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1 Properties on Tensors, Subtensors and Derivatives of the decomposition

1.1 Notations and definitions
Besides of the notations introduced in the main paper, we consider the following additional notations:

e For two tensors X,y € RIX*IN we denote by (,) the element-wise inner product
defined by (X,Y) = Zil.m in Xir, - inYVi,.in- This inner product is associated with

the Frobenius norm defined by ||XH§, =D i in X?h.._ i

e The Kronecker product of two matrices A € RE*L B € RM*N denoted by A ® B €
REMXLN i5 defined by [6]:
A171B ..... AI,LB
Ay1B.... Ay B
AB=| ...

e For N matrices {A(")}iv, we denote the Kronecker product A @ ... A1 @

ATD .o AMby  ® AU, @ representing the Kronecker product of two matrices.
mEIN£n

e The cardinality of a set # is denoted by #6.

e Let AW e RI»*Jn 3 matrix and 6 a subset of {1,2,...,I,} (set of consecutive integers
from 1 to [,, with 1 and [,, included). We denote by Aé":) the matrix derived from A (%) by
stacking row-wise the rows {Agf),j € 0}.

e For X € RI1*--*IN_we denote by Xél € R#91xI2xIn 3 qubtensor defined with
respect to the first mode by fixing its first indexes to the values given by 6, X é;2,02 €

R#01x#62xIs5....XIN 3 qubtensor defined with respect to the first and second modes by
fixing its first and second indexes to the values given by 67 and 65 and so on. For example,
let’s consider a four-order tensor X € R10x15x20x30: x¢ 9, = {1,6,8,9} is the tensor

IR



1,2
Xal 62

01 x 65 and x being the Cartesian product of two sets.

,0 = {1,2,4,5} is the tensor such that (Xé’ze ) = X, jk, with (4,7) €
Y2/ 5.k, o

e We denote Tr (A) the trace of a square matrix A.

e Let’s consider N real numbers aq, .., ay. The products a;....ax (product of the N numbers)
and ay..6,,—1ayn41..an (product of all of the numbers except a,,) are denoted by:

[T o

meln

ai..ap—1ap+1..-GN = H Am
mEIN£n

e The absolute value is denoted by | - - - |

1.2 Properties on subtensors

The purpose of this section is to introduce some properties useful for the convergence results of
Singlesghot and Singleshot-inexact. The first property expresses the mode-n subtensor of a tensor X'
depending on the latent factors which yield its Tucker decomposition. The reasoning uses simple
algebraic arguments.

Property 1 (Subtensor-Tucker decomposition). Let X € R x-*In G ¢ R/1%XIN pe two
tensors and {A(m) eRIm*JIm 1 <m < N} N matrices such that:

X=G x, A™

meln

The n'" subtensor of X with respect to the mode n, denoted by X7 € R XX In—a XA g1 XN g
equal to:

=g x, AP x, AZ(.:): x, AW
p€EL, 1 ' qely !
Besides, if 0 C {1,2,....I,,} (set of consecutive integers from 1 to I, with 1 and I, included), we
have:

Xp=6 x, AP x, A x, AW® RN I3 #0xIncixIN d: cardinality
p€l,_1 gerytt

Proof. The mode-n unfolding operator [-](n) turns a tensor in R11>XIN into a matrix in
R ¥ Tien L according to a given ordering. Let’s denote T'Z,, its inverse operator that turns a
matrix in R’ *Hkzn I into a tensor in R7 %% In according to the same ordering.

By definition of X}’ , we have:

in Tn,:

X" =TZ, (X(") ) (1)

with X(") being the it row of the matrix X (), the mode-n matricized form of the tensor X.
By deﬁmtlon of the matricization of the Tucker decomposition, we have [7]]:

X(n) — A(")G(n) <®m61N¢nA m)) T
= XE:) = Az(-:,):G(n) (®mety., A™)  (because the rows of AB are defined by A;.B)
(n)
XM =16 x, AP x, A" x, A@| (matricization of the Tucker decomposition
pEL, g€l

(71
The incorporation of the equality given by the last implication in the equation (1)) yields:



(n)
X =TZ, [ |6 x, AP x, A" x, A@

p€l,_1 qu’;,‘H

Given that T'Z,, is the inverse operator of [-] () by definition, the last equality yields:

X' =G x, AP x, A" x, AW )
p€l, 1 qu]"\',‘*'1
With the same reasoning, the second assertion is straightforward. O

The next property expresses the objective function with respect to the subtensors drawn from X and
uses Property

Property 2 (Slice-wise expression of the Euclidean discrepancy). Let X € RI1*-xIn G ¢
R XIN o tensors, {A(m) € RImxJIm 1 <m < N} N matrices. The following equality holds:

In
1% —G xp A= XL ~G x, AP X, AP x, AD|.
meln " "

in=1 PELn—1 gertt

Besides, if {0} << IS a partition of {1,2, ..., I,, }, we have:

moe

In — p€l, _1 querl

M
|lx-¢ Xem A(m)H% = Z X5 —G x, A®) XnA(gn) Xq A(q)H%
m m=1
with X'gm € RN - In-1X#0m X Inp1X...XIN gu Ag:i € R#OmXJn_

Proof. By definition of the square of the Frobenius norm, we have:
~n ~n
[X -G x,, A2 = Zl”'zl &7 — X, ||% with X; being the " subtensor of the tensor
melyn )

in in

X =G x,, A with respect to the mode n.

meln

By Property |l wehave X, =G x, A® x, A" x, AW, which concludes the proof for
p€el,_1 " q€I7L+1
N
the first assertion.

The second assertion is straightforward with the second assertion of Property 1] O

The next property simply states that the objective function can be expressed in terms of subtensors

drawn with respect to every mode, a practical consequence being that we can choose them as small
as we want.

Property 3 (Expression of the Euclidean discrepancy with respect to subtensors drawn with respect

to every mode). Let’s consider X € R11**IN q tensor and a partition {07(723, 1<m,< Mn} a

partition of {1, ..I,,}. Thus, we have:

FG{AMI) = [X =G xp A =00 S SN Xy o0 =G %,
mely 17y pely

A((;(JZ) ||2F with the subtensor ngnli o € R#0my X X#OY being the subtensor derived from X

mp st
. g q 1 N 08P x.J,
whose entries are X, ... iy, (i1, ,iN) € 97(712 X e X 97(7”\?, Agfz) € R#0mp*
mp st

Proof. By Property/[I] we have:
m N M m
7(GAA™Y) = Sh &y — G xi AL X AT

™1t meld,



myo mEI

By applying Propertyﬂwith respect to the second mode to Hxégm g x1 A o(” X A2

we have:

f (gv {A(m)}iv) = 2%11:1 ma=1 HX;g) 02 -G xa A(gl). A?;. Xv}tg A3
With the same recursive reasoning, we have: e
F(GAAMYY) = SN S M ¥y — G Xgery AL O

g
1.3 Derivatives computation
This equality is going to be used to establish the expression of the derivative of our objective function

with respect to the core and uses simple algebraic arguments.

