A A validation experiment

As an empirical validation, we conducted a synthetic experiment with ModCB. Our implementation is
built on top of an open source package for contextual bandit experimentation, which has been used in
several prior works (Krishnamurthy et al., 2016; Foster et al., 2018; Krishnamurthy et al., 2018).8
For computational efficiency, our implementation of ModCB uses ILOVETOCONBANDITS (Agarwal
et al. (2014), henceforth “ILTCB”) as the base learner instead of Exp4-I1X, which is also sufficient for
our theoretical guarantees.

We consider a simple contextual bandit environment with

K = 2 actions, and where the feature vectors have ambient d=1000, dyy. =10, K=2
dimension d = 1000. We design the reward distribution — ModcB

such that a predictor using the first d,,,~ = 10 coordinatesis 300 Linucs
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realizable. We consider three algorithms: LinUCB operat-
ing directly on the ambient dimension, ModCB with ILTCB ///
as the base learner, and ILTCB with knowledge of d,,~, 100
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which we refer to as Oracle. We tune a single hyperparam— o¢ 500 T 2000 2000
eter for each algorithm (the confidence pre-multiplier for . T .
LinUCB; the uniform exploration parameter for ModCB Figure I: A validation experiment

and Oracle) and visualize the cumulative regret for the
best performing hyperparameter as a function of the number of rounds 7'. Figure 1 displays the regret
curves averaged over 20 replicates with error bands corresponding to two standard errors.

ModCB consistently outperforms LinUCB in the experiment, which is unsurprising since the ambient
dimension is much larger than the target dimension d,,,». ModCB has a less favorable dependence on
T in comparison to LinUCB, but this does not seem to compromise its performance in this experiment.
Perhaps more surprising is that ModCB outperforms Oracle on average. A deeper inspection reveals
that while ModCB typically advances to d,,, > d,,~, it sometimes stays below, where it can learn a
near-optimal policy faster than Oracle.

B Omitted details for Section 2

In this section we provide more detail as to why various natural approaches do not provide a
satisfactory resolution to the model selection problem for contextual bandits. We consider a more
general setup here, where the learner is given a set of policy classes I, ..., II;;, each of which
contains a set of arbitrary mappings from the context space X to .A. The (expected) regret to class m
is

T T
Res(Il,) = S E[4(a0)] - mip SE[(r()]

Let m* := argmin,, minger,, Yrq E[£(7(2¢))] be the index of the class containing the optimal
policy. The goal is to achieve Reg(I1,,«) = O (T“ -comp!~¥(II,,,+ )) for some « € [1/2,1) without
knowing m* ahead of time (ignoring the dependence on K). Our realizable linear setting is clearly
a special case of this setup. It is well-known that the model selection guarantee we desire can be
achieved in the full-information online learning setting, and below we discuss the difficulties of
extending these approaches to the bandit setting, even when M = 2. For simplicity we consider finite
classes, so the complexity of IT,, is measured by log |T1,,,|.

B.1 Running Hedge with all policy classes

The classical contextual bandit algorithm Exp4 (Auer et al., 2002) is based on the full-information
algorithm Hedge (Freund and Schapire, 1997). Fix a policy class II. At each time ¢, Exp4 computes a
distribution p; over the policies in II using the exponential weight update rule:

pi() o pow)exp(n ZéTw(xT))),

T<t

8Code is publicly available at https://github.com/akshaykr/oracle_cb.
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where 7) is a learning rate parameter, py is a prespecified prior distribution over the policies, and 0, is
the importance-weighted loss estimator, defined as ¢, (a) := % for all a. Exp4 ensures

for any 7* € II,

a a 10g (577
Z [li(ar)] - Z [le(m*(24))] < 7+7)E Z Zpt(ﬂ)&(ﬂ(xt)) 9)

t=1 t=1 t=1 mell

. log(m)

+nTK.

Now, consider running this algorithm with II := U,]\,{:l II,,,. With a uniform prior and the optimal
tuning of 7, this leads the following regret bound for all m, which is clearly undesirable:

M
Reg(IL,,) = O \ TKlog( > IHmI)

m=1

On the other hand, if we set po () := 1/(M|I1,,,|), where m is the least index such that 7 € II,,,, then
we have that for each m,

Reg(I1,,) <

log (M |IT
n

With oracle tuning for 7 this would give Reg (1, ) = Reg < O(\/T K log|I1,,+|), as desired. The
issue, of course, is that tuning requires knowing m* ahead of time. One can instead simply set

1 =1/v/TK and obtain for all m,
Reg(IL,) = O (VTK log (M|} ),

which is not a satisfactory model selection guarantee. In particular this bound is vacuous when
log [TT,,,+| = Q(\/T), even though we could have achieved sublinear regret here if m* were known.

A natural next step would be to apply an individual learning rate n,, for each class separately, with
the hope of achieving for all m,

log (M|I1,,,|)

m

Reg(IL,,) = +nnTK,
which will then solve the problem by setting 7,,, = \/log(|I,,|)/(TK). However, we are not aware

of any existing approaches that achieve this guarantee. The closest guarantee (achieved by variants of
Hedge (Gaillard et al., 2014; Koolen and Van Erven, 2015)) is that for all m and 7,,, € I1,,,

T T o T .
S [ (00) - SR (a)] < 0D 53000 - )|

log (M|IL,, 3
< M + 2777nT + 277mE [Z gt(ﬂ-m(l‘t))z] .
Mm t=1

Unfortunately, this does not enjoy the useful local norm term as in (9), and in particular the last term
involving the second moment of the loss estimator can be unbounded. Common fixes such as forcing
a small amount of uniform exploration all lead to further tuning issues.

