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Abstract

This paper presents the Poisson-randomized gamma dynamical system (PRGDS), a
model for sequentially observed count tensors that encodes a strong inductive bias
toward sparsity and burstiness. The PRGDS is based on a new motif in Bayesian
latent variable modeling, an alternating chain of discrete Poisson and continuous
gamma latent states that is analytically convenient and computationally tractable.
This motif yields closed-form complete conditionals for all variables by way of the
Bessel distribution and a novel discrete distribution that we call the shifted confluent
hypergeometric distribution. We draw connections to closely related models and
compare the PRGDS to these models in studies of real-world count data sets of
text, international events, and neural spike trains. We find that a sparse variant of
the PRGDS, which allows the continuous gamma latent states to take values of
exactly zero, often obtains better predictive performance than other models and is
uniquely capable of inferring latent structures that are highly localized in time.

1 Introduction

Political scientists routinely analyze event counts of the number of times country i took action a
toward country j during time step t [1]. Such data can be represented as a sequence of count tensors
Y (1), . . . ,Y (T ) each of which contains the V×V×A event counts for that time step for every combina-
tion of V sender countries, V receivers, andA action types. International event data sets exhibit “com-
plex dependence structures” [2] like coalitions of countries and bursty temporal dynamics. These de-
pendence structures violate the independence assumptions of the regression-based methods that politi-
cal scientists have traditionally used to test theories of international relations [3–5]. Political scientists
have therefore advocated for using latent variable models to infer unobserved structures as a way of
controlling for them [6]. This approach motivates interpretable yet expressive models that are capable
of capturing a variety of complex dependence structures. Recent work has applied tensor factorization
methods to international event data sets [7–11] to infer coalition structures among countries and topic
structures among actions; however, these methods assume that the sequentially observed count tensors
are exchangeable, thereby failing to capture the bursty temporal dynamics inherent to such data sets.

Sequentially observed count tensors present unique statistical challenges because they tend to be bursty
[12], high-dimensional, and sparse [13, 14]. There are few models that are tailored to the challenging
properties of both time series and count tensors. In recent years, Poisson factorization has emerged
as a framework for modeling count matrices [15–20] and tensors [13, 21, 9]. Although factorization
methods generally scale with the size of the matrix or tensor, many Poisson factorization models
yield inference algorithms that scale linearly with the number of non-zero entries. This property
allows researchers to efficiently infer latent structures from massive tensors, provided these tensors
are sparse; however, this property is unique to a subset of Poisson factorization models that only posit
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✓(2)
<latexit sha1_base64="OdUeG1WX+c8kzAj4/71y96+9gRg=">AAACLHicbVDLSsNAFJ34rPVVdekmWMS6KUkRdFlw47KCfUBTy2Ry2w6dPJi5EWrIJ/grbtzqX7gRcevSb3DSZqFtDwxzOOdeOPe4keAKLevDWFldW9/YLGwVt3d29/ZLB4ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdsfXmd9+AKl4GNzhJIKeT4cBH3BGUUv90pnjhsJTE19/iYMjQJreJ45PcaR8KgTIpFI7T9N+qWxVrSnMRWLnpExyNPqlH8cLWexDgExQpbq2FWEvoRI5E5AWnVhBRNmYDqGraUB9UL1kelBqnmrFMweh1C9Ac6r+3Uior7LMenKadN7LxKWeBKH4IyzzujEOrnoJD6IYIWCzEINYmBiaWXOmxyUwFBNNKJNc32GyEZWUoe63qAuy5+tYJK1a1baq9u1FuV7JqyqQY3JCKsQml6RObkiDNAkjT+SFvJI349l4Nz6Nr9noipHvHJF/ML5/AbwWqVo=</latexit><latexit sha1_base64="OdUeG1WX+c8kzAj4/71y96+9gRg=">AAACLHicbVDLSsNAFJ34rPVVdekmWMS6KUkRdFlw47KCfUBTy2Ry2w6dPJi5EWrIJ/grbtzqX7gRcevSb3DSZqFtDwxzOOdeOPe4keAKLevDWFldW9/YLGwVt3d29/ZLB4ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdsfXmd9+AKl4GNzhJIKeT4cBH3BGUUv90pnjhsJTE19/iYMjQJreJ45PcaR8KgTIpFI7T9N+qWxVrSnMRWLnpExyNPqlH8cLWexDgExQpbq2FWEvoRI5E5AWnVhBRNmYDqGraUB9UL1kelBqnmrFMweh1C9Ac6r+3Uior7LMenKadN7LxKWeBKH4IyzzujEOrnoJD6IYIWCzEINYmBiaWXOmxyUwFBNNKJNc32GyEZWUoe63qAuy5+tYJK1a1baq9u1FuV7JqyqQY3JCKsQml6RObkiDNAkjT+SFvJI349l4Nz6Nr9noipHvHJF/ML5/AbwWqVo=</latexit><latexit sha1_base64="OdUeG1WX+c8kzAj4/71y96+9gRg=">AAACLHicbVDLSsNAFJ34rPVVdekmWMS6KUkRdFlw47KCfUBTy2Ry2w6dPJi5EWrIJ/grbtzqX7gRcevSb3DSZqFtDwxzOOdeOPe4keAKLevDWFldW9/YLGwVt3d29/ZLB4ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdsfXmd9+AKl4GNzhJIKeT4cBH3BGUUv90pnjhsJTE19/iYMjQJreJ45PcaR8KgTIpFI7T9N+qWxVrSnMRWLnpExyNPqlH8cLWexDgExQpbq2FWEvoRI5E5AWnVhBRNmYDqGraUB9UL1kelBqnmrFMweh1C9Ac6r+3Uior7LMenKadN7LxKWeBKH4IyzzujEOrnoJD6IYIWCzEINYmBiaWXOmxyUwFBNNKJNc32GyEZWUoe63qAuy5+tYJK1a1baq9u1FuV7JqyqQY3JCKsQml6RObkiDNAkjT+SFvJI349l4Nz6Nr9noipHvHJF/ML5/AbwWqVo=</latexit><latexit sha1_base64="OdUeG1WX+c8kzAj4/71y96+9gRg=">AAACLHicbVDLSsNAFJ34rPVVdekmWMS6KUkRdFlw47KCfUBTy2Ry2w6dPJi5EWrIJ/grbtzqX7gRcevSb3DSZqFtDwxzOOdeOPe4keAKLevDWFldW9/YLGwVt3d29/ZLB4ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdsfXmd9+AKl4GNzhJIKeT4cBH3BGUUv90pnjhsJTE19/iYMjQJreJ45PcaR8KgTIpFI7T9N+qWxVrSnMRWLnpExyNPqlH8cLWexDgExQpbq2FWEvoRI5E5AWnVhBRNmYDqGraUB9UL1kelBqnmrFMweh1C9Ac6r+3Uior7LMenKadN7LxKWeBKH4IyzzujEOrnoJD6IYIWCzEINYmBiaWXOmxyUwFBNNKJNc32GyEZWUoe63qAuy5+tYJK1a1baq9u1FuV7JqyqQY3JCKsQml6RObkiDNAkjT+SFvJI349l4Nz6Nr9noipHvHJF/ML5/AbwWqVo=</latexit>

�
<latexit sha1_base64="jmzmlEOrs4KxG2eQGvwpzr/4UGc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS+idzCZjZnaWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRM8IQ1LbeCdVLNUEaCtaPx7dxvPzFtuEoe7CRlocRhwmNO0Tqp1RuilNgvV/yavwBZJ0FOKpCj0S9/9QaKZpIllgo0phv4qQ2nqC2ngs1KvcywFOkYh6zraIKSmXC6uHZGLpwyILHSrhJLFurviSlKYyYycp0S7cisenPxP6+b2fgmnPIkzSxL6HJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXdYCvxbcX1Xq1TyOIpzBOVQhgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4AfxmO+w==</latexit><latexit sha1_base64="jmzmlEOrs4KxG2eQGvwpzr/4UGc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS+idzCZjZnaWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRM8IQ1LbeCdVLNUEaCtaPx7dxvPzFtuEoe7CRlocRhwmNO0Tqp1RuilNgvV/yavwBZJ0FOKpCj0S9/9QaKZpIllgo0phv4qQ2nqC2ngs1KvcywFOkYh6zraIKSmXC6uHZGLpwyILHSrhJLFurviSlKYyYycp0S7cisenPxP6+b2fgmnPIkzSxL6HJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXdYCvxbcX1Xq1TyOIpzBOVQhgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4AfxmO+w==</latexit><latexit sha1_base64="jmzmlEOrs4KxG2eQGvwpzr/4UGc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS+idzCZjZnaWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRM8IQ1LbeCdVLNUEaCtaPx7dxvPzFtuEoe7CRlocRhwmNO0Tqp1RuilNgvV/yavwBZJ0FOKpCj0S9/9QaKZpIllgo0phv4qQ2nqC2ngs1KvcywFOkYh6zraIKSmXC6uHZGLpwyILHSrhJLFurviSlKYyYycp0S7cisenPxP6+b2fgmnPIkzSxL6HJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXdYCvxbcX1Xq1TyOIpzBOVQhgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4AfxmO+w==</latexit><latexit sha1_base64="jmzmlEOrs4KxG2eQGvwpzr/4UGc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS+idzCZjZnaWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRM8IQ1LbeCdVLNUEaCtaPx7dxvPzFtuEoe7CRlocRhwmNO0Tqp1RuilNgvV/yavwBZJ0FOKpCj0S9/9QaKZpIllgo0phv4qQ2nqC2ngs1KvcywFOkYh6zraIKSmXC6uHZGLpwyILHSrhJLFurviSlKYyYycp0S7cisenPxP6+b2fgmnPIkzSxL6HJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXdYCvxbcX1Xq1TyOIpzBOVQhgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4AfxmO+w==</latexit>