Property 4 (Equality on the element-wise inner product with a mode-n product). Let’s consider 2
tensors X € RIv<xIn G ¢ RNV XIN gnd N matrices {A( The following equality
holds

m)}1gmgN'

(X,G Xy A =(X x,, AT gG)

meln meln

Proof. The tensorial element-wise inner product is by definition equivalent to the matricial element
wise inner-product applied on any mode-n matricization of the two tensors. Thus, we have:
(X,G X, AM) = (X AMWGO (@01, AM)T)

meln
= (X, G X, A(m) =Tr (X )T A M) G(n) (®m€1N¢ Alm )T) (by definition the inner product
meln
for the matrices)
= (X,G x,, A™)="Tr ((®melw¢nA m) G TAMTX ™) (because Tr(A) = Tr(AT))
mEIN
= (X,G %, A) =Tr (GMWTAMTXM (@1, Al™)) (because Tr(AB) = Tr(BA))

melyn

= (X,G x,, AM)="Tr (G(n)"r [X Xmery A(’”)T](n ) (by definition of the matricization of
meln
the Tucker decomposition [[7])

= (X,G X, AM) = (GO [X x,mer, A™T]™) (by definition of the inner product for

melyn

matrices)

= (X,G x;m AM) = (X x,, AT G)
meln meln

O

As the previous one, this equality is going to be used to establish the expression of the derivative of
our objective function with respect to the core and uses simple algebraic arguments. Mainly it uses
the independance of two mode-n products when the modes are different and the matricial product of
factors with successive mode-n products on the same mode.

Property 5 (Successive mode-n products). Let’s consider a tensor G € R7** %N and N matrices
{A(m) € RImXJIm 1 <m < N}. The following equality holds

(g . A(m)) o AT Z G x. AT A

meln meln mely

Proof. Among the known facts on mode-n products [[6], one is the independance regarding to the
mode, for m # n, X x, A x,, B= X x,, B x,, A, the other concerns successive mode-n products
X x, A x, B=X x,, (BA) (provided the product AB makes sense).

(g Xom A(m)) xm AT =G x,. A™ % AT =g x, AMTAM
melyn

melyn mely melyn melyn



O

The next property yields the expression of the derivative of the objective function with respect to
the core as well as the Lipschitz character of the derivative under boundedness assumption and uses
simple algebraic arguments

Property 6 (Derivative/Lipschitz character of the derivative ). The derivative of the function £(G) =
X -G x,, AU™)|2% is given by

meln

Ig&(G) = —2 (x—g Xm A<m>) X AT
mely mely
Let’s assume that G € D, and Am ¢ D, 1 < m < N with D, =
{G e RN >IN||IG||p < a},Dy, = {A™ € RInXIm||A(M™)||p < a}. Then, the derivative
is Lipschitz with the bound 2] | A2,

meln

Proof. Derivative and Lipschitz character.

1. Derivative expression justification

EG+H) =X~ (G+H) xp AL =X -G xp AW —FH x,, A3
melyn

meln meEln

SEG+H)=|R-—H xm A2 withR =X —G x,, A the residual tensor.
meln meln
By definition of the square of the Frobenius norm, we have:

§G+H) = £(9) —2ARH xm Ay 1+ O(||H]%)
= G+H) =£G) —2(R x,n AT H)+O(||H|3) <byProperty.

mely

The derivative is then 9g&(G) = —2 <X -G X, A(m)> Xy AT
meln meln

2. Justification of the Lipschitzian character

The derivative can be rewritten according to Property |5|as:

0gE(G) = —2X x,, AT +2G x,, AWTA)

mely meln
The norm of the difference of the derivarives is ||0g£(G1) — 9g€(G2)|lr = 2|(G1 — G2) Xm
meln
AT A & and is bounded by:
10g£(G1) — 0g&(Ga)lr < 2161 — Gallr [ A TAM||p
meln
<261 - Gaollr ] IA™|3
mely
O

At this point, we simply derive the expression of the derivative of the objective function with respect
to the subtensors

Property 7 (Slice-wise derivative with respect to the core). Let’s consider the function f defined by:
() =1 X7 —G %, A x, Ag:) xq, AWD|2. The derivative of f is given by:

=1
n mel, 1 qu]T:]+1

I, T
0010)=2 5% (10 o A5 AL)) o AP (A12)
in=1 MEIN#£n



Proof. This a direct consequence of Property [6] O

The purpose of the following property is to establish the expression of the derivative of the objective
function with respect to a loading matrix as well as the Lipschitz character of the derivative under the
boundedness assumption

Property 8 (Derivative with respect loading matrix/ Lipschitz character). Let’s denote g(A(™) =
[X — G x1 AW x5 xny AN||2. The derivative of g(-) is given by:

dg(AM™) = —2 (Xm) _ A<n>B(n)) BT

with X G B™) being the mode-n matricized forms of the tensors X,G, and B defined as
B=G¢ x, AP x,1d x, A9,

pel, 1 quKfl

with Id € R7»*7n the identity matrix.
Let’s assume that G € D, and AM ¢ Dpn,1 < m < N with D, =
{G e R >IN||IG|lp < o}, Dy, = {A™ € RInXIm|||A™)||p < a}. The derivative dg is

Lipschitz with the bound 2||G||% oeryo. A2,

Proof. :Derivative and Lipschitz character.
1. Derivative expression
By introducing the tensors R = X — G X, AMandB=¢g Xp AP %, 1d Xgq A 1d e

meln p€l,_1 ‘IGIKJJA
R7»*7» and by denoting R(™) and B("™ their mode-n matricized forms, we have:

gAM +H) = |X -G x»n A -G x,, A" x, H|2=|R-Bx, H|%

meln mEINn

= g(A®) + H) = |R|[} - 2(R™, HB™ ) + [HB™ |}

= g(A") + H) = g(A®) 2 (RWBMT H) + O (|H]})

As a consequence and given that G X, AM) = B x, AM the derivative is:
meln

9g(AM) = —2RMBMT — 9 (Xm) _ A<n>B<n>) BT

2. Lipschitz character of the derivative

[09(AL) = dg(AL) [ =2l (AL = ALY) BOBOT|p < 2 AL — ALY||2BO

IB™r=]G™ @ AM|p<|Glrl © AM|r=IGllr T [A™]F(seefor
mEIN~n melNzm

mEIN£m

example [8]], page 433). Thus, we have:
log(AS) — ag(AS)|1r < 2| AT — A£G )13 [Tt 1A O

We simply derive the expression of the derivative of the objective function with respect to a loading
matrix in terms of the subtensors



Property 9 (Slice-wise derivative with respect to a loading matrix). Let’s denote f (A(”)) =

Ef”:l X7 =G x, A® x, AE:) xg AW withp < n (p > n follows the same
pGIn_l qEIK,Jrl

principle). The derivative of f is given by

Of(AP) = —2 i ((X;Ln)(p) _A® (Bgf))) (Bgf))T

=11

with (X?n) ®) and BE: ) being the mode-p matricized forms of the subtensors X' and B;,, with B;,
defined by
By, =G xm AMx,Id x, A@x, A™ x  AM

Tn,:

+1
mel, 1 qerrty relly

Proof. This is a direct application of Property 8] O

The following inequality is useful for the proof of Singleshot-inexact

1 1 1 .
Property 10. For A > 0 and k > ko = 1 + oz log (log(l-i-)\))’ (H/\l)k,l < =5 with log

being the logarithmic function, i.e. the inverse of the exponential function which we denote by e.

Proof. let’s consider the univariate function £(z) = 2 — e~ 1108014 _ L1 defined on the domain
x > ko, e being the exponential function (inverse of the logarithmic function).