B.2 Aggregating via Corral

Next, we briefly describe issues with using Corral (Agarwal et al., 2017b) to aggregate multiple
instances of Exp4. In short, using Theorem 4 of (Agarwal et al., 2017b), one can verify that the
algorithm ensures for all m,

Reg(IT,,) = O (7 +Tn-"2 4 \/TKlog(|Hm|)pm) ,
n n

for a fixed parameter 1 and a certain data-dependent quantity p,,. Using the AM-GM inequality to
upper bound the last term by nT K log(|IL,,|) + pim /7, and canceling with the third term, we have

Reg(II,,) = O (% +nTK log(\HmD). At this point, one can see that the tuning issues similar to
those discussed in the previous section appear, and again there is no obvious fix.
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B.3 Adaptive c-greedy

Here we present a natural adaptation of an e-greedy algorithm for model selection with two classes
II; | « |IIo|. The algorithm does not achieve a satisfactory model selection guarantee, but we include
the analysis because it demonstrates some of the difficulties with parameter tuning, even for algorithms
based on naive exploration where the best rate one could hope to achieve is O(T%3comp(F,,-)*/?).

Algorithm 3 An adaptive explore-first algorithm.

Inputs: T, policy classes IIy, ITo with [TI1| < [II5|.
Sett; = [T23 (K log (L) /%], £ = [ T2 (K log |IL[)/*].

1/3
SetA::Q((m) \llog(T|H2|))

fort=1,...,t1 do
Observe x; choose a; ~ Unif(.A), observe ¢;(az).
Define L] I Ziil Et(at)l{ﬂ'(‘rt) = at}. Set

71 = argmin Ly (7), Tty := argmin Ly (1)
melly mellz

if .i/l(’fl'l) < .i/l(’frg) + A then
Use 71 to select actions for the rest of time.
else
Explore uniformly for a total of ¢5 rounds, let fréz) i= argmin, g, Y12 £ (ar)1{m () = at},

and use 7%52) to select actions for the rest of time.

Pseudocode is displayed in Algorithm 3. The algorithm operates in the stochastic setting, where we
have (x,¢;) ~ D on each round for some distribution D. Define L(7) := E(, ¢).p [£(7(x))]. and
let 77 := argmin,_ .y, L(7). We assume that losses are bounded in [0, 1].

The algorithm consists of an exploration phase, a statistical test, a second exploration phase depending
on the outcome of the test, and then an exploitation phase. The intuition is that we first explore for
t1 rounds, where ¢; is the optimal hyperparameter choice for the smaller class II; (smaller classes
require less exploration). Then, we perform a statistical test to determine if II; can achieve loss that
is competitive with IT. If this is the case, we simply exploit II; for the remaining rounds. Otherwise,
we continue exploring for a total of t» rounds, where t5 is the optimal hyperparameter for II,. We
finish by exploiting with the empirical risk minimizer for II,.

Proposition 6. In the stochastic setting, Algorithm 3 achieves the following guarantees simultane-
ously with probability at least 1 - 1/T:

R R loa/2 ITT
Reg(Hl)SO(TQ/S(Klog|H1|)1/3), and Reg(Hg)SO(TQ/SKl/BOgM).

log"/? |1

Note that this is not a satisfactory model selection guarantee, since the exponents on 7" and the policy
complexity for II» do not sum to 1 as we would like. Conceptually, if the algorithm exploits with a
fixed policy, it must first determine whether 115 offers much lower loss than II; so that it can decide
which class to use for exploitation. To make this determination, it must estimate the optimal loss for
both classes. Unfortunately, with too little exploration data, we will significantly underestimate the
loss for I1,, and with too much data we will compromise the regret bound for II;. We are not aware
of an approach to balance these competing objectives with this style of algorithm.

Proof of Proposition 6. Define Ly : m — Y12, ¢,(a;)1{n(x;) = a;}. We will only use Ly in the
event that we continue to explore after the test. Via Bernstein’s inequality (and using that the deviation
is at most 1), the following inequalities all hold with probability at least 1 — d:

K log(|I1;]/5)
tj

<e /Klogf(l/é).

Vjel2],Ymell;: |L(x) - Lj(n)| < e

)

Vie[2]:|L(x}) - Li(x})
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Note that the second inequality does not use uniform convergence, and it applies only to each ;.
Appealing to the standard explore-first analysis, we know that the regret bound for I1; is achieved if

we exploit with 71, and similarly for I, if we exploit with 7r( ). We are left to verify the other two
cases. Let us consider Reg(Il;) when we only explore for ¢; rounds. We have

Reg(Hg) =11 + T tl L(7T1 L(7T2)

T( KlogIL[5) 5 . /ﬁagw)

KTlog(|IL/)
ty

<ty +2c +TA.

Here we use the two concentration inequalities above, the fact that L (73) > L1 (#2), and the fact
that the test succeeded. Note that we did not require uniform convergence over 115 for this argument.
Now, let us consider the regret for II; when we explore for ¢5 rounds.

REg(Hl
=to+ (T=15) (L(F) - L(n}) )

<ty+ (Tt )(c K log ‘HQW) L(x3) = La(71) + 3 /Klof(l/‘s))
1
<to+ (Tt )(C\/Klog (MT1/%) \/Klog(|n2|/6) L (fo) - Ll(w1)+c\/@)

K log(|IL2|/6)
tq

where we have used that ¢5 is lower order than the deviation bound term, since ¢; is much smaller. To
obtain the claimed regret bound for I1;, we must choose A as

1/3
Klog(IHz|/5) Q((K log(|M]/8)/T)'?) = Q((Tlog(lfﬂﬂﬂi)) \/log(|H2|/5)),

with 6 = 1/T. O

S4C(T—t2) —(T—tQ)A,

C Preliminaries for main results

This section consists of self-contained technical results used to prove the main theorem.

C.1 Properties of subgaussian and subexponential random variables

Here we state some standard facts about subgaussian and subexponential random variables that will
be used throughout the analysis. The reader may consult e.g., Vershynin (2012), for proofs.

Note that if z ~ subG,(72) then we clearly have (z,0) ~ subG(72]0]2) and likewise if z ~ subE4(\)
then (2, 6) ~ subE(\|6],,). Furthermore, if z ~ subG4(c?), then E[227] < 02 - 1.

