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1 The Estimator f*

Given the sample size n, define an amplification parameter t > 1, and let N ~ Poi(nt) be the
amplified sample size. Generate a sample sequence XV ! independently from p, and let N/ denote
the number of times symbol x appeared in X ". The empirical estimate of f(p) with Poi(nt)

samples is then
// N//
N
PN =Y, ( N/,) .

TEX
Our objective is to construct an estimator f* that approximates f (X ”) for large ¢ using just
Poi(2n) samples.

Since N sharply concentrates around nt, Section shows that fZ(X™N") can be approximated by
the modified empirical estimator,

/ N”
ME XN dEf
I E fa 7nt
zeX
where f,(p) def fo(1)forallp > 1and z € X.

Since large probabilities are easier to estimate, it is natural to set a threshold parameter s and rewrite
the modified estimator as a separate sum over small and large probabilities,

PN =S (N) et S/ (N) o

reX zeX
Note however that we do not know the exact probabilities. Instead, we draw two independent sample

sequences XV and X' from p, each of an independent Poi(n) size, and let N, and N/, be the
number of occurrences of z in the first and second sample sequence respectively. We then set a
small/large-probability threshold s and classify a probability p, as large or small according to N.:

" ’ def NN
FHE(XNT XN Z fa (t> I <s,
zeX
is the modified small-probability empirical estimator, and

ME [y N"' N def N”
XN X S fe =) Ingss

nt
zeX
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is the modified large-probability empirical estimator. We rewrite the modified empirical estimator as
JUEXN") = FUE(XNT XN') o pHE(XN XN,

Correspondingly, we express our estimator f* as a combination of small- and large-probability
estimators,

PN XN (XN, XN (N, XY,
The large-probability estimator approximates fYE(XN" X N'Y as
* 7y def / T
O XY = S () 1o

Note that we replaced the length-Poi(nt) sample sequence XV by the independent length-Poi(n)
sample sequence X V. We can do so as large probabilities are well estimated from fewer samples.

The small-probability estimator f5(X ™, XN") approximates f¥E(XN" XN") and is more involved.
We outline its construction below and detalls can be found in Section [§] l The expected value of fME
for the small probabilities is

B XY = 3 Bl B [fm (N)} |

Let A\, et np, be the expected number of times symbol 2 will be observed in XV, and define

w0 = 1 (2) (7))
w[r ()] = S Ol () = S .

v=0

Then

As explained in Section[8.1] the sum beyond a truncation threshold

def
Umax = 250t + 289 — 1
is small, hence it suffices to consider the truncated sum

—A usz( -z (t—1) (t_]')) gx(v)

v!
v=1

Applying the polynomial smoothing technique in [22]], Section[8.2]approximates the above summation

by .
e " he oA,

v=1

where
(umax/\'U )v,u . v+u ’I’j
haw = (t —1)" Z U_ulul I—e ZF ’
u=1 =0

and

r ¥ 1050t + 10s0.

Observe that 1 —e™" Z;’Jrg 7; is the tail probability of a Poi(r) distribution that diminishes rapidly
beyond r. Hence r determines which summation terms will be attenuated, and serves as a smoothing
parameter.

An unbiased estimator of e=*+ "> | b, , AU is

> hawv! - In,—y = han, - Nal.
v=1
Finally, the small-probability estimator is

f;‘(XNvXN,) = Z he N, - Na!- ]lNéﬁso'

zeX



2 Smooth properties

Theorem 1 holds for a wide class of properties f. For h € (0, 1], consider the Lipschitz-type

parameter
def max ‘fm(u) _ fm(v)|

T w,we€l0,1]:max{u,v}>h |U — 7}| ’

and the second-order smoothness parameter, resembling similar approximation-theory terms [17, [18],

fr(u);fr(v) 1 (U;U> ‘}

max
z  w,wel0,1]:lu—v|<2h

We assume that f satisfies the following conditions:

e Vxe X, f.(0) =0;
e (;(h) < polylog(1/h) for h € (0,1];
. o.)]%(h) <S¢ - h for some absolute constant Sy.

Note that the first condition, f,(0) = 0, entails no loss of generality. The second condition implies
that f, is continuous over [0, 1], and in particular right continuous at 0 and left-continuous at 1.
It is easy to see that continuity is also essential for consistent estimation. Observe also that these
conditions are more general than assuming that f, is Lipschitz, as can be seen for entropy where
fz = xlog z, and that all seven properties described earlier satisfy these three conditions. Finally,
to ensure that L, distance satisfies these conditions, we let f,(p.) = |pz — ¢z| — ¢x. Observe also
that these conditions are more general than assuming that f, is Lipschitz, as can be seen for entropy
where f, = zlog .

For normalized support size, we modify our estimator f* as follows: if k& > n, we apply the estimator
f*,and if £ < n, we apply the corresponding min-max estimator [14]. However, for experiments
shown in Section[I0] the original estimator f* is used without such modification.

Table below summarizes the results on the quantity £ (h) and .Sy for different properties. Note that
for a given property, ¢;(h) is unique while Sy is not.

