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A The Bayesian update rule for the Kanerva Machine

Here we reproduce the exact Bayesian update rule used in the Kanerva Machine.

p (M|z,w) =
p (z|w,M) p (M)∫
p (z|w,M) p (M) dM

(1)

A memory with mean Rt−1, row covariance Ut−1 and observational noise variance σ2
ξ is updated

given a newly observed sample z and its addressing weight w by:

∆← z−Rᵀ
t−1w (2)

Σc ← Ut−1 w (3)

Σz ← wᵀ Ut−1 w + σ2
ξ (4)

Rt ← Rt−1 + Σc Σz
−1 ∆ᵀ (5)

Ut ← Ut−1 −Σc Σz
−1 Σᵀ

c (6)

Note that the new covariance Ut would collapse to zero if the noise variance σ2 → 0.

The graphical model assumes an observational noise N
(
0, σ2

ξ

)
, which results in the read out

distribution given the addressing weights w, p
(
z|R w, σ2

ξ

)
(eq. 1 in matrix notation). We ignore

observation noise when reading the memory and directly take z← R w. This simplification reduces
the variance in training and is justified by the fact that the fixed observation noise does not convey
any information. A strong-enough decoder will learn to remove such noise through training.

B Parameters and Initialisation

Here we enumerate parameters of the model and their initialisations. In our experiments, the memory
parameters are insensitive to initial values.

Parameters description Initial Value
R0 K × C memory prior mean matrix N (0,1)
U0 = σ2

U I K ×K memory prior covariance matrix σ2
U = 1.0

σ2
w Addressing weight posterior variance 0.3
σ2
ξ Memory observation noise variance 1.0
. . . Neural network weights of encoder and decoder Glorot Initialization
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<latexit sha1_base64="r74evW3svIyiOgkGXGS8tPTvtKg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe5bfX9YaN0UdZTiBUzgHD66gAXfQhBYwSOAZXuHNSZ0X5935WIyWnGLnGP7A+fwBKNuRvw==</latexit><latexit sha1_base64="r74evW3svIyiOgkGXGS8tPTvtKg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe5bfX9YaN0UdZTiBUzgHD66gAXfQhBYwSOAZXuHNSZ0X5935WIyWnGLnGP7A+fwBKNuRvw==</latexit><latexit sha1_base64="r74evW3svIyiOgkGXGS8tPTvtKg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe5bfX9YaN0UdZTiBUzgHD66gAXfQhBYwSOAZXuHNSZ0X5935WIyWnGLnGP7A+fwBKNuRvw==</latexit><latexit sha1_base64="r74evW3svIyiOgkGXGS8tPTvtKg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe5bfX9YaN0UdZTiBUzgHD66gAXfQhBYwSOAZXuHNSZ0X5935WIyWnGLnGP7A+fwBKNuRvw==</latexit>

M1
<latexit sha1_base64="NxjFiEz8IOuHmnElxw7VGllkpW8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/WrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOimkZU=</latexit><latexit sha1_base64="NxjFiEz8IOuHmnElxw7VGllkpW8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/WrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOimkZU=</latexit><latexit sha1_base64="NxjFiEz8IOuHmnElxw7VGllkpW8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/WrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOimkZU=</latexit><latexit sha1_base64="NxjFiEz8IOuHmnElxw7VGllkpW8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/WrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOimkZU=</latexit>