discrete
<latexit sha1_base64="xvkE0SCpekapqT5H9BZ5tWhl5XQ=">AAAB73icdVDLSgNBEJyNrxhfUY9eBqPgaZmNmsct4MVjBPOAZAmzk04yZHZ2nZkVQshPePGgiFd/x5t/42wSQUULGoqqbrq7glhwbQj5cDIrq2vrG9nN3Nb2zu5efv+gqaNEMWiwSESqHVANgktoGG4EtGMFNAwEtILxVeq37kFpHslbM4nBD+lQ8gFn1Fip3eeaKTDQyxeIe1699EgRE7dUJtVqSiqlSvmiiD2XzFFAS9R7+fduP2JJCNIwQbXueCQ2/pQqw5mAWa6baIgpG9MhdCyVNATtT+f3zvCpVfp4EClb0uC5+n1iSkOtJ2FgO0NqRvq3l4p/eZ3EDCr+lMs4MSDZYtEgEdhEOH0e97kCZsTEEsoUt7diNqKKMmMjytkQvj7F/5Nm0fWI690UC7WTZRxZdISO0RnyUBnV0DWqowZiSKAH9ISenTvn0XlxXhetGWc5c4h+wHn7BL3MkFU=</latexit><latexit sha1_base64="xvkE0SCpekapqT5H9BZ5tWhl5XQ=">AAAB73icdVDLSgNBEJyNrxhfUY9eBqPgaZmNmsct4MVjBPOAZAmzk04yZHZ2nZkVQshPePGgiFd/x5t/42wSQUULGoqqbrq7glhwbQj5cDIrq2vrG9nN3Nb2zu5efv+gqaNEMWiwSESqHVANgktoGG4EtGMFNAwEtILxVeq37kFpHslbM4nBD+lQ8gFn1Fip3eeaKTDQyxeIe1699EgRE7dUJtVqSiqlSvmiiD2XzFFAS9R7+fduP2JJCNIwQbXueCQ2/pQqw5mAWa6baIgpG9MhdCyVNATtT+f3zvCpVfp4EClb0uC5+n1iSkOtJ2FgO0NqRvq3l4p/eZ3EDCr+lMs4MSDZYtEgEdhEOH0e97kCZsTEEsoUt7diNqKKMmMjytkQvj7F/5Nm0fWI690UC7WTZRxZdISO0RnyUBnV0DWqowZiSKAH9ISenTvn0XlxXhetGWc5c4h+wHn7BL3MkFU=</latexit><latexit sha1_base64="xvkE0SCpekapqT5H9BZ5tWhl5XQ=">AAAB73icdVDLSgNBEJyNrxhfUY9eBqPgaZmNmsct4MVjBPOAZAmzk04yZHZ2nZkVQshPePGgiFd/x5t/42wSQUULGoqqbrq7glhwbQj5cDIrq2vrG9nN3Nb2zu5efv+gqaNEMWiwSESqHVANgktoGG4EtGMFNAwEtILxVeq37kFpHslbM4nBD+lQ8gFn1Fip3eeaKTDQyxeIe1699EgRE7dUJtVqSiqlSvmiiD2XzFFAS9R7+fduP2JJCNIwQbXueCQ2/pQqw5mAWa6baIgpG9MhdCyVNATtT+f3zvCpVfp4EClb0uC5+n1iSkOtJ2FgO0NqRvq3l4p/eZ3EDCr+lMs4MSDZYtEgEdhEOH0e97kCZsTEEsoUt7diNqKKMmMjytkQvj7F/5Nm0fWI690UC7WTZRxZdISO0RnyUBnV0DWqowZiSKAH9ISenTvn0XlxXhetGWc5c4h+wHn7BL3MkFU=</latexit><latexit sha1_base64="xvkE0SCpekapqT5H9BZ5tWhl5XQ=">AAAB73icdVDLSgNBEJyNrxhfUY9eBqPgaZmNmsct4MVjBPOAZAmzk04yZHZ2nZkVQshPePGgiFd/x5t/42wSQUULGoqqbrq7glhwbQj5cDIrq2vrG9nN3Nb2zu5efv+gqaNEMWiwSESqHVANgktoGG4EtGMFNAwEtILxVeq37kFpHslbM4nBD+lQ8gFn1Fip3eeaKTDQyxeIe1699EgRE7dUJtVqSiqlSvmiiD2XzFFAS9R7+fduP2JJCNIwQbXueCQ2/pQqw5mAWa6baIgpG9MhdCyVNATtT+f3zvCpVfp4EClb0uC5+n1iSkOtJ2FgO0NqRvq3l4p/eZ3EDCr+lMs4MSDZYtEgEdhEOH0e97kCZsTEEsoUt7diNqKKMmMjytkQvj7F/5Nm0fWI690UC7WTZRxZdISO0RnyUBnV0DWqowZiSKAH9ISenTvn0XlxXhetGWc5c4h+wHn7BL3MkFU=</latexit>

