A Proofs for Section 2

A.1 Proof of Theorem 2

Proof. We will first show, that under model (1), the plug-in estimator (7) satisfies:

0_4

Ep.a [L(Eaim, A)] = 7B, | (00 (Xo41) = (X))’ (13)

(62 + A)

This also establishes the upper bound on the minimax excess risk if 7, is chosen in a minimax
rate-optimal way for the regression problem.

To prove (13), we study the excess risk of this estimator conditionally on the covariate X,, 1 of the
n + 1-th observation:

Epn,a [(f(XYH-lv Zns1) = pins1)” | Xog1 = w]
o? ?
= Em,a <02 T AZ"H + mm(XnJrl) - Mn+1> | X1 = ZE]
A o2 o2 2
= Emoa (mzn+1 T (Xa1) = ans + — ((X1) m(xn+1))> | Xop1 = 4

4
- . - 2 - 7 3 - 2 -
= Em,a [(tm,A(Xn+17Zn+1) fng1) | Xnga ﬂf} + (02+A)2Em,A [((Xn41) = m(Xnt1))” | Xni1 = ]
The result follows by integrating over X,, 11 and rearranging. O

A.2 Proof of Lemma 1

The idea of the proof follows the general paradigm in derivation of minimax optimal rates [Tsybakov,
2008, Duchi, 2019] in which we reduce the original problem to a multiple hypothesis testing problem.
More concretely, let us fix two functions m1, ms € C and call the induced distributions P;,P;. Say
we have a denoiser ¢(x, z) that performs extremely well under m; with respect to the loss (3). Then
we will argue that it cannot do too well under ms. But then, given data (X1, Z1), ..., (Xp, Z,) we
may use the data-driven £(z, z) as a proxy for a hypothesis test: If its risk is small under 11, but large
under mo, we would guess that m is true and vice versa. Thus our task reduces to lower bounding
the performance of a hypothesis test. These ideas will be made concrete in the arguments that follow.

Our proof strategy begins by studying the pointwise excess risk:

L(t;m, A| 2) = Ema [(H(2, Zng1) — pns1)” — (tra@, Zny1) — Mn+1)2 | Xny1 =2 (14)

Lemma 9. There exist universal constants ¢ > 0,A > 0 such that when
|mi(x) — ma(x)| /Vo? + A < A (where x is fixed, yet arbitrary) it holds for all t that:

—~

4
o
L(t;mi, Al z)+ L(t;me, Al )] > c—m
(L, A 2) + Lt A ) 2 ¢ 50

(ma(w) — ma(x))”

N =

Proof. As a thought experiment, we consider the following generative model:

1
pnt1 ~ Go = 5 IV (ma(x), A) + N (m2(z), A)]
Znt1 ‘ Hn+1 ™~ N (Nn+1702)

Next consider the Bayes estimator for fi,, 1 under this prior, namely:

te, (2) = Eq, [tnt1 | Zny1 = 2] (15)
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Then, by definition of the Bayes estimator, it must hold that forany ¢ : X x R — R:

2 " 2
Eg, {(t(m, Zn+1) = fint1) } = Eg, [(tcw (Zns1) = bns1) }
In the preceding result we are really thinking of ¢ as the curried function ¢(z, -). Next, by definition
of G, the LHS of the above expression is the same as:

1
5 {Eml,A [(t(l‘7 sz+1) - Un+1)2 ‘ Xn+1 = Ji} + IEmz,A {(t(x, Zn+1) - .un+1)2 | Xn—i—l = Qf]}

Also observe that inf; {Eml}A {(t(a;, Zni1) = png1)’ | Xna1 = x} } = Ao?/(A + 0?) and simi-
larly for ms, hence upon subtracting Ac?/(A + o2) from the above expression and its preceding
inequality, we get:
Ao?
A+ o2

Hence to conclude we will need to show that there exist universal constants ¢, A > 0 so that if

|mi(x) —me(z)| /Vo? + A< A:

1
s ALEmL A7)+ L{tima, A 0)} 2 Ea, | (t6, (Zat1) = i)’

Ac? ot

— >
A+ = (24 A)

Ec, [(ts, (Zns1) = ins1)’] (mi(2) —ma(@))®  (16)