M2
<latexit sha1_base64="wo2eDi2FvYwbwxpchmDRoLitiy8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cSNUsA9oSplMb9qhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcGDufcyz1zgkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbnO/84RK81g+mmmC/YiOJA85o8ZKvh9RMw7C7H42qA8qVbfmzkFWiVeQKhRoDipf/jBmaYTSMEG17nluYvoZVYYzgbOyn2pMKJvQEfYslTRC3c/mmWfk3CpDEsbKPmnIXP29kdFI62kU2Mk8o172cvE/r5ea8LqfcZmkBiVbHApTQUxM8gLIkCtkRkwtoUxxm5WwMVWUGVtT2ZbgLX95lbTrNc/yh8tq46aoowSncAYX4MEVNOAOmtACBgk8wyu8Oanz4rw7H4vRNafYOYE/cD5/AOoqkZY=</latexit><latexit sha1_base64="wo2eDi2FvYwbwxpchmDRoLitiy8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cSNUsA9oSplMb9qhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcGDufcyz1zgkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbnO/84RK81g+mmmC/YiOJA85o8ZKvh9RMw7C7H42qA8qVbfmzkFWiVeQKhRoDipf/jBmaYTSMEG17nluYvoZVYYzgbOyn2pMKJvQEfYslTRC3c/mmWfk3CpDEsbKPmnIXP29kdFI62kU2Mk8o172cvE/r5ea8LqfcZmkBiVbHApTQUxM8gLIkCtkRkwtoUxxm5WwMVWUGVtT2ZbgLX95lbTrNc/yh8tq46aoowSncAYX4MEVNOAOmtACBgk8wyu8Oanz4rw7H4vRNafYOYE/cD5/AOoqkZY=</latexit><latexit sha1_base64="wo2eDi2FvYwbwxpchmDRoLitiy8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cSNUsA9oSplMb9qhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcGDufcyz1zgkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbnO/84RK81g+mmmC/YiOJA85o8ZKvh9RMw7C7H42qA8qVbfmzkFWiVeQKhRoDipf/jBmaYTSMEG17nluYvoZVYYzgbOyn2pMKJvQEfYslTRC3c/mmWfk3CpDEsbKPmnIXP29kdFI62kU2Mk8o172cvE/r5ea8LqfcZmkBiVbHApTQUxM8gLIkCtkRkwtoUxxm5WwMVWUGVtT2ZbgLX95lbTrNc/yh8tq46aoowSncAYX4MEVNOAOmtACBgk8wyu8Oanz4rw7H4vRNafYOYE/cD5/AOoqkZY=</latexit><latexit sha1_base64="wo2eDi2FvYwbwxpchmDRoLitiy8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cSNUsA9oSplMb9qhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcGDufcyz1zgkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbnO/84RK81g+mmmC/YiOJA85o8ZKvh9RMw7C7H42qA8qVbfmzkFWiVeQKhRoDipf/jBmaYTSMEG17nluYvoZVYYzgbOyn2pMKJvQEfYslTRC3c/mmWfk3CpDEsbKPmnIXP29kdFI62kU2Mk8o172cvE/r5ea8LqfcZmkBiVbHApTQUxM8gLIkCtkRkwtoUxxm5WwMVWUGVtT2ZbgLX95lbTrNc/yh8tq46aoowSncAYX4MEVNOAOmtACBgk8wyu8Oanz4rw7H4vRNafYOYE/cD5/AOoqkZY=</latexit>

