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Appendix
To simplify notation, we denote

Si(t) =

t∑
τ=0

gi(τ)2 ,

for all i ∈ {1, · · · , p} and t = 0, 1, 2, · · · .
Lemma 3.1. L (w(t+ 1)) < L (w(t)) ( t = 0, 1, · · · ) .

Proof. Since l is β−smooth, so is L . Thus we have

L(w(t+ 1))

≤ L(w(t)) +∇L(w(t)) (w(t+ 1)−w(t))

+
β

2
‖w(t+ 1)−w(t)‖2

= L(w(t))− ηg(t)T (h(t)� g(t))

+
βη2

2
‖h(t)� g(t)‖2 .

Thus

L(w(t))− L(w(t+ 1))

≥ ηg(t)T (h(t)� g(t))− βη2

2
‖h(t)� g(t)‖2

= η

p∑
i=1

gi(t)
2√

Si(t) + ε
− βη2

2

p∑
i=1

gi(t)
2

Si(t) + ε

= η

p∑
i=1

(
1− βη

2
√
Si(t) + ε

)
gi(t)

2√
Si(t) + ε

> 0. (1)

Lemma 3.2.
∑∞
t=0 ‖g(t)‖2 <∞ .

Proof. We use reduction of absurdity. Suppose

∞∑
t=1

‖g(t)‖2 = ∞ .

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.



Then there is some k ∈ {1, · · · , p} such that

lim
t→∞

Sk(t) =

∞∑
t=1

gk(t)2 =∞ . (2)

Thus we can find a time t0 such that, for all t > t0 ,

Si(t) > max(βη, 1) .

Noting that positive series
∞∑
t=1

at ,

∞∑
t=1

at
a1 + · · ·+ at + ε

converge or diverge simultaneously, so we obtain from (2)
∞∑
t=0

gk(t)2

Sk(t) + ε
=∞ .

Therefore,
∞∑
t=0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

=

t0∑
t=0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

+
∑
t>t0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

≥ C +
1

2

∑
t>t0

gk(t)2√
Sk(t) + ε

≥ C +
1

2

∑
t>t0

gk(t)2

Sk(t) + ε

= C +∞ =∞ , (3)

where the constant

C =

t0∑
t=0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

.

On the other hand, from (1) we have
t∑

τ=0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

≤
t∑

τ=0

p∑
i=1

(
1− βη

2
√
Si(τ) + ε

)
gi(τ)2√
Si(τ) + ε

=

p∑
i=1

{
t∑

τ=0

(
1− βη

2
√
Si(τ) + ε

)
gi(τ)2√
Si(τ) + ε

}

≤ 1

η
(L(w(0))− L(w(t+ 1))) ≤ L(w(0))

η
,

implying, for sufficiently small η,
∞∑
t=0

(
1− βη

2
√
Sk(t) + ε

)
gk(τ)2√
Sk(t) + ε

≤ L(w(0))

η
,

which contradicts to (3).
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Lemma 3.3. The following statements hold:

(i) ‖g(t)‖ → 0 (t→∞).

(ii) ‖w(t)‖ → ∞ (t→∞).

(iii) L(w(t))→ 0 (t→∞).

(iv) ∀n , limt→∞w(t)Txn =∞.

(v) ∃t0 , ∀ t > t0 , w(t)Txn > 0.

Proof. Lemma 3.2 implies (i), which yields (ii).

To prove (iii), we use reduction to absurdity. Assume

lim
t→∞
L(w(t)) = c > 0.

Then there exists an index m ∈ {1, · · · , N} such that

lim
t→∞

l
(
w(t)Txm

)
≥ c

N
> 0.

By Assumption 2, we have l(u)→ 0 (u→∞). Thus we can find a constant M > 0 such that

lim
t→∞

w(t)Txm ≤M,

which implies that there exists a sequence of times

t1 < t2 < t3 < · · ·
such that

lim
k→∞

w (tk)
T
xm = γ ≤M.