Note that the LHS depends on m; (z), ma(x) through the definition of G,.. We provide the calcula-
tions and complete the proof in Appendix A.3. O

Lemma 10. Let ¢ > 0, A > 0 the constants from Lemma 9. Then, for all my,ms : X — R, the
following implication holds for any t : X x R — R

4

: o 2, | (ma(e) — ma(w))”
L(t;mq, A) < cm / (my(z) —ma(x))" 1 { A < A2} dPX (z)

i ot () — o () (ml(x)—mg(x))2 2 X (g
— L(t,msz)>C(02+A)2/( 1 (2) — ma(a)) 1{ )=l < a2 b ap¥ (o)

7)

Proof. We use the result from Lemma (9), noting that L(t;m, A) = [ L(t;m, A | 2)dP~ ().

[L(t;mq, A) + L(t;mg, A)] = / % [L(t;my, A | x) + L(t;ma, A | )] dP (z)

DO =

2

= /% [L(t;m, A| @) + L(t;me, A | )] 1 { (m1(xg)2—+fff($))

0'4 2 mi\xr) — molT 2
_C(JZJrA)z/(ml(x)mg(x)) 1{( ((7)2+A( ) SAQ}dPX(x)

< A2} dPX (z)

Thus not both L(¢;my, A), L(t; m2, A) may be < than the RHS at the same time.
O

The above lemma allows us to prove lower bounds by reduction to hypothesis testing. In particular,
let us recall the statement from Lemma 1, now stated in slightly more generality and dropping explicit
notation for n in the constructed collection of functions {m, | v € V, }:

Lemma 1 (More general version). For each n, let V,, be a finite set and {m,, | v € V,,} C C be a
collection of functions indexed by V,, such that for a sequence §,, > 0:
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62 < /(mv(x) —my (2))° 1 { (my(2) = my (2))" < AZ} dPX (z) forallv # v € V,,Vn

" o2+ A
Then:
0'4 ~
M (C5 A,0%) 2 — "y 02 inf P [V # V3
(62 + A) Vi

Here, inf v, P[V,, # V3] is to be interpreted as follows: V,, is drawn uniformly from V,, and condition-
ally on'V,, = v, we draw the pairs (X;, Z;)1<i<n from model (1) with regression function my, ,(-).
The infimum is taken over all estimators V,, that are measurable with respect to (X;, Z;)1<i<n.

Note that the original statement of Lemma 1 is subsumed by the above statement. We are ready to
prove Lemma 1.

Proof. Our construction closely follows Duchi [2019] and recent advances in proving minimax
results for general losses; see for example [Agarwal et al., 2009]. To start, we fix an estimated

denoiser t,,(z,2) = t,, (v, 2; (Xi, Zi)1<i<n) and define 8, 4 , = 61/2%57” where ¢ is defined

in Lemma 9. Next, focusing on one v € V, we get by Markov’s inequality:

]Emv,A [L(fna My, A)} > 52 ]P)mu,A [L(fna mva) > 53%,4,0]

n,A,o

‘We next construct an estimator f/n of V,,, namely we let:

V,, = argmin, ¢y, L(,;m,, A)

Notice that by Lemma 10 and the assumption of the current Lemma, if the truth is m, and
L(tn;my, A) < 82 4 . then we definitely guessed correctly, in other words:

L(tnmy, A) <02 40 = V=0

But taking the complements:

V, v = L(tn;m,, A) > 62

n,A,o

In terms of probabilities this implies that
Py [LlEnimy, A) > 62 4 ] > Pr, g [f/n 4 v}
Combining with our original result, and averaging over all v, we see that:
sulé {Em [L(fn;m,A)]} > Su‘? {EmU’A [L(fn;mv,A)]}
me veVy,

> ‘71| Z IEmv,A [L(fnymvaA)]
n vEV),

> 02 4, {Wln > Pua [V # 0] }

veEV,
— 62, P [ffn > Vn]

> 02 40 infP Vo # Vi
T
Recall the definition of 62 and that £,, was arbitrary to conclude. O

n,A,o
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A.3 Proof of Lemma 9

Proof. 1t only remains to prove (16). To this end, let us note that the result is essentially univariate;
i.e. we may consider the following model:

1
Z|p~N(u,0%)

In this model, we want to prove that the Bayes risk of the Bayes estimator t(Z) = Eg [ | Z]
satisfies the following inequality (¢ > 0, A > 0): When |n; — 72| < Avo? + A it holds that