Table 1: Values of £¢(h) and S for different properties

Property fo(Pz) y(h) St

KL divergence P log z—: — mingex log(hg,) log2
L, distance |Pr — @zl — ¢z 1 1

Shannon entropy pa log é —log(h) log 2
Power sum (a) pe(a>1) 1 a

Normalized support coverage % 1 1

Distance to uniformity e — 3| - % 1 1

For simplicity, we denote the partial expectation Ey [X] f E[X1y], and a A D f min{a, b}.

To simplify our proofs and expressions, we assume that the number of samples n > 150, the
amplification parameter ¢ > 2.5, and 0 < € < 0.1. Without loss of generality, we also assume that s,
Umax and r are integers. Finally, sett = ¢y logl/ 2=¢p+1and S0 = C2 log26 n, where ¢; and ¢y are
fixed constants such that 1 > ¢q,ce > 0 and ¢1,/ca < 1/11.

3 Outline

The rest of the supplemental material is organized as follows.

In Sectiond.] we present a few concentration inequalities for Poisson and Binomial random variables
that will be used in subsequent proofs. In Section we analyze the performance of the modified
empirical estimator fMF that estimates p,, by N, /n instead of N, /N. We show that fM£ performs
nearly as well as the original empirical estimator f¥, but is significantly easier to analyze.



In Section we partition the loss of our estimator, L ¢« (p, nt), into three parts: E[A?], E[B?], and
E[C?], corresponding to a quantity which is roughly L ;= (p, nt), the loss incurred by f7, and the loss
incurred by f§, respectively.

In Section[6} we bound E[A?] by roughly L ;= (p, nt). In Section[7} we bound E[B?]: in Section|7.1]
and , we bound the squared bias and variance of f] respectively.

In Section we partition the series to be estimated in E[C?] into Ry and K, and show that it
suffices to estimate the quantity K. In Section we outline how we construct the linear estimator

/& based on K. Then, we bound term E[C?]: in Section and we bound the variance and
squared bias of f§ respectively. In Section we derive a tight bound on E[C?].

In Section[9} we prove Theorem 1 based on our previous results.

In Section [I0} we demonstrate the practical advantages of our methods through experiments on
different properties and distributions. We show that our estimator can even match the performance of
the n log n-sample empirical estimator in estimating various properties.

4 Preliminary Results

4.1 Concentration Inequalities for Poisson and Binomial

The following lemma gives tight tail probability bounds for Poisson and Binomial random variables.
Lemma 1. [24)] Let X be a Poisson or Binomial random variable with mean p, then for any § > 0,

5

m
P(X > (14+6)u) < <(1+§)(1+5)) < e (6%A8)n/3

and for any § € (0, 1),

e a 2
P(X <(1—-0)p) < <(1_5)(1_5)> <e o,

We have the following corollary by choosing different values of 6.
Lemma 2. Let X be a Poisson or Binomial random variable with mean p,

]P’(X < %M) < e—O.lsu’ ]P’(X < %M) < e—O.SOu’

1 1
P(X < gu) < 6_0'478“, and P(X < 17611) < 6_0'76M.
Lemma 3. Let N ~ Poi(n),

Proof. For N > 1,
n 3n

n
N=N+1 (N+1D(N+2)

hence,

3n

Al ROy

N>1
N+1| —

N21]

<&\ v+ [
:MNzu+%MN2ﬂ

3
<1+4°,
n

where the second inequality follows from the fact that ﬁ and M% decrease with N and
the equality follows as N ~ Poi(n). O



4.2 The Modified Empirical Estimator

The modified empirical estimator
N,
ME Ny _ Z z
reX

estimates the probability of a symbol not by the fraction N, /N of times it appeared, but by N, /n,
where n is the parameter of the Poisson sampling distribution.

We show that the original and modified empirical estimators have very similar performance.

Lemmad4. Foralln > 1,

& /n)

E[(FF(™) - pEe)*] < L

Proof. By the definition of £;(h), if N, > 1,

N, N, 1 N, N, 1\ N, [N —n]
x|\ — I SE - — = — =4 - ~r
H(G)-m (R0 (G) - %0 () 55
andif N, =0,
N, N, 1\ N, [N —n|
() (%) mosn () 55
Therefore,

2
1\ N, |N —n]
. <Z€f(n)wn )
TeEX

(o () 2

&
N
™
g
7N
N———
o~
VRS
=|z
N—
N————

[ V)
IA

where the last step follows as N ~ Poi(n) and E [(N — n)?]| = Var[N] = n. O

S Large and Small Probabilities

Recall that f* has the following form
PN, XN = pax N XN 4 x N, XN,
We can rewrite the property as follows
F(p) = f(p) = E[fM (X)) + ELFEF AN, X))+ (XY, XN

The difference between f*(X ™, XN') and the actual value f(p) can be partitioned into three terms

XN, XN) — fp) = A+ B+ C,
where

def "
AZ E[fXN) — f(p)]

is the bias of the modified empirical estimator with Poi(nt) samples,

def * ’ " ’
B= fr(XN, XY —E[fA(XY, X))



corresponds to the loss incurred by the large-probability estimator f;, and
def .4 / " ’
C= fo(x™, X)) —E[fFF(XY, X))
corresponds to the loss incurred by the small-probability estimator f§.
By Cauchy-Schwarz inequality, upper bounds on E[A?], E[B?], and E[C?], suffice to also upper
bound the estimation loss L ;- (p, 2n) = E[(f*(XN, XN') — f(p))?].

