
Appendices373

The appendices are organized as follows. In Appendix A we introduce the basic notations and374

problem reductions that are used throughout the main draft and the appendix. In Appendix B we375

describe and prove the main geometric properties of the optimization landscape for Huber loss. In376

Appendix C, we provide global convergence analysis for the propose Riemannian gradient descent377

methods for optimizing the Huber loss, and the subgradient methods for solving LP rounding. We378

list the basic technical tools and results in Appendix D. All the technical geometric analysis are379

postponed to Appendix E, Appendix F, Appendix G, and Appendix H. Finally, in Appendix I we380

describe the proposed optimization algorithms in full details for all `1, Huber, and `4 losses.381

A Basic Notations and Problem Reductions382

A.1 Notations383

Throughout this paper, all vectors/matrices are written in bold font a/A; indexed values are written384

as ai, Aij . We use v´i to denote a subvector of v without the i-th entry. Zeros or ones vectors are385

defined as 0m or 1m with m denoting its length, and i-th canonical basis vector defined as ei. We386

use Sn´1 to denote an n-dimensional unit sphere in the Euclidean space Rn. We use zpkq to denote387

an optimization variable z at k-th iteration. We let rms “ t1, 2, ¨ ¨ ¨ ,mu. Let Fn P Cnˆn denote a388

unnormalized nˆ n Fourier matrix, with }Fn} “
?
n, and F´1

n “ n´1F ˚n .389

We define signp¨q as390

signpzq “

"

z{ |z| , z “ 0

0, z “ 0

Some basic operators. We use ιnÑm to denote the zero-padding operator ιnÑmv “
„

v
0n´m



,391

which zero-pads a length n vector v P Rn to length m (n ď m). Correspondingly, its adjoint operator392

ι˚nÑm denotes the restriction of a vector to its first n coordinate (and ι˚nÑm “ ιmÑn). Similarly,393

given a subset I Ď rms and a vector v P R|I|, we use ιIÑm : R|I| ÞÑ Rm to denote an operator that394

maps v to a zero-padded vector whose entries in I corresponding to those of v.395

We use Pv and PvK to denote projections onto v and its orthogonal complement, respectively. We let396

PSn´1 to be the `2-normalization operator. To sum up, we have397

PvKu “ u´
vvJ

}v}
2v, Pvu “

vvJ

}v}
2u, PSn´1v “

v

}v}
.

Circular convolution and circulant matrices. The convolution operator f is circular with398

modulo-m: paf xqi “
řm´1
j“0 ajxi´j , and we use f to specify the circular convolution in 2D. For399

a vector v P Rm, let s`rvs denote the cyclic shift of v with length `. Thus, we can introduce the400

circulant matrix Cv P Rmˆm generated through v P Rm,401

Cv “

»

—

—

—

—

—

–

v1 vm ¨ ¨ ¨ v3 v2
v2 v1 vm v3
... v2 v1

. . .
...

vm´1
. . .

. . . vm
vm vm´1 ¨ ¨ ¨ v2 v1

fi

ffi

ffi

ffi

ffi

ffi

fl

“ rs0 rvs s1 rvs ¨ ¨ ¨ sm´1 rvss . (16)

Now the circulant convolution can also be written in a simpler matrix-vector product form. For402

instance, for any u P Rm and v P Rn (n ď m),403

uf v “ Cu ¨ ιnÑmv “ CιnÑmv ¨ u.

In addition, the correlation between u and v can be also written in a similar form of convolution404

operator which reverses one vector before convolution. Let qv denote a cyclic reversal of v P Rm,405
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i.e., qv “ rv1, vm, vm´1, ¨ ¨ ¨ , v2s
J, and define two correlation matrices C˚vej “ sjrvs and qCvej “406

s´jrvs. The two operators satisfy407

C˚ιnÑmvu “ qv f u, qCιnÑmvu “ v f qu.

Notation for several distributions. We use i.i.d. to denote identically and independently dis-408

tributed random variables:409

• we use N pµ, σ2q to denote Gaussian distribution with mean µ and variance σ2;410

• we use UpSn´1q to denote the uniform distribution over the sphere Sn´1;411

• we use Bpθq to denote the Bernoulli distribution with parameter θ controling the nonzero412

probability;413

• we use BGpθq to denote Bernoulli-Gaussian distribution, i.e., if u „ BGpθq, then u “ b ¨ g414

with b „ Bpθq and g „ N p0, 1q;415

• we use BRpθq to denote Bernoulli-Rademacher distribution, i.e., if u „ BRpθq, then416

u “ b ¨ r with b „ Bpθq and r follows Rademacher distribution.417

A.2 Problem Reduction418

In the following sections of the appendices, we study the optimization of419

min
q

ϕhpqq :“
1

np

p
ÿ

i“1

Hµ pCyi
Pqq , s.t. q P Sn´1,

where420

P “

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

.

We simplify the problem by a change of variable q “ Qq, which rotates the space by the orthogonal421

matrix Q in (7). Since the rotation Q does not change the optimization landscape, by an abuse of422

notation of q and q, we can rewrite the problem (5) as423

min
q

fpqq :“
1

np

p
ÿ

i“1

Hµ

`

CxiRQ
´1q

˘

, s.t. }q} “ 1, (17)

where424

R “ Ca

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

, Q “ Ca
`

CJaCa
˘´1{2

,

and425

RQ´1 “ Ca

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2
`

CJaCa
˘1{2

C´1
a .

For the reduction from the original problem to (17), we used the fact that Cyi
P “ Cxi

R in (7).426

Moreover, sinceR « Q is near orthogonal, by assumingRQ´1 “ I we can further reduce (17) to427

min
q

rfpqq “
1

np

p
ÿ

i“1

Hµ pCxi
qq , s.t. }q} “ 1. (18)

The objective (10) is simpler and much easier for analysis. By a similar analysis as [22, 32], it can be428

shown that asymptotically the landscape is highly symmetric and the standard basis vectors t˘eiu
n
i“1429

are the only global minimizers.430

For the following sections of the appendices, without loss of generaltiy, we study the optimization431

landscape of fpqq over the sphere, and proving global convergence of vanilla Riemannian gradient432

descent methods. We will show that RQ´1 « I , so that we can study the landscape of fpqq via433

studying the landscape of rfpqq followed by a perturbation analysis.434
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B Geometry: Main Results435

In this part of appendix, we study the optimization landscape of fpqq over regions436

Si˘ξ :“

"

q P Sn´1 |
|qi|

}q´i}8
ě

a

1` ξ, qi ż 0

*

, ξ P r0,8q.

We will show that the function fpqq over each one of Si˘ξ has benign first-order geometric structure,437

which enables efficient optimization via vanilla Riemannian gradient descent methods.438

Proposition B.1 (Regularity condition) Suppose θ ě 1
n and µ ď c0 min

!

θ, 1?
n

)

. There exists439

some numerical constant γ P p0, 1q, when the sample complexity440

p ě C max

"

n,
κ8

θµ2σ2
min

log4 n

*

ξ´2θ´2n4 log

ˆ

θn

µ

˙

,

with probability at least 1´ n´c1 ´ c2np
´c3nθ over the randomness of txiu

p
i“1, we have441

xgrad fpqq, qiq ´ eiy ě c4θp1´ θqqi }q ´ ei} ,
b

1´ q2i P rµ, γs , (19)

xgrad fpqq, qiq ´ eiy ě c4θp1´ θqqin
´1 }q ´ ei} ,

b

1´ q2i P

«

γ,

c

n´ 1

n

ff

, (20)

holds for any q P Si`ξ and each index i P rns. Here, c0, c1, c2, c3, c4, and C are positive numerical442

constants.443

Proof Without loss of generality, it is enough to consider the case i “ n. For all q P Sn`ξ , we have444

xgrad fpqq, qnq ´ eny

“

A

grad fpqq ´ grad rfpqq ` grad rfpqq ´ gradE
”

rfpqq
ı

` gradE
”

rfpqq
ı

, qnq ´ en

E

ě

A

gradE
”

rfpqq
ı

, qnq ´ en

E

´

ˇ

ˇ

ˇ

A

grad fpqq ´ grad rfpqq, qnq ´ en

E
ˇ

ˇ

ˇ

´

ˇ

ˇ

ˇ

A

grad rfpqq ´ gradE
”

rfpqq
ı

, qnq ´ en

E
ˇ

ˇ

ˇ
.

From Proposition E.1, when θ ě 1
n and µ ď c0 min

!

θ, 1?
n

)

, we know that in the worst case445

scenario,446

A

gradE
”

rfpqq
ı

, qnq ´ en

E

ě c1θp1´ θqξn
´3{2 }q´n}

holds for all q P Sn`ξ . On the other hand, by Corollary G.2, when p ě C1θ
´2ξ´2n5 log

´

θn
µ

¯

, we447

have448
ˇ

ˇ

ˇ

A

grad rfpqq ´ gradE
”

rfpqq
ı

, qnq ´ en

E
ˇ

ˇ

ˇ
ď

›

›

›
grad rfpqq ´ gradE

”

rfpqq
ı
›

›

›
}qnq ´ en}

ď
c1
3
θp1´ θqξn´3{2 }qnq ´ en}

holds for all q P Sn`ξ with probability at least 1 ´ np´c2θn ´ n exp
`

´c3n
2
˘

. Moreover, from449

Proposition H.1, we know that when p ě C κ8n4

µ2θ3σ2
minξ

2 log4 n log
´

θn
µ

¯

450

ˇ

ˇ

ˇ

A

grad fpqq ´ grad rfpqq, qnq ´ en

E
ˇ

ˇ

ˇ
ď }qnq ´ en} ¨

›

›

›
grad fpqq ´ grad rfpqq

›

›

›

ď
c1
3
θp1´ θqξn´3{2 }qnq ´ en}

holds for all q P Sn`ξ with probability at least 1´ c4p
´c5nθ ´ n´c6 ´ ne´c7θnp. By combining all451

the bounds above, we obtain the desired result.452

13



Proposition B.2 (Negative curvature on the gradient) Suppose θ ě 1
n and µ ď c0?

n
. For any453

index i P rns, when the sample454

p ě C max

"

n,
κ8

θµ2σ2
min

log4 n

*

ξ´2θ´2n4 log

ˆ

θn

µ

˙

,

with probability at least 1´ n´c1 ´ c2np
´c3nθ over the randomness of txiu

p
i“1, we have455

B

grad fpqq,
1

qj
ej ´

1

qi
ei

F

ě c4
θp1´ θq

n

ξ

1` ξ
, (21)

holds for all q P Si`ξ and any qj such that j ‰ i and q2j ě
1
3q

2
i . Here, c0, c1, c2, c3, c4, and C are456

positive numerical constants.457

Proof Without loss of generality, it is enough to consider the case i “ n. For all q P Sn`ξ , we have458

B

grad fpqq,
1

qj
ej ´

1

qn
en

F

“

B

grad fpqq ´ grad rfpqq ` grad rfpqq ´ gradE
”

rfpqq
ı

` gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

ě

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

´

ˇ

ˇ

ˇ

ˇ

B

grad fpqq ´ grad rfpqq,
1

qj
ej ´

1

qn
en

F
ˇ

ˇ

ˇ

ˇ

´

ˇ

ˇ

ˇ

ˇ

B

grad rfpqq ´ gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F
ˇ

ˇ

ˇ

ˇ

.

From Proposition F.1, when θ ě 1
n and µ ď c0?

n
, we know that459

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

ě
θp1´ θq

4n

ξ

1` ξ

holds for all q P Sn`ξ and any qj such that q2j ě
1
3q

2
i . On the other hand, by Corollary G.2, when460

p ě C1θ
´2ξ´2n5 log

´

θn
µ

¯

, we have461

ˇ

ˇ

ˇ

ˇ

B

grad rfpqq ´ gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

Fˇ

ˇ

ˇ

ˇ

ď

›

›

›
grad rfpqq ´ gradE

”

rfpqq
ı
›

›

›
¨

›

›

›

›

1

qj
ej ´

1

qn
en

›

›

›

›

ď
θp1´ θq

12n

ξ

1` ξ

holds for all q P Sn`ξ with probability at least 1´ np´c2θn ´ n exp
`

´c3n
2
˘

. For the last inequality,462

we used the fact that463

›

›

›

›

1

qj
ej ´

1

qn
en

›

›

›

›

“

d

1

q2j
`

1

q2n
ď 2

?
n.

Moreover, from Proposition H.1, we know that when p ě C κ8n4

µ2θ3σ2
minξ

2 log4 n log
´

θn
µ

¯

464

ˇ

ˇ

ˇ

A

grad fpqq ´ grad rfpqq, qnq ´ en

E
ˇ

ˇ

ˇ
ď

›

›

›
grad fpqq ´ grad rfpqq

›

›

›
¨

›

›

›

›

1

qj
ej ´

1

qn
en

›

›

›

›

ď
θp1´ θq

12n

ξ

1` ξ

holds for all q P Sn`ξ with probability at least 1´ c4p
´c5nθ ´ n´c6 ´ ne´c7θnp. By combining all465

the bounds above, we obtain the desired result.466
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Proposition B.3 (Bounded gradient) Suppose θ ě 1
n and µ ď c0?

n
. For any index i P rns, when467

the sample468

p ě C max

"

n,
κ8

θµ2σ2
min

log4 n

*

θ´2n log

ˆ

θn

µ

˙

,

with probability at least 1´ n´c1 ´ c2np
´c3nθ over the randomness of txiu

p
i“1, we have469

|xgrad fpqq, eiy| ď 2, (22)

}grad fpqq} ď 2
?
θn. (23)

holds for all q P Sn´1 and any index i P rns. Here, c0, c1, c2, c3 and C are positive numerical470

constants.471

Proof For any index i P rns, we have472

sup
qPSn´1

|xgrad fpqq, eiy| ď sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
` sup
qPSn´1

ˇ

ˇ

ˇ

A

grad fpqq ´ grad rfpqq, ei

E
ˇ

ˇ

ˇ

ď sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
`

›

›

›
grad fpqq ´ grad rfpqq

›

›

›
.