(18)

Ac? ot
5 (m —12)° (19)

Iy [

The calculation is facilitated by Lemma 11, which states that Eg [(tE(Z) — N)Z} =

o2 [1 —a?I( fg)] , where f, is the marginal density of Z in (18) and I( f,) is the Fisher information

fo(@)?
J @ dx.
For the problem at hand, without loss of generality, we may take 171 = 0, 72 = 1 > 0. Then the
marginal distribution induced by g is the mixture % [N (0,02 + A) + N (n,0% + A)], i.e. the pdf

fg(-)is:

Therefore, letting £(u) = exp(u)/(1 + exp(u)) the logistic function, we see that:,

@) _ 1 mo-Gomew(FEEE) Ec ==
- 2 2 4oma - 2 - ' 2
fo(x) o>+ A 1+exp(2(7’02f12)) o2+ A 2(0? + A)
Thus:
fg',(x)2 1 [ 9 9 9 (772+2nx) (772+277x)]
= _|— .f _— _2 .E - @
fo@? ~ (e yar [t 2(0% + A) T 202 1 A)

Then, letting & = z/vV A+ 02,7 =n/VA+ o

_ 1 1 —n? + 2nz —n? + 2nz
0= s 7 O () 2 () |

(o) enl 5275
e e (22 (232

(oo () v (-557))

Thus we may write I(f,) = ﬁC(ﬁ), for some C(77), which we now turn to study. Our first
observation is that C'(0) = E [)?2] = 1 where X ~ N (0,1). We claim that:
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N 2
C(ﬁ)zl—z‘f'o(ﬁ )
To this end, we break up C(7n) into 6 components upon distributing terms, calling them

Iy, Iy, Iy, 15, 115, 1115, where the subscript corresponds to integrating over X ~ N (0,1) or
X ~ N (ii,1).

loi=Eo |X2] =1, Ij:= By [X2] =147

IIO = EO

i+ 2%\] _ 7
7?02 <77+27)>1 = % + o(7?) (dominated convergence theorem)

~2 =Y =2
- -1 + 20X ~
]:I7~7 — Eﬁ [WQ '62 (77277>‘| = 731 + 0(772)

We may see the last result for example as follows, again using dominated convergence (7 — 0):

—i2 + 271X
()

To bound I, it will be convenient to note that by Taylor’s theorem it holds that £(u) = 3 +%+O(u®);

2
in fact [£(u) — 3 — %| < |ul’. Thus:

11

1
= Z +0(1)

2

P (—ﬁ2 +2ﬁ<)?+ﬁ>>

;- gt to ((—ﬁ2 +2ﬁ)?)3)

£<—ﬁ2+2ﬁ)?> 17X
2

, and so (one may check that again dominated convergence applies):
[~ (=i + 27X
MMl : — —2iik, | X¢ (’7*277 — 925,

(1 #? X
:—277E0X<—n+77>

(155 osr )

— ok, |(E+7) (2 - %2 + ’W) + 0 (X + ) (=7 +20(X +)°)
— 2, :(5( + ) (; - %2 + ’7@: ﬁ)) + (i)
= —2j (Z %3 + ﬁ(ﬁ24+ 1)> + o(77)
= 3T 4 o)
Add up to get :

~2
[lo + o + I + 15 + 17 + 1115 = 1 — % + o(7?)

N |

Cn) =
Then the regret is:
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o2 [1—021(fg)]_A702 2 (1_020(77))_ Ao?

o2+ A o2+ A o2+ A
2 o Ao2
= 1- -2 (1-T o)) | - 22—
7 [ o2+ A 4+0(7]) o2+ A
ot 1, ot 9
_02+A1n +02+A0(n)
1 o

N ——. R
4(02+A)2) (1)

In particular, there exist ¢ > 0, A > 0 such thatif 7 < A:
Ac? ot
2 2 2
1—-0°1 - >
(1= o*1(d) 2+ A~ 2y a”

Recalling that 7 = /v A + 02, we conclude. We also note that we may let ¢ be arbitrarily close to
1/4.

