A Proof of the Main Theoretical Results
In this section, we provide the proofs of our main theories in Section 4.
A.1 Proof of Lemma 4.1

We first prove our key lemma on One-epoch-SNVRG. In order to prove Lemma 4.1, we need the
following supporting lemma:

Lemma A.l. LetT = H{il T;. If the step size and batch size parameters in Algorithm 1 satisfy
M > 6L and B; > 6K_l+1(]_[f:l T.,)?, then the output of Algorithm 1 satisfies
2

IV Pl < O( 55 B[FG0) ~ Foc] + 20 0B <))

where C' = 100 is a constant.

Proof of Lemma 4.1. Note that B = 22" | we can easily check that the choice of M, {T}},{B,} in
Lemma 4.1 satisfies the assumption of Lemma A.1. Moreover, we have

K
T:HTl = BY/2. (A2)
=1

We now submit (A.2) into (A.1), which immediately implies (4.1).

Next we compute how many stochastic gradient computations we need in total after we run One-

epoch-SNVRG once. According to the update of reference gradients in Algorithm 1, we only update

ggo) once at the beginning of Algorithm 1 (Line 4), which needs B stochastic gradient computations.
®

For g;’, we only need to update it when 0 = (¢ mod HJK:l +1Tj), and thus we need to sample

ggl) for T'/ Hf{:l aly= szl T, times. We need 2B, stochastic gradient computations for each

sampling procedure (Line 24 in Algorithm 1). We use 7T to represent the total number of stochastic
gradient computations, then based on above arguments we have

K l
T=B+2> B-[[T; (A3)
=1 =1

Now we calculate 7 under the parameter choice of Lemma 4.1. Note that we can easily verify the
following results:

! 2 1 !
H T, =2 ' = B+ B . H T;=2x65B, B, - H T; = 65711, (A.4)
j=1

j=1 j=1
Submit (A.4) into (A.3) yields the following results:
K
T=B+ 2(2 x 65 B + ZGK_l“B)
1=2
<B+6x6"B
=B+6x68¢5B
< B+ 6Blog® B. (A.5)

Therefore, the total gradient complexity 7 is bounded as follows.

T < B+ 6Blog® B < 7Blog® B. (A.6)
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A.2 Proof of Theorem 4.2

Now we prove our main theorem which spells out the gradient complexity of SNVRG.

Proof of Theorem 4.2. By (4.1) we have

L o?
BIVFOIE < C( iz ElFGen) - F)) + 5B <n)). 4
where C' = 600. Taking summation for (A.7) over s from 1 to .S, we have
5 L o?
ZIEHVF(ys)Hg < 0(31/2 ~]E[F(z0) — F(zs)] + h 1(B<mn)- S>. (A.8)
Dividing both sides of (A.8) by .S, we immediately obtain
LE|F(zg) — F* o?
]E“VF(YOUK)H% < C<[SB1/2] + E : ]l(B < n)) (A.9)
LAF 0'2
=C<$%H+B-MB<W) (A.10)

where (A.9) holds because F(zg) > F* and by the definition Ap = F(z¢) — F*. By the choice

of parameters in Theorem 4.2, we have B = n A (2Cc?/€?), S = 1V (2CLAR/(B'/%¢?)), which
implies

1(B <n)-0%/B<e/(20), and LAp/(SBY?) <é%/(20). (A.11)

Submitting (A.11) into (A.10), we have E||[VF (you)|3 < 2C€?/(2C) = 2. By Lemma 4.1, we

have that each One-epoch-SNVRG takes less than 7B log® B stochastic gradient computations. Since
we have total S epochs, so the total gradient complexity of Algorithm 2 is less than

LA
S-7Blog® B < 7Blog® B+ =5~ - 7TB'?log® B
€

2 2 2 1/2
0<1og3 (%m) [‘gmeAzF [fgm} D (A.12)
€ € € €

which leads to the conclusion. ]

A.3 Proof of Theorem 4.4

We then prove the main theorem on gradient complexity of SNVRG under gradient dominance
condition (Algorithm 3).

