This is the supplementary material for the paper: “Relating Leverage Scores and Density using
Regularized Christoffel Functions”.

A Additional properties and numerical simulations

Monotonicity properties. It is obvious from the definition in (TJ) that the regularized Christoffel
function is an increasing function of ), it is also concave. If p and p are as in Assumption|[T]2, for any
A>0,z€R?

Cxptpn(2) = inf 11 Z2 g + M Fl5c > St 11122 ) + Al F1I5c = Copue(2),

that is, the regularized Christoffel function is an increasing function of the underlying density.

The Christoffel function is also monotonic with respect to kernel choice. For any two positive definite
kernels k and k', we have for any A > 0,

Corpirr < COxpir,

that is, the regularized Christoffel function is a decreasing function of the underlying kernel. Indeed,
for any positive definite kernels £ and k', denote by H the RKHS associated to k and H the RKHS
associated to k + k’. We have 3 C J and || - || < || - |3 [3} Section 7, Theorem IJ.

Overfitting. We are interested in the asymptotic behavior of the Christoffel function as the regular-
ization parameter A tends to 0. This is approximated based on n points using the plug-in approach
in Section[2.4] For a fixed value of n, the empirical measure dp,, is supported on only n points and
the asymptotic as A — 0 is straightforward. For example if Theorem 2] (ii) holds, then we obtain
O(\) outside of the support and 7); at each support point «;, ¢ = 1,...,n. This is because the quality
of approximation of p by dp,, depends on the regularity of the corresponding test functions. Small
values of the regularization parameter A allow to consider functions with very low regularity so
that the approximation become vacuous and the obtained estimate only reflects the finiteness of the
support of dp,,. This phenomenon is illustrated in Figure[3] Hence, when using the proposed plug-in
approach, it is fundamental to carefully tune the considered value of A as a function of n. Theoretical
guidelines for measuring this trade-off are left for future research, in our experiments, this is done on
an empirical basis (we prove below a loose sufficient condition, where A\>n'/2 has to be large).
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Figure 3: Illustration of the overfitting phenomenon. The target density p is represented in red.
We approximate it by dp,, supported on the black dots with corresponding weights 7; proportional
to p(x;), i = 1,...,n. For A = 1073, we use Eq. to compute the corresponding empirical
Christoffel function represented in dark blue.

Monte Carlo approximation: Assuming that fRd p(x)dx = 1, if one has the possibility to draw an
i.i.d. sample (x;),_, ,,, with density p, then one can use 7; = % fort =1,...,n. Our estimators

.....

take the form Cy(z)~! = (k Z,), S+ Ak Z,- , where ¥ is the empirical covariance
5 p

11



operator. Thus, we have:
On) = )7 < [ (bz ), [(E+AD T = (S +AD kG, )|
< kG ZNE +AD ™ = (S 4+ AD ™ op ®
< k(2,2)A7YZ = Zlop -

Since, ||X — XA)HOp is of order n—1/2 (see, e.g., [23])), if A2nl/2 s large enough, then we obtain a good
estimation of the Christoffel function (note that better bounds could be obtained with respect to A
using tools from [6} 2, 28])).

Gaussian kernel: A natural question is whether Theorem [I] holds for the Gaussian kernel
lz—yl

2
k: (xz,y) — e ©  where [ > 0 is a bandwidth parameter. For this choice of kernel, D(\)
is of the order of —1/log()), which decreases very slowly. We conjecture that Assumption fails in
this setting and that Theorem [I]does not hold. Indeed, performing the same simulation as in Section[d]
with a piecewise constant density, we observe that the localization phenomenon no longer holds.
This is presented in Figure @ which displays important boundary effects around discontinuities. For
comparison purpose, Figure 5| gives the same result for Mattérn kernels.
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Figure 4: Estimate of the Christoffel function for the Gaussian kernel, different values of the
bandwidth and a piecewise constant density. The setting is the same as in the experiment presented in
Section[d The behavior at the discontinuities suggest that variations of the density affect the value of
the Christoffel function beyond the local scale described in Theorem |}
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Figure 5: Estimate of the Christoffel function for the Mattern kernel, different values of the parameters
and a piecewise constant density. The setting is the same as in the experiment presented in Section 4]
The behavior at the discontinuities suggest that variations of the density affect the value of the
Christoffel only at the local scale described in Theorem [I]