O

A.4 Proof and statement of Lemma 11

Lemma 11. Assume y~gand Z | p ~ N (,u7 02). Also call f, the marginal density of Z and
define the Fisher information:

A

g 2y
fo(@) To

(fg) = fg(Z)2

Then it holds that:
inf {E, [(i—1)?] } = 0* [1 = 0*1(J,)]
[
Remark 12. This formula is quite well know, see for example [Cohen, Greenshtein, and Ritov, 2013].
Mukhopadhyay and Vidakovic [1995] call it Brown’s formula in light of [Brown, 1971]. We give a

proof for completeness; in which we do not justify switching integration and differentiation. For our
purposes we only need the result for g a mixture of two normals, in which case this is valid.

Remark 13. As a simple application, consider g = N (0, A), then f; = N (0, A + 02), so that

1 z2 _ 1 T o
fg(l’) = \/ﬁexp (—m) and f;(x) = —mm exp (—m) Thus

F1(@)? fy()? = (02+A)2 and I(f,) = 021+A. The above result then states:

inf {Eg [(ﬂ - ﬂﬂ} =0’ [1 - azaj A} - agi-AA

Proof. We start with noting that the Bayes estimator is given by Tweedie’s [Efron, 2011] celebrated
formula: ,
2 f (2)

Eglu|Z=2l=2+4+0

fo(2)
Then, the Bayes risk is given by (letting e :== Z — y ~ N (O o?)):

Sielomtin e )
(2)
= 0%+ o' I(f,) + 20°E, [5 g

=0’ —o* I(fy)

:Eg
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It remains to justify that: E, {5 ;ggﬂ =

1, we may use Stein’s lemma, as follows:

2I(f,)- To this end, first note that upon conditioning on
fé(Z)} [ { ]
€= =E, |E
! [ fo(Z) ! Tole 1) 5+#
d fole+p)
1)

]
:Eg:” [defg<e+ “”
e, (f”() g(Z>2>
1,(2) 1,2

= _U2I(fg)

The last step that remains to be shown is that E, [J;f(—(zz))} = 0. But this is very similar to a standard
g9

Fisher information calculation, in which we interchange integration and differentiation to get that
(here pu ~ g):

[f” ] [ = ——; LB 6~ /o) d= = - [ & [d2 —m)/fo)|d
:WEQ {/522 ((z—m)/o)d ]:
O

A.5 Local Fano’s Lemma

In this section we provide a Lemma to lower bound the expressmn infy v, LV #V, l which appears
in Lemma 1. Below, we denote by PX @ A (m,(-), 0% + A) the joint distribution of (X, Z) when

X~PXYand Z | X ~ N (my(X), 02 + A).
Lemma 14 (Local Fano). Assume there exists k > 0 such that for all v,v' € V,,:
D, (PX @ N (my(+), 0>+ A) || PXY @N (my(-), 0> + A)) < &?
If also:
log(|[Val) > 2(ns? + log(2))
Then:

inf ? [Vn ” Vn} >

DN | =

Proof. Let V,, uniformly distributed on V,, and Vi, any estimator of V,,. Then by Fano’s inequality
(Corollary 7.9 in Duchi [2019]):

I(Vo; (Xiy Zi)1<i<n) + log(2)
log(|Vn)]

P[Vn¢vn]z1—

Here I(Vy,; (Xi, Z;)1<i<n) is the mutual information between V,, and (X;, Z;)1<i<n.
Next fix v,v" € V,, and let P,, P, the induced distributions of (X, Z;) induced by m.,, resp. m.,
in model (1), then by (7.4.5) in Duchi [2019]:
1
I(Vo; (Xi, Zi)1<icn) < P > Dxu(PP|IPE) <n max Diu(Pyl|Por) < ni?
v, €V, v "

The result follows. O
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A.6 Fay Herriot results

Proof. For the upper bound, we will use Theorem 2, where our regression estimator is just the
ordinary least squares fit, i.e. 7(z) = 2 ' S with f = (X " X)~'X T Z;.,,. By X we mean the usual
design matrix in which the vectors X1, ..., X,, are stacked as rows into a matrix.

We start by decomposing the error:

B [(01(X00) — 1(X01))?] = B | (X8 - XT,8) |

E[tr (8- 8) X0 X[ (B 9))]
=E [t (6-5)(3 - 8) Xun1 X )]
~u (E[(B-8)B-8)]%)

Hence recalling that E [B] = 3, we only need to study the covariance of B.