Choose a vector w∗ such that wT
∗ xn > 0 for all n ∈ {1, · · · , N}. Noting that −l′ > 0, we have

−wT
∗ g(t) = −

N∑
n=1

l′
(
w(t)Txn

)
wT
∗ xn

≥ l′
(
w(t)Txm

)
wT
∗ xm

Thus

lim
k→∞

−wT
∗ g (tk)

≥ lim
k→∞

l′
(
w (tk)

T
xm

)
wT
∗ xm

=
(
wT
∗ xm

)
lim
k→∞

l′
(
w (tk)

T
xm

)
=

(
wT
∗ xm

)
l′ (γ) > 0. (4)

Note that
‖g (t)‖ → 0 (t→∞)

implies
−wT

∗ g (tk) ≤ ‖w∗‖ ‖g (tk)‖ → 0 (k →∞),

which contradicts to (4), meaning (iii) has to be true.

(iv) follows from (iii). (v) follows directly from (iv).

Theorem 3.1. The sequence {h(t)}∞t=0 converges as t→∞ to a vector

h∞ = (h∞,1, · · · , h∞,p)
satisfying h∞,i > 0 (i = 1, · · · , p) .
Proof. By Lemma 3.2 {hi(t)}∞t=0 is decreasing and has a lower bound

1√
S + ε

> 0 ,
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where

S = lim
t→∞

Si(t) ≤
∞∑
t=0

‖g(t)‖2 <∞ ,

then converges, for each i ∈ {1, · · · , p} .

Lemma A.1. Let a , b = (b1, · · · , bp) ∈ Rp . Then the following relations hold.

(i) Associativity. (a� b)� v = a� (b� v) .

(ii) Commutativity. a� b = b� a ;

(iii) Distributivity. a� (b+ c) = a� b+ a� c .
(iv) min

i
|bi| ‖a‖ ≤ ‖b� a‖ ≤ max

i
|bi| ‖a‖ .

Proof. Obviously.

Lemma 3.4. The following statements hold:

(i) ‖∇Lind(t)‖ → 0 (t→∞).

(ii) ‖v(t)‖ → ∞ (t→∞).

(iii) Lind(v(t))→ 0 (t→∞).

(iv) ∀n , limt→∞ v(t)T ξn =∞.

(v) ∃t0 , ∀ t > t0 , v(t)T ξn > 0.

Proof. It directly follows from Lemma 3.3.

Lemma A.2. For t = 0, 1, 2 · · · ,

δ(t)T û = ‖Pδ(t)‖ ≥ ‖δ(t)‖
max
n
‖ξn‖

,

where
û = arg min

uT ξn≥1, ∀n
‖u‖2.

Proof. From Assumption 2. we have −l′
(
vT ξn

)
> 0 . By the definition of û we have

ξTn û ≥ 1 (n = 1, · · · , N).

Thus

δ(t)T û = −η∇Lind (v(t))
T
û = −η

N∑
n=1

l′
(
vT ξn

)
ξTn û ≥ −η

N∑
n=1

l′
(
vT ξn

)
> 0.

Note that l′ < 0. We have

‖δ(t)‖ =

∥∥∥∥∥η
N∑
n=1

l′
(
v(t)T ξn

)
ξn

∥∥∥∥∥ ≤ −η
N∑
n=1

l′
(
v(t)T ξn

)
‖ξn‖

≤ max
n
‖ξn‖

(
−η

N∑
n=1

l′
(
v(t)T ξn

))
,

or

−η
N∑
n=1

l′
(
v(t)T ξn

)
≥ ‖δ(t)‖

max
n
‖ξn‖

. (5)

On the other hand,

Pδ(t) = −ηP
N∑
n=1

l′
(
v(t)T ξn

)
ξn = −η

N∑
n=1

l′
(
v(t)T ξn

)
Pξn

= −η
N∑
n=1

l′
(
v(t)T ξn

) (
ξTn û

)
û.
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Noting ξTn û ≥ 1 (n ∈ {1, · · · , N}), from (5) we obtain

‖Pδ(t)‖ = −η
N∑
n=1

l′
(
v(t)T ξn

) (
ξTn û

)
≥ −η

N∑
n=1

l′
(
v(t)T ξn

)
≥ ‖δ(t)‖

max
n
‖ξn‖

.

