for the regularized total least squares prob-
lem). Given two matrices A € R™*™ and B € R™*4 and )\ > 0, letting

OPT = mir

L IUV —[A, Blll& + MUIE + MIVIZ,
UeRmxn V eRnx (n+d)

we have that for any € € (0, 1), there is an algorithm that runs in

O(nnz(A) + nnz(B) + d - poly(n/e))

time and outputs a matrix X € R™%4 such that there is a matrix A € Rmxn, U e R™*"™ and
V € R0 ) satisfying that ||[A, AX] — UV ||% < 6 and

I[A, AX] — [A, Blllr + AU + AV} < (1+¢) OPT +5

H Toy Example

We first run our FTLS algorithm on the following toy example, for which we have an analytical
solution exactly. Let A € R™*" be A;; = 1fori = 1,--- ,nand 0 everywhere else. Let B € R™*!
be B,,+1 = 3 and 0 everywhere else.

The cost of LS is 9, since AX can only have non-zero entries on the first n coordinates, so the
(n+1)-th coordinate of AX — B must have absolute value 3. Hence the cost is at least 9. Moreover,
a cost 9 can be achieved by setting X = 0 and AB = —B.

However, for the TLS algorithm, the cost is only 1. Consider AA € R™*™ where A;; = —1 and 0
everywhere else. Then C’ := [(A + AA), B] does have rank n, and ||C’ — C||p = 1.
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For a concrete example, we set m = 10, n = 5. That is,

OO DD WOD OO OoO O

OO O OO OO OoO
OO DO OO OO RO
OO OO OO O OO
SO OoOOoO OO OO O
OO OO OOO O

We first run experiments on this small matrix. Because we know the solution of LS and TLS exactly
in this case, it is convenient for us to compare their results with that of the FTLS algorithm. When
we run the FTLS algorithm, we sample 6 rows in all the sketching algorithms.

The experimental solution of LS is Crg which is the same as the theoretical solution. The cost is 9.
The experimental solution of TLS is Cy,g which is also the same as the theoretical result. The cost
is 1.

(> en el en e Nen e Neo el S

Crs = Ctis =

OO DD DODDODIDODDODODODO O
OO DD OO DOoDDODODO OO
OO O OWO OO OO

[N NoNoNolNoNoNoll )
SO OO OO OO
QOO OOO
OO DO OO ODOOO

[N e Nl e Moo NevNarll o an)
[N NoNo NNl o Na)
OO O OO O OO O
QDO ODOOHOOOO

FTLS is a randomized algorithm, so the output varies. We post several outputs:

m 0 0 0 0 0 7
0 05 05 0 0 0
0O 0 0 0 0 0
0 0 0 1 0 0
o oo 0 0 01 -03
FILS= 1o 0 0 0 —-09 27
0O 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |
This solution has a cost of 4.3.
r0o5 —05 0 0 0 07
-0.5 05 0 0 0 0
0 0 0 0 0 0
0 0 0.09 009 0 027
& | o0 0 0 0 0 0
FILS = | ¢ 0 082 082 0 245
0 0 0 0 0 0
0 0 0 0 0 O
0 0 0 0 0 0
L0 0 0 0 0 0 |

This solution has a cost of 5.5455.
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M5 05 0 0 0 07
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 O 0 O
c o 0o o 0o 1 0
FILS =10 0 0 —-09 0 27
0 0 0 O 0 0
0 0 0 0 0 0
0 0 0 O 0 O
L0 0 0 0 0 O]

This solution has a cost of 3.4.

I More Experiments

Figure 2 is shows the experimental result described in Section 4.1. It collects 1000 runs of our FTLS
algorithm on 2 small toy examples. In both figures, the z-axis is the cost of the FTLS algorithm,
measured by ||C’ — C||% where C” is the output of our FTLS algorithm; the y-axix is the frequency
of each cost that is grouped in suitable range.

500 : : : 200
400 150
300
100
200
100 >0f
0 0
0 2 4 6 8 0 50 100

Figure 2: Cost distribution of our fast least squares algorithm on toy examples. The z-axis is the cost
for FTLS. (Note that we want to minimize the cost); the y-axis is the frequency of each cost. (Left) First toy
example, TLS cost is 1, LS cost is 9. (Right) Second toy example, TLS cost is 1.30, LS cost is 40.4
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