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1 Preliminaries

In this section, we provide some background knowledge and lemmas, which is needed in our proofs.
For the sake of convenience, C, C0, c, c0 and so on are reserved for absolute constants.

1.1 Sub-Gaussian Random Variable/Vector

A random variable x is sub-Gaussian if the ψ2-norm defined below is finite

|||x|||ψ2
= sup

q≥1

E|x|q
√
q

< +∞ (S.1)

A random vector x ∈ Rp is sub-Gaussian if 〈x,u〉 is sub-Gaussian for any u ∈ Rp, and |||x|||ψ2
=

supu∈Rp |||〈x,u〉|||ψ2
. A complete introduction can be found in [6]. Here we list some of the

well-known properties of sub-Gaussian random variables/vectors, which are extracted from [6].

Proposition A (Sub-Gaussian Tail) A random variable x satisfies the following inequality iff
|||x|||ψ2

≤ κ,

P (|x| > ε) ≤ e · exp

(
−Cε

2

κ2

)
, (S.2)

where C is a absolute constant.

Proposition B If x1, x2, . . . , xn are independent centered sub-Gaussian random variables, then∑
i xi is also a centered sub-Gaussian random variable with∣∣∣∣∣

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

xi

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

ψ2

≤ C2
n∑
i=1

|||xi|||2ψ2
, (S.3)

where C is an absolute constant.

Proposition C If x1, x2, . . . , xn are independent centered sub-Gaussian random variables (not
necessarily identical), then x = [x1, . . . , xn]T is a centered sub-Gaussian random vector with

|||x|||ψ2
≤ C max

1≤i≤n
|||xi|||ψ2

, (S.4)

where C is an absolute constant.

Essentially Proposition C can be shown using the definition of sub-Gaussian vector and Proposition
B, which we generalize to independent sub-Gaussian vectors as follows.
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Lemma A If x1,x2, . . . ,xn are all m-dimensional independent centered sub-Gaussian random
vectors, then x = [xT1 , . . . ,x

T
n ]T ∈ Rmn is also a centered sub-Gaussian random vector with

|||x|||ψ2
≤ C max

1≤i≤n
|||xi|||ψ2

, (S.5)

where C is an absolute constant.

Proof: Define a = [aT1 ,a
T
2 , . . . ,a

T
n ]T ∈ Smn−1, where each ai is m-dimensional. We have

|||〈x,a〉|||ψ2
=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

〈xi,ai〉

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

≤

√√√√C2

n∑
i=1

|||〈xi,ai〉|||2ψ2
≤

√√√√C2

n∑
i=1

‖ai‖22|||xi|||
2
ψ2

≤

√√√√C2

n∑
i=1

‖ai‖22 · max
1≤i≤n

|||xi|||ψ2
= C max

1≤i≤n
|||xi|||ψ2

,

where we use Proposition B for the first inequality. Based on the definition of sub-Gaussian random
vector, we complete the proof.

1.2 Generic Chaining and Gaussian Width

One important tool that we use in our probabilistic argument is generic chaining [4, 5], which is
powerful for bounding the suprema of stochastic processes. Suppose {Zt}t∈T is a centered stochastic
process, where each Zt is a centered random variable. We assume the index set T is endowed with
some metric (distance function) s(·, ·). A key notion in generic chaining is γ2-functional γ2(T , s),
which is defined for the metric space (T , s). One can think of γ2-functional as a measure of the size
of set T w.r.t. metric s. For self-containedness, we give the expression of γ2(T , s).

γ2(T , s) = inf
{Pn}

sup
t∈T

∑
n≥0

2n/2 · diam (Pn(t), s) , (S.6)

where {Pn}∞n=0 = {P0,P1, . . . ,Pn, . . .} is a sequence of partitions for T , which satisfy that
|P0| = 1, |Pn| ≤ 22n for n ≥ 1, and that Pn+1 is a finer partition than Pn, i.e., every Q ∈ Pn+1

is a subset of some Q′ ∈ Pn. Pn(t) denotes the subset of T that contains t in the n-th partition,
and diam (Pn(t), s) measures the diameter of Pn(t) w.r.t. metric s(·, ·). Note that γ2-functional
is a purely geometric concept, which involves no probability. Given that γ2-functional is fairly
involved, we are not going to discuss any insights behind this definition, and refer interested readers
to the introductory books [4, 5]. Based on its definition, we list a few straightforward properties of
γ2-functional here.

γ2(T , s1) ≤ γ2(T , s2) if s1(u,v) ≤ s2(u,v),∀ u,v ∈ T (S.7)

γ2(T , βs) = β · γ2(T , s) for any β > 0 . (S.8)

γ2(T1, s1) = γ2(T2, s2) if ∃ a global isometry between (T1, s1) and (T2, s2) (S.9)
The following lemma concerned with the suprema of {Zt} combines Theorem 2.2.22 and 2.2.27
from [5].

Lemma B Given metric space (T , s), if the associated centered stochastic process {Zt}t∈T satisfies
the condition

P (|Zu − Zv| ≥ ε) ≤ C0 exp

(
− C1ε

2

s2(u,v)

)
, ∀ u,v ∈ T , (S.10)

then the following inequalities hold

E
[
sup
t∈T

Zt

]
≤ C2γ2 (T , s) , (S.11)

P
(

sup
u,v∈T

|Zu − Zv| ≥ C3 (γ2(T , s) + ε · diam (T , s))
)
≤ C4 exp

(
−ε2

)
, (S.12)

where C0, C1, C2, C3 and C4 are all absolute constants.
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Another useful result based on generic chaining is the Theorem D in [2].

Lemma C (Theorem D in [2]) There exist absolute constants C1, C2 for which the following holds.
Let (Ω, µ) be a probability space on whichX is defined, andX1, . . . , Xn be independent copies ofX .