MT
<latexit sha1_base64="7gW6tzyWshME6C5aEjkETwGCGlM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9oSplMJ+3QySTM3Agl9DfcuFDErT/jzr9x0mah1QMDh3Pu5Z45QSKFQdf9ckpr6xubW+Xtys7u3v5B9fCoY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3uZ+95FrI2LVwlnCBxEdKxEKRtFKvh9RnARhdj8ftobVmlt3FyB/iVeQGhRoDquf/ihmacQVMkmN6XtugoOMahRM8nnFTw1PKJvSMe9bqmjEzSBbZJ6TM6uMSBhr+xSShfpzI6ORMbMosJN5RrPq5eJ/Xj/F8HqQCZWkyBVbHgpTSTAmeQFkJDRnKGeWUKaFzUrYhGrK0NZUsSV4q1/+SzoXdc/yh8ta46aoowwncArn4MEVNOAOmtAGBgk8wQu8Oqnz7Lw578vRklPsHMMvOB/fHcGRuA==</latexit><latexit sha1_base64="7gW6tzyWshME6C5aEjkETwGCGlM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9oSplMJ+3QySTM3Agl9DfcuFDErT/jzr9x0mah1QMDh3Pu5Z45QSKFQdf9ckpr6xubW+Xtys7u3v5B9fCoY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3uZ+95FrI2LVwlnCBxEdKxEKRtFKvh9RnARhdj8ftobVmlt3FyB/iVeQGhRoDquf/ihmacQVMkmN6XtugoOMahRM8nnFTw1PKJvSMe9bqmjEzSBbZJ6TM6uMSBhr+xSShfpzI6ORMbMosJN5RrPq5eJ/Xj/F8HqQCZWkyBVbHgpTSTAmeQFkJDRnKGeWUKaFzUrYhGrK0NZUsSV4q1/+SzoXdc/yh8ta46aoowwncArn4MEVNOAOmtAGBgk8wQu8Oqnz7Lw578vRklPsHMMvOB/fHcGRuA==</latexit><latexit sha1_base64="7gW6tzyWshME6C5aEjkETwGCGlM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9oSplMJ+3QySTM3Agl9DfcuFDErT/jzr9x0mah1QMDh3Pu5Z45QSKFQdf9ckpr6xubW+Xtys7u3v5B9fCoY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3uZ+95FrI2LVwlnCBxEdKxEKRtFKvh9RnARhdj8ftobVmlt3FyB/iVeQGhRoDquf/ihmacQVMkmN6XtugoOMahRM8nnFTw1PKJvSMe9bqmjEzSBbZJ6TM6uMSBhr+xSShfpzI6ORMbMosJN5RrPq5eJ/Xj/F8HqQCZWkyBVbHgpTSTAmeQFkJDRnKGeWUKaFzUrYhGrK0NZUsSV4q1/+SzoXdc/yh8ta46aoowwncArn4MEVNOAOmtAGBgk8wQu8Oqnz7Lw578vRklPsHMMvOB/fHcGRuA==</latexit><latexit sha1_base64="7gW6tzyWshME6C5aEjkETwGCGlM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9oSplMJ+3QySTM3Agl9DfcuFDErT/jzr9x0mah1QMDh3Pu5Z45QSKFQdf9ckpr6xubW+Xtys7u3v5B9fCoY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3uZ+95FrI2LVwlnCBxEdKxEKRtFKvh9RnARhdj8ftobVmlt3FyB/iVeQGhRoDquf/ihmacQVMkmN6XtugoOMahRM8nnFTw1PKJvSMe9bqmjEzSBbZJ6TM6uMSBhr+xSShfpzI6ORMbMosJN5RrPq5eJ/Xj/F8HqQCZWkyBVbHgpTSTAmeQFkJDRnKGeWUKaFzUrYhGrK0NZUsSV4q1/+SzoXdc/yh8ta46aoowwncArn4MEVNOAOmtAGBgk8wQu8Oqnz7Lw578vRklPsHMMvOB/fHcGRuA==</latexit>

M0
<latexit sha1_base64="CB1/02oqqrRe3v5WoGMH/HzTIbQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/arNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOcikZQ=</latexit><latexit sha1_base64="CB1/02oqqrRe3v5WoGMH/HzTIbQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/arNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOcikZQ=</latexit><latexit sha1_base64="CB1/02oqqrRe3v5WoGMH/HzTIbQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/arNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOcikZQ=</latexit><latexit sha1_base64="CB1/02oqqrRe3v5WoGMH/HzTIbQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QwT6gCWUyvWmHTiZhZiKU0N9w40IRt/6MO//GaZuFth4YOJxzL/fMCVPBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jrJFMMWS0SiuiHVKLjEluFGYDdVSONQYCcc3878zhMqzRP5aCYpBjEdSh5xRo2VfD+mZhRG+f207/arNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p7lD5e1xk1RRxlO4BTOwYMraMAdNKEFDFJ4hld4czLnxXl3PhajJafYOYY/cD5/AOcikZQ=</latexit>

Figure 1: The probabilistic graphical model illustrating sequential online updates of memory. Dashed
lines show the inference model and solid lines illustrate the generative model. For brevity, we
illustrated only the inference of M1 given M0, w1 and x1; all the following steps are the same until
reaching the end of the episode xT .

C Sequential Variational Inference for Memory

The log-likelihood for any x6T can be decompose as a sum of a variational lower-bound and
KL-divergences as:

ln p (x6T ) = ln
p (x6T ,w6T ,M)

p (w6T ,M|x6T )

=

〈
ln
p (x6T |w6T ,M) p (w6T ) p (M) q (w6T ) q (M)

p (w6T |x6T ,M) p (M|x6T ) q (w6T ) q (M)

〉
q(M) q(w6T )

= LT +

T∑
t=1

〈DKL (q (wt) ‖p (wt|xt,M))〉q(M) +DKL (q (M) ‖p (M|x6T ))

(7)

LT =

T∑
t=1

(
〈ln p (xt|wt,M)〉q(wt) q(M) −DKL (q (wt) ‖p (wt))

)
−DKL (q (M) ‖p (M)) (8)

However, as we noted in the main text, it is hard to maximise LT directly, since we can not compute
q (M) ≈ p (M|x6T ) directly.