Proof of Theorem 4.4. Following the proof of Theorem 4.2, we obtain a similar inequality with
(A.9):

LE[F(z,) — F*] 0?2

Since F is a T-gradient dominated function, we have E||V F(z,41)|3 > 1/7 - E[F(2y41) — F*] by
Definition 2.6. Plugging this inequality into (A.13) yields

L 2
cr E[F(z.) — F*] + Cro

E|IV F (2512 < C(

E[F(Zy41) — F*] 1(B < n)

~ SB1/2 B
1 " €
< SE[F(z) = F*] + 7, (A.14)

where the second inequality holds due to the choice of parameters B = n A (4C170?/€) and
S =1V (2C,7L/BY?) for Algorithm 3 in Theorem 4.4. By (A.14) we can derive

E[F(2u41) — F*] - % < ;(E[F(zu) — F*] - ;)
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which immediately implies
1 A
E[F(z0) — F*] —gg (AF—€> < 2E (A.15)

Plugging the number of epochs U = log(2AF /€) into (A.15), we obtain E[F (zy) — F*| < e. Note

that each epoch of Algorithm 3 needs at most S - 7B log® B stochastic gradient computations by
Theorem 4.2 and Algorithm 3 has U epochs, which implies the total stochastic gradient complexity

2 A 2 211/2
U-S~7BlogSB:O(1og3 (mm) logF[ A+TL[TLA T"} D (A.16)
€

O

B Proof of Key Lemma A.1

In this section, we focus on proving Lemma A.l which plays a pivotal role in proving our main
theorems. Let M, {T;},{B;}, B be the parameters as defined in Algorithm 1. We denote T' =

Hfil T,. We define filtration 7; = o(xo,...,%¢). Let {xgl)}, {gil)} be the reference points and
reference gradients in Algorithm 1. We define vgl) as
l .
vi? =Yg, for0<I<K. (B.1)
j=0
We first present the following definition and two technical lemmas for the purpose of our analysis.

Definition B.1. We define constant series {c g)} as the following. For each s, we define C(T) as

M
)= (B.2)
Bl [ P

When 0 < j < T, we define c§s) by induction:

(s) _ 1\ (s , 3L? I s1 10
Cj _<1+T5> j+1+ﬁ T (B3)

Lemma B.2. Forany p, s, where 1 < s < K and 0 < pHJK:S T; < (p+1) HJK:g T; < Hszl T
we define

K K
start = p - HTj’ end = start + HTj,

Jj=s
for simplification. Then we have the following results:
end—1
VF(x;
{ 3| 100]\2 ME | po(sna) + 5 - fcens — sl fm}

j=start

2 K

< F(ar) + 7 B[ VF (Xetart) — Vstart 13| Fotarr] - [] T5-
Jj=s

Lemma B.3 (Lei et al. [26]). Let a; be vectors satisfying Zivzl a; = 0. Let J be a uniform random
subset of {1,..., N} with size m, then

1
EHTTLZaj

JjET

2 N
1(7] < N) :
<o Ll

2
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Proof of Lemma A.1. We have

-1 T-1
EVE(x;)|3 E|VF(x;)l13
BV X))l _ N EIVFG)I3 )
JZ::O 1000 + E[F(x1)] jz::o 1000 +E[F(x )+ch Iz — xo|3]

2
< E[F(x0)] + i -E||VF(x0) — goll3 - T, (B.4)

where the second inequality comes from Lemma B.2 with we take s = 1, p = 0. Moreover we have
2

B[V F(xo) — g0l = EH; > [V x0) — TF (o)

2

i€l
<1(B<n) Z IV fi(x0) = VF(xo)||3 (B.5)
2
<1(B<n)- (B.6)

Ev

where (B.5) holds because of Lemma B.3. Plug (B.6) into (B.4) and note that we have M = 6L, and

then we obtain
T—1

2T o2
STEIVFG)E < O(ME [F(xo) — F(xr)] + 20~ 1(B < n>), B.7)
j=0
where C' = 100. Divide both sides of (B.7) by 7', then Lemma A.1 holds trivially. [

C Proof of Technical Lemmas

In this section, we provide the proofs of technical lemmas used in Appendix B.

C.1 Proof of Lemma B.2

Let M, {T;},{B;}, B be the parameters defined in Algorithm I and {xgl) 1 {ggl)} be the reference

points and reference gradients defined in Algorithm 1. Let V,El), Fi be the variables and filtration

(s

defined in Appendix B and let ¢; ) be the constant series defined in Definition B.1.