In the next section, we bound the squared bias term E[A?]. In Section E] and Section we bound the
large- and small-probability terms E[B2] and E[C?], respectively.

6 Squared Bias: E[A?]

We relate E[A?] to L& (p, nt) through the following inequality.
Lemma 5. Let T be a positive function over N,

E[A?] < LT(”)@ <1> + <1 + T(ln)> Lye(p,nt).

nt nt

Proof. We upper bound E[A?] in terms of L& (p,nt) using Cauchy-Schwarz inequality and

Lemma [l )
E[A%] = (Z (IE: [fx (n‘; —h(m)))
(S Eb6)

zeX

<o (5 (o ()] -2 () (1)
< 1+n71;(n)€§ (nlt) + (1 + T(ln)> Ly (p,nt).

7 Large Probabilities: E[B?]

Note that
E[B? = E[(f1 (X", XN —E[f2=(xXN", xV)])?
= Bias(f;)* + Var(f7),
where
Bias(f7) < E[ff (XN, XN') — fHE(xX N X))
and

Var(f3) < E[(f1 (XY, X)) — E[fr (XN, XV

are the bias and variance of f; (X~ XN') in estimating E[fME(XN", X N')], respectively. We shall
upper bound the absolute bias and variance as

1 k 1

|Bias(ff)| < \/(8Sf)2 <50 A n) + 605 (;t) o
1\ 4

var(f) < 6 (7) 2

in Section[7.1)and Section[7.2]respectively. It follows that
Lemma 6. Fort > 2.5 and sg > 1,

and

n

E[B?] = Bias(f1)* + Var(f1) < (8S5¢)* <1 A k) + 10@ (115) "
S0 n n n



7.1 Bounding the Bias of f}

To bound the bias of f}, we need the following lemma.

Lemma 7. [25|] For any binomial random variable X ~ B(n,p), continuous function fo, and

p €[0,1],
o (2)] -] 2o (f252)

Recall that wj%(h) < Syh from our assumption.
Lemma 8. Forn > 150,

‘EN>1 {fz <]f> —fo (pz)} ’ < (;) \77, +3. 065,«\/»

Proof. Noting n > 150, it follows from Lemma [3|and Lemma [6] that

’JEN» [fm (]X) 3 <pw)} ’ < ’EN» [fx (JZ) — (]]Vv,ﬂ ’ ; ‘]EN>1 [fm (Z]VV ) f. <pm)] ’

ol e
< ()ﬁlﬁms}c\/ﬁ XfNZl]
§€f<71l>\pf+3065f\/>

The next lemma essentially bounds the individual bias term for each symbol z.
Lemma9. Fort > 2.5,

e 5) (o v (3)
Proof. Using Lemmalg]
()0 ()]
o () ) Q)0 () )
<[Br [ 22 (52) = 2000 | B 10 ) = 1 (55 ) || 2y (1 ) moe
< 5Sf\/§+ 1.65¢; (;t) p—\/%,

where the last step follows from £; (L) < ¢; (), e™ < /n,and t > 2.5. O

n

Finally, the next lemma bounds the absolute bias of f;.
Lemma 10. Fort > 2.5 and s > 1,

k
|Bias(f7)| < \/ (8))? (1 A n) + 662 (;) L




Proof.

|Bias(f7)| = |E

[Z o (52 B = L Bl | £ (Zt)ﬂ ‘

reX zeX

ST E[, 5s] [E {fw (ff) e (NW

reX

> B[y, > <5Sf\/p7+ 1.650¢ ( ! ) f)

zeX

[5SfZ1E11N >SU]@+165@<1>I

reX

\/>5Sf\/ZE]1N>sO ZEﬂN>éo]pw)+165€f<1>\/>

reX zeEX

(e) /1 1 1
< — 1.65¢ —
5Sf /\ + 65 f< t) \/ﬁ
(f) 1 k 1 1
< 2 2 _
< \/(SSf) <80 >—|—6€ (nt)

where (a) follows from triangle inequality, (b) follows from Lemma@ (c) follows as )y px =
1and E[ly,>s,] < 1, (d) follows from Cauchy-Schwarz inequality, (e) follows from Markov
inequality, i.e., E[ln,>s,] = P[N, > s¢] < nps/so and Y owex E[ln,>s,] < k, and (f) follows
from the inequality a + b < /2(a? + b2). O

—

a)

IN

—~
o

)

IN

—
INe

IN&

7.2 Bounding the Variance of f}

The following lemma exploits independence and bounds the variance of f}.
Lemma 11. For s > 1,