Proposition 7. There exist universal constants c1,ca,c3 > 0 such that for any random variable
z ~ subG(c?), the following hold:

2

e Pr(jz]> ) <2 Vi,
e E[exp(ca|z[ /o?)] < 2.
* IfE[z] =0, E[exp(sz)] < exp(czs?0?) VseRL
Moreover, there is some universal constant c4 such that if any of the above properties hold, then

z ~subG(cy0?)
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Proposition 8. There exist universal constants c1,ca,c3 > 0 such that for any random variable
z ~ subE(\), the following hold:

o Pr(lz|>t) <2 7% ¥E>0.

* IfE[2] =0, E[exp(sz)] < exp(cas?A?) Vs:|s|< 03%

Moreover, there is some universal constant c4 such that if any of the above properties hold, then
z ~subE(cg\)

Proposition 9. There is a universal constant ¢ > 0 such that the following hold:
o Ifz ~subG(o?), z - E[2] ~ subG(40?), and if z ~ subE()\), z — E[z] ~ subE(2)).
o If z ~ subG(o?), then 2% - E[ZQ] ~subE(c- o?).

o If 21 ~subG(c?) and zy ~ subG(o3), then z1 29 — E[2122] ~ subE(c- o1 09).

Proposition 10 (Bernstein’s inequality for subexponential random variables). Let z1,..., 2, be
independent mean-zero random variables with z; ~ subE(X) for all i, and let Z = ¥, z;. Then for
some universal constant ¢ > 0,

Pr(|Z]>t) < 2e c r /\t
xpl—c| — A~ < ]|
SRt U DEFRD

In particular, with probability at least 1 - 4, |Z| < O(\/n)\2 log(2/8) + )\log(2/(5)).

Lemmz_l 11. Let 21, ...z, be i.i.d. draws of a mean-zero random variable z ~ subE4(\), and let
Z; = 3y_1 zt- Then with probability at least 1 - 6,

max| 2] < O(M/dnlog(2d/5) + A" log(2d/5) ).

Proof of Lemma 11. We first claim that for any s > 0, the sequence X := e*l%:l2 is a non-negative
submartingale. Indeed, using Jensen’s inequality, we have

. i
E[X; | 21y...,2i-1] = E[esnzz:lzt‘b | zl,...,zi,l] > E[eSHZi:I 2, | 21, .. .,zi,l] =X;1.

Thus, applying the Chernoff method along with Doob’s maximal inequality, we have

Pr(maxZ”2 > t) < E[exp(s Mol - st)].
i€[n] =1 9

Mol )= el )

k=1
where ¢y, is the kth standard basis vector. Since z; ~ subE4(\) and {2, } are independent, the latter
quantity is bounded by

We apply the bound
E[exp(s Zzt Zzt
t=1

t=1

2d - exp(Cszd)\Qn),

1

Wz to conclude

so long as s < 1/eAV/d, for absolute constants C, ¢ > 0. We set s oc A

_t
d\2n

2

Pr(m[a)]<|ZZ-|2 > t) <2d. e C@mvsim),
1€IN

Or in other words, with probability at least 1 — 9,

max| 2] < O(Adnlog(2d[5) + A" log(2d/5) ). O
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C.2 Second moment matrix estimation

In this section we give some standard results for the rate at which the empirical correlation matrix
approaches the population correlation matrix for subgaussian random variables. Let 2 ~ subGg(7?)
be a subgaussian random variable and let ¥ = E[z2"]. Let 21, . .., 2, be i.i.d. draws from z, and let

S_1yn T
Yo=Y ey

Proposition 12. Suppose = ~ subGy(72) and ¥ = I. Then with probability at least 1 - 6,

1-e< A2 (S) < A2 (D) <1+e, (10)

where € < 5072\/ CM%(Q/&).

Proof of Proposition 12. Tracking constants carefully, equation (5.23) in Vershynin (2012) estab-
c 2
lishes that with probability at least 1 — 26_:74,

[S-1], <eve?,

where ¢ = C72 % + ﬁ, and ¢ > 1073 and C < 25 are absolute constants. The result follows by

Vershynin (2012), Lemma 5.36. O

Proposition 13. Let 3 be positive definite, and suppose S is such that

1-e < A2 (2712857 12) < A2 (27128512 < 1+ e,

1
where € < 1/2. Then the following inequality holds:

1-2¢ < A2 (S12E1512) < A2 (91285718 12) < 1 4 2,

and furthermore,
|S -2, € Amax(Z) - 3¢, (11)

|57 =%, < %E(Z) (12)

|=2En 2 - 1|, < 3, (13)

[S1EETEYE -0, <6 (14)

Proof of Proposition 13. To begin, note that the assumed inequality immediately implies that 5!
is well-defined and that

1-2¢ < A2 (S12S1512) < A2 (5128715 12) <14 2,

using the elementary fact that (1-¢)™' < 1+2eand (1+¢)™' > 1-2¢ when € < 1/2. This inequality
and the assumed inequality, together with Lemma 5.36 of Vershynin (2012) imply that

[S2ES 2 g <36, and [SUESISV2 g, <6e.
Finally, observe that we can write
S5, = SRS - DS, € A () [ S
and

”’2\—1 _ Z—IHQ _ ||Z_1/2(21/2§_121/2 _ 1)2—1/2”2 < )\;Z) . HZl/Qi"lEl/Q _ I||2

1n(

This establishes the result. O
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Algorithm 4 Exp4-1X with Natarajan class and anytime guarantee

Input: policy class II with Natarajan dimension d, maximum number of rounds 7, confidence
parameter 4.
for k=0,1,...do

Explore uniformly at random for ny = 1/2%d log (%) rounds.
dlog( LXK
t <28 g, m < %
Let ITx € II be the set of unique policies witnessed by zox, ..., x;—1 (choose a representative

from each equivalence class).
Initialize P; to be the uniform distribution over IIj.
while ¢ < 281 do
Receive x4, sample an action a; ~ P;(-|z;), and observe ¢;(a;).
—2nk(#+1)1{a¢:ﬂ'(azt)}
P, (U«t |$t )+77k

Compute P, such that Py, () o< Py(7) exp( ) , Vmelly.

t<—t+1.