continuous
<latexit sha1_base64="Al37b4Oh0xtJLqjS7/Ld/BPgcc4=">AAAB8XicdVDLSgMxFM3UV62vqks3wSq4GjKt9rEruHFZwbZiO5RMmmlDM8mQh1BK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe++JUs60QejDy6ysrq1vZDdzW9s7u3v5/YOWllYR2iSSS3UbYU05E7RpmOH0NlUUJxGn7Wh0OfPb91RpJsWNGac0TPBAsJgRbJx0R6QwTFhpdS9fQH6tWirVShD5FYTK5aIj5+WLSg3BwEdzFMASjV7+vduXxCZUGMKx1p0ApSacYGUY4XSa61pNU0xGeEA7jgqcUB1O5hdP4alT+jCWypUwcK5+n5jgROtxErnOBJuh/u3NxL+8jjVxNZwwkVpDBVksii2HRsLZ+7DPFCWGjx3BRDF3KyRDrDAxLqScC+HrU/g/aRX9APnBdbFQP1nGkQVH4BicgQBUQB1cgQZoAgIEeABP4NnT3qP34r0uWjPecuYQ/ID39gmYl5Fs</latexit><latexit sha1_base64="Al37b4Oh0xtJLqjS7/Ld/BPgcc4=">AAAB8XicdVDLSgMxFM3UV62vqks3wSq4GjKt9rEruHFZwbZiO5RMmmlDM8mQh1BK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe++JUs60QejDy6ysrq1vZDdzW9s7u3v5/YOWllYR2iSSS3UbYU05E7RpmOH0NlUUJxGn7Wh0OfPb91RpJsWNGac0TPBAsJgRbJx0R6QwTFhpdS9fQH6tWirVShD5FYTK5aIj5+WLSg3BwEdzFMASjV7+vduXxCZUGMKx1p0ApSacYGUY4XSa61pNU0xGeEA7jgqcUB1O5hdP4alT+jCWypUwcK5+n5jgROtxErnOBJuh/u3NxL+8jjVxNZwwkVpDBVksii2HRsLZ+7DPFCWGjx3BRDF3KyRDrDAxLqScC+HrU/g/aRX9APnBdbFQP1nGkQVH4BicgQBUQB1cgQZoAgIEeABP4NnT3qP34r0uWjPecuYQ/ID39gmYl5Fs</latexit><latexit sha1_base64="Al37b4Oh0xtJLqjS7/Ld/BPgcc4=">AAAB8XicdVDLSgMxFM3UV62vqks3wSq4GjKt9rEruHFZwbZiO5RMmmlDM8mQh1BK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe++JUs60QejDy6ysrq1vZDdzW9s7u3v5/YOWllYR2iSSS3UbYU05E7RpmOH0NlUUJxGn7Wh0OfPb91RpJsWNGac0TPBAsJgRbJx0R6QwTFhpdS9fQH6tWirVShD5FYTK5aIj5+WLSg3BwEdzFMASjV7+vduXxCZUGMKx1p0ApSacYGUY4XSa61pNU0xGeEA7jgqcUB1O5hdP4alT+jCWypUwcK5+n5jgROtxErnOBJuh/u3NxL+8jjVxNZwwkVpDBVksii2HRsLZ+7DPFCWGjx3BRDF3KyRDrDAxLqScC+HrU/g/aRX9APnBdbFQP1nGkQVH4BicgQBUQB1cgQZoAgIEeABP4NnT3qP34r0uWjPecuYQ/ID39gmYl5Fs</latexit><latexit sha1_base64="Al37b4Oh0xtJLqjS7/Ld/BPgcc4=">AAAB8XicdVDLSgMxFM3UV62vqks3wSq4GjKt9rEruHFZwbZiO5RMmmlDM8mQh1BK/8KNC0Xc+jfu/BvTh6CiBy4czrmXe++JUs60QejDy6ysrq1vZDdzW9s7u3v5/YOWllYR2iSSS3UbYU05E7RpmOH0NlUUJxGn7Wh0OfPb91RpJsWNGac0TPBAsJgRbJx0R6QwTFhpdS9fQH6tWirVShD5FYTK5aIj5+WLSg3BwEdzFMASjV7+vduXxCZUGMKx1p0ApSacYGUY4XSa61pNU0xGeEA7jgqcUB1O5hdP4alT+jCWypUwcK5+n5jgROtxErnOBJuh/u3NxL+8jjVxNZwwkVpDBVksii2HRsLZ+7DPFCWGjx3BRDF3KyRDrDAxLqScC+HrU/g/aRX9APnBdbFQP1nGkQVH4BicgQBUQB1cgQZoAgIEeABP4NnT3qP34r0uWjPecuYQ/ID39gmYl5Fs</latexit>
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(a) Poisson–gamma dynamical systems [22]
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Y (2)
<latexit sha1_base64="3T2a83iLuwYp66I5QWkxCnQZHr4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1U5Ii6LLgxmUF+5Amlsnkph06eTAzEWrI3l9x41b/wp3o0h/wG5ymWWjbA8MczrkXzj1uzKiQpvmlrayurW9slrbK2zu7e/v6wWFHRAkn0CYRi3jPxQIYDaEtqWTQizngwGXQdcdXU7/7AFzQKLyVkxicAA9D6lOCpZIGesV2I+aJSaC+9C67T+0Ay5EIMGPA01rjLMsGetWsmzmMRWIVpIoKtAb6j+1FJAkglIRhIfqWGUsnxVxSwiAr24mAGJMxHkJf0RAHIJw0vyUzTpXiGX7E1Qulkat/N1IciGlcNZknnfem4lKPAxP0EZZ5/UT6l05KwziREJJZCD9hhoyMaWmGRzkQySaKYMKpusMgI8wxkarasirImq9jkXQadcusWzfn1eZJUVUJHaMKqiELXaAmukYt1EYEPaEX9IretGftXfvQPmejK1qxc4T+Qfv+BUuopws=</latexit><latexit sha1_base64="3T2a83iLuwYp66I5QWkxCnQZHr4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1U5Ii6LLgxmUF+5Amlsnkph06eTAzEWrI3l9x41b/wp3o0h/wG5ymWWjbA8MczrkXzj1uzKiQpvmlrayurW9slrbK2zu7e/v6wWFHRAkn0CYRi3jPxQIYDaEtqWTQizngwGXQdcdXU7/7AFzQKLyVkxicAA9D6lOCpZIGesV2I+aJSaC+9C67T+0Ay5EIMGPA01rjLMsGetWsmzmMRWIVpIoKtAb6j+1FJAkglIRhIfqWGUsnxVxSwiAr24mAGJMxHkJf0RAHIJw0vyUzTpXiGX7E1Qulkat/N1IciGlcNZknnfem4lKPAxP0EZZ5/UT6l05KwziREJJZCD9hhoyMaWmGRzkQySaKYMKpusMgI8wxkarasirImq9jkXQadcusWzfn1eZJUVUJHaMKqiELXaAmukYt1EYEPaEX9IretGftXfvQPmejK1qxc4T+Qfv+BUuopws=</latexit><latexit sha1_base64="3T2a83iLuwYp66I5QWkxCnQZHr4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1U5Ii6LLgxmUF+5Amlsnkph06eTAzEWrI3l9x41b/wp3o0h/wG5ymWWjbA8MczrkXzj1uzKiQpvmlrayurW9slrbK2zu7e/v6wWFHRAkn0CYRi3jPxQIYDaEtqWTQizngwGXQdcdXU7/7AFzQKLyVkxicAA9D6lOCpZIGesV2I+aJSaC+9C67T+0Ay5EIMGPA01rjLMsGetWsmzmMRWIVpIoKtAb6j+1FJAkglIRhIfqWGUsnxVxSwiAr24mAGJMxHkJf0RAHIJw0vyUzTpXiGX7E1Qulkat/N1IciGlcNZknnfem4lKPAxP0EZZ5/UT6l05KwziREJJZCD9hhoyMaWmGRzkQySaKYMKpusMgI8wxkarasirImq9jkXQadcusWzfn1eZJUVUJHaMKqiELXaAmukYt1EYEPaEX9IretGftXfvQPmejK1qxc4T+Qfv+BUuopws=</latexit><latexit sha1_base64="3T2a83iLuwYp66I5QWkxCnQZHr4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1U5Ii6LLgxmUF+5Amlsnkph06eTAzEWrI3l9x41b/wp3o0h/wG5ymWWjbA8MczrkXzj1uzKiQpvmlrayurW9slrbK2zu7e/v6wWFHRAkn0CYRi3jPxQIYDaEtqWTQizngwGXQdcdXU7/7AFzQKLyVkxicAA9D6lOCpZIGesV2I+aJSaC+9C67T+0Ay5EIMGPA01rjLMsGetWsmzmMRWIVpIoKtAb6j+1FJAkglIRhIfqWGUsnxVxSwiAr24mAGJMxHkJf0RAHIJw0vyUzTpXiGX7E1Qulkat/N1IciGlcNZknnfem4lKPAxP0EZZ5/UT6l05KwziREJJZCD9hhoyMaWmGRzkQySaKYMKpusMgI8wxkarasirImq9jkXQadcusWzfn1eZJUVUJHaMKqiELXaAmukYt1EYEPaEX9IretGftXfvQPmejK1qxc4T+Qfv+BUuopws=</latexit>

Y (3)
<latexit sha1_base64="j+uc1uFzca3GJbqV1/jdP5Do2M4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1UxIVdFlw47KCfUgby2Ry0w6dPJiZCDVk76+4cat/4U506Q/4DU7SLLTtgWEO59wL5x4nYlRI0/zSlpZXVtfWSxvlza3tnV19b78twpgTaJGQhbzrYAGMBtCSVDLoRhyw7zDoOOOrzO88ABc0DG7lJALbx8OAepRgqaSBXuk7IXPFxFdfcpfeJ30fy5HwMWPAk9rZSZoO9KpZN3MY88QqSBUVaA70n74bktiHQBKGhehZZiTtBHNJCYO03I8FRJiM8RB6igbYB2En+S2pcawU1/BCrl4gjVz9u5FgX2Rx1WSedNbLxIUeByboIyzyerH0Lu2EBlEsISDTEF7MDBkaWWmGSzkQySaKYMKpusMgI8wxkarasirImq1jnrRP65ZZt27Oq42joqoSOkQVVEMWukANdI2aqIUIekIv6BW9ac/au/ahfU5Hl7Ri5wD9g/b9C01Lpww=</latexit><latexit sha1_base64="j+uc1uFzca3GJbqV1/jdP5Do2M4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1UxIVdFlw47KCfUgby2Ry0w6dPJiZCDVk76+4cat/4U506Q/4DU7SLLTtgWEO59wL5x4nYlRI0/zSlpZXVtfWSxvlza3tnV19b78twpgTaJGQhbzrYAGMBtCSVDLoRhyw7zDoOOOrzO88ABc0DG7lJALbx8OAepRgqaSBXuk7IXPFxFdfcpfeJ30fy5HwMWPAk9rZSZoO9KpZN3MY88QqSBUVaA70n74bktiHQBKGhehZZiTtBHNJCYO03I8FRJiM8RB6igbYB2En+S2pcawU1/BCrl4gjVz9u5FgX2Rx1WSedNbLxIUeByboIyzyerH0Lu2EBlEsISDTEF7MDBkaWWmGSzkQySaKYMKpusMgI8wxkarasirImq1jnrRP65ZZt27Oq42joqoSOkQVVEMWukANdI2aqIUIekIv6BW9ac/au/ahfU5Hl7Ri5wD9g/b9C01Lpww=</latexit><latexit sha1_base64="j+uc1uFzca3GJbqV1/jdP5Do2M4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1UxIVdFlw47KCfUgby2Ry0w6dPJiZCDVk76+4cat/4U506Q/4DU7SLLTtgWEO59wL5x4nYlRI0/zSlpZXVtfWSxvlza3tnV19b78twpgTaJGQhbzrYAGMBtCSVDLoRhyw7zDoOOOrzO88ABc0DG7lJALbx8OAepRgqaSBXuk7IXPFxFdfcpfeJ30fy5HwMWPAk9rZSZoO9KpZN3MY88QqSBUVaA70n74bktiHQBKGhehZZiTtBHNJCYO03I8FRJiM8RB6igbYB2En+S2pcawU1/BCrl4gjVz9u5FgX2Rx1WSedNbLxIUeByboIyzyerH0Lu2EBlEsISDTEF7MDBkaWWmGSzkQySaKYMKpusMgI8wxkarasirImq1jnrRP65ZZt27Oq42joqoSOkQVVEMWukANdI2aqIUIekIv6BW9ac/au/ahfU5Hl7Ri5wD9g/b9C01Lpww=</latexit><latexit sha1_base64="j+uc1uFzca3GJbqV1/jdP5Do2M4=">AAACJ3icbVDLSsNAFJ34rPUVdekmtAp1UxIVdFlw47KCfUgby2Ry0w6dPJiZCDVk76+4cat/4U506Q/4DU7SLLTtgWEO59wL5x4nYlRI0/zSlpZXVtfWSxvlza3tnV19b78twpgTaJGQhbzrYAGMBtCSVDLoRhyw7zDoOOOrzO88ABc0DG7lJALbx8OAepRgqaSBXuk7IXPFxFdfcpfeJ30fy5HwMWPAk9rZSZoO9KpZN3MY88QqSBUVaA70n74bktiHQBKGhehZZiTtBHNJCYO03I8FRJiM8RB6igbYB2En+S2pcawU1/BCrl4gjVz9u5FgX2Rx1WSedNbLxIUeByboIyzyerH0Lu2EBlEsISDTEF7MDBkaWWmGSzkQySaKYMKpusMgI8wxkarasirImq1jnrRP65ZZt27Oq42joqoSOkQVVEMWukANdI2aqIUIekIv6BW9ac/au/ahfU5Hl7Ri5wD9g/b9C01Lpww=</latexit>