Cov [B} =E [Cov [B | Xlzn” + Cov {E [B \ leﬂ
—(@*+AE[(XTX)7] + 0
n%d—l

The last equality holds because X T X follows a Wishart distribution. See Theorem 2 in Rosset and
Tibshirani [2018] and references therein for similar results. In total we get:

1 2) _d(o?+ A)
n—d-—1 n—p-—1

For the lower bound, we will apply Lemma 1. First we let V,, be an 1/2 packing of the Euclidean
(¢) unit ball which has cardinality at least 2¢ (Lemma 7.6. in Duchi [2019])

= (02 + A)E_1

E [(7(Xns1) _m(xnﬂ))?} — tr ((02+A)Z_1

Then, for v € V,, we define 6,, = ev (we will specify ¢ later). Then we let 3, = ».~1/2¢, and note
that for two distinct v, v':

E [(XT180 = X B0)’] = tr (B [(80 — B} (B0 — B)T] E)
— tr (]E [2‘1/2(& —0,)(0, — 9v,)Tz—1/2] z)

=& {16, — 0]

A\
NI

In the last step we used the packing property of the set V,, we defined.

On the other hand:
D (N (0,5) @N ((+ By), ® + A) || N(0,3)@N (-, Bu), 0 + A))
=E [DKL (N (Xr—LrJrlevUQ +A) | N(Xr—lr+15u/af72 +A) !XnJrl)}

1
=K [W (X180 — XIHBv’ﬂ

1 2
=——F { 0y — Oy ]
2(A i 0_2) H ”2
2¢2
[ —
“A+ 02
To apply Lemma 14 we need the following to hold for a constant C"
2
ne
log(29) >
0g(2%) 2 €5
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So we may pick €2 = ¢ for a constant c. Since ¢ — 0 as n — oo, we may apply Lemma 1
for large enough n with separation say 2/10, by which we can conclude. O

d(A+0?)
n

A.7 Lipschitz results

Proof. The upper bound follows from Theorem 2, where the regressor m,, is the k-nearest neighbor
regression predictor (KNN) with optimally tuned number of neighbors, see Theorem 6.2 and Problem
6.7 in Gyorfi et al. [2006].

For the lower bound, we will apply Lemma 1. To this end, we start by constructing V,, as in the proof
of Theorem 3.2. in Gyorfi et al. [2006]: We define M,, € N and partition [0, 1]¢ (we will pick M,,
later) into M 4 cubes A, _j of side length 1/M,, and with centers an,;. Next we take any function
m : RY — R which is 1-Lipschitz, vanishes outside [—5, 5 dand Cy := [m?*(x)dx > 0. We also
define my(-) = L - m(-). Finally, for j = 1,..., M¢ we define:

_ 1 _
M, () = ﬁmL(Mn(x —an,j))

d
Then we let V,, C {jzl}Mn with [V,,| > exp(MZ/8) and so that for all v, v’ € V,,:

d
z:: vjsév _J\Zd

Such a set exists by the Gilbert-Varshamov bound (Lemma 7.5 in Duchi [2019]). With V), in hand,
we define for v € V,;:

Me

= vmpn(x)
j=1

We argue that m,,(z) indeed is L-Lipschitz: All my, ,, ; are L-Lipschitz, since so is m, and further-
more observe thatall mr ,, ;, j=1,..., M have disjoint support.

Next, take v # v” € V,. Then, since the 7y, ,, ; have disjoint support:

Md

[ mata) = mus(e))? ¥ (@) = 305~ ) [ @)Y ()

Y
<
<

|
S
S~—
[~}
3
S
NN
3
o
IS
5

=1
M7
/ 2 nL
:Z(UJ—U;) 572 C
=1
Me
= MZJFdCIZl(U] # v )
n =1
apL? MY 2
> 1 n Im
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On the other hand, let us bound the KL divergence between the distributions induced by m,,, m,:
Dt (BX O N (mo(), 0>+ A4) || B @A (mye(), 0+ 4))
=E [Dx. (N (mo(Xn11), 0+ A) || N (mo(Xng1), 02+ A) | Xni1)]

:/ e (@) — o (2)) 4B ()

2(c2+ A)
1 2
< - — My
Sy (o) = () de
Md
1 412 X
§277(U2 + A) 2t ijz:; 1 (v; # ”;)
207  L?