C.3 Agnostic contextual bandit algorithm for Natarajan classes (Exp4-1X)

Here we present a variant of the Exp4-IX algorithm (Neu, 2015), originally proposed for achieving
high-probability regret bounds for contextual bandits with a finite policy class and bounded non-
negative losses. There are three main differences in the variant we present here (see Algorithm 4 for
the pseudocode).

First, for our application we need an “anytime” regret guarantee that holds for any time 7”7 < 7.
This can be simply achieved by a standard doubling trick. Specifically, we run the algorithm on an
exponential epoch schedule (that is, epoch k lasts for 2* rounds) and restart Exp4-IX at the beginning
of each epoch with new parameters.

Second, our policy class is infinite, but with a finite Natarajan dimension. For the two-action case
with a VC class, Beygelzimer et al. (2011) gave a solution to this problem for stochastic contextual
bandits. We extend their approach to Natarajan classes. Specifically, in epoch k we spend the first ny
rounds collecting contexts (while picking actions arbitrarily). Then we form a finite policy subset IIj,
by picking one representative from each equivalence class (that is, all policies that behave exactly the
same on these contexts), and play Exp4-I1X using this finite policy class II, for the rest of the epoch.

Finally, in our setting losses are subgaussian and potentially unbounded. However, since with high

probability they are bounded essentially by the subgaussian parameter (see Proposition 19), we simply

pick b= 0O (Tlogl/2 (%)) such that with probability at least 1 — §/3, maxge 4 ¢e[7]/¢t(a)| < b, and

transform every loss £(a) as £(a)/b+ 1, which with high probability falls in [0, 2]. The rest of the
algorithm is the same as the original Exp4-IX. Note that we use the notation P;(al|z;) to denote

ZW:ﬂ'(azt)=a Pt (ﬂ—)
The regret guarantee for Algorithm 4 is as follows.

Proposition 14. With probability at least 1 — 5, Algorithm 4 ensures that for all T' € {1,...,T} and
mell

’

N

fular) = tlr(e)) = O (v TTRdl0g (7))

~+
I

1

Proof of Proposition 14. We condition on the event max,e 4 sc[7]/¢:(a)| < b which happens with
probability at least 1 — /3. Following (Neu, 2015), with probability at least 1 — §/3 we have for any
T’ and any 7 € IT;, (where k is the epoch containing T"),

ti’:k l(ar) = b(m(zr)) = O (bnk, + b\/QkK (log|H;€| + log(T(SK))) .
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Sauer’s lemma for classes with finite Natarajan dimension (Ben-David et al., 1995; Haussler and
2
Long, 1995) gives log |IIx| < dlog (%) Together with the choice of ny, this gives

gj li(ap) = by(m(z¢)) = O (b\/m) .
t=2k S

On the other hand, following Beygelzimer et al. (2011) we have with probability at least 1 — §/3,

mln zi be(m(y)) <m1n Z Co(m () +O(l72kd1 (T(_SK))

e ok

t2k

<m1n Z Et(w(xt))+0( 2kd10g(T§K)).

Combining these inequalities gives

% li(ay) < mm Z Li(m(zy)) + O(b\ /2’“Kdlog(T§()).

Summing up regret in each epoch, using b = O (T logl/ 2 (TK)) and applying a union bound leads
to the result. O

C.4 Natarajan dimension for linear policy classes

Proposition 15 (Daniely et al. (2015)). Let ¢(x,a) € R? be a fixed feature map and consider the
policy class

ae[ K]

Il = {a: ~ argmax(S, ¢(x,a)) | f € Rd}.

The Natarajan dimension of 11 is at most O(dlog d).

D Proofs from Section 3

D.1 Square loss residual estimation

In this section we give self-contained results on estimating the square loss in a linear regression setup,
extending the results of Dicker (2014) and Kong and Valiant (2018). Our main result here is the
sample complexity bound for EstimateResidual described in Section 3

We first recall the abstract setting. We receive pairs (21,y1), - - ., (Zn,Yn ) i.i.d. from a distribution
D e A(RY xR), where  ~ subGg(72) and y ~ subG(c0?). Define ¥ := E[z2"], and assume ¥ > 0.
Let 3* € R? be the predictor that minimizes prediction error:

B = argminE((S3,z) - y)2.
BeRd

Suppose z can be partitioned into features x = (x(l), z(Q)), where (1) ¢ R% and 2(?) ¢ R%, and
dy + do = d. We define 3] to be the optimal predictor when we regress only onto the features z(M:

B3 = argminE((ﬁ,x(l)) - y)Q.
BeR%1

Our goal is to estimate the residual error incurred by restricting to the features z(1):

* * 2
€:=E((81,20) - (8",2))".
EstimateResidual (Algorithm 2) estimates £ with sample complexity sublinear in d whenever good
estimates for the matrices X and X := E[x(l) :c(l)T] are available.® The performance is stated in
Theorem 16. The result here is a more general version of Theorem 2, which is proven as a corollary
at the end of the section.

*Note that 31 > 0.
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Theorem 16. Suppose the correlation matrix estimates S and S, are such that
1-e < A2 (571285 12) < \V2 (27128512 < 1+ g,
and N
1-e < A2 (272857 2) < A2 (571755 ) < 1 +e,
where € < 1/2. Then EstimateResidual guarantees that with probability at least 1 - 6,
Amax (2) 0272d1/210g2(2d/5)+ Amax (2)
mln(E) n mln(z)

= 1
€-¢&|< 25+o( |E[xy]|§.g2). (15)
Proof of Theorem 16. We begin by giving an expression for £ that will make the choice of estimator
more transparent. Let

D:( Zl 0d1Xd2 )7

Odyxd;  Odyxds
and let R = D' — ¥71. Observe that by first-order conditions, we may take 3* = ¥~' E[zy] and

Bt = 27 E[z(Vy]. Moreover, for any z, we may write (3}, (1)) = (D" E[zy], z). Consequently,
we have

€ =E((D" Eley],2) - (S Elwy) )’ = E(RE[ay],2)” = |2 RE[oy]],

With this representation, it is clear that if $ =Y and 21 =31, then & is an unbiased estimator for &.
Our proof has two ) parts: We first show that £ concentrates around its expectation, then bound the
bias due to 3 and 21