By Corollary G.3, when p ě C1n log
´

θn
µ

¯

, we have473

sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
ď

3

2

holds for any index i P rns with probability at least 1´ np´c1θn ´ n exp p´c2pq. On the other hand,474

Proposition H.1 implies that, when p ě C2
κ8n

µ2θσ2
min

log4 n log
´

θn
µ

¯

,, we have475

›

›

›
grad fpqq ´ grad rfpqq

›

›

›
ď

1

2
,

holds with probability at least 1´ c3p
´c4nθ ´ n´c5 ´ ne´c6θnp. Combining the bounds above gives476

(22). The bound (23) can be proved in a similar fashion.477

C Convergence Analysis478

In this section, we show linear convergence of vanilla gradient descent to target solutions. Firstly,479

for Huber loss, we prove that the gradient descent method converges to an approximate solution in480

polynomial steps. Second, we show linear convergence of subgradient method to the target solution,481

which solves phase-2 LP rounding problem.482

Our analysis is based on based on the geometric properties of the optimization landscape showed in483

Appendix B. Namely, our following proofs are based on the results in Proposition B.1, Proposition484

B.2, and Proposition B.3 (i.e., the equations (19), (20), (22), and (23)) holding for the rest of this485

section.486

C.1 Proof of linear convergence for Algorithm 1487

First, assuming the geometric properties in Appendix B hold, we show that starting from a random488

initialization, the gradient descent method optimizing489

min
q

fpqq “
1

np

p
ÿ

i“1

Hµ

`

Cxi
RQ´1q

˘

, s.t. q P Sn´1 (24)

recovers an approximate solution in polynomial steps.490
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Theorem C.1 (Linear convergence of Algorithm 1) Given an initialization qp0q „ UpSn´1q uni-491

form random drawn from the sphere, choose a stepsize492

τ “ cmin

"

1

n5{2
,
µ

n

*

,

then the vanilla gradient descent method for (5) produces a solution493
›

›

›
qpkq ´ ei

›

›

›
ď 2µ

for some i P rns, whenever494

k ě K :“
C

θ
max

"

n4,
n5{2

µ

*

log

ˆ

1

µ

˙

.

Proof [Proof of Theorem C.1]495

Initialization and iterate stays within the region. First, from Lemma C.3, we know that when496

ξ “ 1
5 logn , with probability at least 1{2, our random initialization qp0q falls into one of the sets497

!

S1`ξ ,S1´ξ , . . . ,Sn`ξ ,Sn´ξ
)

. Without loss of generality, we assume that qp0q P Sn`ξ .498

Once qp0q initialized within the region Sn`ξ , from Lemma C.4, whenever the stepsize τ ď c0{
?
n,499

we know that our gradient descent stays within the region Sn`ξ when the stepsize τ ď c1{
?
n for500

some c1 ą 0. Based on this, to complete the proof, we now proceed by proving the following results.501

Linear convergence until reaching }q ´ en} ď µ. From Proposition B.1, there exists some502

numerical constant γ P pµ, 1q, such that the regularity condition503

xgrad fpqq, qnq ´ eny ě c2θp1´ θqn
´3{2

loooooooomoooooooon

α1

¨ }q ´ en} ,
a

1´ q2n P

«

γ,

c

n´ 1

n

ff

, (25)

xgrad fpqq, qnq ´ eny ě c12θp1´ θq
loooomoooon

α2

¨ }q ´ en} ,
a

1´ q2n P rµ, γs, (26)

holds w.h.p. for all q P Sn`ξ . As α2 ě α1, the regularity condition holds for all q with α “ α1.504

Select a stepsize τ such that τ ď γ α1

2
?
2θn

. By Lemma C.5 and the regularity condition (25), we have505

›

›

›
qpkq ´ en

›

›

›

2

´
γ2

2
ď p1´ τα1q

k

„

›

›

›
qp0q ´ en

›

›

›

2

´
γ2

2



ď 2 p1´ τα1q
k
,

where the last inequality utilizes the fact that
›

›qp0q ´ en
›

›

2
ď 2. This further implies that506

1´ q2n ď
›

›

›
qpkq ´ en

›

›

›

2

ď
γ2

2
` 2 p1´ τα1q

k
ď γ2,

when507

2 p1´ τα1q
k
ď
γ2

2
ùñ k ě K1 :“

log
`

γ2{4
˘

log p1´ τα1q
.

This implies that
a

1´ q2n ď γ for @ k ě K1. Thus, from (26), we know that the regularity condition508

holds with α “ α2. Choose stepsize τ ď µα2

2
?
2θn

, apply Lemma C.5 again with α “ α2, for all k ě 1,509

we have510

›

›

›
qpK1`kq ´ en

›

›

›

2

´
µ2

2
ď p1´ τα2q

k

ˆ

›

›

›
qp0q ´ en

›

›

›

2

´
µ2

2

˙

ď
`

γ2 ´ µ2
˘

p1´ τα2q
k
.

This further implies that511

›

›

›
qpK1`kq ´ en

›

›

›

2

ď
µ2

2
`

ˆ

γ2 ´
µ2

2

˙

p1´ τα2q
k
ď µ2
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whenever512
ˆ

γ2 ´
µ2

2

˙

p1´ τα2q
k
ď

µ2

2
ùñ k ě K2 :“

log
`

µ2{
`

2γ2 ´ µ2
˘˘

log p1´ τα2q
.

Therefore, combining the results above, by using the fact that α1 “ c2θp1 ´ θqn´3{2 and α2 “513

c12θp1´ θq, we have
›

›qpkq ´ en
›

› ď µ whenever514

τ ď min

"

γα1

2
?

2θn
,
µα2

2
?

2θn

*

“ C min

"

1

n5{2
,
µ

n

*

and k ě K :“ K1 `K2 with515

K “
log

`

4{γ2
˘

log pp1´ τα1q
´1q

`
log

``

2γ2 ´ µ2
˘

{µ2
˘

log pp1´ τα2q
´1q

ď
c3
τα1

`
c4
τα2

log

ˆ

1

µ

˙

ď
c5
θ

max

"

n4,
n5{2

µ

*

log

ˆ

1

µ

˙

,

where we used the fact that log´1
`

p1´ xq´1
˘

ď 2{x for small x.516

No jump away from an approximate solution en. Finally, we show that once our iterate reaches517

the region518

S :“
 

q P Sn´1 | }q ´ en} ď 2µ
(

,

it will stay within the region S, such that our final iterates will always stay close to an approximate519

solution en. Towards this end, suppose qpkq P S . Therefore two possibilities: (i) µ ď
›

›qpkq ´ en
›

› ď520

2µ (ii)
›

›qpkq ´ en
›

› ď µ. If the case (i) holds, then our argument above implies that
›

›qpk`1q ´ en
›

› ď521
›

›qpkq ´ en
›

› ď 2µ. Otherwise
›

›qpkq ´ en
›

› ď µ, for which we have522

›

›

›
qpk`1q ´ en

›

›

›
ď

›

›

›
qpkq ´ τ grad fpqq ´ en

›

›

›

ď

›

›

›
qpkq ´ en

›

›

›
` τ }grad fpqq} ď µ` 2τ

?
θn ď 2µ,

where we used the fact that τ ď µ
?
θn

. Thus, by induction, we have qpk
1
q P S for all future iterates523

k1 “ k ` 1, k ` 2, ¨ ¨ ¨ . This completes the proof.524

Lemma C.2 For any q P Sn`ξ , we have525

1´ q2n ď }q ´ en}
2
ď 2

`

1´ q2n
˘

ď 2.

Proof We have526

1´ q2n ď }q ´ en}
2
“ }q´n}

2
` p1´ qnq

2 }en}
2
“ 2p1´ qnq “ 2

1´ q2n
1` q2n

ď 2p1´ q2nq

as desired.527

Lemma C.3 (Random initialization falls into good region) Let qp0q „ UpSn´1q be uniformly528

random generated from the unit sphere Sn´1. When ξ “ 1
5 logn , then with probability at least529

1{2, qp0q belongs to one of the 2n sets
!

S1`ξ ,S1´ξ , . . . ,Sn`ξ ,Sn´ξ
)

. The set qp0q belongs to is530

uniformly at random.531

Proof We refer the readers to Lemma 3.9 of [23] and Theorem 1 of [22] for detailed proofs.532

Lemma C.4 (Stay within the region Sn`ξ ) Suppose qp0q P Sn`ξ with ξ ď 1. There exists some533

constant c ą 0, such that when the stepsize satisfies τ ď c?
n

, our Riemannian gradient iterate534

qpkq “ PSn´1

`

qpk´1q ´ τ ¨ grad fpqpk´1qq
˘

satisfies qpkq P Sn`ξ for all k ě 1.535
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Proof We prove this by induction. For any k ě 1, suppose qpkq P Sn`ξ . For convenience, let536

gpkq “ grad fpqpkqq. Then, for any j “ k, we have537

˜

q
pk`1q
n

q
pk`1q
j

¸2

“

˜

q
pkq
n ´ τg

pkq
n

q
pkq
j ´ τg

pkq
j

¸2

.

We proceed by considering the following two cases.538

Case (i):
ˇ

ˇ

ˇ
q
pkq
n {q

pkq
j

ˇ

ˇ

ˇ
ě
?

3. In this case, we have539

˜

q
pk`1q
n

q
pk`1q
j

¸2

“

˜

q
pkq
n ´ τg

pkq
n

q
pkq
j ´ τg

pkq
j

¸2

ě

˜

1´ τ ¨ g
pkq
n {q

pkq
n

q
pkq
j {q

pkq
n ´ τg

pkq
j {q

pkq
n

¸2

ě

ˆ

1´ 2τ
?
n

1{
?

3` 2τ
?
n

˙2

ě 2,

where the second inequality utilizes (22) and the fact qpkqn ě 1?
n

, and the last inequality follows when540

τ ď
?
3´
?
2

2p
?
6`
?
3q

1?
n

.541

Case (ii):
ˇ

ˇ

ˇ
q
pkq
n {q

pkq
j

ˇ

ˇ

ˇ
ď
?

3. Proposition B.1 and Proposition B.2 implies that542

g
pkq
j

q
pkq
j

ě 0,
g
pkq
j

q
pkq
j

´
g
pkq
n

q
pkq
n

ě 0. (27)

By noting that
ˇ

ˇ

ˇ
q
pkq
j

ˇ

ˇ

ˇ
ě

ˇ

ˇ

ˇ
q
pkq
n

ˇ

ˇ

ˇ
{
?

3 ě 1{
?

3n and
ˇ

ˇ

ˇ
g
pkq
j

ˇ

ˇ

ˇ
ď 2, we have543

τ ď
1

2
?

3n
ď

q
pkq
j

g
pkq
j

ùñ τ ¨
g
pkq
j

q
pkq
j

ď 1. (28)

Thus, we have544

˜

q
pk`1q
n

q
pk`1q
j

¸2

“

˜

q
pkq
n

q
pkq
j

¸2˜

1` τ ¨
g
pkq
j {q

pkq
j ´ g

pkq
n {q

pkq
n

1´ τg
pkq
j {q

pkq
j

¸2

ě

˜

q
pkq
n

q
pkq
j

¸2˜

1` τ ¨

˜

g
pkq
j

q
pkq
j

´
g
pkq
n

q
pkq
n

¸¸2

ě

˜

q
pkq
n

q
pkq
j

¸2
ˆ

1` τ ¨
θp1´ θq

4n

ξ

1` ξ

˙2

.

The first inequality follows from (27) and (28), and the second inequality directly follows from545

Proposition B.2. Therefore, when ξ ď 1, this implies that qpk`1q P Sn`ξ . By induction, this holds for546

all k ě 1.547

In the following, we show that the iterates get closer to en.548

Lemma C.5 (Iterate contraction) For any q P Sn`ξ , assuming the following regularity condition549

xgrad fpqq, qiq ´ eny ě α }q ´ en} (29)

holds for a parameter α ą 0. Then if qpkq P Sn`ξ and the stepsize τ ď c αθn , the iterate qpk`1q “550

PSn´1 pq ´ τ ¨ grad fpqqq satisfies551

›

›

›
qpk`1q ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2

ď p1´ ταq

«

›

›

›
qpkq ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2
ff

.
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Proof First, note that552

›

›

›
qpk`1q ´ en

›

›

›

2

“

›

›

›
PSn´1

´

qpkq ´ τ ¨ grad fpqpkqq
¯

´ PSn´1penq
›

›

›

2

ď

›

›

›
qpkq ´ τ ¨ grad fpqpkqq ´ en

›

›

›

2

“

›

›

›
qpkq ´ en

›

›

›

2

´ 2τ ¨
A

grad fpqpkqq, qpkq ´ en

E

` τ2
›

›

›
grad fpqpkqq

›

›

›

2

ď

›

›

›
qpkq ´ en

›

›

›

2

´ 2τα
›

›

›
qpkq ´ en

›

›

›
` 4τ2θn,

where the first inequality utilizes the fact that PSn´1p¨q is 1-Lipschitz continuous, and the last line553

follows from (29) and (23) in Proposition B.3. We now subtract both sides by
`

2τθn
α

˘2
,554

›

›

›
qpk`1q ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2

ď

›

›

›
qpkq ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2

´ 2τα

ˆ

›

›

›
qpkq ´ en

›

›

›
´

2τθn

α

˙

“

«

1´ 2τα

ˆ

›

›

›
qpkq ´ en

›

›

›
`

2τθn

α

˙´1
ff«

›

›

›
qpkq ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2
ff

ď p1´ ταq

«

›

›

›
qpkq ´ en

›

›

›

2

´

ˆ

2τθn

α

˙2
ff

,

where the last inequality follows because555

›

›

›
qpkq ´ en

›

›

›

2

ď 2, τ ď

ˆ

1´
1
?