Illustration in dimension 2:  For illustration purpose, we consider a density on the unit square in
dimension 2 and compare it with the estimate obtained from the regularized Christoffel function
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using the Riemann plug-in approximation procedure. We choose the Matérn kernel with v = 1 and
[ = 0.2 and XA = 0.001. Figure[f]illustrates the correspondence between the true density and the
obtained estimate.
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Figure 6: Comparison between the level sets of a given density (right) and the estimate given by the
empirical Christoffel function with v = 1,1 = 0.2 and A = 0.001 (left). We use the Riemann plug-in
approximation procedure with a grid of 2025 points on [—1.5, 1.5]2. The estimate captures both the
round shape of the level sets in the middle and the squared shape of the support ([—1, 1]?).

B Proofs

B.1 Proof of Theorem/Il

The proof is organized as follows, first we will prove an upper bound on C'y which is of the order
of the claimed equivalent plus negligible terms. In a second step we produce a lower bound on C'y
which is of the same nature. Assumptions|TJand[2]are assumed to hold true throughout this section.

Recall that we have f, = D(\)g, with the notations given in Eq. (3 of the main text. We will work
with z = 0 since the general result can be obtained by a simple translation. We consider p as in
Assumption|l{and assume throughout the section that p(0) = 1. This is without loss of generality
since p(0) > 0, one can substitute p by p/p(0) and A by A\/p(0) and use

= min x)%p(z)dx 2 — min mzp(x)
Cx0) = min [ Feple)ds A1 =p0) pip [ f@PES e+ S ©)

Combining translations and scaling in (O), we only need to show that Cy(0) ~ D(X) when p(0) = 1
and p is continuous at 0.

Upper bound: For any A > 0, f) is feasible for C,(0) in problem and therefore, using

p(0) =1,
0= ([ wrde+ Al + [ 0 - DR
=D+ [ (o) - D (@) (10)
Rd

We only need to control the last term. The result then follows from the next Lemma which proof is
postponed to Section[B.2]

Lemma 3 As A — 0 with A > 0,
[ 5@ (@) ~ 1) dr = o( DY),

Combining (T0) and Lemma[3] we obtain, as A — 0
Cx(0) < D(A) + o(D(N)). (11)
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Lower bound: To prove the lower bound, let £: ¢ — supy, <, [p() — 1|. The quantity ' is non
negative and we have lim,_,q E(t) = 0 by continuity of p. Choosing £()) as given by Assumption|2]
we obtain for any A > 0 sufficiently small, using p(0) = 1,

Cr(0) > inf /| o @

feHo

> inf (1-E (V) /| o J@ra N

feXHo

> inf (1= E((V) ( /| oy S Aufuf) . (12)

We need to control the last term. This is the purpose of the following Lemma which proof is postponed
to Section

Lemma 4 Let ¢ be given as in Assumption[2) then, as A — 0 with A > 0, we have

: 2 2
ot J o FEde ST 2 DO+ DOV,

Combining (12) and Lemma[d] we obtain, as A — 0

Cx(0) = (1= E(e (V) (D(A) + o(D(A))) = D(A) + o(D(A)). (13)
To conclude, combining and (13), we obtain C'x(0) ~ D(\) as claimed.

