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A Gibbs sampling inference for BMDL

We provide the detailed Gibbs sampling procedure by exploiting the augmentation techniques for
negative binomial (NB) factor analysis in|Zhou and Carin| [2015].

Sampling ¢, and 0,(;;): The NB random variable n ~ NB(r, p) can be generated from a compound
Poisson distribution:

¢
n= Zut, us ~ Log(p), £~ Pois(—rIn(1l — p)),

t=1

where u ~ Log(p) corresponds to the logarithmic random variable [Johnson et al., [2005], with
the probability mass function (pmf) fi(u) = —ﬁ, u = 1,2,.... As shown in|[Zhou and
Carin| [2015]], given n and r, the distribution of £ is a Chinese Restaurant Table (CRT) distribution:

(¢|n,r) ~ CRT(n,r), a random variable from which can be generated as £ = >_;' , b;, with

by ~ Bernoulli( ;).

(d)

vJ ’

Utilizing the above data augmentation technique, for each observed count n, ./, a latent count is

sampled as
(£Y)-) ~ CRT <n§fj>, > buk e)(d)) . (1)

These counts can further split into latent sub-counts [Zhoul 2018]] using a multinomial distribution:

PO 1)
(050 L | =) ~ Ml <£5fj‘>’ 2 @> . @ @

Sy bukly o Pukby;
These latent counts can be generated as K(d) ~ Pois(q (d)d’vkg(d)) where q(d) = hl( Ed))'
Hence, using the gamma-Poisson conjugacy, and denoting £\, = S5 Zy 1 wk and g(fd’“ -

PN &(fj)k, ¢oi and 0,(C j) are updated as

. 1
((blk,...,(b‘/kl—) DlI' +£1 k”n+€§/)k)7 9](5) ~ Gamma <’I"](€d) +€(Jd]2’c(d)_q(d)> . (3)
J
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Approximation: Rather than sampling E( ) using ( ' we can approximate it as follows to further
speed up the inference procedure:

CRT(n,r) = ZBernoulh < 1T r>

= ; Bernoulli (Z]i:i»r> + Z Bernoulli (7/1":%1')

i=m+1
= CRT(m,r)+ Pois(\),

A = ZT rlp(n+7) = w(m+ ). )

This approximation reduces the computational complexity for sampling all &(J‘j.)k from
O a0 2 n(d)K] wOR >, > mm( vj ,m)K],which can lead to significant computation

saving for a large number of genes where large counts ni‘;) are abundant.

Sampling r,&d), s, and ~o: Let ;D = —qj(d)/(cg»d) - q§d)). Starting with E.(f,z ~ Pois(—qj(»d)ﬁ,(:jl-)),
o (d)
marginalizing out 0, ; leads to
(50~ NB(r ! 5, ). 5)

Based on the CRT augmentation technique:
(0421=) ~ CRT (S, i), (6)

(d)

the Gibbs sampling update for 7, can be written as

~ 1
(r(d) |—) ~ Gamma | zpqsk + D, — . (7)
* F o =3, (1 - )

Following a similar procedure for sy, first we draw

(6"]-) ~ CRT(Z} 51, ®)
and then we update the conditional posterior of sy, as
=z 1
(sk|—) ~ Gamma ('70/K + Zf,(cd), p— q~k> , 9)
y )

where @, := ), 2ka ) ; In(1 — p;?). Similarly, we can update posterior of o as

, . 1
(¢g|-) ~ CRT Zﬁ ,7%/K), (70]—) ~ Gamma (ao_f_é"bo—zkln(l—(jk)/K)’ (10)

Sampling z;;: Denote q,(C =—>;In(1 — ;' D)/ (ex, — > In(1— p;(9)). Starting with 17_(5) ~

Pois(—2gask > ; In(1 —p;9)), marginalizing out sy, leads to Z(Z) ~ NB(zraSk, i]:,id)). We can write

Pr(zkd|l7Fg) =0) Pr(g'(g) = 0|zka) Pr(zra) (élid))zkd‘gkﬂzkd(l — )Lk
o (@) ) (L = my) ' (1n

~, Z(d)\s
and thus we have Pr(zkdw(g) = 0) ~ Bernoulli % . Therefore, we can update
: (@), mp+(1—)

Zkd as

:(d) Sk -
=) (@ )" me ) +5(€_(£” > 0). (12)
(G ")+ + (1 — )

(2hal—) ~ 5(2(:) = 0)Bernoulli <



Sampling 7: . To derive the update steps for Dirichlet hyperparameters, the likelihood for ¢y is

L(gx) oc [T Mute(ef, . 40,5650, 6 (13)
k

Marginalizing out ¢, from (I3), the likelihood for 7 can be expressed as

L(n) o< [] DieMult(ey), ..., 650 n,.m). (14)
k

where DirMult denotes the Dirichlet-Multinomial distribution [Zhou, [2018]. The product of £(n)
and [ ], Beta(qx; E_(",)C, nV') can be expressed as
L(m)Beta(gr; ), nV) o« [T TINBE % m. ax). (15)
k v
we can further apply the data augmentation technique for the NB distribution of Zhou and Carin

[2015]] to derive the closed-form updates for 7 as

(gx|—) ~ Beta(t") nV), . ~ CRT(L\),,n),

1
wo — V), In(1 —q)

(n|-) ~ Gamma | so + Zukv,
k,v

(16)

Sampling p(

jd): Using appropriate conditional conjugacy, we can sample the remaining parameters:

(pg.d) |—) ~ Beta(ag + Z ngfjl-), by + Z GJ(.Z)). (17)
v k
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