Let setH be a subset of the unit sphere of L2(µ), i.e.,H ⊆ SL2
= {h : |||h|||L2

=
√∫

Ω
h2(X)dX =

1}, and assume that suph∈H |||h|||ψ2
≤ κ. Then, for any β > 0 and n ≥ 1 satisfying

C1κγ2(H, |||·|||ψ2
) ≤ β

√
n , (S.13)

with probability at least 1− exp(−C2β
2n/κ4),

sup
h∈H

∣∣∣∣∣ 1n
n∑
i=1

h2(Xi)− E
[
h2
]∣∣∣∣∣ ≤ β . (S.14)

The suprema in both Lemma B and C are characterized in terms of γ2-functional, which is not easily
computable. In order to further bound the γ2-functional, one needs the so-called majorizing measures
theorem [3].

Lemma D Given any Gaussian process {Yt}t∈T , define s(u,v) =
√
E|Yu − Yv|2 for u,v ∈ T .

Then γ2(T , s) can be upper bounded by

γ2(T , s) ≤ C0E
[
sup
t∈T

Yt

]
, (S.15)

where C0 is an absolute constant.

We construct the simple Gaussian process {Yt = 〈t,g〉}t∈T for any T ⊆ Rp, where g is a standard
Gaussian random vector. Hence s(u,v) =

√
E|Yu − Yv|2 =

√
E|〈u− v,g〉|2 = ‖u − v‖2. It

follows from Lemma D that

γ2 (T , ‖ · ‖2) ≤ C0E
[
sup
t∈T
〈t,g〉

]
= C0 · w(T ) , (S.16)

which makes the connection between γ2-functional and Gaussian width. One technique we utilize in
our proof for bounding Gaussian width is as follows, which originates in [1].

Lemma E (Lemma 2 in [1]) Let M > 4, A1, · · · ,AM ⊂ Rp, and A = ∪mAm. The Gaussian
width of A satisfies

w(A) ≤ max
1≤m≤M

w(Am) + 2 sup
z∈A
‖z‖2

√
logM (S.17)

1.3 Proof of Lemma 1

Statement of Lemma 1: Assume that X ∈ Rm×p has dependent anisotropic rows such that X =

Ξ
1
2 X̃Λ

1
2 , where Ξ ∈ Rm×m encodes the dependency between rows, X̃ ∈ Rm×p has independent

isotropic rows, and Λ ∈ Rp×p introduces the anisotropicity. In this setting, if each row of X̃
satisfies |||x̃i|||ψ2

≤ κ̃, then condition (7) and (8) hold with κ = Cκ̃, µmin = λmin(Ξ)λmin(Λ), and
µmax = λmax(Ξ)λmax(Λ).

Proof: Let w = Ξ
1
2 u for any u ∈ Sm−1, and we have

Γu = E
[
Λ

1
2 X̃TΞ

1
2 uuTΞ

1
2 X̃Λ

1
2

]
= E

[Λ 1
2 x̃1, . . . ,Λ

1
2 x̃m

]
·

 w1

...
wm

 · [w1, . . . , wm] ·

 x̃T1 Λ
1
2

...
x̃TmΛ

1
2




=

m∑
i=1

m∑
j=1

wiwjE
[
Λ

1
2 x̃ix̃

T
j Λ

1
2

]
=

m∑
i=1

w2
iΛ

1
2E
[
x̃ix̃

T
i

]
Λ

1
2 =

∥∥∥Ξ 1
2 u
∥∥∥2

2
·Λ
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It is clear that

λmin(Ξ) · λmin(Λ) ≤ λmin(Γu) ≤ λmax(Γu) ≤ λmax(Ξ) · λmax(Λ) ,

which indicates that condition (8) holds. If |||x̃i|||ψ2
≤ κ̃, then

|||X|||ψ2
= sup

v∈Sp−1

u∈Sm−1

∣∣∣∣∣∣∣∣∣vTΓ
− 1

2
u XTu

∣∣∣∣∣∣∣∣∣
ψ2

= sup
v∈Sp−1

u∈Sm−1

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ vTΛ−

1
2

‖Ξ 1
2 u‖2

·Λ 1
2 X̃TΞ

1
2 u

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

= sup
v∈Sp−1

u∈Sm−1

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ vT X̃T

‖Ξ 1
2 u‖2

·Ξ 1
2 u

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

= sup
v∈Sp−1

∣∣∣∣∣∣∣∣∣X̃v
∣∣∣∣∣∣∣∣∣
ψ2

≤ Cκ̃

where the inequality follows from noting that the vector X̃v has independent elements with ψ2-norm
bounded by κ̃, and thus

∣∣∣∣∣∣∣∣∣X̃v
∣∣∣∣∣∣∣∣∣
ψ2

≤ Cκ̃ for any v ∈ Sp−1. Therefore condition (7) also holds with

κ = Cκ̃.

2 Proofs for Section 3.1

2.1 Proof of Lemma 2

Statement of Lemma 2: Suppose the RE condition (9) is satisfied by X1, . . . ,Xn and Σ with α > 0

for the set A (θ∗) = cone { v | ‖θ∗ + v‖ ≤ ‖θ∗‖ } ∩ Sp−1. If γn is admissible, then θ̂ in (11)
satisfies ∥∥∥θ̂ − θ∗

∥∥∥
2
≤ 2Ψ(θ∗) · γn

α
, (S.18)

in which Ψ(θ∗) is the restricted norm compatibility defined as Ψ(θ∗) = supv∈A(θ∗)
‖v‖
‖v‖2 .