The derivative is given by £ (z) = 1 — (log(1 4 ) )e(@=DxIn(1+),

Given that x > kg, we have by definition of kq:

r>1+ log(%—Q—A) 1Og(1og(i+x))

=>x—-1>

1 1
log(1+A) log( log(1+A) )

= (z —1)log(1+ A) > log ( )(because log(1+ X\) > 0 since A > 0 by definition)

1

log(14+X)
. 1 . . . . .

= e(=Dlos(1+Y) > Joa(mEaFn) (because the exponential e is an increasing function)

= elz—1Dlog(1+A) > ﬁ(beeause e is the inverse of the logarithmic function)

og(

= (@~ 18142 Jog(1 4 A) > 1(because log(1 + ) > 0 since A > 0 by definition)

= 0> 1— (log(1+ \))elr—log(l+A)

=/ (z) < 0: this implies that ¢ is a decreasing function on the domain = > k.

Thus, for an integer k& > kg, we have:

(k) =k — e(k=Dlog(1+A) _ o < U(ko) = —elko—Dlog(1+A) ~

=0 <k — ko < eF=D1080+2) — (1 4 \)*~1: this concludes the proof. O

2 Theoretical analysis

2.1 Definitions and supplementary notations

1
7 (A0, AN = 51X =G xuere AT

I
N n
=530 -G %, AP Al %, AW

in=1 PELL 1 qeryt!
We consider, for writing simplicity, the alternative notations of f (G,AM, ... A)) given by
m N n N n—1 n N
f (g, (A} ) f <g7 (A", {A(g)}n+1>, F (g, (A} A {A(Q)}nH) and the
same notations hold for any function of the N + 1 variables {G, A ... AN},

Besides, we consider the following notations:



e the minimum value of f by fuin = f (gm, A%), . AS,QV)), with

(gm,A%),"' ,A%V)> < argmin f (g,A(1)7... 7A(N))'
DgxDy Xx....xDx

Such value exists since a finite product of compact sets is a compact set and f is continuous
since it is polynomial.

e the function f considered as a function of only the variable G by f(., {A(m) }iv) The same
notations hold for all the variables as well as the derivatives.

o the block-wise derivative of f with respect to G (respectively with respect to A (P)) evaluated
- . - - (- N N N
at (Q,A(l)7 . ,A(N)) by dg f (g, {A(m)}1 ) (respectively Oa () f (g, {A(m)}l )).

e The block-wise derivative of f is denoted by 9, f (x representing the right variable). The
gradient of f, denoted by Vf = (Og f,Oa1) f, .-, Oav f). is an element of R XIn
RIXJ1 5o x RINXJIN endowed with the norm || - ||, defined as the sum of the Frobenius
norms, i.e.:

V7@, {A} Ol = 1065 (6. {A}) 16+ 2 I0aer (G, {A}) I

We define the following suprema, which are well defined since f and its derivatives are continuous
(because polynomial) and a finite product of compact sets is a compact set :

° F:SungxD1><m><DNf(g7A(1)7"' ,A(N))
L d Fg = SUPp, xD; x..xDy Hagf (g,A(l), "'7A(N)) ”F
° Fm = Sup]D)yx]D)l X...XDn HaA(m)f (g’A(1)7 ""A(N)) ||F

Lastly, the maximum number of iterations will be denoted by K

2.1.1 Definitions for Singleshot-inexact

We consider the following definition for 77 (descent step for A W) at the iteration k + 1)

i = agmin o) (7 (Guen (AL AV -1 (60 far}) 41 (G A A

USEv et <

(3)
with:
1
o(n)=n- 175
1 n m n
GAN) = SIX] ~ Grn X A (AT %o AR v AQY
mel,_1 q61]7\l,+11
AV =AY —px — 3 9
j€$57_k

where O (v) £; represents the derivative of £; evaluated at A,EN), and A > 0,7 > 1 being user-defined
parameters.
This problem is well defined for two main reasons. The first one is that all the factors

{Qk, {A](;n) }1§mSN , Gk, {A](;t)l}lngN 1} are known at the update stage of AXV) at the

(k + 1)*" iteration (i.e. the computation stage of Ai +)1) because the variables updates are performed

in the order 'update of G’, "update of AL ‘update of AN-1) "update of A™)’ and we
consider the minimization problem of a continuous function on a compact set.

The second is that as a consequence of the Assumption 3.2 presented below, there exists SET i
such that > JESETH Oam¥; # 0 (see Property | and the set considered is one of such sets
(i.e. for which the inexact gradient is different from the null matrix). In the sequel, the matrix
> jeseT, Oamnl; will be referred to as the inexact gradient.



2.1.2 Definitions for Singleshot

For Singleshot, we consider the following definitions for the descent steps 77,? and 7}, at the (k + 1)t

iteration:
N N
i 70 (1 (0008 (a))) s (o fa))))
5o ]

L, o2
771; = gmln o ( (gk+1’ k+)1 }pi ’Ai:p) - WDZ» {Al(cq)}:_,’_l) —f (ngrl’ {Aggz)l}fil ’ {A](f)}:))

®)

g0

The parameters §; > 0, Jo > 0 being user-defined parameters.
The minimization problems related to 7],? and 1)}, are well defined since the factors involved in their

definitions are known at the computation stage of G5 and A;ﬁl and the problems correspond to
the minimization of functions on compact sets.

Remark 1. Contrary to Singleshot, only the descent step n;, N for the loading matrix AWN) is defined
via a minimization problem for Singleshot-inexact

2.2 Assumptions

The theoretical analysis of Singleshotinexact requires Assumption 1, Assumption 2, Assumption
3.1, Assumption 3.2, Assumption 3.3 and the definition of the step given by the equation (3). The
theoretical analysis of Singleshot requires the Assumption 1, Assumption 2, Assumption 4 and the
minimization problems defined by the equations (@) and (3). All of the assumptions are given below.

2.2.1 Common assumptions

Assumption 1 (Uniform boundedness). The n'"* subtensors are uniformly bounded, i.e. | X e <
p Y1 < iy < I,

Assumption 2 (Factors boundedness). G € D, = {G € R/">X/V|||G|r < a},AM™ €D, =
{A(™) € RIn*m||AM]||p <a},1<m <N

2.2.2 specific assumptions for Singleshotinexact

Besides of Assumption 1 and Assumption 2, we consider three additional assumptions:
Assumption 3.1 (Bound on descent step related to the update of A (),

1
N
1Ky < S aw

We highlight the fact that nk is does ' not" mean "ni to the power N'': N simply refers to the
loading matrix A("), On the other side, o> corresponds to « to the power 2V
Assumption 3.2 (non-nullity of the gradient with respect to A V),

-1
ont (Gean (AL ALY 20

It is worth to notice that we do not impose the non-vanishing assumption on all of the par-
tial gradients, but only on the partial gradient with respect to AN) evaluated at the point

N-1 N
(gk+1vAk+1v' A§c+1 ) A( ))

Assumption 3.3 (Choice of the number of subtensors).