B.2 Lemmas for Section[B.1]and proof of Lemma I] of the main text

Proof of Lemma (1} Eq. (3) characterizes H and in particular, any function in H is in L? so that

Parseval theorem holds. Furthermore for any f € H, f is in L2(R%) N L*(R?) (see Remark [2 '
Rewriting (3) in the Fourier domain, we have

. )+ A
D(\) = inf 2 / | f(w (j ) ———dw
st. feL*(RYnLYRY
2
R
)
1 .
. 14
a7 L, fes (14)
The space H = { fe L2 RY)NLYRY); [ou q“;)l dw < +oo} endowed with the inner product

q(w)
Fourier transform Problem (T4) can be rewritten in a form that fits Lemma 5] below as follows

D) = inf <f,Mf>j{
S.t. feif{

(f.4), =1, (1s)

where M is the operator which consists in multiplication by (¢ + A). For any f € H, we have
|\Mf||2 A+ 111l oo rey)? ||fH2~ and M is bounded on H. Using Lemma | we get an expression
for the solutlon of the minimization problem in (T4) of the form

flw) = Dy 8

ﬁ <f1, f2> = g fi()fa () Ll@)f2@) 7., is a Hilbert space which is simply the image of ¥ by the
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for all w € R?, where the optimal value D()), ensures that (f, 4) 7. = 1. We deduce the value of

D(\) and get back to 3 by combining Eq. (3) with the inverse Fourier transform of f which leads to
the claimed expression for f. u

Proof of Lemma Let E: t = sup), < |p(x) — 1|. We have lim;,o E(t) = 0 by continuity of p.
Let €(\) be given as in Assumption

| 5@ @) -1 da
_ / £2(2) (plx) — 1) de + / £2(2) (plz) — 1) de
[lz||>e(N)

llzll<e())

IN

oo (Td 2(x)d A 2(x)d
T — /“ oy B BE) /| oy B

A

< Il o /“ oy, B4 BEO)DOY

Using Assumption[2] as A > 0, the first term is o(D())) and the sum is also o(D(A)). This proves
the desired result. |

Proof of Lemmad Consider the surrogate problem, for any A, e > 0,

De()) = inf / g()%dz + Mg
90 Jljo||<e

From Eq. , we have for all g € H,

1 |g(w)[? 1 - 2 2
lolBe = iz [ B> g [ )Py = —— [ gwds, a6)
e Jre dw) 2m)dllco Jra ldlloo Jra
where we have used Parseval identity. Note that ||G||~ is finite since ¢ is in L;. We fix arbitrary
A > 0, € > 0 and denote by B, the Euclidean ball of radius e¢. For any f,g € H, we have using
Cauchy-Schwartz inequality,

2

f(@)g(x)dx
Rd

< [ @ [ (o) < il ol 5 1BclalBe

2
< /B (f(2)2de / (9(2))2dw < 14112 et £33

e B

/B S@(@

Hence both expressions define bounded symmetric bi-linear forms on J{ and there is a semidefinite
bounded self adjoint operator associated to each of these forms. We call the corresponding operators
¥: H — 3 and M. : H — H respectively, they satisfy for any f,g € I,

(f, Dg)gc = / F@)g(a)dr
(f, M.g)s; = /B f(@)g(x)de.

We can apply Lemmaand the solution for D ()) is proportional to §y = (M, + M)~ K and the
value of this problem is ) (0)~! = L o where Ky = k(0, -) € H. Similar reasoning hold for

g and D(X). We have oo
D)™ = De(N) 7 = ga(0) = 2 (0) = (Ko, (S + M)~ = (Mc + M) ™) Ko),,
= (Ko, (2 + M) "N (M = 2) (M + M) Ko) o
= (gxn, Megn)ge — (97, ZGr) ¢

- /|  @nEd
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Hence, we obtain by Cauchy-Schwartz inequality

197(0) — GO = ( /| . gm)m)dx)

g/ gA(:c)Qdm/ gA(x)2d:c.
lz]|>€ Rd
From (16)), we deduce that

1
AD.(\)’

/Rd g3 (@)dx < )|dllsollgallFe = 1dlloe De(N) 21 Al5c < lldlloo
and obtain,

192(0) = GA(0)* < [ldlloc De(N) AT . ga(x)*dx

< @0 De(N) AT D)2 / fa(@)?d.