To derive a sequential update rule of the memory to compute q (M) ≈ p (M|x6T ), we consider
updating the memory for step t of an episode. This assumes memory from the previous update
q (Mt−1;Rt−1,Ut−1) ≈ p (Mt−1|x6t−1) is given, so that we can decompose ln p (x6t) condi-
tioned on Mt−1:

ln p (x6t) = 〈ln p (x6t|Mt−1)〉q(Mt−1)
−DKL (q (Mt−1) ‖p (Mt−1))︸ ︷︷ ︸
Lt

+DKL (q (Mt−1) ‖p (Mt−1|x6t))

(9)

where we have a likelihood lower-bound Lt, which has the same form as LT . This lower-bound is
tight when q (Mt−1) = p (Mt−1|x6t). This suggests, ideally, that the memory q (Mt−1) at step
t− 1 needs to be predictive of the next observation xt, in addition to accumulating information from
the x6t−1 that are already used in computing q (Mt−1).

As illustrated in Figure 1, we assume a deterministic transition q (Mt|Mt−1) = δ(Mt−1), so the
prior of q (Mt) simplifies to

∫
q (Mt|Mt−1) q (Mt−1) dMt−1 =

∫
δ(Mt−1)q (Mt−1) dMt−1 =

q (Mt−1). We can then recursively expand the likelihood term in eq. 9, similar to eq. 7 and eq. 8
(omitting the expectation over q (Mt−1)):

ln p (x6t|Mt−1) = L′t +
t∑

t′=1

DKL (q (wt′) ‖p (wt′ |xt′ ,Mt−1))

+ DKL (q (Mt|wt) ‖p (Mt|x6t,w6t))

(10)
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L′t =
t∑

t′=1

(
〈ln p (xt′ |wt′ ,Mt)〉q(wt′ ),q(Mt|wt)

−DKL (q (wt′) ‖p (wt′))
)

− 〈DKL (q (Mt|wt) ‖q (Mt−1))〉q(wt)

(11)

The above L′t is easier to maximise, since it only depends on xt, and on Mt−1, which we
assume we know. We can minimise the gap between L′t and ln p (x6t|Mt−1) by minimising
DKL (q (Mt|wt) ‖p (Mt|x6t,w6t)) using the Bayes’ update rule (Appendix A), and minimising∑t
t′=1 DKL (q (wt′) ‖p (wt′ |xt′ ,Mt−1)) using dynamic addressing (Section 3.1).

We can tighten Lt by allowing further updating iterations as shown by the optional step in
Algorithm 1. This is likely to be a tighter lower-bound, since generally the KL-divergence
DKL (q (Mt) ‖p (Mt−1|x6t)) < DKL (q (Mt−1) ‖p (Mt−1|x6t−1)) after incorporating informa-
tion from xt. This process can be repeated until this KL-divergence is tightened to it’s minimum.

From the above equations, we have the inequality

ln p (x6t) > Lt > L′t −DKL (q (Mt−1) ‖p (Mt−1))︸ ︷︷ ︸
Bt

(12)

Therefore, we can maximising ln p (x6t) by maximising the lower-bound Bt. Naively, in eq. 10, all
the t terms in

∑t
t′=1 DKL (q (wt′) ‖p (wt′ |xt′ ,Mt−1)) need to be minimised at step t. This would

result in O(T 2) cost in both inferring q (w6T ) and q (MT ). To reduce the computational cost, we
keep previously q (w6t−1), and only infer q (wt), resulting in only O(T ) cost. The trade-off is a
looser lower-bound L′t and therefore a looser Bt, since some of the DKL (q (wt′) ‖p (wt′ |xt′ ,Mt−1))
for t′ < t may not be minimised.

Once q (Mt|wt) is computed, we can compute the marginal for the next step as:

q (Mt) =

∫
q (Mt|wt) q (wt) dwt

≈ q (Mt|wt)
∣∣∣
w∗=argmaxw p(w|xq,M)

(13)

Memory updating is nonlinear, so the integral is not analytically tractable. A simple approximation is
to use the mode of q (wt), which is the mean µw. At this point, we carry forward the approximation
of q (Mt−1) to q (Mt), which can be used for the t + 1 step update. This procedure can start
from t = 0 and continue until t = T ; we thus obtain an approximate memory posterior q (MT )
by maximising the lower-bound BT . Thus, the sequential update of memory, as summarised in
Algorithm 1, maximises a lower-bound of the episode log-likelihood.