For concentration, we appeal to Lemma 17. Note that Apin (21) > Amin(2) and A (1) <
Amax(2); this can be seen using the variational representation for the eigenvalues. Consequently by
Proposition 13 we have that

)\max(i) \% Amax(il) < O()\max(z))a al’ld, )\min(i) A Amin(il) = Q()\mm(z))
This implies that
[SY2R], < OOL2(3) Amin(2)),

and so by Proposition 9, it follows that the random variable SY2Ray - E[il/ 2 Rly] has subexponen-

tial parameter of order O(UTA%YQX(E) /Amin(X)). Thus, by Lemma 17, we have that with probability

atleast 1 -0,

5[] < Of o) T P log? 2ay) | () o [S P REL)], os(21o)
- mln(z) n )\min(z) \/ﬁ '

But note that since ||§1/ ’R E[zy] ” =4/ [ ] we can apply the AM-GM inequality to deduce

Amax () 02T2d1/210g2(2d/5)
%) n ’

£~ B[E] < §E[E)+ o[ 3

mm(

‘We now bound the error from ]E[E ] to £. With the shorthand p = E[zy], observe that we have
E[&] - € = (RERu, ) - (RS Ry, )
=2((R- R)SRu, u) + (R(E - Z)Ru, p) + (R - R)E(R - R) i, ).
Applying Cauchy-Schwarz to each term, we get an upper bound of
[B[E] - ] < 2] =S (R - Ryl 52 Rl + [52(2 - S Rul =2 R
+|[EY2(R-Ryu|,.

Since HZl/ 2Ru” V'€, we can apply the AM-GM inequality to each of the first two terms to
conclude that

P 1 — — PN — —
[E[£] - &< S+ O(”E‘UQZ(R—R);LHE |58 - ) Bl + ||21/2(R—R)qu). (16)
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To proceed, we first collect a number of spectral properties, all of which follow from the assumptions
in the theorem statement and Proposition 13:

[£28], = 2SR, < L+ ) |22, < OONE(®)),
IR], < 01/ Amin()),
| R, <[5 =57, |57 - 57, £ 06 Auin(5))
[ 812 - 1], < O,

We now bound the terms in (16) one by one. Using the spectral bounds above, we have

o e = Amas (5
2SRl < | Sl | - Rl < 0 322 3 -22)

~ N - _ ~e_ max E
57205 - DRl < IS ARI 3 52857 - 1] < 0 53N a2,

S = S = max Y
5202~ Rl < ISt |- Rl < O =22

‘We conclude that

il 1 max E
BIE]- €1 g& + O 530 )

lTlln (E)
which yields the result. O
Lemma 17. Let z be a random variable such that z — E[z] ~ subEg(\), and let 21, . . ., z, be i.i.d.
copies. Define
W = Z<Z“ Zj).
i<j

Then with probability at least 1 - 6,
W - E[W]| < O(X\2d"*nlog?(2d/8) + \n*?|E[2]], log(2/5)).

Proof of Lemma 17. First observe that we can write

(W -E[W]| = 3.(2i2) - (E[2], E[2])
(S - Bl 2~ B + (e - BLLEL1) + (e, — B2, BL:))
< Z(zi—E[z],zj—E[ +(n- 1)§: E[z])].

S Sa

We bound S; first. Define B = |E[z]|,. Observe that for each 7, the summand is subexponential:
(z; — E[2],E[2]) ~ subE(AB). Consequently, Bernstein’s inequality implies that with probability at
least 1 -9,

S, < O()\Bn3/2(log(2/5))1/2 + 2)\Bn10g(2/§)).

For Sy, we first apply a decoupling inequality. Let 21, . .., z/, be a sequence of independent copies
of z1,...,2,. Then by Theorem 3.4.1 of de la Pefia and Giné (1998), there are universal constants
C, ¢ > 0 such that for any ¢ > 0,

>t/ c).

2 (7 —E[z],2j - E[2])

i<j

Pr(S; >t) < CPr(

We write



where Z; = ¥, 1 2 — E[2]. Now condition on 21,. .., z,,. Then (2; - E[2], Z;) ~ subE(A| Z;,).
Thus, by Bernstein’s inequality, we have that with probability at least 1-9, over the draw of z1, . . ., z,,

> Az —E[2], 2} - E[2])

1<J

< O(A(nlog(2/6))"/* + log(2/9)) - max| Zi
Next, using Lemma 11, we have that with probability at least 1 - 6,

max| 2] < O(A/dnlog(2d[5) + A" log(2d/5) ).

1€l n
Thus, by union bound, after grouping terms we get that with probability at least 1 — 4,

Yz —E[z], 2z} -E[z])| < O(/\2d1/2n10g2(2d/6)),

1<J

and
So < O(N?d"*nlog®(2d/5)).

Taking a union bound yields the final result. O

Proof of Theorem 2. Consider the distribution over random vectors 2’ := %1/ 24, and let 3 denote
the empirical covariance under this distribution. Since E[z’'z'"] = I, we may apply Proposition 12,
which implies that with probability at least 1 — 4,

1-e< A2 (S < A2 () <1+e,
where € < 507 (2)72/ %@m’ and we have used that the subgaussian parameter of «’ is at

min

most A%

min

(X) times that of z. We can equivalently write this expression as

1-e < A2 (271285712 < A2 (271285 12) <1+ e

min

Note also that once m > C(d+1log(2/))7*/Amin (X) for some universal constant C, we have € < 1/2.

—

Applying the same reasoning to >; and taking a union bound, then appealing to Theorem 16 yields
the result. We use that A\, (X) < 72 to simplify the final expression. O

D.2 Proof of Theorem 3
D.2.1 Basic technical results

In this section we prove some utility results that bound the scale of various random variables appearing
in the analysis of ModCB.

Proposition 18. For all a, /(a) ~ subG(472).

Proof. We have £(a) = (8*,¢™ (2)) + £a, where e, = £(a) — E[£(a) | x]. Note that (5*,¢™ (x))
has subgaussian parameter B272, and ¢, has subgaussian parameter o2, so the triangle inequality for
subgaussian parameters implies that the parameter of £(a) is at most (BT + 0)? < 472, where we
have used the assumption that B <1 and o < 7. O

Proposition 19. With probability at least 1 - 8, max e 4 sepr) | ()] < o(m /1og(KT/5)).