2

˙

α

θn
,

such that556

}q ´ en} `
2τθn

α
ď 2.

This completes the proof.557

C.2 Exact solution via LP rounding558

To obtain exact solutions, we use the approximate solution q‹ from phase-1 gradient descent method559

as a warm start r “ q‹, and consider solving a convex phase-2 LP rounding problem,560

min
q

ζpqq :“
1

np

p
ÿ

i“1

›

›CxiRQ
´1q

›

›

1
, s.t. xr, qy “ 1.

In the following, we show the function is sharp around the target solution, so that projected subgradient561

descent methods converge linearly to the truth.562

C.2.1 Sharpness of the objective function.563

Proposition C.6 Suppose θ P
`

1
n ,

1
3

˘

and r satisfies564

}r´n}

rn
ď

1

20
. (30)

Whenever p ě C κ8

θσ2
minpCaq

log3 n, with probability at least 1´ p´c1nθ ´ n´c2 , the function ζpqq565

is sharp in a sense that566

ζpqq ´ ζ

ˆ

`

RQ´1
˘´1 en

rrn

˙

ě
1

50

c

2

π
θ

›

›

›

›

q ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

(31)

for any feasible q with xr, qy “ 1. Here, rr “
`

RQ´1
˘´J

r.567
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Proof Let us denote rq “ RQ´1q. Then we can rewrite our original problem as568

min
rq

rζprqq “
1

np

p
ÿ

i“1

}Cxi
rq}1 s.t. xrr, rqy “ 1,

which is reduced to the orthogonal problem in (32) of Lemma C.7. To utilize the result in Lemma C.7,569

we first prove that rr satisfies (33) if r satisfies (30). Towards that end, note that570

rr “
`

RQ´1
˘´J

r “ r `
´

`

RQ´1
˘´J

´ I
¯

r.

By Lemma H.4, we know that, for any δ P p0, 1q, whenever p ě C κ8

θδ2σ2
minpCaq

log3 n,571

›

›

›

´

`

RQ´1
˘´J

´ I
¯

r
›

›

›
ď

›

›

›

`

RQ´1
˘´1

´ I
›

›

›
}r} ď 2δ }r}

holds with probability at least 1´ p´c1nθ ´ n´c2 . This further implies that572

rrn ě rn ´ 2δ }r} , }rr´n} ď }r´n} ` 2δ }r} .

Therefore, by choose δ sufficiently small, we have573

}rr´n}

rrn
ď
}r´n} ` 2δ }r}

rn ´ 2δ }r}
“
}r´n} {rn ` 2δ

b

1` p}r´n} {rnq
2

1´ 2δ
b

1` p}r´n} {rnq
2

ď
1

10
,

where the last inequality follows from (30). Therefore, by Lemma C.7, we obtain574

ζpqq ´ ζ

ˆ

`

RQ´1
˘´1 en

rrn

˙

“ rζpqq ´ rζ

ˆ

en
rrn

˙

ě
1

25

c

2

π
θ

›

›

›

›

rq ´
en
rrn

›

›

›

›

“
1

25

c

2

π
θ

›

›

›

›

`

RQ´1
˘

¨

ˆ

q ´
`

RQ´1
˘´1 en

rrn

˙
›

›

›

›

ě
1

25

c

2

π
θ ¨ σmin

`

RQ´1
˘

¨

›

›

›

›

q ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

By Lemma H.4, we know that
›

›

›

`

RQ´1
˘´1

›

›

›
ď 1` 2δ, so that575

σmin

`

RQ´1
˘

“

›

›

›

`

RQ´1
˘´1

›

›

›

´1

ě
1

1` 2δ
.

Thus, this further implies that576

ζpqq ´ ζ

ˆ

`

RQ´1
˘´1 en

rrn

˙

ě
1

25

c

2

π

θ

1` 2δ
¨

›

›

›

›

q ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

,

as desired.577

Lemma C.7 (Sharpness for the orthogonal case) Consider the following problem578

min
q

rζpqq :“
1

np

p
ÿ

i“1

}Cxi
q}1 s.t. xr, qy “ 1, (32)

with r P Sn´1 satisfying579

}r´n}

rn
ď

1

10
, rn ą 0. (33)

Whenever p ě C
θ2n log

`

n
θ

˘

, with probability at least 1´ c1np
´6 ´ c2ne

´c3θ
2p, the function rζpqq is580

sharp in a sense that581

rζpqq ´ rζ

ˆ

en
rn

˙

ě
1

25

c

2

π
θ

›

›

›

›

q ´
en
rn

›

›

›

›

for any feasible q with xr, qy “ 1.582
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Proof Observing that xr, qy “ rJ´nq´n ` rnqn “ 1, we have583

}r´n} }q´n} ě rJ´nq´n “ rn

ˆ

1

rn
´ qn

˙

ě rn

ˆ

1

rn
´ |qn|

˙

.

This further implies that584

1

rn
´ |qn| ď

}r´n}

rn
}q´n} . (34)

Second, we have585

›

›

›

›

q ´
en
rn

›

›

›

›

“

d

ˆ

1

rn
´ qn

˙2

` }q´n}
2
ď

d

1`

ˆ

}r´n}

rn

˙2

}q´n} ,

which implies that586

˜

1`

ˆ

}r´n}

rn

˙2
¸´1{2

›

›

›

›

q ´
en
rn

›

›

›

›

ď }q´n} . (35)

We now proceed by considering the following two cases.587

Case i: |qn| ě 1
rn

. In this case, we have588

rζpqq ´ rζ

ˆ

en
rn

˙

ě
1

6

c

2

π
θ }q´n} ě

1

6

c

2

π
θ

˜

1`

ˆ

}r´n}

rn

˙2
¸´1{2

›

›

›

›

q ´
en
rn

›

›

›

›

ě
5

33

c

2

π
θ

›

›

›

›

q ´
en
rn

›

›

›

›

,

where the first inequality follows by (36), the second inequality follows by (35), and the last inequality589

follows because }r´n}

rn
ď 1

10 .590

Case ii: |qn| ď 1
rn

. In this case, we have591

rζpqq ´ rζ

ˆ

en
rn

˙

ě
1

6

c

2

π
θ }q´n} ´

5

4

c

2

π
θ

ˆ

1

rn
´ |qn|

˙

ě θ

˜

1

6

c

2

π
´

5

4

c

2

π

}r´n}

rn

¸

}q´n}

ě θ

˜

1

6

c

2

π
´

5

4

c

2

π

}r´n}

rn

¸˜

1`

ˆ

}r´n}

rn

˙2
¸´1{2

›

›

›

›

q ´
en
rn

›

›

›

›

ě
θ

25

c

2

π

›

›

›

›

q ´
en
rn

›

›

›

›

,

where the first inequality follows by (36), the second inequality follows from (34), the third inequality592

follows from (35), and the last one follows because }r´n}

rn
ď 1

10 .593

Combining the results in both cases, we obtain the desired result.594

Lemma C.8 Suppose θ P
`

1
n ,

1
3

˘

. Whenever p ě C
θ2n log

`

n
θ

˘

, we have595

rζpqq ´ rζ

ˆ

en
rn

˙

ě

$

&

%

1
6

b

2
π θ }q´n} , if |qn| ´ 1

rn
ě 0,

1
6

b

2
π θ }q} ´

5
4

b

2
π θ

´

1
rn
´ |qn|

¯

, if |qn| ´ 1
rn
ă 0,

(36)

holds with probability at least 1´ c1np
´6 ´ c2ne

´c3θ
2p.596
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Proof For each j P rns, let us define an index set Ij :“
 

i P rps : psj rqxisqn ‰ 0
(

, and let us define597

events598

E :“
n´1
č

j“0

Ej , Ej :“

"

|Ii| ď
9

8
θp

*

, p0 ď j ď n´ 1q.

By Hoeffding’s inequality and a union bound, we know that599

P pEcq ď
n´1
ÿ

j“0

P
`

Ecj
˘

ď n exp
`

´pθ2{2
˘

.

Based on this, we have600

rζpqq ´ rζ

ˆ

en
rn

˙

“
1

np

p
ÿ

i“1

}Cxi
q}1 ´

1

np

1

rn

p
ÿ

i“1

}xi}1

“
1

np

p
ÿ

i“1

n´1
ÿ

j“0

|xsj rqxis , qy| ´
1

np

1

rn

p
ÿ

i“1

}xi}1

ě
1

np

ˆ

|qn| ´
1

rn

˙ p
ÿ

i“1

}xi}1 `
1

np

n´1
ÿ

j“0

¨

˝

ÿ

iPIc
j

|xpsj rqxisq´n, q´ny| ´
ÿ

iPIj

|xpsj rqxisq´n, q´ny|

˛

‚

“
1

np

ˆ

|qn| ´
1

rn

˙ p
ÿ

i“1

}xi}1 `
1

np

n´1
ÿ

j“0

´
›

›

›
qJ´nM

j
Ic
j

›

›

›

1
´

›

›

›
qJ´nM

j
Ij

›

›

›

1

¯

,

where we denoteM j “ rpsj rqx1sq´n psj rqx2sq´n ¨ ¨ ¨ psj rqxpsq´ns, andM j
I denote a subma-601

trix of M j with columns indexed by I. Conditioned on the event E , by Lemma D.5 and a union602

bound, whenever p ě C
θ2n log

`

n
θ

˘

, we have603

›

›

›
qJ´nM

j
Ic
j

›

›

›

1
´

›

›

›
qJ´nM

j
Ij

›

›

›

1
ě

p

6

c

2

π
θ }q´n} , @ q´n P Rn´1, p0 ď j ď n´ 1q

with probability at least 1´ cnp´6. On the other hand, by Gaussian concentration inequality, we have604

P

˜

1

np

p
ÿ

i“1

}xi}1 ě
5

4

c

2

π
θ

¸

ď exp

ˆ

´
θ2p

64π

˙

.

Therefore, combining all the results above, we have605

rζpqq ´ rζ

ˆ

en
rn

˙

ě

$

&

%

1
6

b

2
π θ }q´n} , if |qn| ´ 1

rn
ě 0,

1
6

b

2
π θ }q} ´

5
4

b

2
π θ

´

1
rn
´ |qn|

¯

, if |qn| ´ 1
rn
ă 0,

as desired.606

C.3 Linear convergence for projection subgradient descent in Algorithm 3607

Now based on the sharpness condition, we are ready to show that the projected subgradient descent608

method609

qpk`1q “ qpkq ´ τ pkqPrKgpkq, gpkq “
p
ÿ

i“1

`

RQ´1
˘J
CJxi

sign
´

CxiRQ
´1qpkq

¯

.

on ζpqq converges linearly to the target solution up to a scaling factor. For convenience, let us first610

define the distance between the iterate and the target solution611

dpkq :“
›

›

›
spkq

›

›

›
, spkq :“ qpkq ´

`

RQ´1
˘´1 en

rrn
,
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and several parameters612

α :“
1

50

c

2

π
θ, β :“ 36 logpnpq.

We show the following result.613

Proposition C.9 Suppose θ P
`

1
n ,

1
3

˘

and r satisfies614

}r´n}

rn
ď

1

20
, rn ą 0, }r} “ 1. (37)

Let qpkq be the sequence generated by the projected subgradient method (cf. Algorithm 3) with615

initialization qp0q “ r and geometrically decreasing step size616

τ pkq “ ηkτ p0q, τ p0q “
16

25

α

β2
,

d

1´
α2

2β2
ď η ă 1 (38)

Whenever p ě C κ8

θσ2
minpCaq

log3 n, with probability at least 1 ´ p´c1nθ ´ n´c2 , the sequence617
 

qpkq
(

kě0
satisfies618

›

›

›

›

qpkq ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

ď
2

5
ηk, (39)

for all iteration k “ 0, 1, 2, ¨ ¨ ¨ .619

Proof Given the initialization qp0q “ r, we have620

dp0q “

›

›

›

›

r ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

ď

›

›

›

`

RQ´1
˘´1

›

›

›

›

›

›

›

rr ´
en
rrn

›

›

›

›

ď
10

9
¨

˜

}rr´n}
2
`

ˆ

rrn ´
1

rrn

˙2
¸1{2

,

where the last inequality we used Lemma H.4. From the argument in Proposition C.6, we know that621

(37) implies }rr´n} {rrn ď 1{10. By the fact that }rr} ď 10{9, we have622

}rr´n} ď
1

9
,

ˇ

ˇ

ˇ

ˇ

rrn ´
1

rrn

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

8

9
´

9

8

ˇ

ˇ

ˇ

ˇ

2

ď
1

4
ùñ dp0q ď

2

5
. (40)

On the other hand, notice that623

´

dpk`1q
¯2

“

›

›

›

›

qpkq ´ τ pkqPrKgpkq ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

2

“

´

dpkq
¯2

´ 2τ pkq
A

spkq,PrKgpkq
E

`

´

τ pkq
¯2 ›

›

›
PrKgpkq

›

›

›

2

By Lemma C.10, we know that when p ě C κ8

θσ2
minpCaq

log3 n, for any k “ 1, 2, ¨ ¨ ¨ ,624

›

›

›
PrKgpkq

›

›

›

2

ď 36 log pnpq “ β

holds with probability at least 1´ p´c1nθ ´ n´c2 . On the other hand, by the sharpness property of625

the function in Proposition C.6, for any k “ 1, 2, ¨ ¨ ¨ ,626

A

spkq,PrKgpkq
E

“

A

spkq, gpkq
E

ě ζ
´

qpkq
¯

´ ζ

ˆ

`

RQ´1
˘´1 en

rrn

˙

ě
1

50

c

2

π
θ

›

›

›

›

qpkq ´
`

RQ´1
˘´1 en

rrn

›

›

›

›

“ α ¨ dpkq,
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where the first equality follows from the fact that
@

r, spkq
D

“ 0 so that PrKspkq “ spkq, the first627

inequality follows from the fact that ζpqq is convex, and the second inequality utilizes the sharpness628

of the function in Proposition C.6 given the condition (37). Thus, we have629
´

dpk`1q
¯2

ď

´

dpkq
¯2

´ 2α ¨ τ pkq ¨ dpkq ` β2 ¨

´

τ pkq
¯2

.