Var (1) < 2 (;) o,
Proof. Due to independence,
Var fL = Var <Z fa:( >1N’>so>
reX
- () 1)
reX
Z Var ]lN/>so)E |:f2 < >:| Z (E[]IN;>50D2V&r<fz <M>)
zeX zeX n

< ;{VGT(HN;»O)]E {fﬁ (]\f)] +;Var<fz (%))
53 ()]

To bound the first term,

N,
Var(In;ss,)E [f;f (nﬂ < Var(Ly; >s,)E

1 @
< E?» <n> % (1 + nszar(]lN;C>so)) )



where Lemma [2] further bounds the final term by
Var(Ln:>s0)pe < PN, < s0]ps

= Z (o) i+ 1

; !
—~ (i+1)! n

i+1

IN

SO"‘1 —NPy - (npw)
e

22 (i + 1))

1

0 < N < s+ 1)
n

50+1

n

<

To bound the second term, let Nm be an i.i.d. copy of N, for each z,
2Var<fm <N””>) Var(fz <N>)

n n

N,

n
<E|e (1) (Nw_N>
n n n

LY\ pa
=207 (=) =
dok
A simple combination of these bounds yields the lemma. O
8 Small Probabilities: E[C?]

As outlined in Section[I] the quantity to be estimated in C'is

E[fF(XN, X)) =) Ellw, <s0|E [fx </>} ZMN <50 Z e t(A £ ()

reX v=1

We truncate the inner summation according to the threshold u,.x = 250t 4+ 259 — 1 and define

ot Umax _ )\ t
Kf = ZE[]leSSO] Z Ao t( ) fz( )
reX v=1
and
def - —aut (Aat)” v
Ry 3 Bl Y e ML (),
reEX V=Umax+1
then,

E[f§* (XN, X)) = Ky + Ry.
The truncation threshold w,y .y is calibrated such that for each symbol z,

Umax

3 e t(/\ t) 1, (7)

v=1
contains only roughly log(n) terms and Rfc is sufficiently small and contributes only to the slack

term in Theorem 1, as shown in Lemma In Section[8.2] we shall thus construct f5(X N, XN') to
estimate K ; instead of E[f¥E(XN" X N')].



Analogous to Section[7] define

Bias(f5) © E[f5(X"N,XV) - K/]
and
Var(f5) € E [(fs(XN XN —E[f(xN, XN
N

as the bias and variance of f§(X ) in estimating K ¢, respectively, it follows that

E[C*] = E[(f (XN XN — B[N, X))
{ FR(XN xN') — (Kf+Rf))2}
= Var(f$) + (Bias(f5) — Rf)2

< Var(f&) + (1 + logn) (Bias(f%))? + (1 + 10;1) R3.

We shall upper bound the variance and squared bias as

2
Var(fs) < (nAk) (Ef < 1 ) um‘”‘) GAr(t=1)

nt nt

Bias(f$)? < 1/\k—2 e 40t g2 1
S/ = n? F\ nt

in Section [8:3]and Section [8.4]respectively. It follows by simple algebraic manipulation that
Lemma 12. For the set of parameters specified in Section ifciy/c2 < 1/11, ¢t > 2.5, n > 150,

and1 < sy < logo‘z(n),
2
B2 <132 (1n " I log ny
n nt €0-6s0

8.1 Bounding the Last Few Terms

and

‘We now show that Rfc is sufficiently small and only contributes to the slack term in Theorem 1. The
key is to divide the sum into two parts and apply Lemma 2] seperately.

Lemma 13. Forn > 150, 1 < s < logo'2 n, andt > 2.5,

R} < (7.1(1 A S)zf (i) e~ 0350 10g(n)>2 + (;;)_18@ (i)f

Proof. Recall that u,.x = 259t + 250, we upper bound the absolute value of R as

Y3y el ()

zeX u=0v=2s0t+2s¢

<Y 3 el

!
TEX utv=2s0t+2s0 (u+v)!
250t + 250\ U+ 0 o~ (u+v 1 \“/ ¢t \"
K I —
( f ( nt ) nt ) uz:;) u t+1 t+1

o] B e )\act+1 u+v
D e e

X utv=2s0t+2sg

250t + 250\ u+v 1
l P(B — <
(f( nt ) nt ) ( <u+v7f+1)80)

() B e s o LY <)

zeX utv=2s0t+2sgp

|Ry| =

10



For u + v > 2s0t + 259, Lemma[2]yields

P(B(u+tv Ly o s0) < e-O1BHO/(41) < =0.350
t+1/) — - -

Truncate the inner summation at v + v = 5(t + 1) log n and apply the above inequality,
5(t+1)logn

TS e (Azgiilv)))!““ “;t”p (B (u + v, Jlr 1) < 50>

zEX ut+v=2s0t+2s9

5(t+1)logn
5(t+1)logn o038 (tany At + 1))
LG R S B

n (u+v)!

rEX utv=2s0t+2sgp

5(t+1)logn _g 34 _
(n%e 0.3s0 Z IP(POI()\I(t + 1)) > 2sot + 230)

zeX

5(t+1)logn _g,
S e 0 Z (1A X)

reX

< 7<1 A k)eo‘?’s“ logn,
n

where the second last inequality follows from the Markov’s inequality and the last one follows from
Y wex Az =nand |[X| = Fk.