In order to prove Lemma B.2, we will need the following supporting propositions and lemmas. We

first state the proposition about the relationship among xﬁs), gis) and VES)Z

Proposition C.1. Let vﬁl) be defined as in (B.1). Let p, s satisfy 0 < p - Hf sy < (p+1)-
H] —o41 Ij < T.Foranyt,t satisfying p- = T; <t<t <(p+ 1)~H] s1+1 1j» itholds that

j=s+1
x(® = x{) = X[ T (.1
gi )= gff ), for any s’ that satisfies 0 < s’ < s, (C.2)
vit =i = v o (C.3)
The following lemma spells out the relationship between c§s_1) and C(Tg ). Ina word, cg-s_l) is about
1+ T,_; times less than c(s)
Lemma C.2. If B, > GK_SH(H{; T;)?,T; > 1 and M > 6L, then it holds that
STV (14 Tn) <), for2<s<K,0<j< Ty, (C.4)
and
M1 Tr) <M, for0<j<Tk. (C.5)

Next lemma is a special case of Lemma B.2 with s = K:
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Lemma C.3. Suppose p satisfies 0 < pTx < (p+ 1)Tk < Hf{zl T;. If M > L, then we have

T IV F (xpre 1) ||
E|F(xinne) + e - [prme —xomls + 3 H T L Tt
§=0
2
< F(pr) + 57 B[ VE(p1) = Vi 12| Fprc] - T (C.6)

The following lemma provides an upper bound of E H|VF (xgl)) — VEZ) ||;] , which plays an important
role in our proof of Lemma B.2.

Lemma C.4. Let ¢/ be as defined in (3.1), then we have x( ) = Xy, and

E[|VF(x") - vi{"|3| Fu] <

+|[VFRGY) = v (C.7)

I>-

R

Proof of Lemma B.2. We use mathematical induction to prove that Lemma B.2 holds for any 1 <
s < K. When s = K, the statement holds because of Lemma C.3. Suppose that for s + 1, Lemma

B.2 holds for any p’ which satisfies 0 < p HJ e i< (@' +1) H] a1 T; < H 1 T;. We need
to prove Lemma B.2 still holds for s and p, where p satisfies 0 < p szs T, <(p+1) Hj(:s T; <

H] 1 Tj. We first define m = =
set 1ndlces start,, and end,, as

st T} for simplification, then we choose p' = pT, + u, and we

K
start, = p’ H T, end,, = start, + H T;.
j=s+1 Jj=s+1
It can be easily verified that the following relationship also holds:
start,, = start + um, end, = start + (u + 1)m. (C.8)
Based on (C.8), we have
end, —1
~ [[VE(x))I3 s+1)
E|: Z T]\ZQ + F(Xslart+(u+1)m) + C; 1 ||Xslart+(u+1)m Xstan—l-umH%{fstartu
j=start,,
N~ IVER)3 (s-+1) 2
=k ‘ Z 100M + F(Xend, ) + Cropy ||Xendu - Xstartu||2|fslanu
J=start,,
2 2 s
§ F(Xstartu) + M . EH|VF(Xstarlu) — Vitart,, 2|fstartu] : H z}'a (C9)
j=s+1

where the last inequality holds because of the induction hypothesis that Lemma B.2 holds for s + 1

and p’. Note that we have Xgar, = Xstartt-u-m = XS;)H from Proposition C.1, which implies

]E[HVF(Xstartu) — Vistart,, ;|]:startu] = [HVF stsa)rtu) - starlu || }fstartu]

L? s—1 s—1 s—1)12
< = ||Xstdrtu - Xs('tarlu) ||2 + HVF(Xs('tarlu)) - Vs(tartu) ||2
(C.10)
L? 9 2
= ?"Xstarl+u<m - Xstart||2 + HVF(Xstart) - VstartHgy (Cll)
where (C.10) holds because of Lemma C.4 and (C.11) holds due to Proposition C.1. Plugging (C.11)
into (C.9) and taking expectation E[-|Fyr] for (C.9), we have

end, —1

VF(x;)|3
E|:j§t # + F(Xstart+(u+1) ) + ngH ||Xslart+(u+1)m - Xstart+um” |]:§tart:|
<E F(Xstart+um) 2L° Hxstarl—i-um Xslart||2 T + - VF Xstart — Vstart||5 T Fitart | -
MB;
j=s+1 j=s+1
(C.12)
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Next we bound || Xtare-+ (u-+1)-m — Xstart||3 as the following:

||Xstart+(u+1)~m - XSlal‘t”g
== ||Xstart+u'm - XstartH% + ”Xstart-l-(u-l-l)‘m - Xslart—&-u'mH%
+ 2<Xstarl+(u+1)-m — Xstart+u-m > Xstart+u-m — Xstart>