h(2)
<latexit sha1_base64="CNjntdl+kntYOcHJfFfA8f+/5OM=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5IUQZcFNy4r2Ac0sUwmN+3QyYOZiVBD9n6HH+BWP8GduNQf8DecpFlo64FhDufcy733uDGjQprmp1ZZW9/Y3Kpu13Z29/YP9MOjvogSTqBHIhbxoYsFMBpCT1LJYBhzwIHLYODOrnJ/cA9c0Ci8lfMYnABPQupTgqWSxnrddiPmiXmgvnSa3aV2gOVUBJgx4GmzfZZlY71htswCxiqxStJAJbpj/dv2IpIEEErCsBAjy4ylk2IuKWGQ1exEQIzJDE9gpGiIAxBOWtySGadK8Qw/4uqF0ijU3x0pDkS+rqosNl32cvFfjwMT9GF5vPQvnZSGcSIhJIvpfsIMGRl5WoZHORDJ5opgwqk6wCBTzDGRKtOaSsZazmGV9Nsty2xZN+eNTrPMqIpOUB01kYUuUAddoy7qIYIe0TN6Qa/ak/amvWsfi9KKVvYcoz/Qvn4AOcOkkg==</latexit><latexit sha1_base64="CNjntdl+kntYOcHJfFfA8f+/5OM=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5IUQZcFNy4r2Ac0sUwmN+3QyYOZiVBD9n6HH+BWP8GduNQf8DecpFlo64FhDufcy733uDGjQprmp1ZZW9/Y3Kpu13Z29/YP9MOjvogSTqBHIhbxoYsFMBpCT1LJYBhzwIHLYODOrnJ/cA9c0Ci8lfMYnABPQupTgqWSxnrddiPmiXmgvnSa3aV2gOVUBJgx4GmzfZZlY71htswCxiqxStJAJbpj/dv2IpIEEErCsBAjy4ylk2IuKWGQ1exEQIzJDE9gpGiIAxBOWtySGadK8Qw/4uqF0ijU3x0pDkS+rqosNl32cvFfjwMT9GF5vPQvnZSGcSIhJIvpfsIMGRl5WoZHORDJ5opgwqk6wCBTzDGRKtOaSsZazmGV9Nsty2xZN+eNTrPMqIpOUB01kYUuUAddoy7qIYIe0TN6Qa/ak/amvWsfi9KKVvYcoz/Qvn4AOcOkkg==</latexit><latexit sha1_base64="CNjntdl+kntYOcHJfFfA8f+/5OM=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5IUQZcFNy4r2Ac0sUwmN+3QyYOZiVBD9n6HH+BWP8GduNQf8DecpFlo64FhDufcy733uDGjQprmp1ZZW9/Y3Kpu13Z29/YP9MOjvogSTqBHIhbxoYsFMBpCT1LJYBhzwIHLYODOrnJ/cA9c0Ci8lfMYnABPQupTgqWSxnrddiPmiXmgvnSa3aV2gOVUBJgx4GmzfZZlY71htswCxiqxStJAJbpj/dv2IpIEEErCsBAjy4ylk2IuKWGQ1exEQIzJDE9gpGiIAxBOWtySGadK8Qw/4uqF0ijU3x0pDkS+rqosNl32cvFfjwMT9GF5vPQvnZSGcSIhJIvpfsIMGRl5WoZHORDJ5opgwqk6wCBTzDGRKtOaSsZazmGV9Nsty2xZN+eNTrPMqIpOUB01kYUuUAddoy7qIYIe0TN6Qa/ak/amvWsfi9KKVvYcoz/Qvn4AOcOkkg==</latexit><latexit sha1_base64="CNjntdl+kntYOcHJfFfA8f+/5OM=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5IUQZcFNy4r2Ac0sUwmN+3QyYOZiVBD9n6HH+BWP8GduNQf8DecpFlo64FhDufcy733uDGjQprmp1ZZW9/Y3Kpu13Z29/YP9MOjvogSTqBHIhbxoYsFMBpCT1LJYBhzwIHLYODOrnJ/cA9c0Ci8lfMYnABPQupTgqWSxnrddiPmiXmgvnSa3aV2gOVUBJgx4GmzfZZlY71htswCxiqxStJAJbpj/dv2IpIEEErCsBAjy4ylk2IuKWGQ1exEQIzJDE9gpGiIAxBOWtySGadK8Qw/4uqF0ijU3x0pDkS+rqosNl32cvFfjwMT9GF5vPQvnZSGcSIhJIvpfsIMGRl5WoZHORDJ5opgwqk6wCBTzDGRKtOaSsZazmGV9Nsty2xZN+eNTrPMqIpOUB01kYUuUAddoy7qIYIe0TN6Qa/ak/amvWsfi9KKVvYcoz/Qvn4AOcOkkg==</latexit>