Lemma A.3. For sufficiently large t ,

1

2
‖δ(t)‖ ≤ ‖d(t)‖ ≤ 3

2
‖δ(t)‖, (6)

‖Pd(t)‖ ≥ ‖d(t)‖
4 max

n
‖ξn‖

, (7)

d(t)T û = ‖Pd(t)‖ > 0 . (8)

Proof. Let β(t) = (β1(t), · · · , βp(t))T . Noting that

‖β(t)− 1‖ → 0 (t→∞),

we can find some t0 such that for t ≥ t0 ,
1

2
≤ min

i
|βi(t)| ≤ max

i
|βi(t)| ≤

3

2
(9)

and

max
i
|βi(t)− 1| < 1

2 max
n
‖ξn‖

. (10)

The inequality (6) follows directly from (9). On the other hand,

Pd(t) = P (β(t)� δ(t)) = Pδ(t) + P ((β(t)− 1)� δ(t))

By (10) we have

‖P ((β(t)− 1)� δ(t)) ‖ ≤ ‖(β(t)− 1)� δ(t)‖ ≤ max
i
|βi(t)− 1| ‖δ(t)‖ ≤ ‖δ(t)‖

2 max
n
‖ξn‖

.

Hence

‖Pd(t)‖ = ‖Pδ(t) + P ((β(t)− 1)� δ(t))‖
≥ ‖Pδ(t)‖ − ‖P ((β(t)− 1)� δ(t))‖

≥ ‖δ(t)‖
max
n
‖ξn‖

− ‖δ(t)‖
2 max

n
‖ξn‖

=
‖δ(t)‖

2max
n
‖ξn‖

.

Thus (7) follows from the left part of (6).

Noting that

d(t)T û = δ(t)T û+ (β(t)− 1)� δ(t)T û

≥ δ(t)T û−
∣∣(β(t)− 1)� δ(t)T û

∣∣
= ‖Pδ(t)‖ − ‖P ((β(t)− 1)� δ(t))‖

≥ ‖δ(t)‖
max
n
‖ξn‖

− ‖δ(t)‖
2max

n
‖ξn‖

=
‖δ(t)‖

2max
n
‖ξn‖

> 0 ,

we obtain (8).
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Lemma A.4. For sufficiently large t ,

‖Pv(t)‖ ≥ ‖v(t)‖
8max

n
‖ξn‖

.

Proof. By Lemma A.3 there there exists some t0 such that for t ≥ t0,

‖Pd(t)‖ ≥ ‖d(t)‖
4max

n
‖ξn‖

.

Note that ‖v(t)‖ → ∞ , which implies

‖d(t0)‖+ · · ·+ ‖d(t)‖ ≥ ‖v(t)‖ − ‖v(t0)‖ → ∞ (t→∞) .

Thus there exists some t1 > t0 such that for t > t1,

‖d(t0)‖+ · · ·+ ‖d(t)‖ > 2‖v(t0)‖ ,

Hence, meanwhile,

‖Pv(t)‖ = ‖Pv(t0) + Pd(t0) + · · ·+ Pd(t− 1)‖
= ‖Pv(t0)‖+ ‖Pd(t0)‖+ · · ·+ ‖Pd(t− 1)‖

≥ 1

4max
n
‖ξn‖

(‖d(t0)‖+ · · ·+ ‖d(t− 1)‖)

≥ 1

8max
n
‖ξn‖

(‖v(t0)‖+ ‖d(t0)‖+ · · ·+ ‖d(t− 1)‖)

≥ 1

8max
n
‖ξn‖

‖v(t0) + d(t0) + · · ·+ d(t− 1)‖

=
‖v(t)‖

8max
n
‖ξn‖

.

Lemma A.5. Let
K =

{
n : ξTn û = 1

}
.

Then there is a set of nonnegative numbers {αn : n ∈ K} such that

û =
∑
n∈K

αnξn .