Foru+v > 5(t+1)logn + 1, Lemrna 1<s5< logo'2 n, and n > 150 together yield

u—+v
t+1

1 —0.76x5logn 1
]P’<B<u+v,t+1>§so>§e g Sﬁ'

It remains to consider the following partial sum.

= Mg (t 4 1))ty 1
Z Z 37’\“'(“1)( (t+1) "t (R u+v, —— ) < $o
(u+v)! nt t+1

r€X utv=>5(t+1) logn+1

1 1 S iy Azt 1)) H

>5logn > 16log0'2 n > 16sg

and

!
TEX udv=5(t+1) log n+1 (u+o)!
11
< REX Z Az(t+1)
TEX
< 1.4
= ﬁa
where the last inequality comes from ) _, A\, = n and ¢ > 2.5. The lemma follows from
Cauchy-Schwarz inequality. O

8.2 Estimator Construction for Small Probabilities: f§

According to Lemma([I3] it suffices to estimate

Umax )\m u
Kp=Y E[ln,<sl Y, e_m%fm (%) '

reX u=1

s = £ (2) (+5)

11

Recall that



we can rewrite Ky as

= Ao (t — 1))
Kp= Y Bl ce Yo eeeon Rl )

u!
reX u=1

Let - o
def (_1)zyz+u
= Jou(2 = —
where Jo,, is the Bessel function of the first kind with parameter 2u. Our estimator is motivated by
the following equality.

Lemma 14. For any v € Z%+ and y > 0,
oo
/ e~ “a" fu(ay)da = e Yy".
0

Proof. By Fubini’s theorem and the series expansion of f,,

oS} P _ OoefaauooMa
/O e “a fu(ozy)da—/o ;) (@) (i + 2u)! !

— (_1)i(y)i+u /OO e—aai+2uda.
0

2 (@) (i + 2u)!

Observe that the integral is actually I'(¢ 4+ 2u + 1) and equals to (i + 2u)!,

o~ (D W)™ [ o e, = (D))
X ey < = X 20
o -1 i i+u
:Z%
i=0
— e Yyt

Therefore, let

he(Ae) < Amumxg’”(u)( T eeatu(an(t - 1 d),
e 3 B ([ et uant - D)o

We can rewrite

Kp=Y E[ln,<elha(Xs).
reX

We apply the polynomial smoothing technique in [22] and approximate h,(y) by

Umax

o) e 37 ([T, oo - 1)da).

u=1

where 7 is the polynomial smoothing parameter defined in Section|[I}

We now expand i%()\m) as a product of e~*+ and a power series of \,.
Lemma 15. Fort > 2.5,

ha(Xa) = €72y o AL,
v=1

where
(UmaxAV) _ vtu
_ v go(u)(=1)"7" e
haw=(t—1)" > (o)l l1—e Zﬁ
u=1 7=0

12



Proof. By Fubini’s theorem and the series expansion of f,

T Y Ut
| et ton == [erary d

= (@(+2u)
R e O (e ) L A
_z‘:o (@1 (i 4 2u)! Ae ' da

) 711’)\11571 itu 7ri+2u7'j
I S P

gl

Hence,

ha(ha) = e 3 9e0) ( [ eeartitanste- 1>>da)

u=1
e RF ge(0) g G O 1) N
=T | et
u=1 u i=0 v j:O‘]

I P S (1 IR EA |
=y (-7 Y] To—w \17E Do ||
v=1 j

u=1
oo
=e > hy o\
v=1

An unbiased estimator of iz (\,) = e~ S oo hawAl is
oo

> hewt! Ay, —y = han, - Na.

v=1

Our small-probability estimator is thus

FE(xN, XN = Z ha N, Nzl Inj<so-
TeEX

In the next section, we show that the connection between h () and hg () leads to a small expected
squared loss of f§.

8.3 Bounding the Variance of f3

First we upper bound the variance of f§ in terms of the coefficients h ,,.
Lemma 16. The variance of f§ is bounded by

Var(fg) < (nAk) max max h2 v!?.
xE v ’

Proof. First observe that independence and Var[X] < E[X?] imply

Var(fg) = Var(z Z b w0 I, =y IN7 <o)

rzeX v=1
= Z Var(z hx,v'U!]le:v]lNégso)
reX v=1
S Z ]E[(Z hx,vv!]llev]lNégso)ﬂ-
reX v=1