< ||Xstart+u-m - XslarlH% + Iletart+(u+1)-m - Xslart—&-u-m”%

1

+ ? : Hxstarlerm - Xstaxt”% + T - ||Xstart+(u+1)-m - xstarl+u~m||§ (C.13)
s

1
= <1 + T) : Hxstart+u~m - Xstan”% + (1 + T@) : ||Xstart+(u+1)-m - XStarH—u'mngv (C.14)

where (C.13) holds because of Young’s inequality. Taking expectation E[-|Fgur] over (C.14) and

multiplying cff_?_l on both sides, we obtain

S S 1
Cq(,,_y)_lE[”Xslart«k(u«H)-m - XstartH%}fstarl] < cq(,,_t,)_l (1 + T)E[Ixstarl—i-u‘m - Xstart||§|]:slart]
+ CQ(LSJ)rl(l + Ts)]E [||xstan+(u+1)m - XstaxtJrumHg‘fstarl] .
(C.15)
Adding up inequalities(C.15) and (C.12) together yields
end, —1

- VF(x;)|? s

E{ ] Z ” 102]\2[)”2 + F(Xslﬂrt+(u+1)m) + C£l1||xstan+(u+1)m - Xstarl”g
j=start,,
1
+ Cgfl:_l) ||Xstart+(u+1)m — Xstart+um ||§ |~7:start:|
( 1 302
§ E |:F(Xslart+um) + Hxstart—l-um - Xstan”% |:C£le (1 —+ T‘S> —+ BSM -ql TJ:| -Fstarl:|
j=s
2 2 X
+ ME[HVF(Xstart) - VstarlH2|]:stan] H T;
j=s+1
+ 07221(1 + TS)EU|Xstarl+(u+1)m - Xslart—&-um”% |‘/_'.stan:|
K
s 2 2
< E[F(Xstarl—i-um) + Cq(L ) (I Xstartt-um — Xstart||%|‘Fstart] + M]E[HVF(Xstart) - VstartH2|‘Fstart] H T;
Jj=s+1
s+1
+ cgﬁil)E[”XstarH—(u-i-l)m - Xstart—!—um”% |~7:start] ’ (C16)

u+1
by Definition B.1 and cq(i)rl (14T < ciﬁ) by Lemma C.2. Cancelling out the term cgizi) .
E || Xstart+ (ut-1)-m — Xstartu-m ||3| Fetare] from both sides of (C.16), we get

where the last inequality holds due to the fact that ¢{) = ¢\*), (141/T,) +3L2/(BsM)- H]K:S a7y

end, —1
AL
100M

-/_'.start:| + ]E[F(Xstart+(u+1)~m) + Cfi)tl : ||Xslart+(u+1)~m - Xstart‘l%‘fstart}

J=start,,

<E [F(Xstart-i-um) + 01(,,5) ||Xstart+um - Xstarl”% ’]:start}

2 K
+ ME[HVF(Xstan) — Vstart”i‘]:slart] jg_l T;.
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We now telescope the above inequality for w = 0 to Ts — 1, then we have

Ts—1end, —1
VF(x;
|: Z Z ” 100]\2 H2 +F(Xend) + CT ||Xend Xstart||§|}—slart:|

u=0 j=start,,

2T, K
S F(Xstan) ]\j . EI:HVF(Xs[m) VStdl‘tH Stdrt . H 1—"7
j=s+1
Since start,, = endufh starty = start, and endTS,l = end, we have
end—1
VF(x,
{ 3 | 0054 M2 | po(sna) + 5 - cens — sl 2] f}
] =start
2 5 K
< F(Xgan) + M 'E[HVF(xstarl) - VstartH2|]‘—slart] : H T;. (C.17)
J=s

Therefore, we have proved that Lemma B.2 still holds for s and p. Then by mathematical induction,
we have for all 1 < s < K and p which satisfy 0 < p - Hfis T; < (p+1)- Hfis T; < Hfil T
Lemma B.2 holds. O
C.2 Proof of Lemma B.3

The following proof is adapted from that of Lemma A.1 in Lei et al. [26]. We provide the proof here
for the self-containedness of our paper.

Proof of Lemma B.3. We only consider the case when m < N. Let W; = 1(j € J), then we have

9 _m _ m(m—1)
Thus we can rewrite the sample mean as
1 1
— > a; = ~ > Wia, (C.19)
jeg i=1
which immediately implies
1 S
EHm > ayl = W(ZEWJZH%‘H% +> ]EWjo'<aj,aj'>)
JjeJ Jj=1 J#3’
_ b @i”a” 7_1)2@1. a;r)
" m\N et NNy &
Jj=1 I#3’
1 m  m(m—1) N m(m —
= ((N NV 1)) ;Hajnz NV HZa] )
N
1 (/m m(m-—1) 9
- (5 - T > ol
N
1 1
SN Z 2 [3-
j=1
O
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D Proofs of the Auxiliary Lemmas

In this section, we present the additional proofs of supporting lemmas used in Appendix C. Let
M, {T;},{B;} and B be the parameters defined in Algorithm 1. Let {xgl)}, {gil)} be the reference

points and reference gradients used in Algorithm 1. Finally, vgl), F are the variables and filtration

()

defined in Appendix B and ¢, are the constant series defined in Definition B.1.