Proof. This is Lemma 12 in Appendix B of Soudry et al., [2018].

Lemma 3.5. Given ε > 0 . Let a, b, c be positive numbers as defined in Assumption 3 in
Section 2. If ‖Qv(t)‖ > 2N(c+ 1)(aceε)−1 , then for sufficiently large t,

Qv(t)T δ(t) < ε‖Qv(t)‖‖δ(t)‖ .

Proof. Since for each n ∈ {1, · · · , N},

v(t)T ξn →∞ (t→∞),

we have, for sufficiently large t,

−l′
(
v(t)T ξn

)
= ce−av(t)

T ξn − r
(
v(t)T ξn

)
≥ ce−av(t)

T ξn − e−(a+b)v(t)
T ξn

= e−av(t)
T ξn

(
c− e−bv(t)

T ξn
)

=
c

2
e−av(t)

T ξn . (11)
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Similarly, we can prove for sufficiently large t,

−l′
(
v(t)T ξn

)
≤ 2ce−av(t)

T ξn . (12)

Denote

p(t) = v(t)T û, q(t) = Qv(t).

Thus we have

v(t) = p(t)û+ q(t).

Denote

un = ûT ξn, qn,t = q(t)T ξn.

We then have

q(t)T δ(t)

= −ηq(t)T
N∑
n=1

l′
(
v(t)T ξn

)
ξn

= −η
N∑
n=1

l′
(
v(t)T ξn

)
q(t)T ξn

= −η
N∑
n=1

l′
(
v(t)T ξn

)
qn,t

≤ −η
∑

n: qn,t>0

l′
(
v(t)T ξn

)
qn,t.

Applying (12) we obtain

q(t)T δ(t) ≤ η
∑

n: qn,t>0

2ce−av(t)
T ξnqn,t

= 2cη
∑

n: qn,t>0

e−a(p(t)û+q(t))
T ξnqn,t

= 2cη
∑

n: qn,t>0

e−ap(t)une−aqn,tqn,t

≤ 2cη

ae

∑
n: qn,t>0

e−ap(t)un

≤ 2cηN

ae
e−ap(t).

The last step is derived from un ≥ 1 for n ∈ {1, · · · , N}.
On the other hand, by Lemma A.5 there is a set of positive coefficients {αn : n ∈ K}, where

K = {n : un = 1} , such that

û =
∑
n∈K

αnξn .

Thus

0 = q(t)T û =
∑
n∈K

αnq(t)T ξn ,

implying there is at least one index k ∈ K such that

qt,k = q(t)T ξk ≤ 0 .

7



Hence

‖Pδ(t)‖ = η

∥∥∥∥∥P
N∑
n=1

l′
(
v(t)T ξn

)
ξn

∥∥∥∥∥
= η

∥∥∥∥∥
N∑
n=1

l′
(
v(t)T ξn

)
Pξn

∥∥∥∥∥
= η

∥∥∥∥∥
N∑
n=1

l′
(
v(t)T ξn

)
unû

∥∥∥∥∥
= −η

N∑
n=1

unl
′ (v(t)T ξn

)
≥ −η

N∑
n=1

l′
(
v(t)T ξn

)
> −ηl′

(
v(t)T ξk

)
.

Noting that uk ≥ 1, qt,k ≤ 0, and the estimation (11), we obtain

‖Pδ(t)‖ > −ηl′
(
v(t)T ξk

)
≥ cη

2
e−av(t)

T ξk

=
cη

2
e−ap(t)uke−aqt,k

≥ cη

2
e−ap(t).

Thus

q(t)T δ(t) ≤ η (c+ 1)
N

ae
e−ap(t)

≤ 2N (c+ 1)

ace
‖Pδ(t)‖

≤ 2N (c+ 1)

ace
‖δ(t)‖

< ε‖q(t)‖‖δ(t)‖ ,

for ‖q(t)‖ > 2(aceε)−1N(c+ 1) .