13



Note that 15, -, 1 5,—, = 0 for any u # v, we can rewrite the last summation as

00
Z E Z z, vU' ]lezv]lN;SSo] S ma)){(mfux hi,vU!QE[Z Z ]lezv]lNa’ESsO]

e
zeX v=1 rx€eX v=1
o0
< max max h2, 'QE[E E In, =0
rzeX v
rxeX v=1

< (n A k) max max h2

zeX ’1 ’

where the last inequality follows from Y~ > 7, In,—, < N Ak and E[N] = n. O
The following lemma provides a uniform bound on |h, ,v!|, which, by Lemma is sufficient to
bound the variance of f§.
Lemma 17. Fort > 2.5,

nt

1\ u _
|ha,o0!| < Lf <nt> Umax or(t—1)

Proof. From the definition of g, (u),

|he wv!| < ( )e" (ulfzm Igt )[v! i ﬂ
v (v —u)lu! 4!
u=1 Jj=v4+u+1l
(umax/\'U) u v 0o ,r.j
=e " o (— ) [t — 1) —
2 Gl () 25
u=1 j=v+u+l
, 1 U (UmaxAV) v 00 ’I“j
< max ~—r tu t—1 v—u o
f(nt) e 2 =D (u)z ;!
u=1 j=v+u+1
1 u (umlx/\v)
max _r u
<t ()= 2 5 5 (D)re-n
Jj= 'u+2 u=
For t > 2.5, the binomial expansion theorem yields
(UmaxAv) "
> ( )t“(t— DY < (2t —1)°.
U
u=1
Combining the above inequality with the previous upper bound,
1\ u =
| L max —p o _ v
| 00| < £ <m> e D 7@ =D
J=v+2
1\ Umax _, o= ((2t —1)r)?
<0, =) mmax,-r AL
= (nt> nt © Z ;!
J=v+2
1 Umax _ - ((2t7 1)T)J
< | =) mmax NN T
=4 (nt> LA 5!
7=0
— ef (1> Umax 627(t 1)
nt nt
where the last equality follows from the Taylor expansion of eV. O

The above results yield the following upper bound on Var(f§).
Lemma 18. For the set of parameters specified in Section ifciy/c2 < 1/11 andt > 2.5, then

k 9s2 1
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Proof. By Lemma[T6and Lemma([T7]
1 max 2
Var(f3) < (n A k) (éf ( ) uﬁ) Ar(t=1).

nt nt
Note that t > 2.5,

Umax - 280t —+ 280 —1 < 28()t —+ 28() < 37
nt nt - nt - on

and since c14/c2 < 0.1,
4r(t — 1) = 40so(t + 1)(t — 1) < 94s0(t — 1)? = 94cicplogn < 0.78logn.

1\ u 2 350 1 1 9s2 1
/ L max 4r(t—1) < 220 62 - 0.78 0 g -
<f(nt> nt)e =\7, A\t n = no22f\ )
which implies that
kN 9s3 o (1
Var(fg) < <1 A n) no- 2l <nt) :

8.4 Bounding the Bias of f}

Hence,

Recall that
Bias(f3) = E[f5(X™, X"') — K/]
= ]E[Z hen, - Nat-Inr<sy — z ha(A2)E[L N, <s)]
reX TeX
= Z(ﬁx()‘x) - hx(Ax))E[]]‘NISSU]7
reX
which yields
Bias(f5)] < > |he(Ae) = ha(Ae)
reX
= gx - u
Z (/ e “a" fulad (t — 1))da)
zEX | u=1

The following lemma bounds | f,,(y)| by simple functions and allows us to deal with the integral.
Lemma 19. Foru > 1 andy > 0,

Y
<IA——.
O

Proof. For u > 1 and y > 0, we have the following well-known upper bound [26] for the Bessel
function of the first kind.

Ju(y) <1A %7?)”7
which implies
()"
If y > u+1, then
®)" y
Ifu+1>y>0,then
" _ " _w+D)" y y
FW <IN S )l = @) atl S as1 s



To bound [Bias(f%)], it suffices to bound | A, (\;) — hz()\.)|. The lemma below follows from the
first half of Lemmal(19} i.e., | f.(y)| < y/(u+ 1).

Lemma 20. Fort > 2.5and sg > 1,

Proof. Since | f.(v)| < y/(u+ 1),

[HOWESHOBIES

u=1

i [

Note that the integral is actually the incomplete Gamma function, we can rewrite the last term as

— wtl tma i
gz (U —r r - !

N(t—-1)> <|u+(1)>,<u+1>!e D g =t =1 > lgewle™ >
u=1 ' i=0 u=1 i=0

Consider each term in the summation, by Lemma[2] r = 1050t + 1050, and tmax = 250t + 259 — 1,
for 1 <u < Umax,

Igm(U)Ie”fi1 :—, = (t_tl)u Pr(Poi(r) < u+ 1) ’f (%) ’

i=0
350 1

< (ttl)uPr(Poi(T)SQSOt—&—Qso)nﬁf ()

nt

t e—4.78(sot+so) ﬁgf i )
t—1 n nt
Umax u+1 i

Ly Crsietian3s0 . (1Y MmE g\
Ae(t=1) > lgu(w)le™™ o7 S At —1e T80t 0)70& (nt) >, (t—l)

u=1 =0 u=1

A 1 t 2s0t+2sg
< 7 o -1 2 —4.78(sot+s0) .
- néf (nt) ((t ) 380)6 t—1

Note that ¢ > 2.5 yields -5 < %% and thus

IN

Hence,

¢ 2s0t+2s0
674.78(Sot+80) < 674.78(50t+50)61'28(50t+80)
t—1
— 673.5(50t+50)'

Furthermore,
((t _ 1)2380) 6—3.5(sot+so) _ (6_1'550t(t _ 1)2) (6—3.580380) e—QSOt
S e—Qsot’
which completes the proof. O

Analogously, applying the second half of Lemma[19] i.e., | f,(y)| < 1, we get the following alternative
upper bound.