Y (1)
<latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="B3z5WbfS/z3aqr6R7Ruha72dybI=">AAAB9XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmkmGJCPUoTtXbn0Ld+LT+BI+g+nPQtseCBzOuRduvjgX3Ngg+PYqO7t7+wfVQ/+o5h+fnNZrHaMKzbDNlFC6F1ODgktsW24F9nKNNIsFduPJ/bzvPqM2XMknO80xyuhI8pQzal3UGtYbQTNYiGyacGUasNKw/jNIFCsylJYJakw/DHIblVRbzgTO/EFhMKdsQkfYd1bSDE1ULs6ckUuXJCRV2j1pySL9u1HSzJhpFrvJjNqxWe/m4dZOozD8Bbd1/cKmt1HJZV5YlGx5RFoIYhWZ8yAJ18ismDpDmebuH4SNqabMOmq+4xOu09g0netmGDTDxwCqcA4XcAUh3MAdPEAL2sAggTd49169D+9zybHirYCewT95X79aG5Wb</latexit><latexit sha1_base64="XnoKySUyX6wyjtcSI08quZGH7rM=">AAACHHicbZC9TsMwFIVvyl8pBQIrS9QKqSxVwgIjEgtjkegPakPlOLetVedHtoNUouy8CgsrvAUbgpfgGXDSDtD2SpaPzrGlcz8v5kwq2/42ShubW9s75d3KXnX/4NA8qnZklAiKbRrxSPQ8IpGzENuKKY69WCAJPI5db3qd591HFJJF4Z2axegGZByyEaNEaWto1gZexH05C/SV3mcP6SAgaiIDwjmKtOGcZdnQrNtNuxhrVTgLUYfFtIbmz8CPaBJgqCgnUvYdO1ZuSoRilGNWGSQSY0KnZIx9LUMSoHTTYpfMOtWOb40ioU+orML9+yMlgczr6pdF0+UsN9dmArlkT7gu6ydqdOmmLIwThSGdlxgl3FKRlUOzfCaQKj7TglDB9B4WnRBBqNJoKxqQs4xjVXTOm47ddG5tKMMJ1KABDlzAFdxAC9pA4Rle4Q3ejRfjw/icoywZC6bH8G+Mr18l1KWW</latexit><latexit sha1_base64="XnoKySUyX6wyjtcSI08quZGH7rM=">AAACHHicbZC9TsMwFIVvyl8pBQIrS9QKqSxVwgIjEgtjkegPakPlOLetVedHtoNUouy8CgsrvAUbgpfgGXDSDtD2SpaPzrGlcz8v5kwq2/42ShubW9s75d3KXnX/4NA8qnZklAiKbRrxSPQ8IpGzENuKKY69WCAJPI5db3qd591HFJJF4Z2axegGZByyEaNEaWto1gZexH05C/SV3mcP6SAgaiIDwjmKtOGcZdnQrNtNuxhrVTgLUYfFtIbmz8CPaBJgqCgnUvYdO1ZuSoRilGNWGSQSY0KnZIx9LUMSoHTTYpfMOtWOb40ioU+orML9+yMlgczr6pdF0+UsN9dmArlkT7gu6ydqdOmmLIwThSGdlxgl3FKRlUOzfCaQKj7TglDB9B4WnRBBqNJoKxqQs4xjVXTOm47ddG5tKMMJ1KABDlzAFdxAC9pA4Rle4Q3ejRfjw/icoywZC6bH8G+Mr18l1KWW</latexit><latexit sha1_base64="KI3sQYx40p53s7j+3s5hTPzY0Hs=">AAACJ3icbVC7TsMwFHV4lvIKMLJELUhlqRIWGCuxMBaJPlATKse5aa06D9kOUomy8yssrPAXbAhGfoBvwEkzQNsjWT46517p3OPGjAppml/ayura+sZmZau6vbO7t68fHHZFlHACHRKxiPddLIDREDqSSgb9mAMOXAY9d3KV+70H4IJG4a2cxuAEeBRSnxIslTTUa7YbMU9MA/Wld9l9agdYjkWAGQOeNqyzLBvqdbNpFjAWiVWSOirRHuo/theRJIBQEoaFGFhmLJ0Uc0kJg6xqJwJiTCZ4BANFQxyAcNLilsw4VYpn+BFXL5RGof7dSHEg8rhqskg67+XiUo8DE/QRlnmDRPqXTkrDOJEQklkIP2GGjIy8NMOjHIhkU0Uw4VTdYZAx5phIVW1VFWTN17FIuudNy2xaN2a9dVJWVUHHqIYayEIXqIWuURt1EEFP6AW9ojftWXvXPrTP2eiKVu4coX/Qvn8BSMWnBg==</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit><latexit sha1_base64="daaxuW7Dz1ojxQqq1GJj706/I6c=">AAACJ3icbVDLSsNAFJ3UV62vqEs3oVWom5KIoMuCG5cV7EPaWCaTm3bo5MHMRKghe3/FjVv9C3eiS3/Ab3CSZqFtDwxzOOdeOPc4EaNCmuaXVlpZXVvfKG9WtrZ3dvf0/YOOCGNOoE1CFvKegwUwGkBbUsmgF3HAvsOg60yuMr/7AFzQMLiV0whsH48C6lGCpZKGenXghMwVU199yV16nwx8LMfCx4wBT+rWaZoO9ZrZMHMYi8QqSA0VaA31n4EbktiHQBKGhehbZiTtBHNJCYO0MogFRJhM8Aj6igbYB2En+S2pcaIU1/BCrl4gjVz9u5FgX2Rx1WSedN7LxKUeByboIyzz+rH0Lu2EBlEsISCzEF7MDBkaWWmGSzkQyaaKYMKpusMgY8wxkaraiirImq9jkXTOGpbZsG7Oa83joqoyOkJVVEcWukBNdI1aqI0IekIv6BW9ac/au/ahfc5GS1qxc4j+Qfv+BUoFpwo=</latexit>

g
<latexit sha1_base64="YMWnUxvN8SqM8PRJPBWBTeHHerI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvQVZkRoS4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F7ZeD6q1tyGuwBaJ15BalCgPap+DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvUcXVglRJFU9giDFurvjQzHOo9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyitAIVOUGD6zBBPFbFZEJlhhYmxRFVuCt/rlddK9bHhuw7u7qrXqRR1lOINzqIMHTWjBLbShAwQUPMMrvDlPzovz7nwsR0tOsXMKf+B8/gAxpZLe</latexit><latexit sha1_base64="YMWnUxvN8SqM8PRJPBWBTeHHerI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvQVZkRoS4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F7ZeD6q1tyGuwBaJ15BalCgPap+DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvUcXVglRJFU9giDFurvjQzHOo9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyitAIVOUGD6zBBPFbFZEJlhhYmxRFVuCt/rlddK9bHhuw7u7qrXqRR1lOINzqIMHTWjBLbShAwQUPMMrvDlPzovz7nwsR0tOsXMKf+B8/gAxpZLe</latexit><latexit sha1_base64="YMWnUxvN8SqM8PRJPBWBTeHHerI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvQVZkRoS4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F7ZeD6q1tyGuwBaJ15BalCgPap+DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvUcXVglRJFU9giDFurvjQzHOo9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyitAIVOUGD6zBBPFbFZEJlhhYmxRFVuCt/rlddK9bHhuw7u7qrXqRR1lOINzqIMHTWjBLbShAwQUPMMrvDlPzovz7nwsR0tOsXMKf+B8/gAxpZLe</latexit><latexit sha1_base64="YMWnUxvN8SqM8PRJPBWBTeHHerI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvQVZkRoS4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F7ZeD6q1tyGuwBaJ15BalCgPap+DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvUcXVglRJFU9giDFurvjQzHOo9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyitAIVOUGD6zBBPFbFZEJlhhYmxRFVuCt/rlddK9bHhuw7u7qrXqRR1lOINzqIMHTWjBLbShAwQUPMMrvDlPzovz7nwsR0tOsXMKf+B8/gAxpZLe</latexit>

⇧
<latexit sha1_base64="OpGrvKefITxCRQCca9Jn5gRMpo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48R7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz00Pf5oFpzG+4CZJ14BalBAX9Q/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboKcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuy4bkN7/6q1qwXcZThDM6hDh5cQxPuwIcWMBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8ARdLjZM=</latexit><latexit sha1_base64="OpGrvKefITxCRQCca9Jn5gRMpo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48R7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz00Pf5oFpzG+4CZJ14BalBAX9Q/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboKcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuy4bkN7/6q1qwXcZThDM6hDh5cQxPuwIcWMBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8ARdLjZM=</latexit><latexit sha1_base64="OpGrvKefITxCRQCca9Jn5gRMpo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48R7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz00Pf5oFpzG+4CZJ14BalBAX9Q/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboKcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuy4bkN7/6q1qwXcZThDM6hDh5cQxPuwIcWMBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8ARdLjZM=</latexit><latexit sha1_base64="OpGrvKefITxCRQCca9Jn5gRMpo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48R7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz00Pf5oFpzG+4CZJ14BalBAX9Q/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboKcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuy4bkN7/6q1qwXcZThDM6hDh5cQxPuwIcWMBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8ARdLjZM=</latexit>