Now we proceed to prove (39) by induction. It is clear that (39) holds for qp0q. Suppose qpkq satisfies630

(39), i.e., dpkq ď ηkdp0q for some k ě 1. The quadratic term of dpkq on the right hand side of the631

inequality above will obtain its maximum at 2
5η
k due to the definition of τ p0q and dp0q ď 2

5 as shown632

in (40). This, together with τ pkq “ ητ pk´1q, it gives633
´

dpk`1q
¯2

ď
4

25
η2k ´

4

5
α ¨ η2kτ p0q ` β2 ¨ η2k

´

τ p0q
¯2

“
4

25
η2k ¨

„

1´ 5ατ p0q `
25

4
β2

´

τ p0q
¯2


ď η2k`2 ¨

´

dp0q
¯2

where the last inequality follows from (38), where634

1´ 5ατ p0q `
25

4
β2

´

τ p0q
¯2

ď 1´ ατ p0q ď 1´
α2

2β2
ď η2 ă 1.

This completes the proof.635

Lemma C.10 Suppose θ P
`

1
n ,

1
3

˘

. Whenever p ě C κ8

θσ2
minpCaq

log3 n, we have636

ρ :“ sup
q:qJr“1

1

np

›

›

›

›

›

PrK
p
ÿ

i“1

`

RQ´1
˘J
CJxi

sign
`

Cxi
RQ´1q

˘

›

›

›

›

›

ď 6
a

logpnpq (41)

holds with probability at least 1´ p´c1nθ ´ n´c2 .637

Proof We have638

ρ ď
1

np

›

›RQ´1
›

›

p
ÿ

i“1

˜

}Cxi
} sup
q:qJr“1

›

›sign
`

Cxi
RQ´1q

˘
›

›

¸

.

Since the signp¨q function is bounded by 1, we have639

ρ ď
1

np

›

›RQ´1
›

› ¨

˜

p
ÿ

i“1

}Fxi}8

¸

¨
?
n,

where we used the fact that }Cxi
} “ }Fxi}8. As xi „i.i.d. BGpθq, let xi “ bidgi with bi „ Bpθq640

and gi „ N p0, Iq. Then we have641

}Cxi
} “ }Fxi}8 “ max

1ďjďn

ˇ

ˇpfj d biq
˚
gi
ˇ

ˇ .

By Gaussian concentration inequality in Lemma D.4 and a union bound, we have642

P
ˆ

max
1ďiďp

}Fxi} ě t

˙

ď pnpq ¨ exp

ˆ

´
t2

2n

˙

.

Choose t “ 4
a

n log pnpq, then we have643

max
1ďiďp

}Fxi} ď 4
a

n log pnpq,

with probability at least 1 ´ pnpq´7. On the other hand, by Lemma H.4, we know that whenever644

p ě C κ8

θσ2
minpCaq

log3 n, we have645

›

›RQ´1
›

› ď
3

2
,

holds with probability at least 1´ p´c1nθ ´ n´c2 . Combining all the results above, we obtain646

ρ ď
1

np
¨

3

2
¨

´

4p
a

n log pnpq
¯

¨
?
n “ 6

a

logpnpq,

as desired.647
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D Basics648

Lemma D.1 (Moments of the Gaussian Random Variable) If X „ N
`

0, σ2
X

˘

, then it holds for649

all integer m ě 1 that650

E r|X|ms “ σmX pm´ 1q!!

«

c

2

π
1m“2k`1 ` 1m“2k

ff

ď σmX pm´ 1q!!, k “ tm{2u.

Lemma D.2 (sub-Gaussian Random Variables) Let X be a centered σ2 sub-Gaussian random651

variable, such that652

P p|X| ě tq ď 2 exp

ˆ

´
t2

2σ2

˙

,

then for any integer p ě 1, we have653

E r|X|ps ď
`

2σ2
˘p{2

pΓpp{2q.

In particular, we have654

}X}Lp “ pE r|X|psq1{p ď σe1{e
?
p, p ě 2,

and E r|X|s ď σ
?

2π.655

Lemma D.3 (Moment-Control Bernstein’s Inequality for Random Variables [42]) Let656

X1, ¨ ¨ ¨ , XN be i.i.d. real-valued random variables. Suppose that there exist some positive657

numbers R and σ2
X such that658

E r|Xk|
m
s ď

m!

2
σ2
XR

m´2, for all integers m ě 2.

Let S .
“ 1

N

řN
k“1Xk, then for all t ą 0, it holds that659

P r|S ´ E rSs| ě ts ď 2 exp

ˆ

´
Nt2

2σ2
X ` 2Rt

˙

.

Lemma D.4 (Gaussian Concentration Inequality) Let g P Rn be a standard Gaussian random660

variable g „ N p0, Iq, and let f : Rn ÞÑ R denote an L-Lipschitz function. Then for all t ą 0,661

P p|fpgq ´ E rfpgqs| ě tq ď 2 exp

ˆ

´
t2

2L2

˙

.

Lemma D.5 (Lemma VII.1, [34]) Let M P Rn1ˆn2 with M „ BGpθq and θ P p0, 1{3q. For a662

given set I Ď rn2s with |I| ď 9
8θn2, whenever n2 ě C

θ2n1 log
`

n1

θ

˘

, it holds663

›

›vJMIc

›

›

1
´
›

›vJMI
›

›

1
ě

n2
6

c

2

π
θ }v}

for all v P Rn1 , with probability at least 1´ cn´6
2 .664

Lemma D.6 (Derivates of hµ pzq) The first two derivatives of hµ pzq are665

∇hµ pzq “
"

sign pzq |z| ě µ

z{µ |z| ă µ
, ∇2hµ pzq “

"

0 |z| ą µ

1{µ |z| ă µ
. (42)

Whenever necessary, we define ∇2hµ pµq “ 0, and write the “second derivative” as ∇2hµ pµq666

instead. Moreover for all z, z1,667

ˇ

ˇ∇hµ pzq ´∇hµ
`

z1
˘
ˇ

ˇ ď
1

µ

ˇ

ˇz ´ z1
ˇ

ˇ . (43)
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Lemma D.7 Let X „ N p0, σ2
xq and Y „ N p0, σ2

yq and Z „ N
`

0, σ2
z

˘

be independent random668

variables. Then we have669

E rX1X`Yěµs “
σ2
x

?
2π

b

σ2
x ` σ

2
y

exp

ˆ

´
µ2

2pσ2
x ` σ

2
yq

˙

, (44)

E
“

XY 1|X`Y |ďµ
‰

“ ´

c

2

π

µσ2
xσ

2
y

`

σ2
x ` σ

2
y

˘3{2
exp

˜

´
µ2

2
`

σ2
x ` σ

2
y

˘

¸

, (45)

E
“

|X|1|X|ąµ
‰

“

c

2

π
σx exp

ˆ

´
µ2

2σ2
x

˙

, (46)

E
“

XY 1|X`Y`Z|ăµ
‰

“ ´

c

2

π
µ exp

˜

´
µ2

2
`

σ2
x ` σ

2
y ` σ

2
z

˘

¸

σ2
xσ

2
y

`

σ2
x ` σ

2
y ` σ

2
z

˘3{2
, (47)

E
“

X2
1|X|ăµ

‰

“ ´

c

2

π
σxµ exp

ˆ

´
µ2

2σ2
x

˙

` σ2
xP r|X| ă µs , (48)

E
“

X2
1|X`Y |ăµ

‰

“ ´

c

2

π
µ

σ4
x

`

σ2
x ` σ

2
y

˘3{2
exp

˜

´
µ2

2
`

σ2
x ` σ

2
y

˘

¸

` σ2
xP r|X ` Y | ă µs .

(49)

Proof Direct calculations.670

Lemma D.8 (Calculus for Function of Matrices, Chapter X of [43]) Let Snˆn be the set of sym-671

metric matrices of size nˆ n. We define a map f : Snˆn ÞÑ Snˆn as672

fpAq “ UfpΛqU˚,

where A P Snˆn has the eigen-decomposition A “ UΛU˚. The map f is called (Fréchet)673

differentiable atA if there exists a linear transformation on Snˆn such that for all ∆674

}fpA`∆q ´ fpAq ´DfpAqr∆s} “ o p}∆}q .

The linear operator DfpAq is called the derivative of f at A, and DfpAqr∆s is the directional675

derivative of f along ∆. If f is differentiable atA, then676

DfpAqr∆s “
d

dt
fpA` t∆q

ˇ

ˇ

ˇ

ˇ

t“0

.

We denote the operator norm of the derivative DfpAq as677

}DfpAq}
.
“ sup
}∆}“1

}DfpAqr∆s} .

Lemma D.9 (Mean Value Theorem for Function of Matrices) Let f be a differentiable map from678

a convex subset U of a Banach space X into the Banach space Y . Let A,B P U , and let L be the679

line segment joining them. Then680

}fpBq ´ fpAq} ď }B ´A} sup
UPL

}DfpUq} .

Lemma D.10 (Theorem VII.2.3 of [43]) Let A and B be operators whose spectra are contained681

in the open right half-plane and open left half-plane, respectively. Then the solution of the equation682

AX ´XB “ Y can be expressed as683

X “

ż 8

0

e´tAY etBdt

Lemma D.11 Let fpAq “ A´1{2, defined the set of all nˆ n positive definite matrices Snˆn` , then684

we have685

}DfpAq} ď
1

σ2
minpAq

,

where σminpAq is the smallest singular value ofA.686
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Proof To bound the operator norm }DfpAq}, we introduce an auxiliary function687

gpAq “ A´2, fpAq “ g´1pAq,

such that f and g are the inverse function to each other. Whenever g ˝ fpAq “ 0 (which is true for688

our caseA ą 0), this gives689

DfpAq “ rDpg ˝ fqpAqs
´1

“

”

DgpA´1{2q

ı´1

. (50)

This suggests that we can estimate DfpAq via estimating DgpAq of its inverse function g. Let690

g “ h ˝ wpAq, hpAq “ A´1, wpAq “ A2,

such that their directional derivatives have simple form691

DhpAqr∆s “ ´A´1∆A´1, DwpAqr∆s “ ∆A`A∆.

By using chain rule, simple calculation gives692

DgpAqr∆s “ DhpwpAqq rDwpAqr∆ss ,

“ ´
`

A´2∆A´1 `A´1∆A´2
˘

.

Now by (50), the directional derivative693

Z
.
“ DfpAqr∆s

satisfies694

AZA1{2 `A1{2ZA “ ´∆.

Since A ą 0, we write the eigen decomposition as A “ UΛU˚, with U orthogonal and Λ ą 0695

diagonal. Let rZ “ U˚ZU and r∆ “ U˚∆U , then the equation above gives696

Λ1{2
rZ ´ rZ

´

´Λ1{2
¯

“ ´Λ´1{2
r∆Λ´1{2,

which is the Sylvester equation []. Since Λ1{2 and ´Λ1{2 do not have common eigenvalues, Lemma697

D.10 gives698

DfpAqr∆s “ U

„
ż 8

0

e´Λ1{2τ
´

´Λ´1{2
r∆Λ´1{2

¯

e´Λ1{2τdτ



U˚.

Thus, by Lemma D.8 we know that699

}DfpAq} “ sup
}∆}“1

}DfpAqr∆s}

ď

ż 8

0

›

›

›
e´Λ1{2τ

´

´Λ´1{2
r∆Λ´1{2

¯

e´Λ1{2τ
›

›

›
dτ

ď

›

›

›
Λ´1{2

r∆Λ´1{2
›

›

›

ż 8

0

e´σminτdτ ď
1

σ2
minpAq

.

700

Lemma D.12 (Matrix Perturbation Bound) Suppose A ą 0. Then for any symmetric perturba-701

tion matrix ∆ with }∆} ď 1
2σminpAq, it holds that702

›

›

›
pA`∆q

´1{2
´A´1{2

›

›

›
ď

4 }∆}

σ2
minpAq

,

where σminpAq denotes the minimum singular value ofA.703

Proof Let us denote fpAq “ A´1{2. Given a symmetric perturbation matrix ∆, by mean value704

theorem, we have705

›

›

›
pA`∆q

´1{2
´A´1{2

›

›

›
“

›

›

›

›

ż 1

0

DfpA` t∆qr∆sdt

›

›

›

›

ď

˜

sup
tPr0,1s

}DfpA` t∆q}

¸

¨ }∆} .
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Thus, by Lemma D.11 and by using the fact that }∆} ď 1
2σminpAq, we have706

›

›

›
pA`∆q

´1{2
´A´1{2

›

›

›
ď

˜

sup
tPr0,1s

1

σ2
minpA` t∆q

¸

}∆} ď
4 }∆}

σ2
minpAq

.

707

E Regularity Condition in Population708

Proposition E.1 For every i P rns, define a set709

q P Si`ξ
.
“

"

q P Rn | qi ą 0,
qi

}q´i}8
ě
a

1` ξ

*

.

Whenever θ P
`

1
n , c0

˘

and µ ď c1 min
!