Proof: Since θ̂ is feasible and γn is selected to be admissible, we have∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1(Xiθ̂ − yi)

∥∥∥∥∥
∗

≤ γn,

∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1(Xiθ

∗ − yi)

∥∥∥∥∥
∗

≤ γn

=⇒

∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1Xi(θ̂ − θ∗)

∥∥∥∥∥
∗

≤ 2γn

=⇒

〈
θ̂ − θ∗,

1

n

n∑
i=1

XT
i Σ−1Xi(θ̂ − θ∗)

〉
≤ ‖θ̂ − θ∗‖ ·

∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1Xi(θ̂ − θ∗)

∥∥∥∥∥
∗

=⇒ (θ̂ − θ∗)T

(
1

n

n∑
i=1

XT
i Σ−1Xi

)
(θ̂ − θ∗) ≤ 2γn‖θ̂ − θ∗‖

As ‖θ̂‖ ≤ ‖θ∗‖, we have θ̂−θ∗
‖θ̂−θ∗‖2

∈ A (θ∗). By the assumption of RE condition, we further obtain

α‖θ̂ − θ∗‖22 ≤ (θ̂ − θ∗)T

(
1

n

n∑
i=1

XT
i Σ−1Xi

)
(θ̂ − θ∗) ≤ 2γn‖θ̂ − θ∗‖

=⇒ ‖θ̂ − θ∗‖2 ≤
‖θ̂ − θ∗‖
‖θ̂ − θ∗‖2

· 2γn
α
≤ 2Ψ(θ∗) · γn

α
,

where we use the definition of restricted norm compatibility.
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2.2 Proof of Lemma 3

Statement of Lemma 3: Given sub-Gaussian X ∈ Rm×p with its i.i.d. copies X1, . . . ,Xn,
and covariance Σ ∈ Rm×m with eigenvectors u1, . . . ,um, let Γ = E[XTΣ−1X] and Γ̂ =
1
n

∑n
i=1 XT

i Σ−1Xi. Define the set AΓj for A ⊆ Sp−1 and each Γj = E[XTuju
T
j X] as

AΓj =
{

v ∈ Sp−1 | Γ−
1
2

j v ∈ cone(A)
}

. If n ≥ C1κ
4 · maxj

{
w2(AΓj )

}
, with probability at

least 1−m exp(−C2n/κ
4), we have

vT Γ̂v ≥ 1

2
vTΓv, ∀ v ∈ A . (S.19)

Proof: Assume that the eigenvalue decomposition of Σ is given by Σ =
∑m
i=j σiuju

T
j . For

convenience, we denote zj = XTuj , zji = XT
i uj , and Γ̂j = 1

n

∑n
i=1 XT

i uju
T
j Xi. Note that

Γj = E[zjzj
T

], Γ =
∑m
i=j

Γj
σj

, Γ̂j = 1
n

∑n
i=1 zjiz

jT

i , and Γ̂ =
∑m
j=1

Γ̂j
σj

. In order to apply Lemma
C, we let (Ωj , µj) be the probability measure that zj is defined on, and construct the function set

Hj =
{
hv =

〈
Γ
− 1

2
j v, ·

〉
| v ∈ AΓj

}
It is easy to see that for any hv ∈ Hj ,

E[h2
v] = Ezj∼µj

[
vTΓ

− 1
2

j zjzj
T

Γ
− 1

2
j v

]
= vTΓ

− 1
2

j

(
Ezj∼µj

[
zjzj

T
])

Γ
− 1

2
j v = vTv = 1 ,

i.e., Hj ⊆ SL2(µj) = {h | |||h|||L2(µj)
= 1}. Based on the definition of sub-Gaussian X, we also

have for any v ∈ AΓj ,

|||hv|||ψ2
=
∣∣∣∣∣∣∣∣∣〈Γ

− 1
2

j v, zj
〉∣∣∣∣∣∣∣∣∣

ψ2

=
∣∣∣∣∣∣∣∣∣vTΓ

− 1
2

j XTuj

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ ,

and also for any v1,v2 ∈ AΓj , we have

|||hv1
− hv2

|||ψ2
=
∣∣∣∣∣∣∣∣∣(v1 − v2)TΓ

− 1
2

j zj
∣∣∣∣∣∣∣∣∣
ψ2

≤ κ · ‖v1 − v2‖2 .

If we choose β = 1
2 , using (S.7), (S.8) and (S.9), then we have

c1κ · γ2(Hj , |||·|||ψ2
) ≤ c1κ2 · γ2(AΓj , ‖ · ‖2) ≤ c1c4κ2 · w(AΓj ) ≤ β

√
n

when n ≥ C1κ
4w2(AΓj ) where C1 = 4c21c

2
4. By Lemma C, with probability at least

1− exp(−c2β2n/κ4) = 1− exp(−C2n/κ
4) where C2 = c2/4, we have

sup
h∈Hj

∣∣∣∣∣ 1n
n∑
i=1

h2(zji )− E[h2]

∣∣∣∣∣ = sup
v∈AΓj

∣∣∣∣∣ 1n
n∑
i=1

vTΓ
− 1

2
j zjiz

jT

i Γ
− 1

2
j v − 1

∣∣∣∣∣
= sup

v∈AΓj

∣∣∣vTΓ
− 1

2
j Γ̂jΓ

− 1
2

j v − 1
∣∣∣ ≤ 1

2

=⇒ vTΓ
− 1

2
j Γ̂jΓ

− 1
2

j v ≥ 1

2
, ∀ v ∈ AΓj

=⇒ vTΓ
− 1

2
j Γ̂jΓ

− 1
2

j v ≥ 1

2

(
vTΓ

− 1
2

j ΓjΓ
− 1

2
j v

)
, ∀ v ∈ AΓj

Let w = Γ
− 1

2
j v, and note that the inequalities above are preserved under arbitrary scaling of w. By

recalling the definition of AΓj , it is not difficult to see that

wT Γ̂jw ≥
1

2
wTΓjw, ∀ w ∈ A . (S.20)