h(3)
<latexit sha1_base64="gkQGvMNKnujWT9IFUqGsN6Lro7Y=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5KooMuCG5cV7AOaWCaTm3bo5MHMRKghe7/DD3Crn+BOXOoP+BtO0iy09cAwh3Pu5d573JhRIU3zU6usrK6tb1Q3a1vbO7t7+v5BT0QJJ9AlEYv4wMUCGA2hK6lkMIg54MBl0HenV7nfvwcuaBTeylkMToDHIfUpwVJJI71uuxHzxCxQXzrJ7lI7wHIiAswY8LR5dpJlI71htswCxjKxStJAJToj/dv2IpIEEErCsBBDy4ylk2IuKWGQ1exEQIzJFI9hqGiIAxBOWtySGcdK8Qw/4uqF0ijU3x0pDkS+rqosNl30cvFfjwMT9GFxvPQvnZSGcSIhJPPpfsIMGRl5WoZHORDJZopgwqk6wCATzDGRKtOaSsZazGGZ9E5bltmybs4b7WaZURUdoTpqIgtdoDa6Rh3URQQ9omf0gl61J+1Ne9c+5qUVrew5RH+gff0AO1+kkw==</latexit><latexit sha1_base64="gkQGvMNKnujWT9IFUqGsN6Lro7Y=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5KooMuCG5cV7AOaWCaTm3bo5MHMRKghe7/DD3Crn+BOXOoP+BtO0iy09cAwh3Pu5d573JhRIU3zU6usrK6tb1Q3a1vbO7t7+v5BT0QJJ9AlEYv4wMUCGA2hK6lkMIg54MBl0HenV7nfvwcuaBTeylkMToDHIfUpwVJJI71uuxHzxCxQXzrJ7lI7wHIiAswY8LR5dpJlI71htswCxjKxStJAJToj/dv2IpIEEErCsBBDy4ylk2IuKWGQ1exEQIzJFI9hqGiIAxBOWtySGcdK8Qw/4uqF0ijU3x0pDkS+rqosNl30cvFfjwMT9GFxvPQvnZSGcSIhJPPpfsIMGRl5WoZHORDJZopgwqk6wCATzDGRKtOaSsZazGGZ9E5bltmybs4b7WaZURUdoTpqIgtdoDa6Rh3URQQ9omf0gl61J+1Ne9c+5qUVrew5RH+gff0AO1+kkw==</latexit><latexit sha1_base64="gkQGvMNKnujWT9IFUqGsN6Lro7Y=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5KooMuCG5cV7AOaWCaTm3bo5MHMRKghe7/DD3Crn+BOXOoP+BtO0iy09cAwh3Pu5d573JhRIU3zU6usrK6tb1Q3a1vbO7t7+v5BT0QJJ9AlEYv4wMUCGA2hK6lkMIg54MBl0HenV7nfvwcuaBTeylkMToDHIfUpwVJJI71uuxHzxCxQXzrJ7lI7wHIiAswY8LR5dpJlI71htswCxjKxStJAJToj/dv2IpIEEErCsBBDy4ylk2IuKWGQ1exEQIzJFI9hqGiIAxBOWtySGcdK8Qw/4uqF0ijU3x0pDkS+rqosNl30cvFfjwMT9GFxvPQvnZSGcSIhJPPpfsIMGRl5WoZHORDJZopgwqk6wCATzDGRKtOaSsZazGGZ9E5bltmybs4b7WaZURUdoTpqIgtdoDa6Rh3URQQ9omf0gl61J+1Ne9c+5qUVrew5RH+gff0AO1+kkw==</latexit><latexit sha1_base64="gkQGvMNKnujWT9IFUqGsN6Lro7Y=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUWom5KooMuCG5cV7AOaWCaTm3bo5MHMRKghe7/DD3Crn+BOXOoP+BtO0iy09cAwh3Pu5d573JhRIU3zU6usrK6tb1Q3a1vbO7t7+v5BT0QJJ9AlEYv4wMUCGA2hK6lkMIg54MBl0HenV7nfvwcuaBTeylkMToDHIfUpwVJJI71uuxHzxCxQXzrJ7lI7wHIiAswY8LR5dpJlI71htswCxjKxStJAJToj/dv2IpIEEErCsBBDy4ylk2IuKWGQ1exEQIzJFI9hqGiIAxBOWtySGcdK8Qw/4uqF0ijU3x0pDkS+rqosNl30cvFfjwMT9GFxvPQvnZSGcSIhJPPpfsIMGRl5WoZHORDJZopgwqk6wCATzDGRKtOaSsZazGGZ9E5bltmybs4b7WaZURUdoTpqIgtdoDa6Rh3URQQ9omf0gl61J+1Ne9c+5qUVrew5RH+gff0AO1+kkw==</latexit>

�
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(b) Poisson-randomized gamma dynamical systems

Figure 1: Left: The PGDS imposes dependencies directly between the gamma latent states, preventing
closed-form complete conditionals. Right: The PRGDS (this paper) breaks these dependencies with discrete
Poisson latent states—doing so yields closed-form conditionals for all variables without data augmentation.

non-negative prior distributions, which are difficult to chain in state-space models for time series. Hier-
archical compositions of non-negative priors—notably, gamma and Dirichlet distributions—typically
introduce non-conjugate dependencies that require innovative approaches to posterior inference.

This paper fills a gap in the literature between Poisson factorization models that are tractable—i.e.,
yielding closed-form complete conditionals that make inference algorithms easy to derive—and those
that are expressive—i.e., capable of capturing a variety of complex dependence structures. To do
so, we introduce an alternating chain of discrete Poisson and continuous gamma latent states, a new
modeling motif that is analytically convenient and computationally tractable. We rely on this motif
to construct the Poisson-randomized gamma dynamical system (PRGDS), a model for sequentially
observed count tensors that is tractable, expressive, and efficient. The PRGDS is closely related to the
Poisson–gamma dynamical system (PGDS) [22], a recently introduced model for dynamic count ma-
trices, that is based on non-conjugate chains of gamma states. These chains are intractable; thus, poste-
rior inference in the PGDS relies on sophisticated data augmentation schemes that are cumbersome to
derive and impose unnatural restrictions on the priors over other variables. In contrast, the PRGDS in-
troduces intermediate Poisson states that break the intractable dependencies between the gamma states
(see Fig. 1). Although this motif is only semi-conjugate, it is tractable, yielding closed-form complete
conditionals for the Poisson states by way of the little-known Bessel distribution [23] and a novel
discrete distribution that we derive and call the shifted confluent hypergeometric (SCH) distribution.

We study the inductive bias of the PRGDS by comparing its smoothing and forecasting performance
to that of the PGDS and two other baselines on a range of real-world count data sets of text, interna-
tional events, and neural spike data. For smoothing, we find that the PRGDS performs better than or
similarly to the PGDS; for forecasting, we find the converse relationship. Both models outperform the
other baselines. Using a specific hyperparameter setting, the PRGDS permits the continuous gamma
latent states to take values of exactly zero, thereby encoding a unique inductive bias tailored to sparsity
and burstiness. We find that this sparse variant always obtains better smoothing and forecasting perfor-
mance than the non-sparse variant. We also find that this sparse variant yields a qualitatively broader
range of latent structures—specifically, bursty latent structures that are highly localized in time.

2 Poisson-randomized gamma dynamical systems (PRGDS)

Notation. Consider a data set of sequentially observed count tensors Y (1), . . . ,Y (T ), each of
which has M modes. An entry y(t)

i ∈{0, 1, 2, . . . } in the tth tensor is subscripted by a multi-index
i ≡ (i1, . . . , iM ) that indexes into the M modes of the tensor. As an example, the event count of
the number of times country i took action a toward country j during time step t can be written as
y(t)

i where the multi-index corresponds to the sender, receiver, and action type—i.e., i = (i, j, a).

Generative process. The PRGDS is a form of canonical polyadic decomposition [24] that assumes

y(t)

i ∼ Pois
(
ρ(t)

K∑

k=1

λk θ
(t)

k

M∏

m=1

φ(m)

kim

)
, (1)
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where θ(t)

k represents the activation of the kth component at time step t. Each component represents a
dependence structure in the data set by way of a factor vector φ(m)

k for each modem. For international
events, the first factor vector φ(1)

k = (φ(1)

k1 , . . . , φ
(1)

kV ) represents the rate at which each of the V
countries acts as a sender in the kth component while the second factor vector φ(2)

k represents the rate
at which each country acts as a receiver. The weights λk and ρ(t) represent the scales of component
k and time step t. The PRGDS is stationary if ρ(t) =ρ. We posit the following conjugate priors:

ρ(t) ∼ Gam (a0, b0) and φ(m)

k ∼ Dir(a0, . . . , a0). (2)
The PRGDS is characterized by an alternating chain of discrete and continuous latent states. The
continuous states θ(1)

k , . . . , θ(T )

k evolve via the intermediate discrete states h(1)

k , . . . , h
(T )

k as follows:

θ(t)

k ∼ Gam
(
ε(θ)0 +h(t)

k , τ
)

and h(t)

k ∼ Pois
(
τ

K∑

k2=1

πkk2 θ
(t−1)

k2

)
, (3)

where we define θ(0)

k = λk to be the per-component weight from Eq. (1). In other words, the
PRGDS assumes that θ(t)

k is conditionally gamma distributed with rate τ and shape equal to h(t)

k plus
hyperparameter ε(θ)0 ≥ 0. We adopt the convention that a gamma random variable will be zero, almost
surely, if its shape is zero. Therefore, setting ε(θ)0 =0 defines a sparse variant of the PRGDS, where
the gamma latent state θ(t)

k takes the value of exactly zero provided h(t)

k =0—i.e., θ(t)

k
a.s.
= 0 if h(t)

k =0.

The transition weight πkk2 in Eq. (3) represents how strongly component k2 excites component k
at the next time step. We view these weights collectively as a K×K transition matrix Π and impose
Dirichlet priors over the columns of this matrix. We also place a gamma prior over concentration
parameter τ . This prior is conjugate to the gamma and Poisson distributions in which it appears:

τ ∼ Gam (α0, α0) and πk ∼ Dir (a0, . . . , a0) such that
∑K
k1
πk1k = 1. (4)

For the per-component weights λ1, . . . , λK , we use a hierarchical prior with a similar flavor to Eq. (3):

λk ∼ Gam
(
ε
(λ)
0

K + gk, β
)

and gk ∼ Pois
(
γ
K

)
, (5)

where ε(λ)0 is analogous to ε(θ)0 . Finally, we use the following gamma priors, which are both conjugate:
γ ∼ Gam (a0, b0) and β ∼ Gam (α0, α0) . (6)

The PRGDS has five fixed hyperparameters: ε(θ)0 , ε(λ)0 , α0, a0, and b0. For the empirical studies in
§ 5, we set a0 =b0 =0.01 to define weakly informative gamma and Dirichlet priors and set α0 =10
to define a gamma prior that promotes values close to 1; we consider ε(θ)0 ∈ {0, 1} and set ε(λ)0 =1.