Lemma 21. Fort > 2.5and sy > 1,

h 1
ha(a) = ha(Ma)] < ~1; () e
n

Lemma [20]and Lemma 2] together yield the following upper bound.
Lemma 22. Fort > 2.5and sy > 1,

Bias(f&)? < 1/\k—2 e 4sotp2 1
57= n? F\nt)"
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8.5 Bounding E[C?]

Combining all the previous results, for the set of parameters specified in Section ifc1/c2 <1 /11,
t>2.5,n>150,and 1 < sq < log”?n

E[C?] < Var(f3) + (1 + logn) Bias(f3)” + (1 ! 12) &

(11 £)80 (2) e omen(in B} (3)
() (B () s s (B (1))
<(11)6 (i) s+t (30 ()
< (1) () ()

n nt €0-6s0

9 Main Results

To summarize, for properly chosen parameters and sufficiently large n,

E[A?] < 1%2(”)[71 <;t> + <1 + T(ln)) Lye(p,nt),

1 Kk 1\ s
E[B? < a0 (=) 2
5 < 85)° (o n s ) +10 () 2

sen= (1) () (5

where T is an arbitrary positive function over N. Furthermore, Cauchy-Schwarz inequality implies

and

* / B 1
(P XY, XN) = f(p)? = (A+ B +C)? < (T(n)(C + B)> + A4) (1 " T(n))

Choosing T'(n) = log® n, the estimation loss of f* is thus bounded by
Ly-(p.2n) = E[(f* (XN, XN) — £(1))*]

E [(bgﬁ n(C + B)? + A?) (1 + 1€ )]

log®n

2(1 +log n)(E[C?] + E[B?]) + ( ) E[A?]
1+ log n 1
< 2(1+logn) ( E[C?] +E[B*] + —
(1 1oyt ) (EIC + BB + 282 (1))
1
1 L t).
+ < logen) fE(pan )
For any property f and set of parameters that satisfy the assumptions in Section[2]
1+1log°n 1 E o ~/(1 1
E[C?] + E[B?] + ————/~ < o(—-),——
[T+ Bl ]+2nt10g€n F\ nt 7 1oin n+ n) log*nj’

where C} is a fixed constant that only depends on f.

Setting ¢; = 1 yields Theorem 1 with Cy = 4C%.
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In Theorem 1, for fixed n, as ¢ — 0, the final slack term 1/log®n approaches a constant. For
certain properties it can be improved. For normalized support size, normalized support coverage, and
distance to uniformity, a more involved estimator improves this term to

k 1 1
Cry min{ = } ’

.
nlogt™¢n  n'=7 log' ™ n

for any fixed constant v € (0,1/2).

For Shannon entropy, correcting the bias of f; and further dividing the probability regions, reduces
the slack term even more, to {

o . k2 1 1
foy T n2log®> “n + n'=7 " log?t?n |-

10 Experiments

We demonstrate the new estimator’s efficacy by applying it to several properties and distributions, and
comparing its performance to that of several recent estimators [13H15} 22} 27]]. As outlined below,
the new estimator was essentially the best in almost all experiments. It was out-performed, essentially
only by PML, and only when the distribution is close to uniform.

10.1 Preliminaries

We tested five of the properties outlined in the introduction section: Shannon entropy, normalized
support size, normalized support coverage, power sums or equivalently Rényi entropy, and distance to
uniformity. For each of the five properties, we tested the estimator on the following six distributions.
a distribution randomly generated from Dirichlet prior with parameter 2; uniform distribution;
Binomial distribution with success probability 0.3; geometric distribution with success probability
0.99; Poisson distribution with mean 3,000; Zipf distribution with power 1.5. All distributions had
support size k = 10,000. The Geometric, Poisson, and Zipf distributions were truncated at k£ and
re-normalized. Note that the parameters of the Geometric and Poisson distributions were chosen so
that the expected value would be fairly large.

We compared the estimator’s performance with n samples to that of four other recent estimators as
well as the empirical estimator with n, n/logn, and nlog n samples.

The graphs denotes NEW by f*, f¥ with n samples by Empirical, f¥ with n/logn samples by
Empirical+, f¥ with nlogn samples by Empirical++, the pattern maximum likelihood estimator
in [15] by PML, the Shannon-entropy estimator in [27] by JVHW, the normalized-support-size
estimator in [14] and the entropy estimator in [13] by WY, and the smoothed Good-Toulmin Estimator
for normalized support coverage estimation [22], slightly modified to account for previously-observed
elements that may appear in the subsequent sample, by SGT.