Combining (S.20) for each Γj using union bound, we obtain

wT

(
m∑
i=1

Γ̂j
σj

)
w ≥ 1

2
wT

(
m∑
i=1

Γj
σj

)
w, ∀ w ∈ A =⇒ wT Γ̂w ≥ 1

2
wTΓw, ∀ w ∈ A ,

which completes the proof by renaming w as v.
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2.3 Proof of Lemma 4

Statement of Lemma 4: Let κ0 be the ψ2-norm of standard Gaussian random vector and Γu =
E[XTuuTX], where u ∈ Sm−1 is fixed. For AΓu defined in Lemma 3, we have

w(AΓu) ≤ Cκ0

√
µmax/µmin · (w(A) + 3) , (S.21)

Proof: Recall the definition of Gaussian width w(AΓu) = E
[
supv∈AΓu

〈v,g〉
]
, where g is a stan-

dard Gaussian random vector. Given the assumption (8), we have µmin ≤ λmin(Γu) ≤ λmax(Γu) ≤
µmax, and note that

sup
v∈AΓu

〈v,g〉 = sup
v∈AΓu

〈
Γ
− 1

2
u v,Γ

1
2
ug
〉
≤ sup

v∈cone(A)∩ 1√
µmin

Bp

〈
v,Γ

1
2
ug
〉

=
1

√
µmin

· sup
v∈cone(A)∩Bp

〈
v,Γ

1
2
ug
〉
,

(S.22)

where the inequality follows from Γ
− 1

2
u v ∈ cone(A) and ‖Γ−

1
2

u v‖2 ≤ 1√
µmin

. Now we use generic
chaining to bound the right-hand side above. Denote the set cone(A) ∩ Bp by T , and we consider

the stochastic process {Zv = 〈v,Γ
1
2
ug〉}v∈T . For any v1,v2 ∈ T , we have

|||Zv1 − Zv2 |||ψ2
=
∣∣∣∣∣∣∣∣∣〈Γ 1

2
u (v1 − v2),g〉

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ0

∥∥∥Γ 1
2
u (v1 − v2)

∥∥∥
2
≤ κ0

√
µmax · ‖v1 − v2‖2 .

If we define for T the metric s(v1,v2) = κ0
√
µmax · ‖v1 − v2‖2, it follows from Proposition A that

P (|Zv1
− Zv2

| ≥ ε) ≤ e · exp

(
− cε2

κ2
0µmax‖v1 − v2‖22

)
= e · exp

(
− cε2

s2(v1,v2)

)
.

By Lemma B, (S.8) and (S.16), we obtain

E
[

sup
v∈T
〈v,Γ

1
2
ug〉

]
= E

[
sup
v∈T

Zv

]
≤ c1γ2(T , s) = c1κ0

√
µmaxγ2(T , ‖ · ‖2) ≤ c1c2κ0

√
µmax · w(T )

(S.23)
Note that T = cone(A) ∩ Bp ⊆ conv(A ∪ {0}). By Lemma E, we have

w(T ) ≤ w(conv(A ∪ {0})) = w(A ∪ {0}) ≤ max {w(A), w(0)}+ 2
√

ln 4 ≤ w(A) + 3 .
(S.24)

Combining (S.22), (S.23) and (S.24), we have

w(AΓu) = E

[
sup

v∈AΓu

〈v,g〉

]
≤ 1
√
µmin

E
[

sup
v∈T

〈
v,Γ

1
2
ug
〉]
≤ c1c2κ0

√
µmax

µmin
· (w(A) + 3) ,

(S.25)
where the last inequality follows from condition (8).

2.4 Proof of Corollary 1

Statement of Corollary 1: Under the notations of Lemma 3 and 4, if n ≥ C1κ
2
0κ

4 · µmax

µmin
· (w(A) +

3)2, then the following inequality holds for all v ∈ A ⊆ Sp−1 with probability at least 1 −
m exp(−C2n/κ

4),
vT Γ̂v ≥ µmin

2
· Tr(Σ−1) (S.26)

Proof: Given the definition of sub-Gaussian X and Lemma 3, we have

vT Γ̂v ≥ 1

2
vTΓv =

1

2
vT

 m∑
j=1

1

σj
· E
[
XTuju

T
j X
]v

≥ µmin

2
· vTv

 m∑
j=1

1

σj

 =
µmin

2
Tr
(
Σ−1

)
.
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Using the bound in Lemma 4, we have

n ≥ C1κ
2
0κ

4 · µmax

µmin
· (w(A) + 3)2 =⇒ n ≥ Cκ4 ·max

j

{
w2(AΓj )

}
We complete the proof by combining the two equations above.

2.5 Proof of Lemma 5

Statement of Lemma 5: Assume that Xi is sub-Gaussian and ηi ∼ N (0,Σ∗). The following

inequality holds with probability at least 1− exp
(
−nτ

2

2

)
− C2 exp

(
−C

2
1w

2(B)
4ρ2

)
∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1ηi

∥∥∥∥∥
∗

≤
Cκ
√
µmax√
n

·
√

Tr (Σ−1Σ∗Σ−1) · w(B) , (S.27)

where B denotes the unit ball of norm ‖ · ‖, ρ = supv∈B ‖v‖2, and τ = ‖Σ−1Σ
1
2
∗ ‖F /‖Σ−1Σ

1
2
∗ ‖2.