D.1 Proof of Proposition C.1

(s

Proof of Proposition C.1. By the definition of reference point x; ) in (3.1), we can easily verify that

(C.1) holds trivially.

Next we prove (C.2). Note that by (C.1) we have XES) = xt,) For any 0 < s’ < s, it is also true that
xfﬁ ) = X,E,s ) by (3.1), which means x; and x; share the same first s + 1 reference points. Then by
the update rule of g§5 )in Algorithm 1, we will maintain ggs ) unchanged from time step ¢ to ¢’. In

other worlds, we have ggsl) = gi,s,) forall0 < s’ < s.

We now prove the last claim (C.3). Based on (B.1) and (C.2), we have VES) = sz:o ggsl) =
Yo gt = v . Since for any s < s” < K, we have the following equations
s P[] =s+1 13 p: H i—st1 T

by the updatjeiin Algorithm [ (Line 18).

(s")
x =x
pI1 0 T W Tl T/ T s T T sy T

=X
PHJ s+1 TJ/H7 s/ 41 T;- HJ s 41 T;

O
PHJ a+1

Then for any s < s” < K, we have

TSRS 9 Dl LI CHs A B G | BT

i€l

Thus, we have

Vs n = 3 BT Z B0 =2 a0 ®2)

8"=0 5'1=0

where the first equality holds because of the definition of v, x Ty the second equality holds due

to (D.1) , the third equality holds due to (C.2) and the last equeility holds due to (B.1). This completes
the proof of (C.3). O]

D.2 Proof of Lemma C.2

Proof of Lemma C.2. For any fixed s, it can be seen that from the definition in (B.3), c§s) 1s monoton-

ically decreasing with j. In order to prove (C.4), we only need to compare (14+T5_1)- c(() Y and c(s)

Furthermore, by the definition of series {cg-s)} in (B.3), it can be inducted that when 0 < 7 < T,_q,

Ts—1—j 2 K
(s—1) 1 (s—1) (1 + 1/T8 1) a1 — 1 3L Hl:sﬂ
s _ (4 : ="l 3
¥ ( +T3_1) r 1T, M B, ®-3)
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We take 7 = 0 in (D.3) and obtain

Ts_ K
o 1 =t 1+1/T,_ )T —1 3L? > T
it 1>:<1Jr ) e L+ VT 3L T[T

Ts—l Tama ]-/Ts—l M Bs—l
K
(s—1) 6L2 Hl:sfl T
< 28 X CT3,1 + W . ﬁ (D4)
2.8M + 6L%/M
< (D.5)
K
6K—s+2 . Hl:s—l T’l
3M
) (D.6)

< K—s42 K
—S
6 ' Hl:sfl ﬂ

where (D.4) holds because (1 4+ 1/n)™ < 2.8 for any n > 1, (D.5) holds due to the definition of
¢ in (B.2) and B,_; > 65 ~*+2([[/X,_, T;) and (D.6) holds because M > 6L. Recall that
c§-5) is monotonically decreasing with j and the inequality in (D.6). Thus for all 2 < s < K and
0<j<Ts_1,wehave

(1 + Ts—l) : 65'871) < (1 + Ts—l) ’ C(()571)

S +To)- 3MK
6K78+2 . Hl:s—l CTZ
6M
GE—s+2 . Hlfig T,
=, (D.7)

where the third inequality holds because (1 + Ts—1)/Ts—1 < 2 when Ts_1 > 1 and the last equation
comes from the definition of ¢, in (B.2). This completes the proof of (C.4).

Using similar techniques, we can obtain the upper bound for ¢/ which is similar to inequality (D.6)
with s — 1 replaced by K. Therefore, we have
6M
1+ Tx) ) < (1+Tx) - e < —— < M,
6K—K+1. T[T

which completes the proof of (C.5). [

D.3 Proof of Lemma C.3

Now we prove Lemma C.3, which is a special case of Lemma B.2 if we choose s = K.