θ, 1?
n

)

, we have710

A

E
”

grad rfpqq
ı

, qiq ´ ei

E

ě c2θp1´ θqqi }q´i} ,
b

1´ q2i P rµ, c3s (51)

A

E
”

grad rfpqq
ı

, qiq ´ ei

E

ě c2θp1´ θqqin
´1 }q´i} ,

b

1´ q2i P

«

c3,

c

n´ 1

n

ff

, (52)

hold for any q P Si`ξ and each i P rns.711

Remarks. For proving this result, we first introduce some basic notations. We use I to denote the712

generic support set of q P Sn´1 of i.i.d. Bpθq law. Since the landscape is symmetric for each i P rns,713

without loss of generality, it is enough to consider the case when i “ n. We reparameterize q P Sn´1714

by715

qpwq : w ÞÑ

«

w
b

1´ }w}
2

ff

, (53)

where w P Rn´1 with }w} ď
b

n´1
n . We write716

qI “

„

wJ
qn1nPI



,

where we use J to denote the support set of w of i.i.d. Bpθq law.717

Proof We denote718

gpwq “ hµ

ˆ

wJx´n ` xn

b

1´ }w}
2

˙

(54)

Note that if en is a local minimizer of E
”

rfpqq
ı

, then E rgpwqs has a corresponding local minimum719

at 0. Since gp¨q satisfies chain rule when computing its gradient, we have720

xE r∇gpwqs ,w ´ 0y “

C«

In´1
´w

a

1´ }w}2

ff

∇E
”

rfpqq
ı

,w

G

“

B

E
”

∇ rfpqq
ı

, q ´
1

qn
en

F

“
1

qn

A

E
”

grad rfpqq
ı

, qnq ´ en

E

,

which gives721
A

E
”

grad rfpqq
ı

, qnq ´ en

E

“ qn xE r∇gpwqs ,wy . (55)

Thus, the above relationship implies that we can work on the “unconstrained" function gpwq and722

establish the following: for any qpwq P Sn`ξ with ξ ą 0, or equivalently,723

}w}
2
` p1` ξq }w}

2
8 ď 1,

28



the following holds724

x∇E rgpwqs ,w ´ 0y Á }w} .

When }w} P rc0µ, c1s, Lemma E.4 implies that725

wJ∇E rgpwqs ě c2θp1´ θq }w} .

By Lemma E.5, we know that when c1 ď }w} ď
b

n´1
n ,726

wJ∇2E rgpwqsw ď ´c3θp1´ θq }w}
2
,

which implies concavity of gpwq along the w direction. Let us denote v “ w{ }w}, then the727

directional concavity implies that728

tvJ∇E rgptvqs ě pt1vqJ∇E
“

gpt1vq
‰

` c4θp1´ θq
`

t1 ´ t
˘

,

for any t, t1 P
”

c1,
b

n´1
n

ı

. Choose t1 “ }w}?
}w}2`}w}28

and t “ }w}, by Lemma E.3, we know that729

wJ∇E rgpwqs ě c4θp1´ θq }w}

¨

˝

1
b

}w}
2
` }w}

2
8

´ 1

˛

‚.

The function730

hvptq
.
“

}tv}
b

}tv}
2
` }tv}

2
8

´ }tv} “
1

b

1` }v}
2
8

´ t

is obviously monotonically decreasing w.r.t. t. Since q P Sn`ξ , we have731

}tv}
2
` p1` ξq }tv}

2
8 ď 1 ùñ t ď

1
b

1` p1` ξq }v}
2
8

.

Therefore, we can uniformly lower bound hvptq by732

hvptq ě
1

b

1` }v}
2
8

´
1

b

1` p1` ξq }v}
2
8

ě ξ }v}
2
8 ě ξn´1

Therefore, we have733

wJ∇E rgpwqs ě c4ξθp1´ θqn
´1 }w} ,

when }w} P
”

c1,
b

n´1
n

ı

. Combining the bounds above, we obtain the desired results.734

Lemma E.2 Suppose g P N p0, Inq, we have735

wJ∇E rgpwqs “ 1

µ
EI

”´

}qI}
2
´ 1nPI

¯

P
`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘

ı

. (56)

Proof In particular, exchange of gradient and expectation operator can again be justified. By simple736

calculation, we obtain that737

∇gpwq “ h1µ
`

qJx
˘

ˆ

x´n ´
xn
qn
w

˙

“

$

&

%

qJx
µ

´

x´n ´
xn

qn
w
¯

,
ˇ

ˇqJx
ˇ

ˇ ď µ

sign
`

qJx
˘

´

x´n ´
xn

qn
w
¯

,
ˇ

ˇqJx
ˇ

ˇ ą µ.
(57)

Thus, we obtain738

wJ∇E rgpwqs

“ E
„

sign
`

qJx
˘

ˆ

wJx´n ´
xn
qn
}w}

2

˙

1|qJx|ěµ



` E
„

qJx

µ

ˆ

wJx´n ´
xn
qn
}w}

2

˙

1|qJx|ďµ



“ E
„

sign
`

qJx
˘

ˆ

qJx´
xn
qn

˙

1|qJx|ěµ



`
1

µ
E
„

`

qJx
˘

ˆ

qJx´
xn
qn

˙

1|qJx|ďµ



,
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where we used the fact that739

wJx´n ´
xn
qn
}w}

2
“ wJx´n ` qnxn ´ xn

}w}
2
` q2n

qn
“ qJx´

xn
qn
.

Let Z “ X ` Y , with740

X “ wJx´n „ N p0, }wJ }
2
q, Y “ qnxn „ N p0, q2n1nPIq, Z „ N p0, }qI}

2
q. (58)

This gives741

wJ∇E rgpwqs “ E
“
ˇ

ˇqJx
ˇ

ˇ1|qJx|ěµ

‰

´
1

qn
E
“

sign
`

qJx
˘

xn1|qJx|ěµ
‰

`
1

µ
E
”

`

qJx
˘2
1|qJx|ďµ

ı

´
1

qnµ
E
“

xn
`

wJx´n
˘

1|qJx|ďµ

‰

´
1

µ
E
“

x2n1|qJx|ďµ
‰

“ E
“

|Z|1|Z|ěµ
‰

´
1

q2n
E
“

sign pX ` Y qY 1|X`Y |ěµ
‰

`
1

µ
E
“

Z2
1|Z|ďµ

‰

´
1

µq2n
E
“

XY 1|X`Y |ďµ
‰

´
1

µq2n
E
“

Y 2
1|X`Y |ďµ

‰

.

Now by Lemma D.7, we have742

E
“

|Z|1|Z|ěµ
‰

“

c

2

π
EI

«

}qI} exp

˜

´
µ2

2 }qI}
2

¸ff

E
“

sign pX ` Y qY 1|X`Y |ěµ
‰

“ q2n

c

2

π
E

«

1nPI

}qI}
exp

˜

´
µ2

2 }qI}
2

¸ff

E
“

Z2
1|Z|ďµ

‰

“ ´µ

c

2

π
EI

«

}qI} exp

˜

´
µ2

2 }qI}
2

¸ff

` EI

”

}qI}
2 P

`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘

ı

E
“

XY 1|X`Y |ďµ
‰

“ ´µq2n

c

2

π
EI

«

1nPI }wJ }
2

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

E
“

Y 2
1|X`Y |ďµ

‰

“ ´µq4n

c

2

π
EI

«

1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

` q2nEI
“

1nPIP
`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘‰

Putting the above calculations together and simplify, we obtain the desired result in (56).743

744

Lemma E.3 When for any w P Rn´1 satisfies }w}2 ` }w}28 ď 1, we have745

wJ∇E rgpwqs ě 0.
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Proof From Lemma E.2, we know that746

µ ¨wJ∇E rgpwqs

“ EI

”´

}qI}
2
´ 1nPI

¯

P
`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘

ı

“ EJ

”

p1´ θq }wJ }
2 P

`
ˇ

ˇgJ´nwJ
ˇ

ˇ ď µ
˘

´ θ }wJ c}
2 P

`
ˇ

ˇgJ´nwJ ` qngn
ˇ

ˇ ď µ
˘

ı

“ EJ

»

–

ż µ

´µ

¨

˝

1´ θ
?

2π

}wJ }
2

}wJ }
exp

˜

´
t2

2 }wJ }
2

¸

´
θ
?

2π

}wJ c}
2

b

1´ }wJ c}
2

exp

˜

´t2

2´ 2 }wJ c}
2

¸

˛

‚dt

fi

fl

“
1´ θ
?

2π

n´1
ÿ

i“1

ż µ

´µ

EJ

»

–

w2
i 1iPJ

b

w2
i 1iPJ `

›

›wJ ztiu
›

›

2
exp

˜

´
t2

2w2
i 1iPJ ` 2

›

›wJ ztiu
›

›

2

¸

fi

fl dt

´
θ
?

2π

n´1
ÿ

i“1

ż µ

´µ

EJ

»

–

w2
i 1iRJ

b

1´ w2
i 1iRJ ´

›

›wJ cztiu

›

›

2
exp

˜

´
t2

2´ 2w2
i 1iRJ ´ 2

›

›wJ cztiu

›

›

2

¸

fi

fl dt

“
p1´ θqθ
?

2π

n´1
ÿ

i“1

ż µ

´µ

EJ

»

–

w2
i

b

w2
i `

›

›wJ ztiu
›

›

2
exp

˜

´
t2

2w2
i ` 2

›

›wJ ztiu
›

›

2

¸

fi

fl dt

´
p1´ θqθ
?

2π

n´1
ÿ

i“1

ż µ

´µ

EJ

»

–

w2
i

b

1´ }w}
2
`
›

›wJ ztiu
›

›

2
exp

˜

´
t2

2´ 2 }w}
2
` 2

›

›wJ ztiu
›

›

2

¸

fi

fl dt

“ p1´ θqθ
n´1
ÿ

i“1

w2
iEJ rP p|Zi1| ď µq ´ P p|Zi2| ď µqs , (59)

where747

Zi1 „ N
´

0, w2
i `

›

›wJ ztiu
›

›

2
¯

, Zi2 „ N
´

0, 1´ }w}
2
`
›

›wJ ztiu
›

›

2
¯

. (60)

Since we have 1´ }w}
2
ě }w}

2
8 ě w2

i , the variance of Z2
i is larger than that of Z1

i . Therefore, we748

have P p|Zi1| ď µq ě P p|Zi2| ď µq for each i “ 1, ¨ ¨ ¨ , n´ 1. Hence, we obtain749

wJ∇E rgpwqs “ 1

µ
θp1´ θq

n´1
ÿ

i“1

w2
iEJ rP p|Zi1| ď µq ´ P p|Zi2| ď µqs ě 0.

750

Lemma E.4 For any w with c0µ ď }w} ď c1, we have751

wJ∇E rgpwqs ě cθp1´ θq }w}

Proof Recall from (59), we have752

wJ∇E rgpwqs “ 1

µ
p1´ θqθ

n´1
ÿ

i“1

w2
iEJ rP p|Zi1| ď µq ´ P p|Zi2| ď µqs ,

where Zi1 and Zi2 are defined the same as (60). Let us denote753

Z1 „ N
´

0, }w}
2
¯

, Z2 „ N
´

0, 1´ }w}
2
¯

.

Since we have }w}2 ě w2
i `

›

›wJ ztiu
›

›

2
, the variance of Z1 is larger than that of Zi1. Therefore,754

we have P p|Zi1| ď µq ě P p|Z1| ď µq for each i “ 1, ¨ ¨ ¨ , n´ 1. By a similar argument, we have755
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P p|Zi2| ď µq ď P p|Z2| ď µq for each i “ 1, ¨ ¨ ¨ , n´ 1. Thus, we obtain756

P p|Zi1| ď µq ´ P p|Zi2| ď µq

ě P p|Z1| ď µq ´ P p|Z2| ď µq

“

c

2

π

1

}w}

ż µ

0

exp

˜

´
t2

2 }w}
2

¸

dt´

c

2

π

1
b

1´ }w}
2

ż µ

0

exp

˜

´
t2

2´ 2 }w}
2

¸

dt

ě

c

2

π

»

–

1

}w}

ż µ

0

˜

1´
t2

2 }w}
2

¸

dt´
µ

b

1´ }w}
2

fi

fl

“

c

2

π

»

–

1

}w}

˜

µ´
1

6

µ3

}w}
2

¸

´
µ

b

1´ }w}
2

fi

fl

ě µ

c

2

π

¨

˝

1

}w}
´ 2

1
b

1´ }w}
2

˛

‚ ě
µ

2
?

2π

1

}w}
(61)

where we used the fact that µ{
?

3 ď }w} ď 1{
?

17 for the last two inequalities. Plugging (61) back757

into (59) gives758

wJ∇E rgpwqs “ 1

µ
p1´ θqθ

n´1
ÿ

i“1

w2
iEJ rP p|Zi1| ď µq ´ P p|Zi2| ď µqs

ě
p1´ θqθ

2
?

2π }w}

n´1
ÿ

i“1

w2
i “

1

2
?

2π
p1´ θqθ }w} ,

as desired.759

Lemma E.5 When µ ď c0 min
!

1?
n
, θ
)

and θ P
`

1
n , c1

˘

, we have760

wJ∇2E rgpwqsw ď ´c2θp1´ θq }w}
2

for all w with c3 ď }w} ď
b

n´1
n . Here, c0, c1, c2, and c3 are some numerical constants.761

Proof Since the expectation and derivative are exchangeable, we have762

wJ∇2E rgpwqsw “ wJE
“

∇2gpwq
‰

w.

From (57), we obtain763

wJ∇2gpwqw “

#

1
µ

”

`

qJx
˘2
´ xn

qn

`

qJx
˘

´ xn

q3n

`

xJ´nw
˘

ı

,
ˇ

ˇqJx
ˇ

ˇ ď µ

´xn

q3n
}w}

2
sign

`

qJx
˘

,
ˇ

ˇqJx
ˇ

ˇ ě µ.