Proof: Since design Xi and noise ηi are independent, we first consider the scenario where each ηi
is arbitrary but fixed vector. Using the definition of dual norm, we have∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1ηi

∥∥∥∥∥
∗

=
1

n
· sup
v∈B

〈
v,

n∑
i=1

XT
i Σ−1ηi

〉
=

1

n
· sup
v∈B

n∑
i=1

〈
Λ

1
2
i v, Λ

− 1
2

i XT
i Σ−1ηi

〉
where Λi = EXi

[XT
i Σ−1ηiη

T
i Σ−1Xi]. Based on the definition of sub-Gaussian Xi, we get∣∣∣∣∣∣∣∣∣Λ− 1

2
i XT

i Σ−1ηi

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ =⇒∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

〈
Λ

1
2
i v, Λ

− 1
2

i XT
i Σ−1ηi

〉∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

≤ c0 max
1≤i≤n

∣∣∣∣∣∣∣∣∣Λ− 1
2

i XT
i Σ−1ηi

∣∣∣∣∣∣∣∣∣
ψ2

·

√√√√ n∑
i=1

∥∥∥Λ 1
2
i v
∥∥∥2

2

≤ c0κ

√√√√ n∑
i=1

∥∥∥Λ 1
2
i

∥∥∥2

2
‖v‖22 ≤ c0κ

√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22 · ‖v‖2

where we use Lemma A in the first inequality by treating the sum of inner products as one “big”
inner product. The last inequality follows from the definition of µmax in (8). Now we consider the
stochastic process

{
Zv =

〈
v,
∑n
i=1 XT

i Σ−1ηi
〉}

v∈B, where ηi is still fixed. For any Zv1
and Zv2

,
by the argument above and Proposition A, we have

|||Zv1
− Zv2

|||ψ2
≤ c0κ

√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22 · ‖v1 − v2‖2 , s(v1,v2)

=⇒ P (|Zv1
− Zv2

| > ε) ≤ e · exp

(
− C1ε

2

s2(v1,v2)

)
It follows from (S.8), (S.16) and Lemma B that

γ2(B, s) = c0κ
√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22 · γ2(B, ‖ · ‖2) ≤ c0c1κ
√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22 · w(B) ,

PXi

(
sup

v1,v2∈B
|Zv1

− Zv2
| ≥ c2 (γ2(B, s) + ε · diam (B, s))

)
≤ c3 exp

(
−ε2

)
Combining the two inequalities above with the symmetry of B, we obtain

PX

sup
v∈B

Zv ≥ c0c2κ
√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22

(
c1
2
· w(B) + ε · sup

v∈B
‖v‖2

) ≤ c3 exp
(
−ε2

)

7



Letting ρ = supv∈B ‖v‖2, ε = c1w(B)
2ρ , with probability at least 1− c3 exp(− c

2
1w

2(B)
4ρ2 ), we have

sup
v∈B

Zv =

∥∥∥∥∥
n∑
i=1

XT
i Σ−1ηi

∥∥∥∥∥
∗

≤ c0c1c2κ
√
µmax ·

√√√√ n∑
i=1

‖Σ−1ηi‖22 · w(B) (S.28)

for any given set of ηi. Now we incorporate the randomness of ηi. Essentially we need to bound√√√√ n∑
i=1

‖Σ−1ηi‖22 =

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗ η̃i

∥∥∥2

2
,

where each η̃i is an m-dimensional standard (isotropic) Gaussian random vector. Given v =

[vT1 , . . . ,v
T
n ]T ∈ Rmn, Denote f(v) =

√∑n
i=1

∥∥∥Σ−1Σ
1
2
∗ vi

∥∥∥2

2
, and we have

|f(v)− f(w)| =

∣∣∣∣∣∣
√√√√ n∑

i=1

∥∥∥Σ−1Σ
1
2
∗ vi

∥∥∥2

2
−

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗wi

∥∥∥2

2

∣∣∣∣∣∣
≤

√√√√ n∑
i=1

(∥∥∥Σ−1Σ
1
2
∗ vi

∥∥∥
2
−
∥∥∥Σ−1Σ

1
2
∗wi

∥∥∥
2

)2

≤

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗ (vi −wi)

∥∥∥2

2

≤

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗

∥∥∥2

2
‖vi −wi‖22 =

∥∥∥Σ−1Σ
1
2
∗

∥∥∥
2
‖v −w‖2

which implies that f is a Lipschitz function with parameter ‖Σ−1Σ
1
2
∗ ‖2. The first two inequalities use

the triangular inequality for L2 norm. Letting η̃ = [η̃T1 , . . . , η̃
T
n ]T , by the concentration inequality

for Lipschitz function of Gaussian random vector (see Proposition 5.34 in [6]), we obtain

P (f(η̃)− Ef(η̃) > t) ≤ exp

(
−t2

2‖Σ−1Σ
1
2
∗ ‖22

)

=⇒ P

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗ η̃i

∥∥∥2

2
− E

√√√√ n∑
i=1

∥∥∥Σ−1Σ
1
2
∗ η̃i

∥∥∥2

2
> t

 ≤ exp

(
−t2

2‖Σ−1Σ
1
2
∗ ‖22

)

=⇒ P

√√√√ n∑
i=1

‖Σ−1ηi‖22 −

√√√√E
n∑
i=1

Tr
(
Σ−1Σ

1
2
∗ η̃iη̃Ti Σ

1
2
∗Σ−1

)
> t

 ≤ exp

(
−t2

2‖Σ−1Σ
1
2
∗ ‖22

)

=⇒ P

√√√√ n∑
i=1

‖Σ−1ηi‖22 −
√
n
√

Tr (Σ−1Σ∗Σ−1) > t

 ≤ exp

(
−t2

2‖Σ−1Σ
1
2
∗ ‖22

)
where we use Jensen’s inequality in the third step for bounding the expectation Ef(η̃). Let-

ting t =
√

Tr (Σ−1Σ∗Σ−1) · n and τ = ‖Σ−1Σ
1
2
∗ ‖F /‖Σ−1Σ

1
2
∗ ‖2, with probability at least

1− exp
(
−nτ

2

2

)
, we have√√√√ n∑

i=1

‖Σ−1ηi‖22 ≤ 2
√
n ·
√

Tr (Σ−1Σ∗Σ−1) , (S.29)

where we use the relation Tr
(
Σ−1Σ∗Σ

−1
)