Properties. In Eq. (5), both ε(λ)0 and γ are divided by the number of components K. This means that
as the number of components growsK→∞, the expected sum of the weights remains finite and fixed:

∞∑

k=1

E [λk] =

∞∑

k=1

( ε(λ)0

K + E [gk]
)
β−1 =

∞∑

k=1

( ε(λ)0

K + γ
K

)
β−1 =

(
ε(λ)0 + γ

)
β−1. (7)

This prior encodes an inductive bias toward small values of λk and may be interpreted as the finite
truncation of a novel Bayesian nonparametric process. A small value of λk shrinks the Poisson rates
of both y(t)

i and the first discrete latent state h(0)

k . As a result, this prior encourages the PRGDS to only
infer components that are both predictive of the data and useful for capturing the temporal dynamics.

The marginal expectation of θ(t) =(θ(t)

1 , . . . , θ(t)

K ) takes the form of a linear dynamical system:

E
[
θ(t) |θ(t−1)

]
= E

[
E
[
θ(t) |h(t−1)

]]
= ε(θ)0 τ−1 + Πθ(t−1). (8)

This is because E
[
θ(t)

k

]
=
(
ε(θ)0 +E

[
h(t)

k

] )
τ−1 =

(
ε(θ)0 +τ

∑K
k2=1 πkk2 θ

(t−1)

k2

)
τ−1 by iterated expec-

tation. Concentration parameter τ appears in both the Poisson and gamma distributions in Eq. (3).
It contributes to the variance of the PRGDS, while simultaneously canceling out of the expectation
in Eq. (8), except for its role in the additive term ε(θ)0 τ−1, which itself disappears when ε(θ)0 =0.

Finally, we can analytically marginalize out all of the discrete Poisson latent states to obtain a purely
continuous dynamical system. When ε(θ)0 > 0, this dynamical system can be written as follows:

θ(t)

k ∼ RG1
(
ε(θ)0 , τ

K∑

k2=1

πkk2θ
(t−1)

k2
, τ
)
, (9)

where RG1 denotes the randomized gamma distribution of the first type [23, 25]. When ε(θ)0 =0, the
dynamical system can be written in terms of a limiting form of the RG1. We describe the RG1 in Fig. 2.
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Figure 2: The randomized gamma distribution of the first type (RG1) [23, 25] has support θ>0 and is defined
by three parameters: ε, λ, β>0. Its PDF is displayed in the figure; Iε−1(·) is the modified Bessel function of the
first kind [26]. When ε < 1 (left), the RG1 resembles a soft “spike-and-slab” distribution; when ε ≥ 1 (middle
and right), it resembles a more-dispersed form of the gamma distribution. The Poisson-randomized gamma distri-
bution [27], which includes zeros in its support (i.e., θ ≥ 0), is a limiting case of the RG1 that occurs when ε→0.

3 Related work

The PRGDS is closely related to the Poisson–gamma dynamical system (PGDS) [22]. In the PGDS,

θ(t)

k ∼ Gam
(
τ

K∑

k2=1

πkk2θ
(t−1)

k2
, τ
)

such that E
[
θ(t) |θ(t−1)

]
= Πθ(t−1). (10)

The PGDS imposes non-conjugate dependencies directly between the gamma latent states. The
complete conditional P (θ(t)

k |−) is not available in closed form, and posterior inference relies on
a sophisticated data augmentation scheme. The PRGDS instead introduces intermediate Poisson
states that break the intractable dependencies between the gamma states; we visualize this in
Fig. 1. Although the Poisson distribution is not a conjugate prior for the gamma rate, this motif
is still tractable, yielding the complete conditional P (h(t)

k |−) in closed form, as we explain
in § 4. The PGDS is limited by the data augmentation scheme that it relies on for posterior
inference—specifically, this augmentation scheme does not allow λk to appear in the Poisson rate
of y(t)

i in Eq. (1). To encourage parsimony, the PGDS instead draws λk ∼ Gam( γK , β) and then uses
these per-component weights to shrink the transition matrix Π. This approach introduces additional
intractable dependencies that require a different data augmentation scheme for posterior inference.
Finally, the data augmentation schemes additionally require that each factor vector φ(m)

k and each
column πk of the transition matrix are Dirichlet distributed. We note that although we also use
Dirichlet distributions in this paper, this is a choice rather than a requirement imposed by the PRGDS.

The PGDS and its “deep” variants [28, 29] generalize gamma process dynamic Poisson factor analysis
(GP-DPFA) [30], which assumes a simple random walk θ(t)

k ∼Gam
(
θ(t−1)

k , c(t)
)
; the model of Yang

and Koeppl is also closely related [31]. These models belong to a line of work exploring the “augment-
and-conquer” data augmentation scheme [32] for posterior inference in hierarchies of gamma variables
chained via their shapes and linked to Poisson observations. Beyond models for time series, this motif
can be used to build belief networks [33]. An alternative approach is to chain gamma variables via
their rates—e.g., θ(t) ∼ Gam (a, θ(t−1)). This motif is conjugate and tractable, and has been applied
to models for time series [34–36] and deep belief networks [37]. However, unlike the shape, the rate
contributes to the variance of the gamma quadratically. Rate chains can therefore be highly volatile.

More broadly, gamma shape and rate chains are examples of non-negative chains. Such chains
are especially well motivated in the context of Poisson factorization, which is particularly efficient
when only non-negative prior distributions are used. In general, Poisson factorization assumes
that each observed count yi is drawn from a Poisson distribution with a latent rate µi that is some
function of the model parameters—i.e., yi ∼ Pois (µi). When the rate is linear—i.e., µi =

∑K
k=1 µik—

Poisson factorization is allocative [38] and admits a latent source representation [16, 18], where yi ,∑K
k=1 yik is defined to be the sum ofK latent sources yi1, . . . , yiK and yik ∼ Pois (µik). Conditioning

on the latent sources often induces conditional independencies that, in turn, facilitate closed-form,
efficient, and parallelizable posterior inference. The first step in either MCMC or variational inference

4



is therefore to update each latent source from its complete conditional, which is multinomial [39]:
(
(yi1, . . . , yiK) | −

)
∼ Multinom (yi, (µi1, . . . , µiK)) , (11)

where the normalization of the non-negative rates µi1, . . . , µiK into a probability vector is left
implicit. When the observed count is zero—i.e., yi =0—the sources are also zero—i.e., yik

a.s.
= 0—

and no computation is required to update them. As a result, any Poisson factorization model that
admits a latent source representation scales linearly with only the non-zero entries. This property
is indispensable when modeling count tensors which typically contain exponentially more zeros
than non-zeros [40]. We emphasize that although the PRGDS and PGDS are substantively different
models, they are both instances of allocative Poisson factorization, so the time complexity of posterior
inference for both models is the same and equal toO (SK) where S is the number of non-zero entries.

Because a latent source representation is only available when the rate µi is a linear function of
the model parameters and, by definition of the Poisson distribution, the rate must be non-negative,
efficient Poisson factorization is only possible with non-negative priors. Modeling time series and
other complex dependence structures via efficient Poisson factorization therefore requires developing
novel motifs that exclude the Gaussian priors that researchers have traditionally relied on for analytic
convenience and tractability. For example, the Poisson linear dynamical system [41–43] links the
widely used Gaussian linear dynamical system [44, 45] to Poisson observations via an exponential link
function—i.e., µi = exp (

∑
k · · ·). This approach, which is based on the generalized linear model

[46], relies on a non-linear link function and therefore does not admit a latent source representation.
Another approach is to use log-normal priors, as in dynamic Poisson factorization [47]; however, the
log-normal is not conjugate to the Poisson distribution and does not yield closed-form conditionals.

There is also a long tradition of autoregressive models for time series of counts, including variational
autoregressive models [48] and models that are based on the Hawkes process [49–52]. This approach
avoids the challenge of constructing tractable state-space models from non-negative priors by
modeling temporal correlations directly between the observed counts. However, for high-dimensional
data, such as sequentially observed count tensors, an autoregressive approach is often impractical.

4 Posterior inference

Iteratively re-sampling each latent variable in the PRGDS from its complete conditional constitutes
a Gibbs sampling algorithm. The complete conditionals for all variables are immediately available in
closed form without data augmentation. We provide conditionals for the variables with non-standard
priors below; the remaining conditionals are in the supplementary material. The PRGDS is based on
a new motif in Bayesian latent variable modeling. We introduce the motif in its general form, derive
its conditionals, and then use these to obtain the closed-form complete conditionals for the PRGDS.

4.1 Poisson–gamma–Poisson chains

Consider the following model of count m involving variables θ and h and fixed c1, c2, c3, ε
(θ)

0 > 0:

m ∼ Pois (θc3) , θ ∼ Gam
(
ε(θ)0 +h, c2

)
, and h ∼ Pois (c1) . (12)

This model is semi-conjugate. The gamma prior over θ is conjugate to the Poisson and its posterior is
(
θ | −

)
∼ Gam

(
ε(θ)0 +h+m, c2 + c3

)
. (13)

The Poisson prior over h is not conjugate to the gamma; however, despite this, the posterior of h
is still available in closed form by way of the Bessel distribution [23], which we define in Fig. 3(a):

(
h | −

)
∼ Bes

(
ε(θ)0 −1, 2

√
θ c2 c1

)
. (14)

The Bessel distribution can be sampled efficiently [53]; our Cython implementation is available
online.1 Provided that ε(θ)0 > 0, sampling θ and h iteratively from Eqs. (13) and (14) constitutes a
valid Markov chain for posterior inference. When ε(θ)0 =0, though, θ a.s.