llzll>e

Now using Assumption [2, we can set € = g()\), so that as A — 0, [gr(0) — Ga(0)2 =
0(De(x)(N)7ID(A) ™) and, using D,y < D(N),

Hence, as A — 0, we obtain BE()\) (A) > D(X) + o(D(\)) as claimed. [ |

B.3 Proof of Theorem 2|

Similarly as in Section[B.1} we assume that z = 0, and there exists ¢ > 0 such that f\lml\<e p(z)dx = 0.
In this case, we have for any A’ such that £(\') < € and any A > 0,

Ca(0) = inf [ F(x)p(w)dz + NI 113
< / p(w) far (2)2d + Al fv |3
]Rd

Sl [ fo)de Xl e
lz]|>e(N\)
< o(D\)X) + (N N)D(X).
Taking X = v/ proves case (i).

Case (ii) in Theorem [2] follows from a simple argument, using the variational formulation in (TJ).
Consider a C*° function which evaluates to 1 at 0 and to 0 outside of the ball of radius € centered
at 0. Call this function f.. This function is feasible for problem (1) for any value of A and hence we
have C\(z) < A||fel|g¢, for all A > 0. Note that it follows from Eq. (3) that || fc |3 must be finite

since f. is C'°° which implies that f is decreasing to O faster than any polynomial at infinity and our
added assumptions on the kernel imply that f. is in 3.

B.4 Proofs for Section
Proof of Lemma (i): Lemmaprovides an analytic description of D()\) and a characterization of
the solution f. We prove the asymptotic expansion of D(\) as A — 0. We have

1

RS YR
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and hence, denoting by R, the polynomial P — @ which is of degree at most 2s — 1, for any = € R9,

() = ! / L dw
P =G fea THAP@))
B A—4/(2s7) / i/ I T (u\1/ (257
@m)d Jraq 4 ()\%R(w) + Q(wAl/@S'y)))

A (257) g,

\—d/(2s7) ei@x™/ )Ty
- / : —dw. (17)
(2m) Rd1+(A?R(w)\ Y @2s7)) 4+ Q(w ))
We deduce the following
A\—d/(2s7) 1 1
92(0) ~ A=Y go| = / - o
277) R4

()\ R(wA=Y/27) + Q(w )) L+ (Q(w))”

A—4/(2s7) / ()\%R(W/\_l/(%w) + Q(W)) - (Q(w))’y
(2m)4  Jga (1 + (A%R(wklﬂm)) + Q(w))ﬂy> (1+(Qw)))

A~/ (257) ¥ ()\%R(w)\_l/@”)) + Q(w))'yil )\%R(w)\—l/(zsy))
(2m) /]Rd (1 + (A%R(w/\—l/(zsv)) T Q(W)Y) (14 (Qw)))
(18)

where we have used the fact that for any z,y > 0, (x +y)? < v(z + y)? 'z + 3 which is a direct
application of Taylor-Lagrange inequality. Now consider a constant, M, as given by Lemmalgsuch
that

dw

dw,

R<MQ1+Q™ ).
We have for any A > 0 and any w € RY,
A R(wAY ) < M (AT 4 AT QA @)
=M ()ﬁ + A% Q(w) 2‘2:1)
= M= (A% + Q(wf;;l)

2s—1

< M2FTE (A 4 QW)

)

2s5—1

< M2EATT (M R@A V@) + Q) T (19)

where we have used Jensen’s inequality and the fact that R > 1 from Assumption [3]for the last two
identities. Combining (I8) and (I9), we obtain for any A > 0