D The Lease-Square Problem in Inference and Prediction

This sections shows that solving the same least squares problem is involved in both of the following
problems:

1. minimising the KL-divergence between w during inference (section 3.1), µ∗w =
argminµw

DKL (q (w) ‖p (w|x,M))

2. approximating the predictive distribution q(x̂|xq,M) (Section 3.3), w∗ =
argmaxw p(w|xq,M)

We first re-write the KL-divergence using its definition:

DKL (q (w) ‖p (w|x,M)) =

∫
q (w) ln

q (w)

p (w|x,M)
dw

= −H [q (w)]− 〈ln p (w|x,M)〉q(w)

(14)

where the first entropy term is a constant that depends on the fixed variance σ2
w. Therefore, minimising

this KL-divergence is equivalent to maximising 〈ln p (w|x,M)〉q(w).
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This posterior distribution over w can be expanded using Bayes’ rule:

ln p(w|x,M) = ln
p (x|w,M) p (w)

p(x|M)

= ln p (x|w,M) + ln p (w) + . . .

≈ −‖e(x)−Mᵀ w‖2

2σ2
ξ (x)

− 1

2
‖w‖2 + . . .

(15)

We omitted terms that do not depend on w, including various normalising constants. In addition, the
last line used the encoding projection e(x)→ z to transform the distribution over x to that over z.
When e(x) is invertible, the Jacobian factor z

∂x = ∂e(x)
∂x resulting from the distribution transform

is well-defined and can be omitted since it does not depend on w. However, the assumption of
bijection is unlikely to be strictly satisfied by the neural network encoder/decoder pair, so the relation
is approximate.

Taking the expectation of the above quadratic equation over the Gaussian distribution q(w) results in
the same quadratic form:

〈ln p (w|x,M)〉q(w) ≈

〈
−‖e(x)−Mᵀ w‖2

2σ2
ξ

− 1

2
‖w‖2

〉
q(w)

+ . . .

= −‖e(x)−Mᵀ µw‖2

2σ2
ξ

− 1

2
‖µw‖2 +

σ2
w

2σ2
ξ

Tr (M Mᵀ) + σ2
wC + . . .

(16)

where the last two terms do not depend on µw. Therefore, both inference and prediction involve
solving the same least-squares problem.

E Proof of Attractor Dynamics

Here we show that in a well trained model, a pattern x∗ in the memory is asymptotically stable under
the dynamics, so that a state near x∗ will converge to it. By “a well trained model”, we assume that
pattern x∗ is a local maximum of the ELBO (eq. 4 in the main text)
L(x∗) = 〈ln p (x∗|w∗,M)〉q(M) −DKL (q(w

∗)‖p (w))−DKL (q(M)‖p (M|x6T )) (17)

When L(x∗) is at maximum, the energy we defined in eq. 14 (copied below) would be at its local
minimum. This follows since the negative energy is just the first 2 terms of L without the KL-
divergence between M, which is a constant when the memory is fixed.

E(x,w) = −〈ln p (x|w,M)〉q(M) +DKL (qt(w)‖p (w)) (18)

Section 3.5 of the main text shows E(xn,wn) 6 E(xn−1,wn−1) under the predictive dynamics.
Therefore, we can construct a Lyapunov function candidate as:

V (x,w) = E(x,w)− E(w∗,w∗) (19)
which satisfies:

V (x∗,w∗) = 0 (20)
V (x,w) > 0 ∀(x,w) 6= (x∗,w∗) (21)

V (xn,wn) < V (xn−1,wn−1) ∀(xn,wn) 6= (x∗,w∗) (22)
Therefore, according to Lyapunov Stability theory, state x∗ is asymptotically stable and serves as a
point attractor in the system.

F Other Practical Considerations

For readers interested in applying the DKM, a few variants of Algorithm 1 may be worth considering.
First, instead of using LT in eq.8 (eq. 3 in the main text) as the objective, an alternative objective
is BT . Although this lower-bound tends to be less tight than LT , it is also cheaper to compute. It
may be particularly useful in online settings, since we only need to run through an episode once to
compute q (MT ). This bounds can be further tightened by: 1. Using the optional step in Algorithm 1.
We recommend starting with 2 or 3 steps. 2. Minimising a few other intermediate Bt’s, for 0 < t < T .
This may be helpful in the case of long episodes wherein gradient propagation through the entire
episode is infeasible.
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