Proof. Immediate consequence of Proposition 18, along with Hoeffding’s inequality and a union
bound. O
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D.2.2 Square loss translation

We first introduce some additional notation. Let L}, = mingery,, L(7). Recall that

m

B, = argmin — ¥ By ({60 (2,0)) - £(a))”

ﬁERdm ac A
We let () = argmin, 4(8;,, 9™ (z, a)) be the induced policy.
Proposition 20. For all m € [M], B3}, is uniquely defined, and f3,,, = (8*,04,,-4,,. ) for all m > m*.
As a consequence:

o i =7* forallm > m*.
o Eim =& jforallie[M]andall j>m*.
* & j=0forallj>i>m"

Proof of Proposition 20. That each 3}, is uniquely defined follows from the assumption that
Amin (Zm) > 0, since this implies that the optimization problem (3) is strongly convex.
To show that 3, = (8*,04,,-4,,.) When m > m*, observe that by first order conditions, 3, is
uniquely defined via

B:n = 2;11 ' % ZaEA E(m7€)~D[¢m(xa a)K(a)]
But note that for each a € A, the realizability assumption (1) implies that

E(s.0)-p[0" (,0)0(0)] = Eyop[ 6™ (2,a) (6™ (2,0), ") ]
= E(L‘ND [¢m (.’13, a)¢m (Z‘, a)T (/8* 5 Odm—dm* )]7

where the last equality follows from the nested feature map assumption. Combining this with the
preceding identity, we have

B = Sm Em(B,04,,-a,.) = (",04,,a,.).
The remaining claims now follow immediately from the definition of 7°9 and &; ;. O

Proposition 21. For all a € A and m € [M], we have |E[¢™ (z,a)l(a)]|, < 7. For all m € [M],
we have |5y, |5 < /v, and so w33 € I1,,,.

Proof. For the first claim, we use realizability to write
E[¢" (,0)0(a)] = E[¢" (z,a)(¢™ (z,a), 8")]
Hence any 6 € R% with ||, < 1, we have

(E[¢" (2, a)(a)],0) = E[(¢™ (2,a),0)(¢™ (z,a), 5*)]
< VE(¢m (z,a),6) -E(p™ (z,0), 5)’

STQ,

where the first inequality is Cauchy-Schwarz and the second follows because ||3*|, < 1 by assump-
tion and all feature maps belong to subGg,, (7%). For the second claim, recall as in the proof of
Proposition 20 that 3;;, is uniquely defined as

ﬂ:n = 2;11 : % Zae.A E(m,é%D[d)m(l’v a)g(a)] = % Zae.A E($7g)~p[2;3¢m(1', a)<¢m* (1’, a’)v 6*>:|

Following the same approach as for the first claim, for any any # € R% with |0]5 <1, we have

(0.0 = % ¥ By (5216 (2,0),0)(6™ (1), 5°)]

acA

1 1 .
S| = Y Ewoo(Siiem(z,a),0)° — 3 B (o™ (,a),5)
\ K ac A K acA

— - . i m* * 2
- \ (Emle79) Kﬂ;E(z,E)~D<¢ (.IZ,CL),B >

<7/,
where we again have used that |3, < 1. O
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Lemma 22. Forall i € [M], and all j > m*,
Ai’j SL(W:Q)—L(ﬂ?q) < \/4K'gi’j. 17
Proof of Lemma 22. Observe that we have
L; - Lj < L(m*) = L(7}) = L(m;*) = L(73%),

where the inequality holds because 7} € II; and the equality follows from Proposition 20 and the
assumption that j > m”. Using realizability along with the representation for 3} from Proposition 20,

we write ) ] )
L(m*) = L(7}*) = Eanp (B}, ¢ (z, 7 (2))) = (8], ¢ (2,7} ()]
For each z, we have ) ' ] )
(8, ¢ (, 7 () = (8], ¢' (2, 7% (2))) 2 0,

which follows from the definition of 7;". We add this inequality to the preceding equation to get

L(m;®) = L(m*) < Boop[ (8], ¢ (2, 7% () - (8], &' (2, 7% ()]

+ EI~D[(5:7 ¢Z(x7 7_‘_;(](1,))) - (5;7 ¢J(x7 ﬂ—jq(x)))]
< 2Ey.p max|(8], ¢' (z,a)) - (8], ¢ (x,a))|

Lastly, using Jensen’s inequality, we have
Ew~'D m(?x|<ﬁ:, ¢i(x7 a)> - <BJ*7 ¢j(x7 CL))| < \/EmN'D maxa(( i*7 ¢l($7 a)) - ( ;'(a ¢j('ra a)))2

K-k Yon Eon (876 (2,0)) - (85,07 (2,a)))”
=/K-& ;. O

D.2.3 Decomposition of regret

To proceed with the analysis we require some additional notation. We let N be the number of values
that m takes on throughout the execution of the algorithm (i.e., N is the number of candidate policy
classes that are tried), and let 7y, for k € [ N ] denote the kth such value. We let Z, € [T'] denote the
interval for which m = My, and let T}, denote the first timestep in this interval.

We let S; denote the value of the set S at step ¢ (after uniform exploration has occurred, if it occurred).
We let Zj, = Zj, \ St denote the rounds in interval k£ in which uniform exploration did not occur.

We let Eij (t) the random variable defined by running EstimateResidual using the dataset H;(t) =
{(qu (xs,as),4s (as))}ses and empirical second moment matrices 3; and ¥; at time ¢. Note that

& j(t) is well-defined even for pairs (i, j) for which the algorithm does not invoke EstimateResidual
at time .

We partition the intervals as follows: Let kg be the first interval containing ¢ > 7", and let k1 be
the first inteval for which k£ > m*. We will eventually show that with high probability &k, > N, or in
other words, once the algorithm reaches a class containing the optimal policy it never leaves (if it

reaches such a class, that is).