/1 1
I/ =+ — <By,I,>2
2+In_ k >



2.2.3 specific assumptions for Singleshot

Besides of the definitions given by the equations @) and (5), we consider, alongside Assumption 1
and Assumption 2, the following additional assumption:
Assumption 4.
01 < P

VK ~ VK
These inequalities simply amount to consider that the solutions of the minimization problems given
by the equations (@) and (3] are not attained at the lower bound of the interval. Again, we highlight
the fact that 7! is does '"not'' mean "7, to the power p'': p simply refers to the loading matrix
A®)

<ng.np

2.3 Theoretical result

The theoretical analysis is motivated by the fact that the existing convergence results for Coordinate
Gradient Descent cannot be applied directly to our setting. Most of the existing approaches use the
assumption of convexity [1]] or strong convexity [9] on the objective function, which is not verified
in our case since we are in a non-convex setting. Some approaches have been proposed for the
non-convex setting, but with block-wise (i.e. multivariate function considered as a function of one of
its variable while the others are fixed) strong convexity [[13]]. The reasoning proposed does not fit our
framework since the block-wise strong convexity is not verified for our problem.

Few approaches (in the sense that the problem has drawn much less attention compared to the
convexity or strong convexity cases) handle, for any function, the general case with no convexity or
block-wise convexity assumption (our problem can be classified in this trend), but the theoretical
analysis cannot be replicated since the algorithmic frameworks are different from ours. Our purpose
here is not to compete with state-of-the-art Coordinate Gradient Descent algorithms, but simply to
prove such a simple algorithmic setting yields a convergence rate in the general non-convex setting
for the scalable tensor decomposition problem.

The difficulty of the proof relies on the lack of convexity for the objective function as well as the
block-wise function. To overcome this, we rely on careful definitions of the descent steps.

2.3.1 Convergence of Singleshotinexact

The purpose of this section is to prove that the sequence {g ks Ag), S A,gN)} converges to the

set of minimizers of f at the rate O(%) Before establishing the convergence, we introduce the
preliminary results Property [T1} Property [12]and Property

The aim of the following property is to prove that there exists a non-zero inexact gradient. It is simply
based on a reasoning by contradiction and is a direct consequence of Assumption 3.2.

Property 11 (Existence of a set such that the inexact gradient is non-zero). Under Assumption 3.2,
the following property holds:
ASET, C {1,2,...1,}, ZjessTk Oam 4 # 0 with O )L defined by the equation (3)

Proof. We perform a reasoning by contradiction. Let’s assume that VSET, C
{1,2,...,1,}, Zjesgn_ Oaml; =0
Let’s choose SET, = {1,2, .., I, }. Thus, we have

In N-1
Z@A(m@j :aA(N)f<gk+1’{A§:i)1}l 7AliN)> :O7

j=1

which is in contradiction with Assumption 3.2 O

For this part of the proof, we simply establish an explicit bound on the norm of the gradient
approximation error. This idea that consists to bound the gradient approximation error || 3¢|/% by

10



considering a lower bound on the number of terms that intervene in the inexact-gradient is inspired
from [[12]].

Property 12 (Bound on the gradient approximation error). Let’s consider the gradient approximation
error (B, defined by:

N—-1
Be = & Ticser, Oambi—am f(Grsr, {A}jﬁl}l AN with £; and 85 x0; defined by
(@). The following inequality holds:

1817 < 813 (p + &V +1)2aY

Proof. By definition of 3, we have:
N-1
m N
184013 = 11 32 Xjeser, Oamts — daom FGrrn { AL} AP

N-—1
Given that (9A(N)f(gk+1, {A/(gz)l}l A(N)) ZJGSETk 8A(N)€ + Z]QS&STIC 8A(N)€ by the
alternative expression of f in terms of subtensors drawn with respect to one mode, we have:

183 = 1| (2 = 1) Sjeser, 0amts — Ligser, Oacobil3

2
= 18413 < ((1- 2) Sieser, 10amGlr + Xgser, 10actslr)  (since the real func-
tion  — x? is increasing on the set of real positive numbers and by triangle inequality)

Since (a + b)? < 2(a? + b?) for a, b > 0, by application of Cauchy-Schwartz inequality and given
that the cardinality of Sé’ T is By, we have:

18c3 <2 (1= ) B Syeser, 10am b3 + 2L — Bo) Sygser, [0ac bl
Giventhat 3, ser, = D1<j<r, — 2 jeseT,» We have:

) 1\, & ) (B — 1)° )
1Bkl <2 (1~ B By, § 10am 1l +2 | (In — Bi) — B § 10a) €5 ||
=1

JESET k

0

2 2 2 2 2 _
with 6 — Jan—Bk—éfk—wkH) < Ian—2BB,;+2Bk—1 < 2212 (1 ;k +2ln—1 _B% under
Assumption 3.3.
Thus, by Assumption 21, Assumption 2 and given that By < I,,, we have:
1813 < 2 (1= 7)) By [9am bll3 < 2 x 4 x L x L(p+ a¥ 1)
= [1Brll% < 8L (p+aNF1)2a?N O

The following inequality simply establishes a lower bound on the variation of the block-wise function

-1
) > f (G, { x +1} JAWN )) between the consecutive iterations k and k + 1 and is a direct
1

consequence of the minimization problem given by the equation (3).

Property 13 (Lower bound on the variation of the block-wise objective function). The following
inequality holds:

a7 (onon (AY)) =1 (o0 {A0))) 1 (omon (A2 A7) 0

Proof. The minimization problem defining n,iv being well defined (see the equation (3)) and Property

[TT), we have:
o) (37 (e (A A =1 (o0 (A7) )+ (o0 fai) T 42))
M N-1
<o (aze) (0 (g (M)A () ) =1 (00 a7 o (g {a2)40) )

11




with o (n)
Since o (

n— g KW by definition (see the equation (3)).

L_) = 0 by definition, the previous inequality yields:

4K~

o) (31 (9 fAL20) 7 A00) 1 (o0 A ) 1 (oo {aE T A0Y)) <

by Assumption 3.1, o(nY) = n —

Since 77,{,\[ > (. Thus, the previous inequality yields:

4K”f 4K’Y

A (gkﬂ, (A} AveY )) - f (gk, {Aém)}lN) +f (gm, {ag} ,AEJV)) <0
= Af (gk+17 {Aén;)l}iv> —f (gk, {A,(Cm)}iv> + f (gk+1, {A,(H_)l} ,A,(CN)> <0

The last implication (*) stems from the definition of n,iv because:
~ N
AMGYN) = AN — 2o S0 cor, Oacnly = ALY with (; being defined by (3)) 0

N
The next result states that f (g ks { AI(Cm) }1 ) converges to fuin when k& — oo.

The main idea is to prove that Ay, = f (Q ks {A(m) } k) — fmin 18 a recursive sequence verifying the
inequality
T4+ XNAgt1 < Ap + % and the conclusion comes from a straightforward reasoning by
induction.