Proof of Lemma C.3. To simplify notations, we use E[] to denote the conditional expectation
E[+|Fp.14 ] in the rest of this proof. For 0 < j < Tk, we denote hy. 7, +; = —(10M) ™1 - vy 4.
According to the update in Algorithm 1 (Line 12), we have
Xp-Tr+j+1 = Xp-Tr+j + Dp1pe 44, (D.8)
which immediately implies
F(xXp1y+j+1) = F(%p10c 45 + hp1ies5)
L
< F(XP‘TK+j) + <VF(XP‘TK+j)’ hP'TK+j> + §||hP'TK+j”§ (D.9)
= [(Vpric+s Bpric+5) + SM [y 15113] + F(Xpryct5)
L
+VEp15c45) = VpTic+is Bp1ic+5) + (2 - 5M> by 745113
< F(XP‘TK+j) + <VF(XP'TK+j) = VpTr+ij» hP'TK+j> + (L - 5M)||hPTK(-B q%)
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where (D.9) is due to the L-smoothness of F', which can be verified as follows
[VE(x) = VE(y)ll2 = [[E:[V fi(x) = Vfi(y)]ll2

< RNV () - V)3
< Lx -yl

(D.10) holds because (V.1 4+, hp 1 +5) + SM ||hyp 1 15113 = —5M |[hy. 1y +5 /|3 < 0. Further by
Young’s inequality, we obtain

1 M
Py 4140) < FOiss) + 7 IVF o) — Vs B+ (B + 2= 50 ) Iy
1
< F(XP'TK+j) + MHVF(XP'TK"!‘j) - VP‘TK+j||§ - 3M||hP'TK+j||§7 (D.11)

where the second inequality holds because M > L. Now we bound the term cgﬂ 1%p- T +5j4+1 —
Xp-Ty ||3- By (D.8) we have
K K
S e ti1 — Xpri 3 = S xp e 45 — Xpmie + Dpre 513
K
= C;+{ [HXP‘TK"Fj — Xp-Tk ”3 + ||hP‘TK+j||§ + 2<XP'TK+j - XP'TK7hP‘TK+j>]'
Applying Young’s inequality yields
K K[
el ricrint = xpm |3 < S| I s = %pericll3 + By 3
1 2 2
+ ﬁHXpTKﬂ‘ = Xp1c |3 + T e 45113

ol 1
= (1 7 Jcomcrs = el + 1+ Tyl

(D.12)

-

Adding up inequalities (D.12) and (D.11), we get

K
F(Xprretser) + S %p b1 — Xpzic I3

1 K
< F(tprei) + 371 VE (o) = Vo[ — [3M = €53 (1+ Tc)] by 3
K 1
+ C§'+} (1 + TK) 1%p 7o 15 — Xp1ic |l

1
< F(XP'TK+j) + M”VF(XP'TKJrj) - VP'TKJer% - 2M||hP'TK+.j||§

K 1
+ el (1 + TK) 1%p 7515 — Xp1ic |13, (D.13)

where the last inequality holds due to the fact that cgﬂ (1 4+ Tx) < M by Lemma C.2. Next we
bound || VF(Xp.1y+;) |13 with ||hy,.7, +;|3. Note that by (D.8), we have
2
IVE(xp.115)|5 = || [VF (Xp-15c +5) = Vpriets] — 10Mhy1 5[5
< 2(IVE(Xp1c+5) = VpTic+513 + 100M?|[ by 1 513),

which immediately implies

2

1
_2M||hP'TK+j||§ < M(HVF(XP'TKJH') - VP'TK+j||g -

WHVF(XPTHJ)H%. (D.14)
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Plugging (D.14) into (D.13), we have

K
F(Xp Ty i4+1) + 5 1%p D41 — Xporie |13
1 1
< F(XP'TK+j) + MHVF(XP'TK-H) - VP‘TK+j||§ + 50M : HVF(XP‘TK-H) - VP‘TK+j||§

1 K 1
- WHVF(Xp-TKH)H% + C§-+i <1 + TK) %p-Tec+5 — Xp-1xc |13

2 1
< F(Xprye+i) + MHVF(Xp-TKJrj) — Vp1i4ill3 — WHVF(Xp-TKﬂ)H%

K 1

+ C§'+i (1 + TK) 1%p- Tic+5 — Xp-7ic 13- (D.15)

Next we bound ||V F(Xp.7y+;) — Vp-Ti+;3- First, by Lemma C.4 we have
2 L2

(K) (K) (K) (K-1) (K- 1) (K-1)

EHVF(XP-TK-&-J‘) 7vp~TK+jH < BKE’XPTK"Fj pTKHH +IEHVF pTK+J pTK+JH ’
. K K K—1 1

Since X;'T?K‘i’j = Xp.Tr+js vz()_T)KH = Vp.Tr+j> x;.Tklj Xp-Ty and v, TK+)3 Vp.Ty» W€ have