Let Reg(Zy) denote the regret to m* incurred throughout interval k. We bound regret to 7* as

ko—1 ki1-1 N
Reg< > Reg(Zi)+ Y. Reg(Zy)+ >, Reg(Zy). (18)
k=1 k=ko k=k,

The main result in this subsection is Lemma 23 which shows that with high probability, the estimators

—_

&;,; and Exp4-IX instances invoked by the algorithm behave as expected, and various quantities arising
in the regret analysis are bounded appropriately.

Lemma 23. Let A be the event that the following properties hold:
li(a)] < O(T\/log(KT/5o)). (event Ay)

25
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2. Forallt>T™", tKrt!™F <|S,| <4K"t!". (event Asg)

3. Foralli<j, forallt>T™ |& i(t) - & 4| < 35 + . (event Az)

4. Forallk, ¥, 7, Li(ay) =L (m3d () < O(T\/dmk |fk| .KIOgQ(TK/(SO) log dmk)-

M
(event Ay)

5. Foralli,je[M]and all intervals T = [t1,t2],
2 (mi (@) = (3 (@) < 121 (L) = L) + O(rV/Z[log(2/0)).

(event As)

When C1 and C5 are sufficiently large constants, event A holds with probability at least 1 — 0.

Proof of Lemma 23. First, note that event A; holds with probability at least 1 — §/10 by Proposi-
tion 19.

We now move on to As. For any fixed ¢, Bernstein’s inequality implies that with probability at least
1- 60’

1
[Sel > Ee| S| - /4 E[St|log(2/00) ~log(2/d0) 2 5 EISk| - 31og(2/d0),
and likewise implies that |S;| < 3 E|S,| + 3log(2/do). Next, note that

B S| = 2 (14 K.

sk

It follows that E|S;| < 2K"t1~%. We also have E|S,| > K" (¢t'=* — 2K'7*), which is lower bounded
by K"t'~%/2 once t > 47 K, and in particular once ¢ > 7™ whenever Cy is sufficiently large. If
we union bound over all ¢, these results together imply that once ¢ > (301og(2/d0)/K") = (which
is implied by ¢ > T1*™ when Cj is large enough), then with probability at least 1 — 57" > 1 - §/10,
for all ¢,

1
gK”tl‘“ < ISy < 4Kt R,

For Az, let t and 7 < j be fixed. Note that conditioned on the size of |S;|, the examples
{qu (s, as),fs(as))}se g, are i.i.d. Consequently, Theorem 2 implies that with probability at least
1 - do, '

Es(t) -~ Eigl < 2y + 0 L CUTL N e CTLD)
w8l 8O =g e )

where we have used Proposition 18 to show that /(as) ~ subG(47%) and used Proposition 21
to show that | ¥,c4 E[¢7 (2, a)¢(a)]|, < 72. Conditioned on Ay, we have |S;| = Q(K*t!'™)

once t > Tfni“, and so when (1 is a sufficiently large absolute constant, aj - Ei,j’ < %&-,j + oy
By union bound, we get that conditioned on event A5, event A3 holds with probability at least
1 - M3T5 > 1 - 6/10.

To prove A4, we appeal to Proposition 14. To do so, we verify the following facts: 1. Losses belong
to subG(472) (Proposition 18) 2. Each policy class I1,,, is compact and contains 759 (compactness is
immediate, containment of 7.} follows from Proposition 21) 3. The Natarajan dimension of II,,, is at
most O(d,, log(d,,)) (Proposition 15).

Now let k € [ N] be fixed. Since Proposition 14 provides an anytime regret guarantee for Exp4-IX,
and since the context-loss pairs fed into the algorithm still follow the distribution D (the step at which
we perform uniform exploration does not alter the distribution). Consequently, conditioned on the
history up until time T}, we have that with probability at least 1 — dq,

Z li(ay) —Et(wf??k (x4)) < O(T\/dmk |fk| . KlogQ(TK/do) logdmk_),

téfk
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since Z}, is precisely the set of rounds for which the Exp4-IX instance was active in epoch k. Taking a
union bound over all M Exp4-1X instances and all possible starting times for each instances, we have
that with probability at least 1 — MT'éy > 1 — /10, the inequality above holds for all k.

For As, leti,j € [M] and the interval Z = {ty,...,t5} c [T] be fixed. The, since ¢;(a) ~ subG(47?)
for all a. Hoeffding’s inequality implies that with probability at least 1 — d,

Y b (@) = (75 () < (] (L(SY) = L(50)) + O(7/ 12 10g(2/50) )-

tel
By a union bound over all 7, j pairs and all such intervals, we have that A5 occurs with probability at
least 1 — M2T28y > 1 - 6/10. Taking a union bound over events A; through Aj leads to the final
result. H

D.2.4 Final bound

We now use the regret decomposition (18) in conjunction with Lemma 23 to prove the theorem. We
use O to suppress factors logarithmic in K, T', M, and log(1/4).

Condition on the event A in Lemma 23, which happens with probability at least 1 — § so long as C;
and C are sufficiently large absolute constants.

We begin from the regret decomposition

ko-1 -1
Reg < > Reg(Zy) + Z Reg(Zy) + Z Reg(Zy).
k=1 k=ko k=k1

We first handle regret from intervals before kj, which is the simplest case. Observe that that
YR T, | < TP, Combined with event A, this implies that

ko 1 ~
> Re(Ti) <27k, max [fe(a)| < 0(2 - dy 10g*(2/8) + 710g? (2/0) + Tmogw@/a)),
k=1 aeA,te Y

19)
whenever < 1/3. For every other interval, we bound the regret as follows:

Reg(Zi) = Y. li(ar) — (7 (21))

teZly

= > l(ar) - b(m3L (z,)) (using Proposition 20)

teZy

= 2 bilag) =G (ml (@) + D0 Le(mi () = (il ().
teZy, teZy

For the first summation, using event A; and A4, we have

Y li(ar) = C(mos (@) < D be(ar) = Le(mon (:vt))+0(|IkﬂST| \/log(2/5))

teZy teLy,

< O(T\/dm 1T, - Klog2(2/6)) +0(|Z 0 57| 7/108(2]5) ).
The second summation is exactly zero when k > k1, otherwise we invoke event A5 and Lemma 22,

which imply
> b, (1)) = b(m (20) < [Tl - (L) = L)) + O(7/ [Tl log (2/5) )

teZy

<O(ITNE Enn-) + O(rVTel108(2]5) ).
Combining these results, we get that

ki1-1 N

> Reg(Zx) + > Reg(Zy)
k=ko k=k1

= O(|ST| ~ Tx/log(2/5)) + O(;;;; T\/dmk |Zs| - K10g2(2/5))

kl 1
( /dm |I;€|-Klog2(2/6)+|Ik|\/K-€mk,m*+T\/|Ik|log(2/5)). (20)
k ko
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From here we split into two cases.