Lemma 3.6. For any ε > 0 , there existR > 0 such that for sufficiently large t and ‖Qv(t)‖ ≥
R,

‖Qv(t+ 1)‖ − ‖Qv(t)‖ ≤ ε‖d(t)‖ .

Proof. Again we denote q(t) = Qv(t). By Lemma 3.5 we can choose a number R > 0 such that
for sufficiently large t and ‖q(t)‖ ≥ R,

q(t)T δ(t) <
ε

16
‖q(t)‖‖δ(t)‖ (13)

and
1

2
‖δ(t)‖ ≤ ‖d(t)‖ (14)

from (6). Noting

‖q(t+ 1)‖2 − ‖q(t)‖2 = 2q(t)TQd(t) + ‖Qd(t)‖2,
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we have

‖q(t+ 1)‖ − ‖q(t)‖ =
‖q(t+ 1)‖2 − ‖q(t)‖2

‖q(t+ 1)‖+ ‖q(t)‖

=
2q(t)TQd(t) + ‖Qd(t)‖2

‖q(t+ 1)‖+ ‖q(t)‖

≤ 2q(t)Td(t) + ‖Qd(t)‖2

‖q(t)‖

=
2q(t)T (δ(t) + (β(t)− 1)� δ(t)) + ‖Qd(t)‖2

‖q(t)‖

=
2q(t)T δ(t)

‖q(t)‖
+

2q(t)T (β(t)− 1)� δ(t)

‖q(t)‖
+
‖Qd(t)‖2

‖q(t)‖

≤ ε‖δ(t)‖
8

+ 2‖(β(t)− 1)� δ(t)‖+
‖d(t)‖2

R

Since
β(t) = (β1(t), · · · , βp(t))T → 1 (t→∞)

and
‖d(t)‖ → 0 (t→∞),

we can see that for sufficiently large t,

max
i
|βi(t)− 1| < ε

8

and
‖d(t)‖ < Rε

8
.

Now we have

‖(β(t)− 1)� δ(t)‖ ≤ max
i
|βi(t)− 1|‖δ(t)‖ ≤ ε

8
‖δ(t)‖ ,

‖d(t)‖2

R
≤ ε

8
‖δ(t)‖.

By (14), we obtain

‖q(t+ 1)‖ − ‖q(t)‖

≤ ε‖δ(t)‖
8

+ 2‖(β(t)− 1)� δ(t)‖+
‖d(t)‖2

R

≤ ε‖δ(t)‖
8

+
ε‖δ(t)‖

4
+
ε‖δ(t)‖

8

=
ε‖δ(t)‖

2
≤ ε‖d(t)‖.

Lemma 3.7.
lim
t→∞

v(t)

‖v(t)‖
= û . (15)

Proof. Since ‖d(τ)‖ → 0 (τ →∞), we we can find a time t0 such that for τ ≥ t0,

‖d(τ)‖ ≤ 1.

By Lemma A.3 we can find a time t1 ≥ t0 such that for τ ≥ t1,

‖d(τ)‖ ≤
(

4 max
n
‖ξn‖

)
‖Pd(τ)‖. (16)

Given ε > 0 , by Lemma 3.6 we can chooseR ≥ 1 and t2 ≥ t1 such that for τ ≥ t2 and ‖q(τ)‖ ≥ R,

‖q(τ + 1)‖ − ‖q(τ)‖ ≤ ε‖d(τ)‖.
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Since ‖v(τ)‖ → ∞ (τ →∞), we can choose t3 ≥ t2 such that for τ ≥ t3,

‖v(τ)‖−1R < ε (17)

and
‖v(τ)‖−1

(
‖q(t2)‖+ 4 εmax

n
‖ξn‖‖Pv(t2)‖

)
< ε. (18)

Now let t ≥ t3. To simplify notation we denote

ξ∗ = max
n
‖ξn‖.