Theorem 1 (Convergence to the set of minimizers for Singleshotinexact at the rate O (+)). | The
following inequality holds:

2 oaN+1)2 2N
f <g1, {A(m)} ) fmln %
k — ko

VE > ko, f (gk, {A,(;’”}f) — funin <

with:
1

1
T g+ % (log(l +)\)) A>0

ko =

Proof. Let’s denote fy the function defined by AN f <gk+1, {Agi)l} A(N)) — fmin

and 9 fy (AW)) the derivative of fy. Since A®Y) — 9 fy(AW)) is Lipschitz with oV as the
Lipschitz parameter (Assumption 2 and Property [8), we have [10]:

i (A < i (A07) + (01w (A07) A - A + 1A — AR ©

By definition, we have:

AN — AN — N (afN(A,gm) +/3k) with B, = 2 cser, Oamly — Ofn(ALY),
O0a vy ¢; being the derivative of the function ¢; evaluated at A;N) with:

GAN) = 3IX7 =G xp AP X (AfD)  xe A <y AR

pEL, 1 s qelyty

This equality combined with the inequality () yields (since 7y > 0):

N < —fory (A) 1} — @ (AN 80 + I Jogy (AD) + 4l

12



By developing the terms ||0 fn (AECN)) + B ||% and rearranging them in the last inequality, we have:

fN( k+1) In (A( )> . Q2NN 9
77k B 2

2NN

105 (AL 1B S Bl + (a2 1) (01 v (AL
@)

Since « — 1 < 0 (by Assumption 3.1) and given that the absolute value of a is equal to —a if
a <0, we have by the Cauchy-Schwartz inequality:

(@2Nn) ~ )@fn (AN .80 < (1= a2 ¥n) |0 (AL) 65l e
Since 2ab < a? + b?, the previous inequality yields:

2N, N
@0~ )(@fy (AX), 50 < TS ogy (AD) IF 153 ®

The combination of the inequalities (7)) and (8) yields after simplification:

AN A V)
fN( k+1> fN( k ) 1 1 1
(N) 2 2
< = A + = < —

Thus, we have:
(N) (N) 77N 2
fv (A1) < v (A) + 18l

N
Let’s consider the sequence Ay, defined by: Ay, = f (g ks {Afcm)} > — fimin- By the replacement
1

of fn by its expression, the last inequality yields:

—1 N N
A<tk (£ (Gun A} A <1 (0 {a) ) + Biaaz - ©

By Property[13] we have:

F(oenfamm) T al) <1 (o {ar)) < -ar (gun (a2}
N
<) (g;m, {alL}, ) + A fomin

—AAp41

By combining the last inequality with inequality (9), we have

N
(L4 N Aks1 < Ap+ 2150

By Property|12] the last inequality yields:

N
(L4 M)Ak < A+ % x (B2 (p + oV *t1)?a?N)

Given that )Y < %, the last inequality implies:

1
(1+ V) Ak1 < Ag + o X (B3 (p + o T1)2a?Y)
By introducing, &(p, a, I,) = 81%(p + o™V *1)2a?V, this recursive expression yields (by a reasoning

by induction):

A E( 7aa1n) A €( aa7I7l) 1 1
A < e + Bl T e = e + et (1- o)

A g(Pyﬂé In)
= Ap < (1+,\)1’c—1 + =%

13
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Given that k < K, we have:

N G, {alm™ fmin
f (glw {A](cm)}l ) - fmin > ( : {(1_’_)\)5 1> + E(péa)zjn) X k%

Since v > 1 by definition, we have:

f (g17 A(m) > fmln

(m) N . ) P»a ]) 1
f(gk,{Ak }1> funin < ey S x T (10)

By considering that & > ky = 1 + log(}+)\) 109(109(14-)\)) (which is natural since we study the
asymptotic behavior with respect to k), the equation (I0) yields by Property [10}

f (gl’ {Agm)}f]> = Jomin é(p,a, I,) 1

(m)
f(gk,{A }) funin < — T L

2.3.2 Convergence of Singleshot

The objective of this section to establish for Singleshot an ergodic convergence rate of O \F)
Before establishing this rate, we introduce some preliminary results that are Properties and

[14.2] Property [15.2] Property[15.1] Property

The properties[I4.1]and [T4.2] simply state that the objective function decreases after each update stage
provided the descent steps have been carefully chosen via the minimization problems given by the

equations (@) and ()

Property 14.1 (Sufficient decrease of the objective function (G) ). Under Assumption 4, we have:
m\ N (m)
(g {af} ) < 7 (00 A}

N N
Proof. Let’s note fé the function f (-, {Aim) }1 ) —f (gk, {Aém)} ), we have by the definition
DR

of 77;? (equation @])) and the definition of a minimizer:

50 5
(ng — )fg (Gr —nfDY) < (Kl% Klé)fé (gk K1 D9> 0

01

Since n,f > P by Assumption 4, we have
2

f6(Gr—nfDF) <0

By definition of fé and given that G 11 = Gy — nng, we have:

g {ar})) <5 (9 a1}

Property 14.2 (Sufficient decrease of the objective function (AP)Y). Under Assumption 4, we have:
m P AN ) o (m) P~ f A @Y
f(gk+1,{Ak+1}17{Ak }pﬂ) < f(Ge {Aln), (A}

Proof. This is the same reasoning as Property O

14



The next two properties simply use the definition of the update schemes

Property 15.1 (Implicit assumption on A,(Ql). Under Assumption 4, A;ﬁgl belongs to a ball

) whose radius is equal to %

centered around A,(cp

Proof. By definition, we have:
m p—1 N
JAL, = AP e = -5 0p0n f (gkﬂ, {amn, ) ) I
5 ...
= HA5521 — A,(Cp) lr < K—Z%Fp (by definition of I',,)

= HA,(fjgl — Agcp)HF < %2 max ([, T, ..., T'x) O

K2

Property 15.2 (Implicit assumption on G 1). Under Assumption 4, Gy, 1 belongs to a ball centered
around Gy, whose radius is equal to %

Proof. With the same reasoning as for Property [I5.1] we have:

1) 1)
1Gks1 — Grllr < KZ% T, < K—émax(rg,n,...,rm

O

The next property establishes the Lipschitz property for the squared Frobenius of the block-wise
derivative (which will be needed in Property|17.1))

Property 16. Lipschitz property for the squared Frobenius of the block-wise derivative Let’s consider
the function g, defined by:

g (G, AD, ., AN = 1950 (G, AL, . AN 21 <p< N (12)
We consider g, is defined on the set ]IA)g X ]IA))l X . X ]IA)N with ]ﬁ)g =
{G e R\ >IN||G||lp < 2a},D,, = {AM e REIn||AM || p < 20}, The function

fp is Lipschitz (therefore, the restriction of g, to the set Dy x Dy x .... x Dy is Lipschitz since
DgxDy x....xDy CDy xDy x ... xDy)

Proof. by noticing that the derivative of g, is bounded on IB)Q X ]ﬁ)l X ..x D ~ and given that a
finite product of convex sets (respectively open sets) is a convex set (respectively open set), by
[1L1]:Corollary 2.31 yields the Lipschitz character of the function g,,.

The next three properties bound the mean block-wise derivative for the core and the loadings factors.
They mainly use known algebraic arguments and Properties[I4.T)or[14.2] As the second property
includes indicia k and k + 1, the third property is necessary to bound the mean block-wise derivative
of the loading factors at the k" iteration.