Thus, we have764

E
“

wJ∇2gpwqw1|qJx|ěµ
‰

“ ´
}w}

2

q4n
E
“

qnxn sign
`

qJx
˘

1|qJx|ěµ

‰

“ ´

c

2

π

}w}
2

q2n
EI

«

1nPI

}qI}
exp

˜

´
µ2

2 }qI}
2

¸ff

and765

E
“

wJ∇2gpwqw1|qJx|ďµ
‰

“
1

µ
E
”

`

qJx
˘2
1|qJx|ďµ

ı

´
1

µ
E
„

xn
qn

`

qJx
˘

1|qJx|ďµ



´
1

µ
E
„

xn
q3n

`

xJ´nw
˘

1|qJx|ďµ



“
1

µ
E
“

Z2
1|Z|ďµ

‰

´
1

µq2n
E
“

Y 2
1|X`Y |ďµ

‰

´
1

µ

ˆ

1

q2n
`

1

q4n

˙

E
“

XY 1|X`Y |ďµ
‰

,

32



where X , Y and Z “ X ` Y are defined the same as (58). Similar to Lemma E.2, by using766

Lemma D.7, we obtain767

E
“

wJ∇2gpwqw1|qJx|ďµ
‰

“ ´

c

2

π
EI

«

}qI} exp

˜

´
µ2

2 }qI}
2

¸ff

`
1

µ
E
”´

}qI}
2
´ 1nPI

¯

P
`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘

ı

`

c

2

π
EI

«

q2n1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

`

c

2

π

ˆ

1`
1

q2n

˙

EI

«

}wJ }
2
1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

.

Combining the results above and using integral by parts, we obtain768

wJ∇2E rgpwqsw

“ ´

c

2

π
EI

«

1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

` 2

c

2

π
EI

«

1nPI

}qI}
exp

˜

´
µ2

2 }qI}
2

¸ff

´

c

2

π
EI

«

}qI} exp

˜

´
µ2

2 }qI}
2

¸ff

`
1

µ
E
”´

}qI}
2
´ 1nPI

¯

P
`
ˇ

ˇqJI g
ˇ

ˇ ď µ
˘

ı

“ ´

c

2

π
EI

«

}wJ c}
2
1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

`

c

2

π
EI

«

1nPI

}qI}

˜

exp

˜

´
µ2

2 }qI}
2

¸

´
}qI}

µ

ż µ{}qI}

0

exp
`

´t2{2
˘

dt

¸ff

´

c

2

π
EI

«

}qI}

˜

exp

˜

´
µ2

2 }qI}
2

¸

´
}qI}

µ

ż µ{}qI}

0

exp
`

´t2{2
˘

dt

¸ff

“ ´

c

2

π
EI

«

}wJ c}
2 1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

´
1

µ

c

2

π
EI

«

1nPI

ż µ{}qI}

0

t2 exp
`

´t2{2
˘

dt

ff

`
1

µ

c

2

π
EI

«

}qI}
2
ż µ{}qI}

0

t2 exp
`

´t2{2
˘

dt

ff

ď ´

c

2

π
EI

«

}wJ c}
2 1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

`
1

µ

c

2

π

ż µ

0

t2EI

«

1

}qI}
exp

˜

´
t2

2 }qI}
2

¸ff

dt.

First, when
b

n´1
n ě }w} ě c0, we have769

EI

«

}wJ c}
2 1nPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

“ θEJ

»

—

–

}wJ c}
2 1
´

q2n ` }wJ }
2
¯3{2

exp

¨

˝´
µ2

2
´

q2n ` }wJ }
2
¯

˛

‚

fi

ffi

fl

ě θEJ

«

}wJ c}
2

exp

˜

´
µ2

2q2n ` 2 }wJ }
2

¸ff

ě θEJ

„

}wJ c}
2

exp

ˆ

´
µ2

2q2n

˙

ě c1θp1´ θq }w}
2
.

Second, notice that the function770

hpxq “ x´1 exp

ˆ

´
t2

2x2

˙

, x P r0, 1s
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reaches the maximum when x “ t. Thus, we have771

1

µ

c

2

π

ż µ

0

t2EI

«

1

}qI}
exp

˜

´
t2

2 }qI}
2

¸ff

dt ď
1

µ

c

2

π

ż µ

0

t exp

ˆ

´
1

2

˙

dt ď
1
?

2π
e´1{2µ.

Therefore, when µ ď 1
n ď θ, we have772

wJ∇2E rgpwqsw ď ´c2θp1´ θq }w}2

for any
b

n´1
n ě }w} ě c0.773

774

F Negative Curvature on Gradient in Population775

Proposition F.1 Suppose θ ě 1
n . Given any index i P rns, when µ ď 1?

3n
, we have776

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qi
ei

F

ě
θp1´ θq

4n

ξ

1` ξ
,

holds for all q P Si`ξ and any qj such that j “ i and q2j ě
1
3q

2
i777

Proof Without loss of generality, let us consider the case i “ n. For any j “ n, we have778

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

“

ˆ

1

qj
ej ´

1

qn
en

˙J

PqKE
“

x ¨ h1µpx
Jqq

‰

“

ˆ

1

qj
ej ´

1

qn
en

˙J

E
“

x ¨ h1µpx
Jqq

‰

.

Let779

Z “ Z1 ` Z2, Z1 “ qixi „ N p0, pbiqiq2q, Z2 “ qJ´ix´i „ N p0, }q´i d b´i}
2
q.

Notice that for every i P rns, we have780

1

qi
eJi E

“

x ¨ h1µpx
Jqq

‰

“
1

q2i

1

µ
E
“

Z2
11|Z1`Z2|ďµ

‰

`
1

q2i

1

µ
E
“

Z1Z21|Z1`Z2|ďµ

‰

`
1

q2i
E
“

Z1 sign pZ1 ` Z2q1|Z1`Z2|ěµ

‰

.

By Lemma D.7, we have781

E
“

Z2
11|Z1`Z2|ďµ

‰

“ ´

c

2

π
µEI

«

q4i 1iPI

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

` E
“

q2i 1iPIP p|Z| ď µq
‰

,

E
“

Z1Z21|Z1`Z2|ďµ

‰

“ ´

c

2

π
µEI

«

q2i 1iPI }pq´iqJ }
2

}qI}
3 exp

˜

´
µ2

2 }qI}
2

¸ff

E
“

Z1 sign pZ1 ` Z2q1|Z1`Z2|ěµ

‰

“

c

2

π
EI

«

q2i 1iPI
}qI}

exp

˜

´
µ2

2 }qI}
2

¸ff

.

Combining the results above, we obtain782

1

qi
eJi E

“

x ¨ h1µpx
Jqq

‰

“
1

µ
E r1iPIP p|Z| ď µqs .
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Therefore, we have783

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

“
1

µ
pE r1jPIP p|Z| ď µqs ´ E r1nPIP p|Z| ď µqsq

“
θ

µ

c

2

π
EI

»

–

1
b

q2j `
›

›qIzj
›

›

2

ż µ

0

exp

˜

´
t2

q2j `
›

›qIzj
›

›

2

¸

dt

fi

fl

´
θ

µ

c

2

π
EI

»

–

1
b

q2n `
›

›qIzn
›

›

2

ż µ

0

exp

˜

´
t2

q2n `
›

›qIzn
›

›

2

¸

dt

fi

fl

“
θp1´ θq

µ

c

2

π
EI

»

–

1
b

q2j `
›

›qIztj,nu
›

›

2

ż µ

0

exp

˜

´
t2

q2j `
›

›qIztj,nu
›

›

2

¸

dt

fi

fl

´
θp1´ θq

µ

c

2

π
EI

»

–

1
b

q2n `
›

›qIztj,nu
›

›

2

ż µ

0

exp

˜

´
t2

q2n `
›

›qIztj,nu
›

›

2

¸

dt

fi

fl

“
θp1´ θq

µ
EI

»

–erf

¨

˝

µ
b

q2i `
›

›qIztj,nu
›

›

2

˛

‚´ erf

¨

˝

µ
b

q2n `
›

›qIztj,nu
›

›

2

˛

‚

fi

fl

where erfpxq is the Gaussian error function784

erfpxq “
1
?

2π

ż x

´x

exp
`

´t2{2
˘

dt “

c

2

2π

ż x

0

exp
`

´t2{2
˘

dt, x ě 0.

When µ ď 1?
3n

such that µ
b

q2n`}qIztj,nu}
2
ď 1 for q P Sn`ξ , by Taylor approximation we have785

erf

¨

˝

µ
b

q2i `
›

›qIztj,nu
›

›

2

˛

‚´ erf

¨

˝

µ
b

q2n `
›

›qIztj,nu
›

›

2

˛

‚

ě
µ

2

»

–

1
b

q2i `
›

›qIztj,nu
›

›

2
´

1
b

q2n `
›

›qIztj,nu
›

›

2

fi

fl “
µ

4

ż q2n

q2i

1
´

t2 `
›

›qIztj,nu
›

›

2
¯3{2

dt.

Therefore, we have786

B

gradE
”

rfpqq
ı

,
1

qj
ej ´

1

qn
en

F

ě
θp1´ θq

4

ż q2n

q2i

1
´

t2 `
›

›qIztj,nu
›

›

2
¯3{2

dt

ě
θp1´ θq

4

´

q2n ´ }q´n}
2
8

¯

ě
θp1´ θq

4

ξ

1` ξ
q2n ě

θp1´ θq

4n

ξ

1` ξ
.

This gives the desired result.787

G Gradient Concentration788

In this section, we uniformly bound the deviation between the empirical process grad rfpqq and its789

mean E
”

grad rfpqq
ı

over the sphere. Namely, we show the following790
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Proposition G.1 For every i P rns and any δ P p0, 1q, when791

p ě Cδ´2n log

ˆ

θn

µδ

˙

, (62)

we have792

sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq ´ E
”

grad rfpqq
ı

, ei

E
ˇ

ˇ

ˇ
ď δ

holds with probability at least 1´ np´c1θn ´ n exp
`

´c2pδ
2
˘

, for any ei. Here, c1, c2, and C are793

some universal positive numerical constants.794

Remarks. Here, our bound is loose by roughly a factor of n because of the looseness in handling795

the probabilistic dependency due to the convolution measurement. We believe this bound can be796

improved by an order of Opnq using more advanced probability tools, such as decoupling and797

chaining [44–46].798

Proof First, note that799

rfpqq “
1

np

p
ÿ

i“1

Hµ pCxi
qq , grad rfpqq “

1

np
PqK

p
ÿ

i“1

CJxi
h1µ pCxi

qq . (63)

Thus, we have800

A

grad rfpqq ´ E
”

grad rfpqq
ı

, en

E

“
1

np

p
ÿ

i“1

n´1
ÿ

j“0

”

@

PqKsj rqxis , en
D

h1µ

´

sj rqxis
J
q
¯

´ E
“`

eJnPqKx
˘

h1µ
`

xJq
˘‰

ı

.

This is a summation of dependent random variables, which is very difficult to show measurement801

concentration in general. We alleviate this difficulty by only considering a partial summation of802

independent random variables, namely,803

Lpqq “ 1

p

1
›

›PqKen
›

›

p
ÿ

i“1

“@

PqKxi, en
D

h1µ
`

xJi q
˘

´ E
“`

eJnPqKx
˘

h1µ
`

xJq
˘‰‰

,

where xi „i.i.d. BGpθq. Note that the bound of Lpqq automatically gives an upper bound of804
A

grad rfpqq ´ E
”

grad rfpqq
ı

, en

E

in distribution. To uniformly control Lpqq over the sphere, we805

first consider controlling Lpqq for a fixed q P Sn´1. For each ` “ 1, 2, ¨ ¨ ¨ , we have the moments806

E
”

ˇ

ˇ

@

PqKxi, en
D

h1µ
`

xJi q
˘
ˇ

ˇ

`
ı

ď E
”

ˇ

ˇeJnPqKxi
ˇ

ˇ

`
ı

“ E
”

|Zi|
`
ı

,

where conditioned on the Bernoulli distribution, we have Zi „ N
ˆ

0,
›

›

›

`

PqKen
˘

J

›

›

›

2
˙

. By Lemma807

D.1, we have808

E
”

ˇ

ˇ

@

PqKxi, en
D

h1µ
`

xJi q
˘
ˇ

ˇ

`
ı

ď EJ

„

p`´ 1q!!
›

›

›

`

PqKen
˘

J

›

›

›

`


ď
`!

2

›

›PqKen
›

›

`
,

where we used the fact that
ˇ

ˇh1µpzq
ˇ

ˇ ď 1 for any z. Thus, we are controlling the concentration of809

summation of sub-Gaussian r.v., for which we have810

P p|Lpqq| ě tq ď exp

ˆ

´C
pt2

2

˙

.

Next, we turn this point-wise concentration into a uniform bound for all q P Sn´1 via a standard811

covering argument. Let N pεq be an ε-net of the sphere, whose cardinality can be controlled by812

|N pεq| ď
ˆ

3

ε

˙n´1

.
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Thus, we have813

P

˜

sup
qPN pεq

|Lpqq| ě t

¸

ď

ˆ

3

ε

˙n´1

exp

ˆ

´
pt2

2` 2t

˙

.

For any point q P Sn´1, it can written as q “ q1`e, where q1 P N pεq and }e} ď ε. Now we control814

the all points over the sphere through the Lipschitz property of L.815

sup
qPSn´1

|Lpqq|

“ sup
q1PN pεq,}e}ďε

ˇ

ˇLpq1 ` eq
ˇ

ˇ

ď sup
q1PN pεq

ˇ

ˇLpq1q
ˇ

ˇ` sup
q1PN pεq,}e}ďε

ˇ

ˇE
“`

eJnPpq1`eqKx´ eJnPpq1qKx
˘

h1µ
`

xJq1
˘‰
ˇ

ˇ

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

L1

` sup
q1PN pεq,}e}ďε

ˇ

ˇE
“`

eJnPpq1`eqKx
˘ `

h1µ
`

xJpq1 ` eq
˘

´ h1µ
`

xJq1
˘˘‰

ˇ

ˇ

looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

L2

` sup
q1PN pεq,}e}ďε

ˇ

ˇ

ˇ

ˇ

ˇ

1

p

p
ÿ

i“1

“

eJnPpq1`eqKxi ´ eJnPpq1qKxi
‰

h1µpx
J
i q
1q

ˇ

ˇ

ˇ

ˇ

ˇ

looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon

L3

` sup
q1PN pεq,}e}ďε

ˇ

ˇ

ˇ

ˇ

ˇ

1

p

p
ÿ

i“1

`

eJnPpq1`eqKxi
˘ “

h1µ
`

xJi pq
1 ` eq

˘

´ h1µ
`

xJi q
1
˘‰

ˇ

ˇ

ˇ

ˇ

ˇ

looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

L4

.