L2
E(|VF(%p.15+5) = Vp-1ie+4ll3 < ?KE\\Xp-TK+j = Xp.15c |13 + BIVF (%p.1 ) = V1 13-

(D.16)
We now take expectation E[-] with (D.15) and plug (D.16) into (D.15). We obtain that

K 1
E[F(Xp-TKJer) + C§'+i||xp-TK+j+1 — x5+ mOMHVF(XpTKH)HS]

1 3L2 2
<E[Fosmen) + (014 1) + 2 M) g s = X1+ o [V (1) vy

K
= E[F(XP'TKJrj) + C; )“XP'TK+j — Xp-Tk ”% + M : ||VF(XP'TK) — Vp.Tk %:| ) (D.17)

where (D.17) holds because we have ch) = cglﬁ( +1/Tk) + 3L?/(Bx M) by Definition B.1.

Telescoping (D.17) for j = 0 to Tk — 1, we have
=

K
B[P (<o m) + e X001 = %pell3] + 1o S BIVF (1)
j=0

2TK

< F(pr) + 5 BIVE(1c) = Vo |3, (D.18)
which completes the proof.
O
D.4 Proof of Lemma C.4
Proof of Lemma C.4. If t* = t'=1, we have x(l) §H) and vgl) = vgl_l). In this case the
statement in Lemma C.4 holds tr1v1a11y Therefore, we assume ¢! # t'~1 in the following proof. Note

that
E[||VF(x(") = vi |5 Fu]
= E[HVF xgl)) — vgl) - E[VF(X(Z)) - V(l)] ||2|ftz] + ||IE[VF x(l)) - vgl)\ftz] 2

[
l l
B [vred®) - S - 2vre zg@] |+ vre) - 3o e?
=0
J1 J2

2

ftl:|

)

2

Jj=0

(D.19)
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where in the second equation we used the definition v,gl) = ZZ 0 g75 in (B.1). We first upper bound

term J;. According to the update rule in Algorlthm 1 (Line 21-25), when j < [, g(J ) will not be
updated at the #!-th iteration. Thus we have E[gt | Fu] = ggj ) for all j < L. In addition, by the
definition of Fy:, we have E[VF (xgl))|}"tz] VF(x (l)) Then we have the following equation

=E[|lg - E[gl”|Fu] |21 Fu]- (D.20)
‘We further have

g’ = BZW@ ") =V, E[gl|Fa] = VEE) - VETY). (D21)

i€l

Therefore, we can apply Lemma B.3 to (D.20) and obtain

< g SV = VA ) = VPR - VR )]

By
=1
1 _
: BmZ!IW (") = V16 D)

\ /\

Hx(l)

(D.22)

where the second inequality is due to the fact that E[|| X —E[X]||3] < E|| X||3 for any random vector
X and the last inequality holds due to the fact that F' has averaged L-Lipschitz gradient.

Next we turn to bound term J5. Note that
0 _wld 0 x(=1)] (-1
Elg"|Fu] = Bl S VA = Vx| Fu = vFE"Y) - vREY),

el

which immediately implies

[ X0 Zg

] [VF( 0y _ yrED) + vREY) ng

ft1:|

= E[VFx{Y) = v Fu (D.23)
= VF(x( ) —vi,

where the last equation is due to the definition of F;. Plugging J; and .J; into (D.19) yields the
following result:

L? _ _ _
E[[VFe) = v [5lFa] < 5" =<V + VPG vl @24

which completes the proof. O

E Additional Experimental Results

We also conducted experiments comparing different algorithms without the learning rate decay
schedule. The parameters are tuned by the same grid search described in Section 5. In particular, we
summarize the parameters of different algorithms used in our experiments with and without learning
rate decay for MNIST in Table 2, CIFAR10 in Table 3, and SVHN in Table 4. We plotted the training
loss and test error for each dataset without learning rate decay in Figure 4. The results on MNIST
are presented in Figures 4(a) and 4(d); the results on CIFAR10 are in Figures 4(b) and 4(e); and the
results on SVHN dataset are shown in Figures 4(c) and 4(f). It can be seen that without learning
decay, our algorithm SNVRG still outperforms all the baseline algorithms except for the training loss
on SVHN dataset. However, SNVRG still performs the best in terms of test error on SVHN dataset.
These results again suggest that SNVRG can beat the state-of-the-art in practice, which backups our
theory.
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Table 2: Parameter settings of all algorithms on MNIST dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning  Batch size  Batch size learning Batchsize  Batch size
rate 7 B ratio b rate n B ratio b