R
L M2 (A R@AE) + Q)

ga(0) = A=Y Mg ‘ < AT / dw.
(BT Jas (14 (A R@A1/7) + QW) ) (1+ Q)
(20)
A standard computation ensures that for any z > 0
=25 2l 1*ﬁ vy lfﬁ
V2 :(x) S(1—1—36) :(1+xV)*ﬁ§1. @21
1427 1427 1+ a7
Combining (20) and (21)) we obtain for all A > 0,
—a M~y23s 25 1
g (0) = A"H @ | < A5 / dw. (22)
’ 2m)? Jra (L+(Qw))7)
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In particular, we deduce from (22) that

1 s N
LI 95(0) = goA~4 ) 1 QA= D/ 27y,
Ao

40

So that D()\) = A(1+d)/(257) which is the desired result.

Proof of Lemma(ii): We verify that the choice of p € N* ensures that 2p € [2s7,4sy). Indeed, if
sy > 1, we have by definition of the upper integral part that 25y < 2p < 25y + 2 < 4svy. If sy < 1,
we have p = 1 and 2sy > d > 1 so that 2sy < 2p = 2 < 4s7. We deduce from Lemma ] that there
exists a constant N such that for any w € R% and A > 0,

0% (w)
3w?p
Hence successive derivatives of §y are in L'. Differentiating under the integral sign for the Fourier

transform ensures that differentiation in the Fourier domain amounts to multiplication by a monomial
in the space domain, we obtain the following bound:

< NAGA(w). (23)

1 9% (w)
2p gx
sup |27 ga(z)| < /
sER? o (@)l (2m)d Jpa| wiP
Evaluating the inverse Fourier transform of gy at 0, using (23), we have for any A > 0
N
2p
sup |27 gA(2)] < =5
z€R? ‘ ! ( )| D(A)

and

sup [2%° fo(2)] < NA.
rcR4

The choice of z; was arbitrary and similar results hold for all coordinates. We deduce that there
exists M7 > 0 such that for all z € R and A\ > 0

N s le)*
r)—————— < My ———.
DO e = M T e

Note that the right hand side function is integrable since 2p > 2sy > d. We have for any [ > 0 and
A€ (0,1),

/ By A gy s A / B> [ B
S U T e I AP C I PV 2 Jigen

Combining the last two inequalities, we obtain
/ f3(z)dx < MaX2—8PL,
llzll = At

for some constant My and any A € (0,1). Choosing | < (1 - %) /(8p) ensures that

2 —8pl >1+ % and hence \2787! = o(AD())), using Lemma(i). This is the desired result. B

C Additional Lemmas

Lemma 5 Let H be a complex Hilbert space with Hermitian form (-,-) ;, let M: H — H be a
bounded Hermitian invertible and positive operator and let w € H. Then

1
I i M
(u, M—1u) 4 vedl (@, M)y

st (z,u)y =1,

. . . -1
and the optimal value is attained for xo = W%fl’:w
) H
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Proof For any y € H, we have
(y, My) g = (y —xo + 20, M(y — x0 + 20)) gy
= (y — w0, M(y — x0)) g + (w0, Mxo) y + (y — w0, Mxo) iy + (Mo, y — o)y

= (y — w0, M(y — x0)) g + (1+(y —zo,w)py + (u,y — o) )

(u, M=)
1
Zm@*<y*$oaU>H+<U7y*T/0>H)- (24)
Now assume that y is feasible, that is (y,u); = 1, since zo is also feasible, we have

(y —xo,u)y = (u,y —xo)y = 0. This observation combined with the last inequality .
concludes the proof.

Lemma 6 Let P be a 2s-positive d-variate polynomial as given in Definition [2| and let Q be its
2s-homogeneous part. Let T' be a d-variate polynomial of degree at most t € N. Then there exists a
positive constant M such that

TgM(HQi)
T < MPz.