By Lipschitz continuity and the fact that h1µpzq ď 1 for any z, we obtain816

L1 ď sup
q1PN pεq,}e}ďε

?
θ
›

›

`

Ppq1`eqK ´ Ppq1qK
˘

en
›

› ď 3
?
θε

L2 ď sup
q1PN pεq,}e}ďε

1

µ
E
“

}x}
›

›xJe
›

›

‰

ď
θn

µ
ε.

For each xi, we know that xi “ gi d bi with gi „ N p0, Iq and bi „i.i.d. Bpθq. By Gaussian817

concentration inequality, we know that for each xi,818

P
´

}xi} ´
?
θn ě t

¯

ď P p}xi} ´ E r}xi}s ě tq ď exp

ˆ

´
t2

2 }bi}8

˙

ď exp

ˆ

´
t2

2

˙

.

Therefore, by a union bound, we have819

max
1ďiďp

}xi} ď 5
a

θn log p

holds with probability at least 1´ p´8θn. Therefore, w.h.p we have820

L3 ď

ˆ

max
1ďiďp

}xi}

˙

sup
q1PN pεq,}e}ďε

›

›Ppq1`eqK ´ Ppq1qK
›

› ď 15
a

θn log pε,

L4 ď
1

µ

ˆ

max
1ďiďp

}xi}
2

˙

sup
q1PN pεq,}e}ďε

}e} ď 25
θn log p

µ
ε.

Combining the bounds above, choose ε “ µt
cθn log p , we have821

sup
qPSn´1

|Lpqq| ď sup
q1PN pεq

ˇ

ˇLpq1q
ˇ

ˇ` c
θn log p

µ
ε ď 2t

holds with probability at least822

1´ p´8θn ´ exp

ˆ

´C
pt2

2
` c1n log

ˆ

θn

µt

˙˙

.
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Thus, applying a union bound, we obtain the desired result holding for every i P rns.823

Similarly, we also show the following result.824

Corollary G.2 For any δ P p0, 1q, when825

p ě Cδ´2n2 log

ˆ

θn

µδ

˙

, (64)

we have826

sup
qPSn´1

›

›

›
grad rfpqq ´ E

”

grad rfpqq
ı
›

›

›
ď δ,

sup
qPSn´1

›

›

›
∇ rfpqq ´ E

”

∇ rfpqq
ı
›

›

›
ď δ,

hold with probability at least 1´ p´c1θn ´ n exp
`

´c2pδ
2
˘

. Here, c1, c2, and C are some universal827

positive numerical constants.828

Proof From Proposition G.1, we know that when p ě C0ε
´2n log

´

θn
µε

¯

,829

sup
qPSn´1

›

›

›
grad rfpqq ´ E

”

grad rfpqq
ı
›

›

›

2

ď

n
ÿ

i“1

sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq ´ E
”

grad rfpqq
ı

, ei

E
ˇ

ˇ

ˇ

2

ď nε2.

holds with probability at least 1´ p´c1θn ´ n exp
`

´c2pδ
2
˘

. Therefore, by letting δ “
?
nε, w.h.p.830

we have831

sup
qPSn´1

›

›

›
grad rfpqq ´ E

”

grad rfpqq
ı
›

›

›
ď δ,

whenever p ě Cδ´2n2 log
´

θn
µδ

¯

. By a similar argument, we can also provide the same bound for832

supqPSn´1

›

›

›
∇ rfpqq ´ E

”

∇ rfpqq
ı
›

›

›
.833

Corollary G.3 For each i P rns and any δ P p0, 1q, when p ě Cδ´2n log
´

θn
µδ

¯

, we have834

sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
ď 1` δ,

hold with probability at least 1´np´c1θn´n exp
`

´c2pδ
2
˘

. Here, c1, c2, and C are some universal835

positive numerical constants.836

Proof For any q P Sn´1 and every i P rns, we have837

E
”
ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ

ı

“ E
“
ˇ

ˇ

`

eJi PqKx
˘

¨ h1µpx
Jqq

ˇ

ˇ

‰

ď E
“
›

›eJi PqKx
›

›

‰

ď 1.

Thus, we have838

sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq ´ E
”

grad rfpqq
ı

, ei

E
ˇ

ˇ

ˇ

ě sup
qPSn´1

´
ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
´ E

”
ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ

ı¯

ě sup
qPSn´1

ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ
´ sup

qPSn´1

E
”
ˇ

ˇ

ˇ

A

grad rfpqq, ei

E
ˇ

ˇ

ˇ

ı

.

Therefore, by using the result in Proposition G.1, we obtain the desired result.839
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Corollary G.4 For any δ P p0, 1q, when p satisfies (64), we have840

sup
qPSn´1

›

›

›
grad rfpqq

›

›

›
ď
?
θn` δ,

hold with probability at least 1´ p´c1θn ´ n exp
`

´c2pδ
2
˘

. Here, c1, c2, and C are some universal841

positive numerical constants.842

Proof For any q P Sn´1, we have843

E
”›

›

›
grad rfpqq

›

›

›

ı

“ E
”

›

›PqKxh1µpxJqq
›

›

ı

ď E r}x}s ď
?
θn.

Note that844

sup
qPSn´1

›

›

›
grad rfpqq ´ E

”

grad rfpqq
ı
›

›

›
ě sup

qPSn´1

´
›

›

›
grad rfpqq

›

›

›
´ E

”
›

›

›
grad rfpqq

›

›

›

ı¯

ě sup
qPSn´1

›

›

›
grad rfpqq

›

›

›
´ sup

qPSn´1

E
”
›

›

›
grad rfpqq

›

›

›

ı

.

Thus, by using the result in Corollary G.2, we obtain the desired result.845

H Preconditioning846

In this section, given the Riemannian gradient of rfpqq and its preconditioned variant847

grad rfpqq “
1

np
PqK

p
ÿ

i“1

CJxi
h1µ pCxi

qq ,

grad fpqq “
1

np
PqK

p
ÿ

i“1

`

RQ´1
˘J
CJxi

h1µ
`

Cxi

`

RQ´1
˘

q
˘

,

we prove the following result.848

Proposition H.1 Suppose θ ě 1
n . For any δ P p0, 1q, whenever849

p ě C
κ8n

µ2θδ2σ2
min

log4 n log

ˆ

θn

µ

˙

,

we have850

sup
qPSn´1

›

›

›
grad rfpqq ´ grad fpqq

›

›

›
ď δ

holds with probability at least 1 ´ c1p
´c2nθ ´ n´c3 ´ ne´c4θnp. Here, κ and σmin denote the851

condition number and minimum singular value of Ca, and c1, c2, c3 , c4 and C are some positive852

numerical constants.853

Proof Notice that854

R “ Ca

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

, Q “ Ca
`

CJaCa
˘´1{2

so that855

RQ´1 “ Ca

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2
`

CJaCa
˘1{2

C´1
a .
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Thus, we have856

sup
qPSn´1

›

›

›
grad rfpqq ´ grad fpqq

›

›

›

ď
1

np

›

›

›

›

›

PqK
`

I ´
`

RQ´1
˘˘J

p
ÿ

i“1

CJxi
h1µ pCxi

qq

›

›

›

›

›

`
1

np

›

›

›

›

›

PqK
`

RQ´1
˘J

p
ÿ

i“1

CJxi

“

h1µ pCxiqq ´ h
1
µ

`

Cxi

`

RQ´1
˘

q
˘‰

›

›

›

›

›

ď
›

›I ´RQ´1
›

›

›

›

›
∇ rfpqq

›

›

›
`
›

›RQ´1
›

›

›

›

›

›

›

1

np

p
ÿ

i“1

CJxi

“

h1µ pCxi
qq ´ h1µ

`

Cxi

`

RQ´1
˘

q
˘‰

›

›

›

›

›

ď
›

›I ´RQ´1
›

›

›

›

›
∇ rfpqq

›

›

›
`

1

µ
?
n

›

›RQ´1
›

›

ˆ

max
1ďiďp

}xi} }Fxi}8

˙

›

›I ´RQ´1
›

› . (65)

Here, by Lemma H.4, for any given ε P p0, 1q, when p ě C κ8

θε2σ2
minpCaq

log3 n, we have857

›

›RQ´1 ´ I
›

› ď ε,
›

›RQ´1
›

› ď 1` ε, (66)

holding with probability at least 1´ p´c1nθ ´ n´c2 . On the other hand, by Gaussian concentration858

inequality and a union bound, we have859

max
1ďiďp

}xi} ď 4
a

n log p, max
1ďiďp

}Fxi}8 ď 4
a

n log p, (67)

hold with probability at least 1´ p´c3n. By Corollary G.4, when p ě C2θ
´1n log

´

θn
µ

¯

, we have860

sup
qPSn´1

›

›

›
grad rfpqq

›

›

›
ď 2

?
θn (68)

holds with probability at least 1 ´ p´c4θn ´ ne´c5θnp. Plugging the bounds in (66) and (67) into861

(65), we obtain862

sup
qPSn´1

›

›

›
grad rfpqq ´ grad fpqq

›

›

›
ď ε

„

2
?
θn `

16
?
n log p

µ
¨ p1` εq



.

By a change of variable, we obtain the desired result.863

Lemma H.2 When θ ě 1{n,864

›

›

›

›

›

1

θnp

p
ÿ

i“1

CJxi
Cxi ´ I

›

›

›

›

›

ď t (69)

holds with probability at least 1´ p´c1nθ ´ n exp
´

´c2 min
!

pt2

θ log p ,
pt

?
θ log p

)¯

for some numerical865

constants c1, c2 ą 0.866

Proof867

Notice that868

CJxi
Cxi “ F

˚ diag
´

|Fxi|
d2

¯

F .

Then869
›

›

›

›

›

1

θnp

p
ÿ

i“1

CJxi
Cxi

´ I

›

›

›

›

›

“

›

›

›

›

›

F ˚

˜

diag

˜

1

θnp

p
ÿ

i“1

|Fxi|
d2

¸

´ F´1pF ˚q´1

¸

F

›

›

›

›

›

“

›

›

›

›

›

1

θnp

p
ÿ

i“1

|Fxi|
d2
´ 1

›

›

›

›

›

8

. (70)
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Let xi “ bi d gi with bi „i.i.d. Bpθq and gi „ N p0, Iq, and let us define events870

Ei,j
.
“

!

}bi d fj}
2
ď 5n

a

θ log p
)

, 1 ď i ď p, 1 ď j ď n.

We use Ej “
Şp
i“1 Ei,j . For each individual i and j, by the Hoeffding’s inequality, we have871

P
`

Eci,j
˘

ď exp p´8nθ log pq

For each j “ 1, ¨ ¨ ¨ , n, by conditional probability and union bound, we have872

P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

¸

ď P

˜

p
ď

i“1

Eci,j

¸

` P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ě t | Ej

¸

ď

p
ÿ

i“1

P
`

Eci,j
˘

` P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ě t | Ej

¸

ď pe´8nθ log p ` P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ě t | Ej

¸

. (71)

For the second term, since xi „ BGpθq, we have873

f˚j xi “
n
ÿ

k“1

fjibikgik „ N
´

0, }bi d fj}
2
¯

for all ` ě 1, by Lemma D.1, we have874

E
”

pθnq´`
ˇ

ˇf˚j xi
ˇ

ˇ

2`
| Ei,j

ı

“
p2`´ 1q!!

pθnq`
E
”

}bd f}
2`
| Ei,j

ı

ď
`!

2
10`θ´`{2 log`{2 p.

Thus, by Bernstein inequality in Lemma D.3, we have875

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ě t | Ej

¸

ď exp

ˆ

´
pt2

200 log p` 20
?

log pt

˙

ď exp

ˆ

´min

"

pt2

400θ log p
,

pt

40
?
θ log p

*˙

. (72)

Plugging (72) into (71), we obtain876

ˇ

ˇ

ˇ

ˇ

ˇ

1

θnp

p
ÿ

i“1

ˇ

ˇf˚j xi
ˇ

ˇ

2
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ď t

holds with high probability for each j “ 1, ¨ ¨ ¨ , n. We apply a union bound to control the `8-norm877

in (70), and hence get the desired result.878

Lemma H.3 For any ε P p0, 1q, when p ě Cθ´1ε´2 log3 n, we have879

›

›

›

›

›

1

θnp

p
ÿ

i“1

CJyi
Cyi

›

›

›

›

›

ď p1` εq }Ca}
2

›

›

›

›

›

›

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

´
`

CJaCa
˘´1{2

›

›

›

›

›

›

ď
4κ2ε

σ2
minpCaq

holds with probability at least 1 ´ p´c1nθ ´ n´c2 . Here, κ is the condition number of Ca, and880

σminpCaq is the smallest singular value of Ca.881
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Proof For any ε P p0, 1q, from Lemma H.2, when p ě Cθ´1ε´2 log3 n we know that the event882

Epεq .
“

#
›

›

›

›

›

1

θnp

p
ÿ

i“1

CJxi
Cxi ´ I

›

›

›

›

›

ď ε

+

holds with probability at least 1´ p´c1nθ ´ n´c2 . Conditioned on the event Epεq, let us denote883

A “ CJaCa ą 0,

and let σmax pAq , σmin pAq be the largest and smallest singular values ofA, respectively. Then we884

observe,885

1

θnp

p
ÿ

i“1

CJyi
Cyi “ CJaCa `C

J
a

«

1

θnp

p
ÿ

i“1

CJxi
Cxi ´ I

ff

Ca
looooooooooooooooooomooooooooooooooooooon

∆

,

“ A`∆, }∆} ď ε ¨ σmaxpAq.