SGD 0.1 1024 N/A 0.01 1024 N/A

SGD-momentum 0.01 1024 N/A 0.1 1024 N/A

ADAM 0.001 1024 N/A 0.001 1024 N/A
SCSG 0.01 512 8 0.01 512 8
SNVRG 0.01 512 8 0.01 512 8

Table 3: Parameter settings of all algorithms on CIFAR10 dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning  Batch size  Batch size learning Batch size  Batch size
rate n B ratio b rate 7 B ratio b
SGD 0.1 1024 N/A 0.01 512 N/A
SGD-momentum 0.01 1024 N/A 0.01 2048 N/A
ADAM 0.001 1024 N/A 0.001 2048 N/A
SCSG 0.01 512 8 0.01 512 8
SNVRG 0.01 1024 8 0.01 512 4
— SGD 1 B — SGD — SGD
SGD-momentum SGD-momentum SGD-momentum
. —.- ADAM " =, —:- ADAM . —.- ADAM
7 e N 5CSG g A U O SCSG g
8 o —— SNVRG ; A\, —— SNVRG ;
g £. g

epochs 4 ) epochs epochs ‘

(a) training loss (MNIST) (b) training loss (CIFAR10) (c) training loss (SVHN)

—— SGD —— SGD

— sSGD
SGD-momentum SGD-momentum SGD-momentum

—-- ADAM 3 —:- ADAM —-- ADAM

..... 5CSG Wl e SCSG

—— SNVRG

—— SNVRG

Test Error
Test Error
Test Error

i,

epochs » epochs epochs

(d) test error (MNIST) (e) test error (CIFARI10) (f) test error (SVHN)

Figure 4: Experimental results on different datasets without learning rate decay. (a) and (d) depict the
training loss and test error (top-1 error) v.s. data epochs for training LeNet on MNIST dataset. (b)
and (e) depict the training loss and test error v.s. data epochs for training LeNet on CIFAR10 dataset.
(c) and (f) depict the training loss and test error v.s. data epochs for training LeNet on SVHN dataset.

F An Equivalent Version of Algorithm 1

Recall the One-epoch-SNVRG algorithm in Algorithm 1. Here we present an equivalent version
of Algorithm 1 using nested loops, which is displayed in Algorithm 4 and is more aligned with the
illustration in Figure 2. Note that the notation used in Algorithm 4 is slightly different from that in
Algorithm 1 to avoid confusion.
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Table 4: Parameter settings of all algorithms on SVHN dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning  Batch size  Batch size learning Batch size  Batch size
rate n B ratio b rate n B ratio b
SGD 0.1 2048 N/A 0.01 1024 N/A
SGD-momentum 0.01 2048 N/A 0.01 2048 N/A
ADAM 0.001 1024 N/A 0.001 512 N/A
SCSG 0.01 512 4 0.1 1024 4
SNVRG 0.01 512 8 0.01 512 4

Algorithm 4 One-epoch SNVRG(F, xo, K, M,{T;},{B:}, B)
1: Input: Function F’, starting point x¢, loop number K, step size parameter M, loop parameters
T;,i € [K], batch parameters B;, i € [K], base batch B > 0.
Output: [Xoy, Xend]

2T« [T
3: Uniformly generate index set I C [n] without replacement
0

4: g[(to)} — % ZiGI V fia(%0)

5: Xf(lﬁ +—x9, 0<I<LK,

6. fort; =0,...,71 — 1do

7: Uniformly generate index set I C [n] without replacement, |I| = By

1 1 0

8: g[<n>] e [V fi(xftl)]) v fi(xfo]))]

9 ...

10. fort; =0,...,7;—1do

11: Uniformly generate index set I C [n] without replacement, |I| = B;

. 0 1 0 (-1

12: g[tz] — B, icl [vfz(x[t,]) - Vfi(x[tl_l])}

13: .

14: forty =0,...,Tx —1do

15: Uniformly generate index set I C [n] without replacement, |I| = Bg

. (K) (K) (K-1)

16: 8] ﬁ Diel [Vfi(x[tK]) - Vfi(x[t,{_l})}

17: Denote t = Y/, 5 TT/S, 4, T then let xp 41 = x, — 1/(10M) - 1 gl
18: X[tK)+1] X1

19: end for
20: “dy (141)
21: Xiti+1)  X[Tuyq]
22:  end for
23: . W @)
24: Xy 41] € X(1]
25: end for

26: Xou < a uniformly random choice from {xq, ..., x7_1}
27: return [Xoy, X7)
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