< - =
“ o+ A) MZ

Next, we will lower bound inf v, P [Vn #* Vn} by Lemma 14. To get the condition, we need that for
some C' > 0:

1

L?n \ 7+
S M, >C | ——
> (73)

L?n

Meé>0—2 "
w2 CGr A

1
2 2+d .
Hence for some C, we set M,, = [C (UQ +"A) o 1. Then the separation between two hypotheses

My, My 1 equal to (for another constant C”):

2

/ (mo (@) = my (2))° I (z) 2 nOIALTQ > (W+A>> T

n

We conclude by Lemma 1 upon noting that M,, — oo and hence sup,,¢y, sup,, |m.,(z)| — 0 as
n — oo.

O

B Results for sample-split EB in Section 3

in Section 3 we made the following point: Even if we knew the true A, it would not be the optimal A
to plug into (7). We formalize this in the following proposition:

Proposition 15. Consider model (1). Fix any (deterministic) function m : X — R and define:
A = Ea [(m(XnH) - Znﬂ)ﬂ pe (20)

Then:
* 2 : * 2
IE17’L,A |:(tﬁ17Am (Xn+1a Zn+1) - MnJrl) i| = ,%I;fo Em,A |:(tﬁl’A~(Xn+la ZnJrl) - Mn+1> :|

2
0" Anm

o2+ A

Em,A |:(t;kh7Aﬁ,, (Xn+1; Zn—l—l) - ,Ufn+1)2:| § Em,A |:(t:<»71,A(Xn+lv Zn+1) - ﬂn+1)2:|

The above expressions are equal to: . Furthermore, a direct consequence is that:

Proof. Let us consider the following class of shrinkage rules, where A € [0, 1]:

ta(z,z) =dm(x)+ (1 =XNz=A(m(z) —2)+ =z
Then our goal will be to minimize the following function over A € [0, 1]:

J(A) =Em.a |:(t>\(Xﬂ+lv Zny1) — Mn+1)2] (21)
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To this end:
J(A) =Ep,a |:{t)\(Xn+17 Zpt1) — Hn+1}2:|
=Em,a [{)\ (Mm(Xng1) = Zng1) + Zng1 — /Ln+1}2}
= XEa [(A(Xai1) = Za1)®| + 2B a [03(Xo42) = Zugr) (Zuis = pain)] + 0
= \E,, 4 [(m(xnﬂ) - Znﬂ)ﬂ — 202 + o2
The last step follows from the two following intermediate results:

]Em,A [m(erH) (Zn+1 - MnJrl)] = IEm,A [m(XnJrl)Em,A [Zn+1 — Hn41 | Xn+1]] =0

]Em,A [Zn—i-l (Zn—i-l - Nn+1)] == II':':m,A [Varm,A [Zn+1 | ,Ufn-‘,-l]] = 02
We may now directly minimizer over A to see that the optimal A is given by:

2

A () = 7 -
B |(7(Xnt1) = Zut1)?]
The form of Az then directly follows by noting the one-to-one correspondence A < Aoiiﬂ O

We will now prove that for deterministic 7, as in Proposition 15, parametric rates are possible in the
estimation of A, which translate into O(1/n) decay of the regret.

Proposition 16. Consider n i.i.d. observations (X;, Z;) from model (1) with A,c > 0. Fix
any (deterministic) function m : X — R with E [rh(XnH)ﬂ < M for some M < oo (here
X1 ~ PX). Let:

A, = (i i (m(Xi) — Z)? — 02>
.

k=1

p . .
Then t,, = tm, i satisfies:

E. 4 [L (fn; m, A)] <Ena [L(t:;hAm;m, A)} +0O(1/n)

Thus also: .
E,a [L (tnim, A)] < Epoa [L(th a3m, A)] + O(1/n)

Proof. We consider again the J(\) from (21) and recall that J(A*(/m)) = miny>o J(A). We note
that J(A) is a convex quadratic in A with:
J'N) = 20Epn a [((Xn11) = Zut1)?] = 20% J"(N) = 2B [ (7(Xnt1) = Zus)’]
Thus, since J'(A*(m)) = 0, we get for any A:
) = T (7)) + Bt [(7(Xn11) = Zug1)? ]| (A= X (7))