Therefore, we have886
›

›

›

›

›

1

θnp

p
ÿ

i“1

CJyi
Cyi

›

›

›

›

›

ď }A} ` }∆} ď p1` εq }Ca}
2
.

By Lemma D.12, whenever887

}∆} ď
1

2
σminpAq ùñ ε ď

1

2

σminpAq

σmaxpAq
“

1

2κ2
,

we know that888
›

›

›

›

›

›

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

´
`

CJaCa
˘´1{2

›

›

›

›

›

›

“

›

›

›
pA`∆q

´1{2
´A´1{2

›

›

›

ď
4 }∆}

σ2
minpAq

ď
4εσmaxpAq

σ2
minpAq

“
4κ2ε

σ2
minpCaq

.

889

Lemma H.4 Let θ P p1{n, 1{3q, and given a δ P p0, 1q. Whenever890

p ě C
κ8

θδ2σ2
minpCaq

log3 n,

we have891
›

›RQ´1 ´ I
›

› ď δ,
›

›RQ´1
›

› ď 1` δ,
›

›

›

`

RQ´1
˘´1

´ I
›

›

›
ď 2δ,

›

›

›

`

RQ´1
˘´1

›

›

›
ď 1` 2δ

hold with probability at least 1´ p´c1nθ ´ n´c2 .892

Proof First, by Lemma H.3, for a given ε P p0, 1q, when p ě C1θ
´1ε´2 log3 n, we have893

›

›RQ´1 ´ I
›

› “

›

›

›

›

›

›

I ´Ca

˜

1
?
θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2
`

CJaCa
˘1{2

C´1
a

›

›

›

›

›

›

ď κ ¨ }Ca} ¨

›

›

›

›

›

›

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

´
`

CJaCa
˘´1{2

›

›

›

›

›

›

ď κ }Ca}
4κ2ε

σ2
minpCaq

ď
4κ4ε

σminpCaq
,
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Table 2: Gradient for each different loss function

Loss function ∇ϕpqq for 1D problem (73) ∇ϕpZq for 2D problem13 (74)

`1-loss 1
np

řp
i“1

qyi f sign pyi f qq
1
n2p

řp
i“1

qY i f sign
`

Y i fZ
˘

Huber-loss 1
np

řp
i“1

qyi f h
1
µ pyi f qq

1
n2p

řp
i“1

qY i f h1µ
`

Y i fZ
˘

`4-loss ´ 1
np

řp
i“1

qyi f pyi f qq
d3

´ 1
n2p

řp
i“1

qY i f
`

Y i fZ
˘d3

and894

›

›RQ´1
›

› ď 1`
›

›I ´RQ´1
›

› ď 1`
4κ4ε

σminpCaq

hold with probability at least 1´ p´c1nθ ´ n´c2 . Similarly, by Lemma H.3,895

›

›

›
I ´

`

RQ´1
˘´1

›

›

›
“

›

›

›

›

›

›

I ´Ca
`

CJaCa
˘´1{2

˜

1
?
θnp

p
ÿ

i“1

CJyi
Cyi

¸1{2

C´1
a

›

›

›

›

›

›

ď κ ¨

›

›

›

›

›

1

θnp

p
ÿ

i“1

CJyi
Cyi

›

›

›

›

›

1{2

¨

›

›

›

›

›

›

˜

1

θnp

p
ÿ

i“1

CJyi
Cyi

¸´1{2

´
`

CJaCa
˘´1{2

›

›

›

›

›

›

ď κ ¨
4κ2ε

σ2
minpCaq

¨ p1` εq1{2 }Ca} ď
8κ4ε

σminpCaq
,

and896

›

›

›

`

RQ´1
˘´1

›

›

›
ď 1`

›

›

›
I ´

`

RQ´1
˘´1

›

›

›
ď 1`

8κ4ε

σminpCaq

Thus, replace δ “ 4κ4ε
σminpCaq

, we obtain the desired result.897

I Algorithms and Implementation Details898

899

In this section, we provide detailed descriptions of our algorithms. First, we introduce the details900

Riemannian (sub)gradient descent method for 1D problem. Second, we discuss about subgradient901

methods for solving the LP rounding problem. Finally, we provide more details about how to solve902

problems in 2D.903

For the purpose of implementation efficiency, we describe the problem and algorithms based on904

circulant convolution, which is slightly different from the main sections. Because our gradient descent905

method works for any sparse promoting loss function (other than Huber loss), in the following we906

describe the problem and the algorithm in a more general form. However, it should be noted that our907

analysis is only specified for Huber loss in the following sections.908

I.1 Riemannian (sub)gradient descent methods909

Here, we consider (sub)gradient descent for optimizing a more general problem910

min
q

ϕpqq :“
1

np

p
ÿ

i“1

ψpCyiPqq, s.t. }q} “ 1,

13Here, for 2D problem, qZ denotes a flip operator that flips a matrix Z P Rn1ˆn2 both vertically and
horizontally, i.e., qZi,j “ Zn1´i`1,n2´j`1.
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Algorithm 1 Riemannian (sub)gradient descent algorithm

Input: observation tyiu
m
i“1

Output: the vector q‹,

Precondition the data by yi “ yi f v, with v “
´

1
θnp

řp
i“1 |yi|

d2
¯d´1{2

.

Initialize the iterate qp0q and stepsize τ p0q.
while not converged do

Update the iterate by

qpk`1q “ PSn´1

´

qpkq ´ τ pkq gradϕpqpkqq
¯

.

Choose a new stepsize τ pk`1q, and set k Ð k ` 1.
end while

where ψpzq can be `1-loss (ψpzq “ }z}1), Huber-loss (ψpzq “ Hµpzq), and `4-loss (ψpzq “911

´}z}
4
4). The preconditioning matrix P can be written as912

P “ Cv, v “ F´1

¨

˝

˜

1

θnp

p
ÿ

i“1

|pyi|
d2

¸d´1{2
˛

‚,

where pyi “ Fyi, so that913

CyiP “ CyiCv “ Cyifv “ Cyi
, yi “ yi f v.

Therefore, our problem can be rewritten as914

min
q

ϕpqq :“
1

np

p
ÿ

i“1

ψpyi f qq, s.t. }q} “ 1. (73)

Starting from an initialization, we solve the problem via Riemannian (sub)gradient descent,915

qpk`1q “ PSn´1

´

qpkq ´ τ pkq ¨ gradϕpqpkqq
¯

,

where τ pkq is the stepsize, and the Riemannian (sub)gradient is916

gradϕpqq “ PqK∇ϕpqq,
which is defined on the tangent space14 TqSn´1 at a point q P Sn´1. Table 2 lists the calcu-917

lation of (sub)gradients ∇ϕpqq for different loss functions. For each iteration, the projection918

operator PSn´1pzq “ z{ }z} retracts the iterate back to the sphere. Let d denotes entry-wise919

power/multiplication, the overall algorithm is summarized in Algorithm 1.920

Initialization. In our theory, we showed that starting from a random initialization drawn uniformly921

over the sphere,922

qp0q “ d, d „ UpSn´1q,

for Huber-loss, Riemannian gradient descent method provably recovers the target solution. On the923

other hand, we could also cook up a data-driven initialization by choosing a row of Cyi
,924

qp0q “ PSn´1

´

CJyi
ej

¯

for some randomly chosen 1 ď i ď p and 1 ď j ď n. By observing925

Cyi
« Cxi

Ca
`

CJaCa
˘´1{2

, qp0q « PSn´1

´

`

CJaCa
˘´1{2

CJa sj rqxis
¯

,

we have926

Cyj
qp0q « αCxi

CapC
J
aCaq

´1CJa s` rqxis “ αCxj
s` rqxis .

This suggests that our particular initialization qp0q is acting like s` rqxis in the rotated domain. It is927

sparse and possesses several large spiky entries more biased towards the target solutions. Empirically,928

we find this data-driven initialization often works better than random initializations.929

14 We refer the readers to Chapter 3 of [47] for more details.
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Choice of stepsizes. For Huber and `4 losses, we can choose a fixed stepsize τ pkq for all iterates to930

guarantee linear convergence. For subgradient descent of `1-loss, it often achieves linear convergence931

when we choose a geometrically decreasing sequence of stepsize τ pkq [48]. Empirically, we find that932

the algorithm converges much faster when Riemannian linesearch is deployed (see Algorithm 2).933

Algorithm 2 Riemannian linesearch for stepsize τ

Input: a, x, τ0, η P p0.5, 1q, β P p0, 1q,
Output: τ ,RM

a p´τPTM∇ψxpaqq
Initialize τ Ð τ0,
Set rq “ PSn´1 pq ´ τ gradϕpqqq

while ϕprqq ě ϕpqq ´ τ ¨ η ¨ }gradϕpqq}
2 do

τ Ð βτ ,
Update rq “ PSn´1 pq ´ τ gradϕpqqq.

end while

I.2 LP rounding934

Due to preconditioning or smoothing effects of our choice of loss functions, the Riemannian935

(sub)gradient descent methods can only produce an approximate solution. To obtain the exact936

solution, we use the solution r “ q‹ produced by gradient methods as a warm start, and solve another937

phase-two LP rounding problem,938

min
q

ζpqq :“
1

np

p
ÿ

i“1

}yi f q}1 s.t. xr, qy “ 1.

Since the feasible set xr, qy “ 1 is essentially the tangent space of the sphere Sn´1 at q‹, whenever q‹939

is close enough to one of the target solutions, one should expect that the optimizer qr of LP rounding940

exactly recovers the inverse of the kernel a up to a scaled-shift. To address this computational issue,941

we utilize a projected subgradient method for solving the LP rounding problem. Namely, we take942

qpk`1q “ r `
`

I ´ rrJ
˘

´

qpkq ´ τ pkqgpkq
¯

“ qpkq ´ τ pkqPrKgpkq,

where gpkq is the subgradient at qpkq with943

gpkq “
1

np

p
ÿ

i“1

qyi f sign
´

yi f q
pkq

¯

.

By choosing a geometrically shrinking stepsizes944

τ pk`1q “ βτ pkq, β P p0, 1q.

we show that the subgradient descent linearly converges to the target solution. The overall method is945

summarized in Algorithm 3.946

I.3 Solving problems in 2D947

Finally, we briefly discuss about technical details about solving the MCS-BD problem in 2D, which948

appears broadly in imaging applications such as image deblurring [13–15] and microscopy imaging949

[3, 16, 17].950

Problem formulation. Given the measurements951

Yi “ AfXi, 1 ď i ď p,

where f denotes 2D convolution,A P Rnˆn is a 2D kernel, andXi P Rnˆn is a sparse activation952

map, we want to recoverA and tXiu
p
i“1 simultaneously. We first precondition the data via953

Y i “ Yi f V , V “ F´1

¨

˝

˜

1

θn2p

p
ÿ

i“1

|FpYiq|d2

¸d´1{2
˛

‚,
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Algorithm 3 Projected subgradient method for solving the LP rounding problem

Input: observation tyiu
m
i“1, vector r, stepsize τ0, and β P p0, 1q.

Output: the solution q‹,

Precondition the data by yi “ yi f v, with v “
´

1
θnp

řp
i“1 |yi|

d2
¯d´1{2

.

Initialize qp0q “ r, τ p0q “ τ0
while not converged do

Update the iterate

qpk`1q “ qpkq ´ τ pkqPrKgpkq.

Set τ pk`1q “ βτ pkq, and k Ð k ` 1.
end while

where Fp¨q denote the 2D DFT operator. By using the preconditioned data, we solve the following954

optimization problem955

min
Z

ϕpZq :“
1

n2p

p
ÿ

i“1

ψpY i fZq, s.t. }Z}F “ 1, (74)

where ϕp¨q is the loss function (e.g., `1, Huber, `4-loss), and }¨}F denotes the Frobenius norm. If the956

problem (74) can be solved to the target solution Z‹, then we can recover the kernel and the sparse957

activation map up to a signed-shift by958

A‹ “ F´1
´

F pV fZ‹q
d´1

¯

, X‹
i “ pYi f V qfZ‹, 1 ď i ď p.

Riemannian (sub)gradient descent. Similar to the 1D case, we can optimize the problem (74) via959

Riemannian (sub)gradient descent,960

Zpk`1q “ PF
´

Zpkq ´ τ pkq ¨ gradϕpZpkqq
¯

,

where the Riemannian (sub)gradient961

gradϕpZq “ PZK∇ϕpZq.

The gradient ∇ϕpZq for different loss functions are recorded in Table 2. For any W P Rnˆn, the962

normalization operator PF p¨q and projection operator PZKp¨q are defined as963

PF pW q :“ W { }W }F , PZKpW q :“ W ´ }Z}
´2
F xZ,W yZ.

The initialization and stepsize τ pkq can be chosen similarly as the 1D case.964

LP rounding. Similar to 1D case, we solve a phase-two linear program to obtain exact solution. By965

using the solution Z‹ produced by Riemannian gradient descent as a warm start U “ Z‹, we solve966

min
Z

1

n2p

p
ÿ

i“1

›

›Y i fZ
›

›

1
, s.t. xU ,Zy “ 1.

We optimize the LP rounding problem via subgradient descent,967

Zpk`1q “ Zpkq ´ τ pkqPUKGpkq,

where we choose a geometrically decreasing stepsize τ pkq and set the subgradient968

Gpkq “
1

n2p

p
ÿ

i“1

qY i f sign
´

Y i fZpkq
¯

.
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