Case 1. If ‖q(t)‖ < R, then from (17) we directly obtain

‖v(t)‖−1‖q(t)‖ < ε. (19)

Case 2. If for each τ ∈ {t2, · · · , t}, ‖q(τ)‖ ≥ R, then from (16),

‖q(t)‖ = ‖q(t2)‖+

t−1∑
τ=t2

(‖q(τ + 1)‖ − ‖q(τ)‖)

≤ ‖q(t2)‖+ ε (‖d(t2)‖+ · · ·+ ‖d(t− 1)‖)
≤ ‖q(t2)‖+ 4 ε ξ∗ (‖Pd(t2)‖+ · · ·+ ‖Pd(t− 1)‖)
= ‖q(t2)‖+ 4 ε ξ∗ (‖Pd(t2) + · · ·+ Pd(t− 1)‖)
= ‖q(t2)‖+ 4 ε ξ∗ ‖P (d(t2) + · · ·+ d(t− 1))‖
= ‖q(t2)‖+ 4 ε ξ∗ ‖Pv(t)− Pv(t2)‖
≤ ‖q(t2)‖+ 4 ε ξ∗ (‖Pv(t2)‖+ ‖Pv(t)‖) .

From (18) we have

‖v(t)‖−1‖q(t)‖ ≤ ‖v(t)‖−1 (‖q(t2)‖+ 4 ε ξ∗‖Pv(t2)‖) + 4 ε ξ∗‖v(t)‖−1‖Pv(t)‖
< ε+ 4 ε ξ∗ = (1 + 4 ξ∗) ε. (20)

Case 3. If ‖q(t)‖ ≥ R and there is a time t∗ ∈ {t2, · · · , t− 1} such that

‖q(t∗)‖ < R,

then we can find the time t∗ ∈ {t∗, · · · , t− 1} such that

‖q(t∗)‖ < R

and for each τ ∈ {t∗ + 1, · · · , t},
‖q(τ)‖ ≥ R.

Thus we have

‖q(t)‖ = ‖q(t∗)‖+ (‖q(t∗ + 1)‖ − ‖q(t∗)‖) +

t−1∑
τ=t∗+1

(‖q(τ + 1)‖ − ‖q(τ)‖)

< R+ ‖Qd(t∗)‖+ ε (‖d(t∗ + 1)‖+ · · ·+ ‖d(t− 1)‖)
≤ R+ ‖d(t∗)‖+ 4 ε ξ∗ (‖Pd(t∗ + 1)‖+ · · ·+ ‖Pd(t− 1)‖)
≤ R+ ‖d(t∗)‖+ 4 ε ξ∗ (‖Pd(t2)‖+ · · ·+ ‖Pd(t− 1)‖)
= R+ 1 + 4 ε ξ∗ (‖Pd(t2) + · · ·+ Pd(t− 1)‖)
= 2R+ 4 ε ξ∗ ‖Pv(t)− Pv(t2)‖
≤ 2R+ 4 ε ξ∗ (‖Pv(t2)‖+ ‖Pv(t)‖) .

Noting (17) and (18), we obtain

‖v(t)‖−1‖q(t)‖ ≤ ‖v(t)‖−1 (2R+ 4 ε ξ∗‖Pv(t2)‖) + 4 ε ξ∗‖v(t)‖−1‖Pv(t)‖
< 3ε+ 4 ε ξ∗ = (3 + 4 ξ∗) ε. (21)
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Verifying (19), (20) and (21), we can see that, in any case, (21) is valid. Since ε can be any
positive number, we have

lim
t→∞

‖q(t)‖
‖v(t)‖

= 0.

Thus

lim
t→∞

‖Pv(t)‖
‖v(t)‖

= 1, lim
t→∞

q(t)

‖v(t)‖
= 0.

Therefore,

lim
t→∞

v(t)

‖v(t)‖
= lim
t→∞

Pv(t) + q(t)

‖v(t)‖
= lim
t→∞

Pv(t)

‖v(t)‖
= lim
t→∞

‖Pv(t)‖
‖v(t)‖

û = û .