= ‖Σ−1Σ
1
2
∗ ‖2F . By applying a union bound to (S.28)

and (S.29), with probability at least 1− exp
(
−nτ

2

2

)
− c3 exp(− c

2
1w

2(B)
4ρ2 ), the following inequality
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holds ∥∥∥∥∥ 1

n

n∑
i=1

XT
i Σ−1ηi

∥∥∥∥∥
∗

≤
2c0c1c2 · κ

√
µmax√

n
·
√

Tr (Σ−1Σ∗Σ−1) · w(B) (S.30)

Finally we complete the proof by letting C = 2c0c1c2, C1 = c1, and C2 = c3.

2.6 Proof of Theorem 1

Statement of Theorem 1: Under the setting of Lemma 5, if n ≥ C1κ
2
0κ

4 · µmax

µmin
· (w(A (θ∗)) + 3)2,

and γn is set to C2κ
√

µmax Tr(Σ−1Σ∗Σ−1)
n · w(B), the estimation error of θ̂ given by (11) satisfies

‖θ̂ − θ∗‖2 ≤ Cκ
√
µmax

µ2
min

·
√

Tr (Σ−1Σ∗Σ−1)

Tr (Σ−1)
· Ψ(θ∗) · w(B)√

n
, (S.31)

with probability at least 1−m exp
(
−C3n

κ4

)
− exp

(
−nτ

2

2

)
− C4 exp

(
−C

2
5w

2(B)
4ρ2

)
.

Proof: By Corollary 1, we have the RE condition hold with α = µmin

2 · Tr(Σ−1) for A(θ∗).
Combining Lemma 2 and 5, we get

‖θ̂ − θ∗‖2 ≤ 2Ψ(θ∗) · γn
α
≤ Cκ

√
µmax

µ2
min

·
√

Tr (Σ−1Σ∗Σ−1)

Tr (Σ−1)
· Ψ(θ∗) · w(B)√

n
, (S.32)

and the probability is computed via union bound.

2.7 Proof of Lemma 6

Statement of Lemma 6: Assume X is defined as in Lemma 1 such that X = Ξ
1
2 X̃Λ

1
2 , and rows of

X̃ are i.i.d. with |||x̃j ||| ≤ κ̃. If mn ≥ C1κ
2
0κ̃

4 · λmax(Ξ)λmax(Λ)
λmin(Ξ)λmin(Λ) · (w(A) + 3)

2, with probability at
least 1− exp(−C2mn/κ̃

4), the following inequality is satisfied by all v ∈ A ⊆ Sp−1,

vT Γ̂v ≥ m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
· λmin (Λ) . (S.33)

Proof: Let x̃j
T

i denote the j-th row of X̃i, which is identically distributed as x̃. In order to use
Lemma C, we let (Ω, µ) be the probability measure that x̃ is defined on. Construct the set of points
AΛ =

{
v ∈ Sp−1 | Λ− 1

2 v ∈ cone(A)
}

and the function set

H = {hv = 〈v, ·〉 | v ∈ AΛ}
SinceAΛ ⊆ Sp−1 and x̃ is isotropic, it is easy to verify that E[h2

v] = Ex̃∼µ[〈x̃,v〉2] = 1, |||hv|||ψ2
≤

κ̃ for every hv ∈ H, and |||hv1 − hv2 |||ψ2
≤ κ̃‖v1 − v2‖2 for any hv1 , hv2 ∈ H. Further, if we let

β = 1
2 and mn ≥ 4c1c2κ̃

4w2(AΛ) , C1κ̃
4w2(AΛ), using (S.7), (S.8) and (S.9), we have

c1κ̃γ2

(
H, |||·|||ψ2

)
≤ c1κ̃γ2 (AΛ, ‖ · ‖2) ≤ c1c4κ̃2w (AΛ) ≤ β

√
mn

By Lemma C, with probability at least 1− exp(−c2β2mn/κ̃4) , 1− exp(−C2mn/κ̃
4),

sup
h∈Hj

∣∣∣∣∣∣ 1

mn

n∑
i=1

m∑
j=1

h2(x̃ji )− E[h2]

∣∣∣∣∣∣ = sup
v∈AΛ

∣∣∣∣∣ 1

mn

n∑
i=1

vT X̃T
i X̃iv − 1

∣∣∣∣∣ ≤ 1

2

=⇒ 1

n

n∑
i=1

vT X̃T
i X̃iv ≥

m

2
, ∀ v ∈ AΓj

=⇒ 1

n

n∑
i=1

vT X̃T
i Ξ

1
2 Σ−1Ξ

1
2 X̃iv ≥

m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
, ∀ v ∈ AΛ

=⇒ 1

n

n∑
i=1

vTΛ−
1
2 Λ

1
2 X̃T

i Ξ
1
2 Σ−1Ξ

1
2 X̃iΛ

1
2 Λ−

1
2 v ≥ m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
vTv, ∀ v ∈ AΛ

9



Now we replace Λ−
1
2 v by w and use the definition of AΛ to obtain

1

n

n∑
i=1

wTΛ
1
2 X̃T

i Ξ
1
2 Σ−1Ξ

1
2 X̃iΛ

1
2 w ≥ m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
·wTΛw, ∀ w ∈ cone(A)

=⇒ 1

n

n∑
i=1

wTXT
i Σ−1Xiw ≥

m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
· λmin (Λ) , ∀ w ∈ A

=⇒ wT Γ̂w ≥ m

2
· λmin

(
Ξ

1
2 Σ−1Ξ

1
2

)
· λmin (Λ) , ∀ w ∈ A

Finally we need to bound the Gaussian width w(AΛ). Note that the proof of Lemma 1 implies
that ‖Ξ 1

2 u‖22 ·Λ = E[XTuuTX] = Γu for any u ∈ Sp−1. Therefore it is not difficult to see that
AΛ = AΓu . Using Lemma 1 and 4, we have

w(AΛ) = w(AΓu) ≤ Cκ0

√
µmax

µmin
· (w(A) + 3) = Cκ0

√
λmax(Ξ)λmax(Λ)

λmin(Ξ)λmin(Λ)
· (w(A) + 3) ,

which completes the proof.