Property 17.1. Mean block-wise derivative (G)

K-1 #(20 + a*NT303)

A m VY 2
ez 3 10of (9 (AL} ) 1B < (13
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Proof. By Assumption 2 (factors boundedness) and Property [6] (Lipschitz derivative), we have

N N
loos (91 (A"} ) =001 (02 (AL} ) I < 161~ Gl TT 1AL < 0261 - Gl

meln
()}
Thus, dg f (.7 {Ak }1 ) is Lipschitz, which paves the way to the inequality [10]:
(m N AN Y )\ N a? >
P (A} ) < 1 (A} ) + 0or (1 {AL7} ) Grs = 60+ 210 - Gull
m) N
Since Gyy1 = Gr — 0 90 f (gk,{ }1 ) and by definition of I'; as the supremum of

|l0g f (g, {Alm}] ) |7 onDy x Dy x ... x Dy, we have:

2N(

#1001 (50 (A} ) 1 <1 (90 {A)Y) - 1 (G0 (A} ) + 0 s

N N
By Properties |14.1and [14.2, we have f <gk+1,{A§gj_)1} > < f (gk +17{ A;@m} ) This
1 1
inequality combined with the inequality (T4) yields

#1001 (90 (A} V12 <1 (90 (A s (e {AED ) + 5 g

By taking the sum of this inequality, we have:

N N a2NT2 K1
Z 96 f (Qk,{ " ) 1% < £(Go. {AG} ) - (gK,{AEK '} ) gt Py’
=0 k=0
K-1 02N T2 9 K—1
= n?|0g f (gk, {A> } ) |% < 2I' + Z (n¢)*(by definition of T as the supremum of f)
k=0 k=0
Smce = < gk < 1 , we have
K-1
1 1 W? %
Zk o MY 61K1/2 k=0 Zf:_ol i oL K12
and
N~ VY |2 (m) )
> stglas (G {A} ) 1 >——Z||agf (0 {ar} )i
k=0 2k=0

With the last three inequalities, we have:

B o 4 @2T303
—1 S
1 (m) N> P 2
7 2 195 (9 A} ) 1 < 2y

Property 17.2 (Mean block-wise derivative (A (?))).

5 ZNF262
1KZ_1 P @ [ A@Y ‘5%<2F+ )
m 2
=1 E k=0 HaA(p)f (gk—H’ {Ak+1}1 ’Akp ’{Akq }p+1> ”F =

16



1
is identical to the one previously performed before the equation (14), and given that the Lipschitz

constant for the derivative with respect to A (™) is also equal to o>V (by Propertyand Assumption
2), we have:

m) 1 P1 N 2N (771]:)2 2
N, (gm (A} .ap, {A,i”}w) I <=7 (ARL) £ (AP)+—5—2

p—1 N
Proof. Let’s note f,gp) the function f <Qk+1, {Afgz)l} . {Afcq)} 1). Since the reasoning
Pt

1 2
(15)
By Properties and we have
N oy 1 P-1 N
(o DAY 25 (e [y AR (AP ) =7 (A2,

P+

O (A0 =1 (g {aln) Al (a0 ) <1 (o {a")]).

By inserting the last two inequalities in the equation (I3]), we have:

Pl AV e fA@VY ) 2 - ALY

nk“ A(p)f gk+17 k+1 1 PR k pi1 HF > f gka k 1
) YNV NI o

f gk+17{Ak+1}1 + 2 ”(Wk)

From this point, we perform exactly a reasoning identical to the one performed for Property

(from inequality (T4)) and get the result. O

and

The idea of the proof of the following theorem is similar to the classical reasoning used to prove the
"sequential criterion for continuity".

Property 17.3 (Bound on mean derivative for any mode).

K-1 2NT252
1 m N 0 a6
3K, > LVK 2 Kpy = > 04 f (gk,{A,i '} ) I3 < = <1+ <2F+ s 2))
k=0 1

(16)

Proof. The function g, defined by g, (G, AW, .., AN} = |00 f (G, AD, -+ | A |12, being
lipschitz by the equation Property |16} it is uniformly continuous. Then, we have:

Ve> 0,37 >0, ]|z = ylls <1 = [[10am f(@)F ~ 10am fW)IIF] < € (a7

Let’s consider y — (ng’A](:ll’ . 7AI(€z;1)’A’(€p)7,.. AN and 2 = (Qk,A;(Cl)a . ’A’(CN)>

e =yl = [1Gis1 = Gullr + 1AL — AL lp + oo+ ALY — AV < 25 (by Property

[[5.2]and [T5.1])

Thus, we have:

pB
—qyll. < 18
o=yl < 25 (18)
Since ;Bl converges to zero when K — oo, 3K, VK > K, [[x—y|.« < ;ﬁl < n. By the inequality
2 2
(17), we have:

Ve > Oa HKZUVK 2 va |||8A<p)f(x)H%‘ N HaA(p)f(y)H%| <e
= Ve > 0,3K,, VK > Kp, [|0a00 f(2)||% — 10401 /() |3 < € (because a < |a])
= Ve > 0,3K,,VK > Ky, [0ac [(2)[[7 < €+ [|0aw f(y)]IF

N
= Ve > 0,3K,,YK > K,, |0am f (gk, {A,im)}l ) 1% <e
m p—1 N
+|0am f (gk+la {A1(<+)1}1 a{AEf)} ) 1%
p

17



The last inequality holds for any value of k € {1,2,..K} provided K > K, (it is worth to notice
that we are dealing with two variables &k and K that are different). Then, by summing over k (not K),
we have: Ve > 0,3K,, VK > K:

# Th 6A<p>f(gk,{ vy >|F<e+ o aAmf(gm{ ;’Zi}fl7{A§€Q)}:) I

5y o a®N 1253
| K- m V)12 G A
= Ve > 03K, YK > Ky S5 040 £ (AT} I < e+ T T oy
Property|17.2)
92 92 a?Nr3s3
(m) 2 GG A
= HK >1,VK > Kp, e Z ||8A(p)f Gk, {A }1 HF < P P

Thus, we have:

K- 2N T2 52

1 Al NN o 0a a5 05

> > — < N S
3K, > 1,VK > K, % gz 0aw f (g;w{ }1 ) Iz < 5%K% (1 + <2F+ 5

(19)

O
Theorem 2. Convergence rate
The following inequality holds:

K—1
1 N (N+1)A
3K, > 0,VK > Ko, — ,{A<m>} 2 WV )A 20
0> 0K > Ko 1 197 (90 {1 ) 12 < B 0)

2N 2 ¢2 2N 2
with A = <2r+ T Sl 1(1+2r+”))

Proof. First, let’s establish a bound on — Z |V f (g ks {A(m) }1 ) || in order to make appear

S 1007 (G0 (AL} ) Ik S 10a0 £G0 AL} I+ T 10ac £ G (AL}

which are the variables that have already been bounded via the inequality and Properties[I7.1)and

v
By convexity of the function g(x) = 22, since |V f (gk, {A,(Cm) }1 ) ||« is equal to the sum of the

norms of the block-wise derivatives evaluated at Gy, A(l) i AéN) we have:

v (gk,{ PF) 1z < v (10 @ (A} I+ 2 1||aA<p>f(gk,{A<m>}1)%)
= 191 (G (A ) 12 < o+ 0TI 106 (00 (A ) 17

K-1 1 N N
N A1) D > loaw <Qk, {A,‘J”)}1 ) I
p=1

k=0

By permuting the two signs » , we have:

K-1 K-1

1 Y 1 m
= e 97 (0 {A ) ) 12 < v l0a5(Gx {a Y iz | @n

k=0 k=0

can be bounded by Property[T7.1]
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K-1

- 1 m MY 2
SN DY S elown s (o (AL} ) 13

p=1 k=0

can be bounded by Property

By Property[17.3] we have for each mode p:

K—1 2NT2 52
1 N 62 [0} I (52
3K, > LYK > K,, — Ontr ,{A(m)} 2 < 14 [ory 272
2L 2 K e 3 fono (0 (AL} ) I < gy (1 (0 7
(22)
For K > max(K,,1 < p < N), all of the inequalities given by (22) are verified for any mode p.
Thus, the inequality (ZT)) yields:

N N
F S 19s (0 {A ) ) 12 < v (RIS e s (00 (A7) 1)
N 2NT2 52
52 « I 52
H(N +1) (1; e <1+ <2r+2p )))

2N 252
5 a?Nrp2s
5%(2 292)

||

N s 2N 22
- + 31 21<1+2F+2“

1 K-l CONRANT
= % =0 IVf Qk,{Ak } 2 < (N+1) &
1 07K 2
The last implication results from Property Finally, we have:

K-1
1 m\ N+1)A
VKZmaX(Kp,lgpgN),Kvaf(gk’{Al(€ )}1>HES( )
k=0
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3 More details on variants

3.1 Singleshot-online

We consider now the problem of decomposing a tensor that can grow over time with respect to every
mode with the single pass constraint (i.e. with no need to resort to the past data), hence the term
"online". This is a relevant problem that has received little attention [2]. Let’s consider a N —order
tensor growing over time with respect to any of its modes. Let’s assume that at time step ¢, its state is
X € RIvex-xIn.e and that at the time step ¢ + 1, we have acquired B,, new subtensors with respect
to the mode n Set,, = {XZ € RIvexXexn—poxXIxngre XX ] < g < Bn}. According to the

Tucker decomposition expression, A (™) is the single matrix which dimensions change: its number of

rows increases from I,, ; to I,, ; + B,,.

Based on the above described algorithms, we can derive a novel variant able to infer the factors that
: TI72) T,e X (In, e+ Bo) X TTR— i1 Tie

approximate X, € Rile=1 "5, , k=nt1 ikt

We propose an update scheme identical to the one presented for Singleshot-inexact, with the core

intuition that the online problem can be efficiently tackled via our inexact gradient approach. More

formally, the derivatives with respect to the core tensor G and a loading matrix A ()| p # n, denoted

by Dg and DY are computed as for the Singleshot-inexact method by fixing SET; to Set,,. The

derivative D} € RUr.t+Bn)xJn i5 defined by:

DZ:[ 0,---,0 7V1a"van]a 24
————
1,, ¢zero vectors

with [., ...,.] being the row-wise stacking operator, o € R'*/» being the null vector and v, the
derivative of ¢; evaluated at (Ai,n)) In.c+j,:» and £; defined by:

1w m
Ga) = 1% = G %, Al xna x, A}

mel, 1 qeryt!

with X7 € Set,,,a € RIXn,
One can notice that these update patterns require a single pass on the data since they do not involve at

all X;. The initial values of G and A®) p % n are fixed to G; and A§p ) while the initial value of

A (™) is defined via the row-wise stacking of Ain) with B,, random vectors.

3.2 Non-negative constraints

To perform a nonnegative tensor factorization, we simply replace for Singleshot,Singleshot-inexact
and Singleshot-online, all the update schemes by Projected Gradient Descent [14]:

Gr+1 < max(Gy — 7797167)5’ 0),7g,6 >0
A, max(AP) =, kDY, 0), 7y > 0

with the tensor D,g and the matrix D}, representing the descent direction for Singleshot,Singleshot-
inexact or Singleshot-online.

4 Numerical experiments: follow up

4.1 More details about the data sets used for the experiments in the main paper

e Enron: constructed from the emails of Enron, this data set represents a three-order tensor
X € RMxMx200 The three modes respectively represent the sender, the recipient and
the words. The entry X; ; ;. is equal to 1 if the i*" sender sends a message to the j*"
recipient containing the k*" words. The words considered are the most frequent ones. The
problem considered for this data set is a regression problem, the evaluation criterion being
the approximation error on a test set (with the same size as the training set, but obviously
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different from this one) defined by:
AE = [[Xest — Gs X1 A(()'lu)t Xo Al X3 Agi)t”F (25)

The tensor X4 represents the test set, the matrices {AE)Z?, 1<m< 3} the latent factors

inferred from the decomposition and the tensor G is defined by:

— For the unconstrained decomposition
. 1 2 3
G, « argming || X e — G X1 Agu)t Xo A, ) X3 Agu)tH%7

ut
This problem is solved by the classical gradient descent algorithm.

— For the positive decomposition
G, < argming [Xiest — G Xl.Agt)t X2 Ag}t x3 Agi)tHQF .
This problem is solved by the classical project gradient descent algorithm.

e Movielens: is a tensor X € RM*Mx610 congtructed from the MovieLens latest-small data

set [4] and whose modes represent the time steps, the movies and the users. The entry X'; ; 1.
corresponds to the rate given by the k*" user to the j** movie at the time step i or zero if no
rate has been given. The purpose of this data set is to validate our model on a tensor-based
recommender system. The evaluation criterion is the Mean Average Precision MAP defined
as in [Sl](section 4.1.2) on the test set.

4.2 Singleshot/Singleshotinexact vs Tensorsketchonline on Enron and Movielens

The purpose of this section is to compare our approaches Singleshot and Singleshotinexact with
Tensorsketchonline, which is one of the most recent divide-and-conquer type method. For Tensors-
ketchonline method, the ’online character’ is artificially generated by splitting the tensor at hand into
subtensors with respect to the first and the second modes.

The results of this comparison are reported in the figures[I]and 2] for the Enron and the Moovielens
data sets. The methods compared achieves similar errors on the test set (different from the training
set) with a slight advantage for Singleshot and Singleshot-inexact with positivity constraints on the
latent factors for the Enron data set (see figure[I)) and the unconstrained methods Singleshotinexac-
tunconstrained and Singleshotunconstrained for the Moovielens data set (see figure [2). However, our
approach requires less running time compared to Tensorsketchonline certainly due to the fact that a
complete alternate minimization process is more time-consuming with respect to coordinate gradient
descent.

4.2.1 Singleshotonline vs TensorSketchonline (Toy)

The problem at hand is to reconstruct a 3-order noisy tensor Y = X + o x A (¢ = 107!, the entries
of the real tensor X’ are drawn from a normal distribution with zero mean and standard deviation
1 and the entries of the noise tensor A/ are drawn from a normal distribution with zero mean and
standard deviation %) of one billion entries splitted in the following way 10000 x 1000 x 100. For the
latent factors inference task, we first consider an initial chunk Y of size 1000 x 200 x 20, followed
by chunks of size 3000 x 200 x 20, 4000 x 200 x 20, 4000 x 400 x 40, 3000 x 400 x 60,7000 x
200 x 60,7000 x 600 x 40,3000 x 600 x 100,10000 x 400 x 100. As we consider the case where
the newly streamed data is coherent with respect to the past dimensions, the subtensors have different
sizes. It corresponds to updating the representation with respect to a chosen mode in the following
order: mode 1 (3000 subtensors), mode 2 (200 subtensors), mode 3 (40 subtensors), mode 1 (3000
subtensors), mode 2 (200 subtensors), mode 3 (40 subtensors), mode 1 (3000 subtensors), mode 2
(400 subtensors).