While the empirical estimator and the new estimator have the same form for all properties, as noted
in the introduction, the recent estimators are property-specific, and each was derived for a subset of
the properties. In the experiments we applied these estimators to the properties for which they were
derived. Also, additional estimators [28-34] for various properties were compared in [[13} 14} 22 [27]
and found to perform similarly to or worse than recent estimators, hence we do not test them here.

As outlined in Section|1] the new estimator f* uses two key parameters ¢ and sg that determine and
all other parameters. To avoid over-fitting, the data sets used to determine ¢ and s was disjoint from
the one used to generate the results shown.

Table 2: Values of ¢ and s for different properties

Property t S0
Shannon Entropy 2 logo'8 n+1 16 logo'2 n
Normalized Support Size log”"n+1 1610g”% n
Normalized Support Coverage  log®®n + 1 8log’?n
Power Sum (0.75) log'%n +1 410g%?n
Distance to Uniformity log” " n+1 410g”%n
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Due to the nature of our worst-case analysis and the universality of our results over all possible
distributions, we only proved that f* with n samples works as well as ¥ with n/logn samples. In
practice, we chose the amplification parameter ¢ as loglfa n + 1, where o € {0.0,0.1,0.2, ...,0.6}
was selected based on independent data, and similarly for sg. Since f* performed even better than
Theorem 1 guarantees, o ended up between 0 and 0.3 for all properties, indicating amplification even
beyond n+/log n. Finally, to compensate the increase of ¢, in the computation of each coefficient h,, ,,
we substituted ¢ by max {¢/1.5"~*, 1.5}.

10.2 Experimental Results

With the exception of normalized support coverage, all other properties were tested on distributions
of support size £ = 10,000 and number of samples, n, ranging from 1,000 to 100,000. Each
experiment was repeated 100 times and the reported results reflect their mean squared error (MSE).
The distributions shown in the graphs below are arranged in decreasing order of uniformity. In all
graphs, the vertical axis is the MSE over the 100 experiments, and the horizontal axis is log(n).

Shannon Entropy

For the Dirichlet-drawn and uniform distributions, all recent estimators outperformed the empirical
estimator, even when it was used with n log n samples. The best estimator depended on the distribu-
tion, but the new estimator f* performed best or essentially as well as the best for all six distributions.
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Figure 1: Shannon Entropy
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Normalized Support Size

For the Dirichlet-drawn and uniform distributions, PML and the empirical estimators were best for
small n, with the new estimator next. For the remaining four distributions, empirical with nlogn
samples was best, but among all estimators using n samples and even empirical with n+/logn
samples, the new estimator was best.
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Figure 2: Normalized Support Size
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Normalized Support Coverage

For this property the parameter m was set to 5,000. All the distributions have support size k£ = 1,000
and n, the number of samples, ranges from 1,000 to 3,000. The new estimator was essentially best

for all distributions.
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Figure 3: Normalized Support Coverage
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Power Sum (0.75), or equivalently Rényi entropy with parameter 0.75

Again PML was best for the Dirichlet-drawn and uniform distributions, however, its performance was
not as stable as f*. The new estimator performed as well as f¥ with n+/log n samples in all cases
and matched f¥ with nlog n samples for half of the distributions.

Uniform

200 —&— New
s ML
—e— Empirical

.o —<- Empirical+
2 Empirical++
o 125
o
5 1o
o
A
s 15
]
= s0

25

0.0 . =

' B 3 1 1
login}
Zipf(1.5)
0.4 4 —&— New
—s#— PML

0.3

Mean Square Error

—&— Empirical
—4— Empirical+
Empirical++

Poisson(3000)

0.05 4
1

—&— New
—— PML
—&— Empirical

_ 004! — Emp?r\cal+
2 Empirical++
e}
& 003
3
=]
i
£ 002
]
=
0.01 1
0.00 4 e
T T T T T
7 B 9 10 11
login}

Mean Square Error

Mean Square Error

Mean Square Error

Dirichlet(2)
—©— New
150 4 —#— PML
—5— Empirical
12.5 4 —a— Empirical+
Empirical++
10.0
751
501
25 1
0.0 5\0—‘3—9_. P ——e—e—o—{
T T T T T
B 9 10 11
login}
Binomal(0.3)
?.' —&— New
I —— PML
0.04 \ —&— Empirical
\ —a— Empirical+
\ Empirical++
o= —f—a—e—=e
T T T T T
T 8 9 11
login}
Geometric(0.99)
012
—&— New
—é=— PML
010 —&— Empirical
—a— Empirical+
Empirical++
o
T T T T T
T 8 9 10 11
login}

Figure 4: Power Sum (0.75)
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Distance to Uniformity

The new estimator performed as well as f¥ with nlogn samples in all cases. PML was the best
estimator for the Dirichlet-drawn and uniform distributions, but provided no improvement over the
n-sample empirical estimator for half of the distributions.
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