2.8 Proof of Corollary 2

Statement of Corollary 2: Suppose y = Xθ∗ + η ∈ Rm, where X is described in Lemma 6, and
η ∼ N (0, I). With probability at least 1− exp

(
−m2

)
− C2 exp

(
−C

2
1w

2(B)
4ρ2

)
− exp

(
−C3m/κ̃

4
)
,

θ̂sg satisfies ∥∥∥θ̂sg − θ∗
∥∥∥

2
≤ Cκ̃ ·

√
λmax(Ξ)λmax(Λ)

λ2
min(Ξ)λ2

min(Λ)
· Ψ(θ∗) · w(B)√

m
, (S.34)

Proof: Setting n = 1 and Σ = Σ∗ = I for Lemma 5, we have∥∥XTΣ−1η
∥∥
∗ =

∥∥XTη
∥∥
∗ ≤ cκ̃

√
m · µmax · w(B) = cκ̃

√
m · λmax(Ξ)λmax(Λ) · w(B) ,

with probability 1−exp
(
−m2

)
−C2 exp(−C

2
1w

2(B)
4ρ2 ). By Lemma 6, we have α = m·λmin(Ξ)λmin(Λ)

2 ,
with probability at least 1− exp(−C3m/κ̃

4). Therefore, it follows from Lemma 2 that

‖θ̂sg − θ∗‖2 ≤ 2Ψ(θ∗) · γ
α
≤ Cκ̃ ·

√
λmax(Ξ)λmax(Λ)

λ2
min(Ξ)λ2

min(Λ)
· Ψ(θ∗) · w(B)√

m

which completes the proof.

3 Proofs for Section 3.2

3.1 Proof of Theorem 2

Statement of Theorem 2:
If n ≥ C4m · max

{
4
(
κ0 + κ

√
µmax

λmin(Σ∗)
‖θ∗ − θ‖2

)4

, κ4
(
λmax(Σ∗)µmax

λmin(Σ∗)µmin

)2
}

and Xi is sub-

Gaussian, with probability at least 1− 2 exp(−C1m), Σ̂ given by (22) satisfies

λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
≤ 1 + C2κ2

0

√
m/n+

2µmax

λmin (Σ∗)
‖θ∗ − θ‖22 (S.35)

λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
≥ 1− C2κ2

0

√
m/n (S.36)

Proof: By introducing the true parameter θ∗, Σ̂ can be rewritten as

Σ̂ =
1

n

n∑
i=1

(ηi + Xi(θ
∗ − θ)) (ηi + Xi(θ

∗ − θ))
T

10



And note that
Σθ , E[Σ̂] = Σ∗ + ∆θ, where ∆θ = E

[
X(θ∗ − θ)(θ∗ − θ)TXT

]
.

The ψ2-norm of Σ
− 1

2
∗ (η + X(θ∗ − θ)) satisfies∣∣∣∣∣∣∣∣∣Σ− 1

2
∗ (η + X(θ∗ − θ))

∣∣∣∣∣∣∣∣∣
ψ2

≤
∣∣∣∣∣∣∣∣∣Σ− 1

2
∗ η

∣∣∣∣∣∣∣∣∣
ψ2

+
∣∣∣∣∣∣∣∣∣Σ− 1

2
∗ X(θ∗ − θ)

∣∣∣∣∣∣∣∣∣
ψ2

= |||η̃|||ψ2
+ sup

u∈Sm−1

∣∣∣∣∣∣∣∣∣(θ∗ − θ)TΓ
1
2
∗uΓ

− 1
2
∗u XTΣ

− 1
2
∗ u

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ0 + sup
v∈Sp−1

u∈Sm−1

∥∥∥Γ 1
2
∗u(θ∗ − θ)

∥∥∥
2
·
∣∣∣∣∣∣∣∣∣vTΓ

− 1
2
∗u XTΣ

− 1
2
∗ u

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ0 + κ sup
u∈Sm−1

∥∥∥Γ 1
2
∗u

∥∥∥
2
‖θ∗ − θ‖2

≤ κ0 + κ

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

where Γ∗u = E[XTΣ
− 1

2
∗ uuTΣ

− 1
2
∗ X], and ‖Γ∗u‖22 ≤ µmax‖Σ

− 1
2
∗ u‖22 ≤

µmax

λmin(Σ∗)
by the definition

of sub-Gaussian X. κ0 is the ψ2-norm of standard Gaussian random vector. By Theorem 5.39

and Remark 5.40 in [6], if n ≥ C4
0m
(
κ0 + κ

√
µmax

λmin(Σ∗)
‖θ∗ − θ‖2

)4

, with probability at least

1− 2 exp(−C1m), we have∥∥∥Σ− 1
2
∗

(
Σ̂−Σθ

)
Σ
− 1

2
∗

∥∥∥
2
≤ C2

0

(
κ0 + κ

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

)2√
m

n
(S.37)