Theorem 3.2. AdaGrad iterates

w(t+ 1) = w(t)− ηh(t)� g(t) , t = 0, 1, 2, · · · , (22)

has an asymptotic direction:

lim
t→∞

w(t)

‖w(t)‖
=

w̃

‖w̃‖
,

where
w̃ = arg min

wTxn≥1, ∀n

∥∥∥h−1/2∞ �w
∥∥∥2 . (23)

Proof. By hypothesis∥∥∥h1/2
∞ �w∞

∥∥∥2 = min
wTxn≥1, ∀n

∥∥∥h1/2
∞ �w

∥∥∥2 = min(
h

1/2
∞ �u

)T
xn≥1, ∀n

‖u‖2

= min
uT
(
h

1/2
∞ �xn

)
≥1, ∀n

‖u‖2 = min
uT ξn≥1, ∀n

‖u‖2 .

Noting that both
û = arg min

uT ξn≥1, ∀n
‖u‖2 .

and w∞ are unique, we must have û = h
−1/2
∞ �w∞ , or

w∞ = h1/2
∞ � û .

From Lemma 3.7 and the relation

v(t) = h−1/2∞ �w(t) (t = 0, 1, 2, · · · ) ,

we obtain

w∞ = h1/2
∞ � lim

t→∞

v(t)

‖v(t)‖
= lim
t→∞

h
1/2
∞ � v(t)

‖v(t)‖
= lim
t→∞

w(t)

‖v(t)‖
.

Thus

lim
t→∞

w(t)

‖w(t)‖
= lim
t→∞

‖v(t)‖
‖w(t)‖

· lim
t→∞

w(t)

‖v(t)‖
=

w∞
‖w∞‖

.

Proposition 3.1. Let a = (a1, · · · , ap)T be a vector satisfying aTxn ≥ 1 (n = 1, · · · , N)

and a1 · · · ap 6= 0 . Suppose that w = (w1, · · · , wp)T satisfies wTxn ≥ 1 (n = 1, · · · , N) and

ai (wi − ai) ≥ 0 (i = 1, · · · , p) . (24)

Then for any b = (b1, · · · , bp)T such that b1 · · · bp 6= 0 ,

arg min
wTxn≥1, ∀n

‖b�w‖2 = arg min
wTxn≥1, ∀n

‖w‖2 = a ,
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and therefore the asymptotic directions of AdaGrad (22) and GD

wG(t+ 1) = wG(t)− η∇L (wG(t)) (t = 0, 1, 2, · · · ) , (25)

are equal.

Proof. Without any loss of generality we may assume ai > 0 (i = 1, · · · , p) . Then (24) implies

wi ≥ ai > 0 (i = 1, · · · , p) ,

and thus
‖b�w‖2 = b21w

2
1 + · · ·+ b2pw

2
p ≥ b21a21 + · · ·+ b2pa

2
p .

Hence
a = arg min

w∈F
‖b�w‖2 = arg min

wTxn≥1, ∀n
‖b�w‖2 .

By taking b = h
1/2
∞ , we get w̃ = ŵ, where

ŵ = arg min
wTxn≥1, ∀n

‖w‖2 .

Thus the asymptotic direction of GD iterates (25), ŵ
/
‖ŵ‖ , is equal to w̃

/
‖w̃‖, which is the

asymptotic direction of AdaGrad iterates (22).

Lemma A.6. Suppose N ≥ p and the p×N−matrix X = [x1, · · · ,xN ] , where

xn = (xn,1, · · · , xn,p)T (n = 1, · · · , N) ,

satisfies the following conditions:

(i) For n = 1, · · · , p ,

xn,i

{
> 0, for i = n,
< 0, for i 6= n.

(ii) The p× p−matrix Xp = [x1, · · · ,xp] is nonsingular.

(iii) The unique solution a = (a1, · · · , ap)T of the linear system in w

xTnw = 1 (n = 1, · · · , p). (26)

satisfies ai > 0 (i = 1, · · · , p) .

Furthermore, suppose a vector u = (u1, · · · , up)T satisfies

xTnu ≥ 1 (n = 1, · · · , N), (27)

then
ui ≥ ai (i = 1, · · · , p) . (28)

Proof. For n = 1, we set

h1 =
1

x1,1

(
xT1 u− 1

)
≥ 0

and
u1 = u1 − h1 ≤ u1 .