Proof Consider the following quantity

[wlloo
max —,
weRL, w#0 Q(w) 2s
Note that, this quantity is well defined because the objective function is homogeneous of degree 0,
which means invariant by positive scaling. Furthermore, we have for all w € R, that |Jw||s <

M;Q(w) 2. Now consider any monomial of the form w? for some multi index 8 € N%, with || < ¢,
we have for any w

M, =

(25)

181

W] < ) < MPQ) * < M (14 Q)F)

Since 7' is of degree at most ¢, this must hold for all the monomials of 7T". The first result follows by a
simple summation over monomials of degree up to ¢. The second result follows similarly by using

Iﬁl \B\

] < il < M71Q)F < M P(w)= < My IP(w)#,
where the last inequality holds because P > 1. |

Lemma 7 : Faa di Bruno Formula. Let f: (0,+00) — R and g: R? — [1,400) be infinitely
differentiable functions. Then we have for any n € N*

n 18]
é;‘;,ffog@:) = 3 () [T 2 @),

| B
mell Bem 6561

where 11 denotes all partitions of {1, ..., n}, the product is over subsets of {1, ... ,n} given by the
partition w and | - | denotes the number of elements of a set. We rewrite this as follows

- (*) 9'%lg
@)= % M) [ b )

k=1 mell, Bern 0 ‘1
where 11, denotes all partitions of size k of {1,...,n}.
Proof This is a special case of the result stated in [15, Propositions 1 and 2]. |
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Lemma 8 Let P be a 2s-positive d-variate polynomial as given in Definition 2|and let v > 1 and
m € N*. Then there exists a positive constant M, such that
am

PY < M,, P73,
oz =

Proof We apply Lemma([7|with f = (-)” and g = P. We fix k € {1,...,m}, and 7 a partition of
{1,...,m} of size k. The i-th derivative of P is a polynomial of degree at most 2s — i. Hence the
quantity

olBlp
1%

|B|
Bem 8$1

is a d-variate polynomial of degree at most 2sk — m, because 7 is of size k and ) 5. |B| = m
since 7 is partition of {1, ..., m}. Using Lemma@, there exists a constant M such that

B
11 L;(:c) < M, PF 3,

Ben 8'1:1
Using Lemma([7] we have
om ™ " . 17 OB
a7 =2 2 (ITo=a ) P 1] 2=
Oxy . az!B!
k=1mell \i=0 Ben 1
m k—1
<> [Tle—a|prrarpis
k=1mell, |i=0
m k—1
=235 5 i)
k=1m€ll, | i=0
which is the desired result. |

Lemma 9 Let P be a 2s-positive d variate polynomial as given in Definition[2land let v > 1. For
any integer n € [2s7y,4s7v) , there exists a positive constant N, such that for any X > 0,

o 1 < ANy
Ozt \14+APY) = 1+ APY’

Proof We fix n € N* and A > 0. We apply Lemmawith frxm and g = P, we obtain

1+)\z
" ( ) 1 )\kH 1(=1) d1Blg
ozt \1+ AP ; ; L+APY (14 APF Bl;[wax‘lBl )

Applying Lemma 8| we obtain constants M7, . .., M, such that,

o PN
i (1737) X Xt ey L

Benm
Nk
= Z > I Mgy
k=1 melly 1+AP’Y 1+)\P’Y Bem
AZov /\P7
- Z S A 1T M,
1+/\P7k 1 welly 1+)\P’7 Ben
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A standard computation gives for any = > 0 and k£ > 2, using the fact that 2’;—7 <2,

k— =T —
T B (I42)" 2 o
< =(1 2y < 1.
AToF S (gop ~UHa)77s
For k = 1, we have
1_n
w < )\1—%7
(I+APY) —
because 1 — % < 0and P > 1. We deduce that

n

a" 1 AM, A2y

Py < = K TT M.

8x;l(1+,\Pv>—1+,\pw+1+prZZ I M5
k=2 mwell Ben

This is the desired result since none of the constants depend on A and n > 2s+ so that the leading
term in the numerator is O(\). [ |
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