This means that:

L(ta;m, A) = L(tr- )i my A) + B {(m(xnﬂ) - Znﬂ)ﬂ (A — A ())>

R 2
Hence to conclude we will need to bound E,;,, 4 {(An — A" (ﬁ%)) ] , where:

A 0'2

" (50, (X0 - 20)%)
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Using the fact that both o2 V (% Sor_y (M(Xy) — Zk)z) and E,;, 4 [(fn(Xk) - Zk)ﬂ are > o
and Taylor’s theorem applied to u — 1/u, we get:

Epna [(A _ A*(m))Q] = 0" Ema -

] ) )
<Epna <02 v (; 3 (X ~ Z,f) B |(7(X) - Z,f])

_Varm’A lib Z (ﬁ’L(Xk) - Zk)
k=1
LAV [(m(xk) — Zk)ﬂ

This is O(1/n) as long as Var,, 4 {(fn(X k) — Zk)z} is upper bounded, which is the case under the
given assumptions. The last statement follows from Proposition 15.

O
We are now in a position to prove Theorem 5

Theorem 5. We apply Proposition 16 for the data in fold 5 conditionally on the first fold, i.e.
conditionally on Zp,, pur,, X1, O

C Results under misspecification

C.1 Proof of Theorem 6 (James-Stein property)

Before proceeding with the proof, let us introduce the following lemma:

Lemma 17. Fix v € N, a fixed vector ¢ = (&1,...,&,), a mean vector 0 = (01,...,0,) and
independent Y1, . ..,Y,, distributed as Y; ~ N (91», 02). Then consider the following positive-part
James-Stein type estimator, parametrized by a > 0:

. 2
ea—§+<1—“"2> (Y -¢ (22)
1Y —¢llz /)
This estimator has risk:
. 2 o2
IEIUGGGH } <vo? —ac?2(v—2) — dE | —L— (23)
2 1Y —£ll5

In particular, if v > 5 (resp. v > 3), 6, (resp. él,,g) has squared error risk < vo?.

ao2

Proof. Estimator (22) where we do not take the positive part of (1 — W) has risk precisely
2/ +

equal to the RHS in (23). This is well known, see for example Lemma 1 in [Green and Strawderman,
1991] and references therein. The positive part estimator then has smaller risk, as also follows from
well known results on James-Stein estimation, see e.g. [Baranchik, 1964]. Finally when a = v > 5,
ac?2(v —2) —a| = o?[v—4] > 0. O
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We are ready to prove Theorem 6:

Proof. Let Py, [-]=P[-| Z1,, pt1:n, X1:n]. Then w.r.t. Py, [-], it holds that (Z;);c, are indepen-
dent and Z; ~ N (p;,0?) for i € I5. Furthermore 1y, (X1,) = (1, (X;))ier, is deterministic w.r.t.
P;, [-] and also recall that:

2 A
~EBCF __ Iz
M, - Afz + o2 II(X12)+ 121]2 g I
R o?
=mn (Xlz) +11- 1412 I (Zfz mr, (XI2))

Also from (8) it holds that:

N 1 )
Ap = 5= > O, (X3) — Z) = 0?
2| 7
1 2 +
Thus fis, takes precisely the form from (22) with a = |I3| and thus applying Lemma 17 (w.r.t.
Py, [ -], also by assumption |I3| > 5), we get:

Z Er, [(Mz - ﬂEBCF)z} < ZEIl (ki — Z:)?] = || 0®
icls icls
Integrate w.r.t. Zy,, to get:

Z E [(/1’1 - :a]iEBCF)z |:u1:n7X1:n:| < |12| 02
i€l

Now apply the symmetric argument with the folds flipped to also get:

S8 (= ) | Xa] < 1]
i€l

Add both inequalities and divide by n to conclude. O

C.2 SURE results

Below we prove Theorem 7. Throughout the proof we deal with the more general case of unequal
variances. In particular, we replace the assumption that (X, Z;) satisfy (9) by the following model
(while keeping all other assumptions):