Denote u1 = (u1, u2, · · · , up)T . Then

xT1 u1 = x1,1u1 + x1,2u2 + · · ·+ x1,nun = xT1 u−
(
xT1 u− 1

)
= 1.

Since x2,1 < 0 and u1 ≤ u1, we have

xT2 u1 = x2,1u1 + x2,2u2 + · · ·+ x2,nun
≥ x2,1u1 + x2,2u2 + · · ·+ x2,nun

≥ xT2 u ≥ 1.

12



Now we set
h2 =

1

x2,2

(
xT2 u1 − 1

)
≥ 0

and
u2 = u2 − h2 ≤ u2 .

Denote u2 = (u1, u2, u3, · · · , up)T . Then

xT2 u2 = x2,1u1 + x2,2u2 + x2,3u3 + · · ·+ x2,nun

= xT2 u1 −
(
xT2 u1 − 1

)
= 1.

Sequentially, we can define u1, · · · , up, such that

un ≤ un (n = 1, · · · , p). (29)

Denote up = (u1, · · · , up)T . Then

xTnup = 1 (n = 1, · · · , p).

Noting that a is the unique solution of (26), we must have up = a, or

un = an (n = 1, · · · , p),

which combined with (29) yields (28) .

Proposition 3.2. Suppose N ≥ p and X = [x1, · · · ,xN ] ∈ Rp×N is sampled from any
distribution whose density function is nonzero almost everywhere. Then with a positive probability
the asymptotic directions of AdaGrad (22) and GD (25) are equal.

Proof. Let Πn,i : Rp×N → R be the projections defined as

Πn,i (X) = xn,i (n, i = 1, · · · , p)

and let Gn,i ⊂ Rp×N defined as

Gn,n = {X | Πn,n (X) > 0} , Gn,k = {X | Πn,k (X) < 0} (n, k = 1, · · · , p ; k 6= n) .

Then Gn,i’s are open, for all the projections are continuous.

Let Π : Rp×N → Rp×p be the projection defined as

Π (X) = [x1, · · · ,xp]

and let D ⊂ Rp×N defined as

D = {X | det (Π (X)) 6= 0} .

Since both Π and det(·) are continuous, D is open.

Let Πi : Rp → R be the projections defined as

Πi (w1, · · · , wp) = wi (i = 1, · · · , p)

and let A ⊂ Rp×N defined as

A =

{
X
∣∣∣X ∈ D , Πi

((
Π (X)

T
)−1

1

)
> 0 (i = 1, · · · , p)

}
,

where 1 = (1, · · · , 1)
T ∈ Rp . Since all Πi are continuous, A is open.

Clearly, for a matrixX ∈ Rp×N , we have:

1) the condition (i) in Lemma A.6 holds, if and only if X ∈ Gn,i (n, i = 1, · · · , p) ;

2) the condition (ii) in Lemma A.6 holds, if and only if X ∈ D ;

3) the condition (iii) in Lemma A.6 holds, if and only if X ∈ A .
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Suppose P is a distribution over Rp×N and the density function of P is nonzero almost every-
where. Let S be the set of all p×N−matricesX satisfying conditions (i), (ii) and (iii). Then

S =

 p⋂
n,i=1

Gn,i

⋂D
⋂
A

is open in Rp×N . Thus P (S) > 0.

For any X ∈ S, if w = (w1, · · · , wp) satisfies xTnw ≥ 1 (n = 1, · · · , N) , then by Lemma
A.6 we have

wi ≥ ai , or wi − ai ≥ 0 (i = 1, · · · , p) ,

where a = (a1, · · · , ap)T is the unique solution of (26) with

ai > 0 (i = 1, · · · , p) .

Thus

w = a+ (w − a) ∈
{
a+ u : u = (u1, · · · , up)T such that aiui ≥ 0 (i = 1, · · · , p)

}
,

and the required conclusion follows from Proposition 3.1.

14