= 0 if h=0, and vice versa. As
a result, this Markov chain has an absorbing condition at h=0 and violates detailed balance. In this
case, we must therefore sample h with θ marginalized out. Toward that end, we prove Theorem 1.

1https://github.com/aschein/PRGDS
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(a) Bessel distribution [23]

1 20 40 60 80 100
h

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

P
(h

|m
,⇣

) m=1, ⇣=1

m=1, ⇣=10

m=1, ⇣=50

m=10, ⇣=1

m=1000, ⇣=1

m=45, ⇣=45

SCH(h; m, ⇣) =
(h+m+1)!

(h+1)! h! m!

⇣h�1

1F1(m+1; 2; ⇣)
<latexit sha1_base64="pYyVepipX1QTsCG8JTOSZX9l5E8="></latexit><latexit sha1_base64="pYyVepipX1QTsCG8JTOSZX9l5E8="></latexit><latexit sha1_base64="pYyVepipX1QTsCG8JTOSZX9l5E8="></latexit><latexit sha1_base64="pYyVepipX1QTsCG8JTOSZX9l5E8="></latexit>

(b) Shifted confluent hypergeometric (SCH) distribution

Figure 3: Two discrete distributions that arise as posteriors in Poisson–gamma–Poisson chains.

Theorem 1: The incomplete conditional P (h | ε(θ)0 =0,−\θ) ,
∫
P (h, θ | ε(θ)0 =0,−)dθ is

(h | −\θ) ∼
{

Pois
(
c1 c2
c3+c2

)
if m = 0

SCH
(
m, c1 c2

c3+c2

)
otherwise,

(15)

where SCH denotes the shifted confluent hypergeometric distribution. We describe the SCH in
Fig. 3(b) and provide further information in the supplementary material, including the derivation
of its PMF, PGF, and mode, along with details of how we sample from it and the proof for Theorem 1.

4.2 Closed-form complete conditionals for the PRGDS

The PRGDS admits a latent source representation, so the first step of posterior inference is therefore

(
(y(t)

ik )Kk=1 | −
)
∼ Multinom

(
y(t)

i ,
(
λk θ

(t)

k

∏M
m=1φ

(m)

kim

)K
k=1

)
. (16)

We may similarly represent h(t)

k under its latent source representation—i.e., h(t)

k ≡h(t)

k· =
∑K
k2=1 h

(t)

kk2
,

where h(t)

kk2
∼Pois

(
τ πkk2θ

(t−1)

k2

)
. When notationally convenient, we use dot-notation (“·”) to denote

summing over a mode. In this case, h(t)

k· denotes the sum of the kth row of the K×K matrix of latent
counts h(t)

kk2
. The complete conditional of the kth row of counts, when conditioned on their sum h(t)

k· , is

(
(h(t)

kk2
)Kk2=1 | −

)
∼ Multinom

(
h(t)

k· , (πkk2θ
(t−1)

k2
)Kk2=1

)
. (17)

To derive the conditional for θ(t)

k we aggregate the Poisson variables that depend on it. By Poisson addi-
tivity, the column sum h(t+1)

·k =
∑K
k1=1 h

(t+1)

k1k
is distributed as h(t+1)

·k ∼Pois
(
θ(t)

k τ π·k
)

and similarly y(t)

·k
is distributed as y(t)

·k ∼Pois
(
θ(t)

k ρ
(t)λk

∏M
m=1 φ

(m)

k·
)
. The count m(t)

k , h(t+1)

·k +y(t)

k isolates all depen-
dence on θ(t)

k and is also Poisson distributed. By gamma–Poisson conjugacy, the conditional of θ(t)

k is
(
θ(t)

k | −
)
∼ Gam

(
ε(θ)0 +h(t)

k· +m(t)

k , τ + τ π·k + ρ(t)λk
∏M
m=1φ

(m)

k·
)
. (18)

When ε(θ)0 > 0, we apply the identity in Eq. (14) and sample h(t)

k· from its complete conditional:

(
h(t)

k· | −
)
∼ Bessel

(
ε(θ)0 −1, 2

√
θ(t)

k τ2
∑K
k2=1πkk2θ

(t−1)

k2

)
. (19)

When ε(θ)0 =0, we instead apply Theorem 1 to sample h(t)

k· , where m(t)

k is analogous to m in Eq. (15):

(
h(t)

k· | −\θ(t)

k

)
∼
{

Pois(ζ(t)

k ) if m(t)

k =0

SCH(m(t)

k , ζ
(t)

k ) otherwise
where ζ(t)

k ,
τ2 ∑K

k2=1 πkk2θ
(t−1)
k2

τ+τ π·k+ρ(t)λk
∏M
m=1 φ

(m)
k·

. (20)

The complete conditionals for λk and gk follow from applying the same Poisson–gamma–Poisson
identities, while the complete conditionals for γ, β, φ(m)

k , πk, and τ all follow from conjugacy.
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(a) Matrix empirical studies (originally described by Schein et al. [22])
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(b) Tensor empirical studies

Figure 4: The smoothing performance (top row) or forecasting performance (bottom row) of each model is
quantified by its information gain over a non-dynamic baseline (BPTF [9]), where higher values are better.

5 Empirical studies

As explained in the previous section, the Poisson–gamma–Poisson motif of the PRGDS (see § 4.1)
yields a more tractable (see Fig. 1) and flexible (see § 3) model than previous models. This motif
also encodes a unique inductive bias tailored to sparsity and burstiness that we test by comparing the
PRGDS to the PGDS (described in § 3). As we can see by comparing Eqs. (9) and (10), comparing
these models isolates the impact of the Poisson–gamma–Poisson motif. Because the PGDS was pre-
viously introduced to model a T×V matrix Y of sequentially observed V -dimensional count vectors
y(1), . . . ,y(T ), we generalize the PGDS to M -mode tensors and provide derivations of its complete
conditionals in the supplementary material. Our Cython implementation of this generalized PGDS
(and the PRGDS) is available online. We also compare the variant of the PRGDS with ε(θ)0 =1 to the
variant with ε(θ)0 =0, which allows the continuous gamma latent states to take values of exactly zero.

Setup. Our empirical studies all have the following setup. For each data set Y (1), . . . ,Y (T ), the
counts Y (t) in randomly selected time steps are held out. Additionally, the counts in the last
two time steps are always held out. Each model is fit to the data set using independent MCMC
chains that impute the heldout counts and, ultimately, return a set of posterior samples of the la-
tent variables. We distinguish the task of predicting the counts in intermediate time steps, known
as smoothing, from the task of predicting the counts in the last two time steps, known as fore-
casting. To quantify the performance of each model, we use the S posterior samples returned
by the independent chains to approximate the information rate [54] of the heldout counts—i.e.,
R(∆) = − 1

|∆|
∑

(t,i)∈∆ log
[

1
S

∑S
s=1 Pois

(
y(t)

i ;µ(t)

i,s
)]

, where ∆ is the set of multi-indices of the

heldout counts and µ(t)

i,s is the expectation of heldout count y(t)

i (defined in Eq. (1)) computed from the
sth posterior sample. The information rate quantifies the average number of nats needed to compress
each heldout count; it is equivalent to log perplexity [55] and to the negative of log pointwise predic-
tive density (LPPD) [56]. In each study, we also fit Bayesian Poisson tensor factorization (BPTF)
[9], a non-dynamic baseline that assumes that the count tensors at different time steps are i.i.d.—i.e.,
y(t)

i ∼Pois (µi). For each model, we then report the information gain over BPTF, where higher values
are better, which we compute by subtracting the information rate of the model from that of BPTF.

Matrices. We first replicated the empirical studies of Schein et al. [22]. These studies followed the
setup described above and compared the PGDS to GP-DPFA [30], a simple dynamic baseline (de-
scribed in § 3). The matrices in these studies were based on three text data sets—NeurIPS papers [57],
DBLP abstracts [58], and State of the Union (SOTU) speeches [59]—where y(t)

v is the number of
times word v occurs in time step t, and two international event data sets—GDELT [60] and ICEWS
[61]—where y(t)

v is the number of times sender–receiver pair v interacted during time step t. We used
the matrices and heldout time steps, along with the posterior samples for both PGDS and GP-DPFA,
originally obtained by Schein et al. [22]. We then fit the PRGDS using the MCMC settings that they
describe. In this matrix setting, BPTF reduces to y(t)

v ∼Pois(µv), where v indexes a single mode, and
µv cannot be meaningfully factorized. We therefore posited a conjugate gamma prior over µv directly
and drew exact posterior samples to compute the information rate. We depict the results in Fig. 4(a).
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