Singleshotonline is compared with Tensorsketchonline. The initial points (drawn from a Gaussian
distribution) as well as the stopping criterion are identically chosen. The stopping criterion is : either
the fitting of the current streamed data is inferior to a fixed threshold or a maximum number of
iterations is reached. The evaluation criteria are the running time and the approximation error AE
defined by:

AE = | X = Gour x1 AL x5 AL x5 AG|Ir (26)
with Gy, Agi)t, Agi)t7 A((Ji)t being the factors inferred from the decomposition of the noisy tensor

V.
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Figure 1: Top: error on the test set for the Enron data set, Bottom: CPU running time in seconds for
the Enron data set. The rank of the core tensor is fixed to (5, 5, 5)
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Figure 2: Top: error on the test set for the Moovie data set, Bottom: CPU running time in seconds for
the Moovie data set. The rank of the core tensor is fixed to (5,5, 5)

Figure 3| presents the running time and the fitting error AE over three different noises. It shows that
Singleshot slightly performs better than Tensorsketch while being two times faster.

4.2.2 Non-negative Singleshotonline vs TensorSketchonline on Movielens (this comparison
for Enron has been already presented in the section 5 of the main paper)

The task at hand is a rating prediction problem. The Movielens dataset encompass users rating on
movie along the time. We consider a tensor X € R15000%2000x60 (60 ysers, 2000 movies). We split
the data along the time-mode (70% training, 30% test) and estimate the rating on the test part given
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the latent factors infered for the users and the movies modes. The MAP (Mean Average Precisions)
as well as the running time (for both of them, the value displayed is a mean over 5 different splits) are
given by the figure[d Our online approach Singleshotonline outperforms Tensorsketchonline both in
terms of MAP while requiring less running time, which is expected as the rating prediction benefits
from the non-negative constraints of our approach.

4.3 Assumptions check

In this part, we check in the experiments some of the assumptions made.

4.3.1 Evolution of the gradient with respect to the variable A("") (Assumption 3.2. for
Singleshotinexact)

First, we check the evolution of the norm of (inexact) derivatives of the latent factors. The figure |§],

representing the norms of O (v) f(Gk+1, {Agﬂ} N , AéN)) and ZjeSETk O ¢; shows that
Assumption 3.2 for Singleshotinexact is valid in practice and n}Y well defined.
4.3.2 Assumption 3.2 Choice of SET

A natural way to ensure the non-nullity of the inexact gradient would be to perform an exhaustive
search to determine the best SET i, of cardinality By. This is impractical even for small values of I,,

because in the worst case, it would require WLB), inexact gradient computations. Thus, to get
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a convenient SE7 &, we prove numerically that it is sufficient to perform a random selection of the
subtensors involved in the computation of the inexact gradient as proved in the section 3.1

4.3.3 Influence of the number of subtensors
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Figure 6: Decomposition accuracy with the core rank fixed to (10, 10, 10) with respect to the number
of subtensors for Singleshotinexact on the Enron data set: left (unconstrained), right (non-negativity
constraint)

The figure [6] investigates the evolution of the approximation error with respect to the number of
subtensors used for Singleshotinexact. We notice that the more the number of slices is important, the
less the approximation error. This is coherent with the intuition since a small number of subtensors
induces an important error on the descent direction, and thus, lead the algorithm far from good
minima.

S Why the approach works for subtensors with respect to every mode

Let’s consider a simple case of a three-order tensor X € R/t *12X13 T et’s assume
(1,5} =6" vy, {1,... L =6 U6, {1,133 =6 e,

with:
95”) ={1,---,Int(&)} ,9%") ={Int (%) +1,---,I,} ,Int(x): the greatest integer that is less or equal to x

As the discrepancy can be rewritten along the sets

(o {am})

|X — G Xmer, A™ I3

my o

2 2 2
_ (1) (2) 3) 2
= D0 2 2 I g o — G Ay X2 AL xs A 17
mi=1mo=1mz=1 2 3

The derivative of f with respect to A1) is equal to [0 [0, f](],]: row-wise stacking
olL) I
operator). ' ’

The derivative of f with respect to Aé&. requires the processing of the subtensors
1t
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{X o) 92 g3 . The same reasoning obviously holds for other derivatives.
1 )

masVmg } 1<mso,m3<2
Our approach applied to this splitting scheme simply requires the sequential processing of subtensors
X, e RHE,
More generally, for X € RI1>*IN with [, = Ui:l {(k —1)x I”t(%) +1,.. kX% Int(%)}
(disjoint union), our approach simply requires the processing of subtensors of size 1 nt(%) X oo X
Int( %" ).
This means that for our approach, we can use the subtensors as small as we want since we can
choose p as large as we want.

6 Space and time complexity analysis

The complexity (in time) of Singleshot and Singleshot-inexact are given by the table[I] Compared
to the two standard decomposition approaches Tucker-ALS (also named HOOI) and HOSVD,
which use the whole tensor at once and have a complexity O(IN 1) [3], Singleshot requires more
computations, but is more flexible than HOOI and HOSVD in the sense that Singleshot performs the
inference task by sequential processing of small chunks of data (instead of using the whole data set at
once) and can be easily extended to incorporate some popular constraints in tensor decomposition
such as non-negativity.

In terms of complexity, the approaches Singleshotinexact and Singleshot differ only in computation
time (see table [2) since the individual terms in the derivatives are identical (resulting in the same
space complexity: see table[I)), but unlike Singleshot, Singleshotinexact simply drops some of the
terms instead of using all of them (resulting in a smaller complexity in time compared to Singleshot).

Singleshot
Steps
N Update of AP ,1<p<N Core update
Constraints
Unconstrained (N=D)TTR=q To) TTpstn J6)+In TIR=y e+ || NIIR=y IJk + 2TIR=q Jx + NIIRZq JR +
N 2
IpJp + Jp Hk;ﬁn I}% +Ip‘]g +2IpJp n=11nJp
Nonnegativity (N=D)ITTA ) 1) (Tggen Je)+In IRy Ji+ || NIy Tidi + 3110y Ju + NTIN_, J2 +
N 2
Ipdp + Jp Hpopn 12 + IpJ2 +31pJp Yn=1InJdy
Singleshotinexact
Unconstrained (N=1) TR n 1) T pim Ji)+0IIRy Tt || NoTlpn I Tlamn I+ 2TIRC0 Ik +
bTp + Jp [lppn Tt + 0I5 + 200 NTIRCy T} + St Im T3y + 0T
Nonnegativity (N=1)(bpsen T6) TTpon, Ji)+0TINZy Th+ || NoTlpzn e IIpey T+ 3TIN=1 Tk +
b + Ty g 12+ bI2 + 3T, NTIR, I + 58 4 Ln T2, + 072
Singleshotonline
Unconstrained (N = DO Do) TThn Jk) + || NoTlpsn Iee IThey Je + 2Ty e +
bITR_y Ji+bJp+Jp e 17 4 +0I2+2bT, NTIRC: i + Tonpn It Jpy +0J2
Nonnegativity (N = DOTksn T, ) T gsn J) + || NoIgozn Tyt il T + 8IS Tk +
bIIN_ | Je+bJn+Jp [isn In s +bI2+3b0Jp NIIN_, J? + z{\,{#” I J2, +bJ2

Table 1: Complexity in time per update (one iteration of gradient descent). For Singleshot and
Singleshotinexact, we consider one-mode subtensors drawn from a tensor X € RIvx.-xIn  For
Singleshotonline, we consider b subtensors X € RI1.tX--Tn—1,6XbXInt1.0--XIn.t acquired with respect
to a mode n at the time step ¢. For all of the methods, we consider to have a core tensor G €
RJ1%--xJ~ and for the non-negativity, we consider the projected gradient descent [14]. with I it
representing the dimension at the time step j
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