(X, ) ~ PEHD 7| g, X ~ (i, 07), iec B(Z; | pa, X = i, Var [Z; | i, Xi] = o7

K2

Theorem 7. Our proof closely follows Xie et al. [2012]. Let no = |I3|. We also use the same notation

as in the proof of Theorem 6, wherein ]I~”11 [-]=P[:]|Z1,t1:n, X1:n). Fori € Iy we also write
m; =y, (X;). We rewrite the SURE expression as follows:

1 o} ot 1 o} o}(A—o?
E A:—§ 2y (Z— ) -2 :—E e (Z; — )+
SURE, (A) n 2 (O’l +(A+ai2)2( P — M) A+a§> ey [(A—FU?)Q( P —mg)” +

We also define £, (A), the average loss in fold I when we estimate ; by tar, A(Xi, Z), e

() = = 3 (it 4(X02))

n
2 i€ly
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Next we collect the difference between the SURE risk estimate and the actual loss:

4 2 2 2 2
g; 22 o;(A—o7) _ L A g -
(7(144»0'12)2 (Zz mz) + A+0',L2 ) (N/z A+O’3 Zz A+02m1

i€l 4
1 - - 2A - - -
= ”7216212 {[(Zz' — i) = o7 = (pi —ma)?] - Ato7 [(Zi = mi)* = (Zi = i) (i — i) — U?]}
=1+1

We consider each term independently. The first term does not depend on A, hence is easier to study.

Er 2. [(ZZ — ;)" = oF = (i mi)z} 1
i€l
2
<Ej, (Z [(ZZ —1)? = o — (i — ﬁli)ﬂ)
i€l

= Z \7511 [(Zz - Thz)ﬂ

i€l
<83 (Br, [21] + i) < sna (0 + M)

i€l

The second term depends on A and we want a result that is uniform in A. Without loss of generality,
we may assume that the indices in Is = {41, 2, . .. } are arranged such that afl < 02‘22 < ... (otherwise
we may just rearrange). Then, as observed in Li [1986], Xie et al. [2012]:

A _ .2 . ~ 2
su — (L —my)” = (Z; — my) (s — My —Uz}
Ogémg;A+ﬁ[< = (20— ) (s = 1)
< sup Ci [(Zz — )% = (Zi — 1) (s — 103) — 01-2}
0<en << <t |57

Xj: |:(Zlk - mik)Q - (Zik - mik)(/’[/ik - mlk) - 0'12;6}

k=1

= max
j=1,...;n2

::JV]]‘

Next notice that M, j = 1,...,n9 is a martingale w.r.t. ]INDII [], so by the L? maximal inequality, for
a constant C' > 0:

Eh [

j=1

aan Mj2:| S 4@[1 [M,?Lz] =4 Z \75}[1 [(Zl — ﬁli)2 — (Zi — mi)(ui — Thl) — 01'2
T i€l

< Cna(T* + M*)

The results together imply that for a constant C” > 0:

~ 1
E, [sup|SURE12(A) —512(14)@ < C'VTH+ MA——
A>0

Nz

But by definition of Az,, SURE, (Ay,) < inf a9 SUREy, (A) and so for any A > 0:

~ R ~ ~ ~ 1
Er, [0(Ar)| < Bi, [0, (A)+Ey, |sup [SURE, (4) — €1,(A)]| < By, 01, (4)] + €'V + MI—
A>0 N

This holds for any A > 0, hence it remains valid after we take the infimum over A > 0. O
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C.3 Proof of Corollary 8
Proof. By Theorem 7:

2 _EBCF\ 2 . 2 X 2 1
- Z E [(Mz’ — )7 Xl:n,m:n,Zh] Sflngo {n ; E {(Mz - tmfl,A(XuZi)) | Xl:naﬂlrnazh} } + O (%)
i€ly

i€ly

Next integrate over X1.p, f41:n, Z1, and pull the inf outside of the expectation and use the fact that
(X5, Z;, p;) are i.i.d. to get for fresh (X, 41, Zpy1):

2 R =) < ot {B | (s g aorn ) |} + 0 ()

i€ly

Then, make the choice A = E {(mh (Xnt1) — unﬂ)z} to get:

2 ) o’E [(mh (Xnt1) = Mn+1)2} 1
- Z;z E [(u; — f5%)?] < E {(mh o ,Un+1)2] + 0 (\/ﬁ>

Repeat the same argument with I1, I5 flipped, add the results and divide by 2 to conclude. O
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