Regret after k; We first claim that if 77, > m™, it must be the case that k£ = N, or in other words, if
it happens that we switch to a policy class containing 7*, we never leave this class. Indeed, suppose
that iy, > m*, and that at time T}, we switched to .1 # M. Then it must have been the case
that for ¢t = T},,1 — 1, there was some ¢ for which

gmyi(t) 2> 2041'_’25.
But since we have ¢ > Timi“, event As then implies that
3 —
igm’i > gm,i(t) — Q2 Qg > O,

which is a contradiction because &; ; = 0 for all m* < ¢ < j by Proposition 20. We conclude that

al 2 2
> T\ dim, Tl - K 1og?(2/8) = 7/ dimy |Zn| - K log? (2/6),

k=K1
in the case where k; = IV, and is zero otherwise. It remains to show that if we happen to overshoot
the class m* (i.e., My > m™), then ds , is not too large relative to d,«

Suppose My > m*, let j := My, and consider the epoch prior to V. At the time ¢ = Ty — 1 at which
we switched, the definition of m implies that we must have had

Em,m*(t) <20, and gﬁ” (t) > 2a;,.

Using event As, this implies that £z y,+ < 60t~ ¢ and Sm > a; 4. However, Proposition 20 implies

Em.j = Em,m», and so we get that o 4 < 9am* e Expandlng out the definition for the «,, ¢, and
10

defining ¢ = 7—2 and ¢y = 2—8 M , this implies

K)itl K
C1 - (e1 - d}/* 108 (2d;/50) + 2 - dj) <9C - (c1 - df? 10g® (2 [G) + € - )

or, simplifying,

c1-d}* log?(2d;/60) < 9c1 - dif? 1og? (2, [50) + €290l — )

Now consider two cases. If d; < 9d,,~ we are done. If not, the inequality above implies
d;p log?(2d;/d0) < d:ﬁ 10g” (2d,+ /0). We conclude that d; = O(d,,+), s0

% 7\ [T - K log?(2/5) = O(T\/dm* Zn]- Klog2(2/6)). @1)

k=ks
Regret between £ and k1 Let kg < k < k1. We will bound the term
T e T - K 10g(2/8) + [T/ K - Empon-
appearing in (20). For the first term, note that we trivially have d, < d,,~. For the second, consider

t = T)+1 — 2. Since we did not switch at this time, we have E'\mk,m* (t) < 2+ 1. Combined with
event As, since ¢t > T\" — 1, this implies that s, m* < 6~ ¢, and so

[ K3(- n)dl/illo 2/ 5 Kd, . log(2/0
12l VE & me < 0(2 2] 17(? )g( /%) +0 I |Zs| w
7 TE " g Tion

k+1

< O(T K0T, |2(1+")d1/4 10g(2/6)) + O( N K dpy log(2/5))
72
(22)

Final result We combine equations (19), (20), (21), and (22), and use the bound on | S| from event
As to get

[N P -3
Reg < 0( 3 T\/K|Ik|dm* log?(2/8) + \/1log(2/8) K"T' ™" + el - 10g3/2(2/5))

N Lg %(17,{) $(1+K) j1/4 al i
+ Z b || )/ log(2/6) + > i VK |Ti|d - 10g(2/5) |.
] k=1
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Using that 7/ > 1 and Jensen’s inequality, this simplifies to an upper bound of

~ orml—r 73 11 *\ L (1+k T
SO(T\/log(2/§)K T S KA () ’difflog(2/5)+;'\/KTm*dm* 10%2(2/5))'

For the choice = 1/3, this becomes

~ 3 5
Reg < O(T\/log(Q/é)K1/3T2/3 + % CKVB3(Tm* )P dM  og(2/6) + T—4 - \/KTm*dm* 10g2(2/5))
gl gl

(7 1/3 *\2/3 0 N 2
<O{ T3 (K ) (Tm* Y log(20) + T3 VETm* dy- log?(2/3) ).
Whenever this regret bound is non-trivial, both terms above can be upper bounded as
~ T4 *
Reg < 0(73 (K dp )P (Tm* ) 10g(2/6) ).

For the choice k = 1/4, we have

5 3 . 5
Reg < O(T\/log(2/5)K1/4T3/4 * K (Tm* ) d M Hlog(2/6) + g \/KTm*dm* 10g2(2/5)).

To simplify the middle term above we consider two cases. If K84 < (Tm*)'/8, then
K33 (Tm*)g‘/gaf},{iL < KY4(Tm*)3/. If this does not hold, then we have

K33(Tm* )8 dMt = K33 Tmrd - (Tm*)Y® < \/KTm*dy,-.
Combining these results and using again that 7/ > 1, we have

3

B 5
Reg < 0(72 KYH(Tm® ) log(2/8) + -/ KTm dupe 1og(2/5)). O
v v

D.3 Proofs for remaining results

Proof of Theorem 4. This result is a fairly immediate consequence of Theorem 3. Let ¢ > 1 be
such that e’ < d,,« < €. Then the feature map ¢" must not have been removed by the duplicate
removal step. Moreover, since ¢* was chosen to be the largest feature map with dimension bounded
by €, the policy class it induces must contain the policy class induced by qﬁm* by nestedness, and
the realizability assumption is preserved by the new set of feature maps. Lastly, we observe that
i < log(dm+) < log(T), and that d; < e - d,+, leading to the result. O
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