Hence we have

λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
=
∥∥∥Σ− 1

2
∗ Σ̂Σ

− 1
2
∗

∥∥∥
2
≤ 1 +

∥∥∥Σ− 1
2
∗

(
Σ̂−Σθ

)
Σ
− 1

2
∗

∥∥∥
2

+
∥∥∥Σ− 1

2
∗ ∆θΣ

− 1
2
∗

∥∥∥
2

≤ 1 + C2
0

(
κ0 + κ

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

)2√
m

n
+

µmax

λmin (Σ∗)
‖θ∗ − θ‖22

(a)

≤ 1 + 2C2
0κ

2
0

√
m

n
+

2C2
0κ

2µmax

λmin (Σ∗)
‖θ∗ − θ‖22

√
m

n
+

µmax

λmin (Σ∗)
‖θ∗ − θ‖22

≤ 1 + 2C2
0κ

2
0

√
m

n
+

(
µmin

λmax (Σ∗)
+

µmax

λmin (Σ∗)

)
‖θ∗ − θ‖22

≤ 1 + C2κ2
0

√
m

n
+

2µmax

λmin (Σ∗)
‖θ∗ − θ‖22

(S.38)

λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
≥ 1 + λmin

(
Σ
− 1

2
∗

(
Σ̂−Σθ

)
Σ
− 1

2
∗

)
+ λmin

(
Σ
− 1

2
∗ ∆θΣ

− 1
2
∗

)
≥ 1−

∥∥∥Σ− 1
2
∗

(
Σ̂−Σθ

)
Σ
− 1

2
∗

∥∥∥
2

+
µmin

λmax (Σ∗)
‖θ∗ − θ‖22

≥ 1− C2
0

(
κ0 + κ

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

)2√
m

n
+

µmin

λmax (Σ∗)
‖θ∗ − θ‖22

(b)

≥ 1− 2C2
0κ

2
0

√
m

n
− 2C2

0κ
2µmax

λmin (Σ∗)
‖θ∗ − θ‖22

√
m

n
+

µmin

λmax (Σ∗)
‖θ∗ − θ‖22

≥ 1− C2κ2
0

√
m

n
(S.39)

where C2 = 2C2
0 , and in both (a) and (b), we use the assumption n ≥ C4mκ4

(
λmax(Σ∗)µmax

λmin(Σ∗)µmin

)2

=

4C4
0mκ

4
(
λmax(Σ∗)µmax

λmin(Σ∗)µmin

)2

. This completes the proof.
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4 Proofs for Section 3.3

4.1 Proof of Lemma 7

Statement of Lemma 7: If Σ̂ is given as (22) and the condition in Theorem 2 holds, then the
inequality below holds with probability at least 1− 2 exp(−C1m),

ξ
(
Σ̂
)
≤ ξ (Σ∗) ·

(
1 + 2Cκ0

(m
n

) 1
4

+ 2

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

)
(S.40)

Proof: Based on the definition of ξ(·), we have

ξ
(
Σ̂
)

=

√
Tr
(
Σ̂−1Σ∗Σ̂−1

)
Tr
(
Σ̂−1

) =
1√

Tr
(
Σ−1
∗
) ·
√√√√√Tr

(
Σ−1
∗
)
· Tr

(
Σ̂−1Σ∗Σ̂−1

)
Tr2

(
Σ̂−1

)

= ξ (Σ∗) ·

√√√√√Tr
(
Σ̂

1
2 Σ−1
∗ Σ̂

1
2 Σ̂−1

)
· Tr

(
Σ̂−

1
2 Σ∗Σ̂−

1
2 Σ̂−1

)
Tr2

(
Σ̂−1

)

≤ ξ (Σ∗) ·

√√√√√λmax

(
Σ̂

1
2 Σ−1
∗ Σ̂

1
2

)
Tr
(
Σ̂−1

)
· λmax

(
Σ̂−

1
2 Σ∗Σ̂−

1
2

)
Tr
(
Σ̂−1

)
Tr2

(
Σ̂−1

)

= ξ (Σ∗) ·
√
λmax

(
Σ̂

1
2 Σ−1
∗ Σ̂

1
2

)
λmax

(
Σ̂−

1
2 Σ∗Σ̂−

1
2

)
= ξ (Σ∗) ·

√√√√√λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
(S.41)

where the inequality follows from von Neumann’s trace inequality. Now we can bound ξ(Σ̂) by
invoking Theorem 2,

ξ
(
Σ̂
)
≤ ξ (Σ∗) ·

√√√√1 + C2κ2
0

√
m
n + 2µmax

λmin(Σ∗)
‖θ∗ − θ‖22

1− C2κ2
0

√
m
n

= ξ (Σ∗) ·

√√√√1 +
2C2κ2

0

√
m
n + 2µmax

λmin(Σ∗)
‖θ∗ − θ‖22

1− C2κ2
0

√
m
n

≤ ξ (Σ∗) ·

1 +

√
2Cκ0

(
m
n

) 1
4 +

√
2µmax

λmin(Σ∗)
‖θ∗ − θ‖2√

1− C2κ2
0

√
m
n


≤ ξ (Σ∗) ·

(
1 + 2Cκ0

(m
n

) 1
4

+ 2

√
µmax

λmin (Σ∗)
‖θ∗ − θ‖2

)

(S.42)

where the last inequality follows from n ≥ 4C4m ·
(
κ0 + κ

√
µmax

λmin(Σ∗)
‖θ∗ − θ‖2

)4

≥ 4C4mκ4
0.

4.2 Proof of Theorem 3

Statement of Theorem 3:

Let eorc = C1κ
√

µmax

µ2
min

ξ(Σ∗)·Ψ(θ∗)w(B)√
n

and emin = eorc ·
1+2Cκ0(mn )

1
4

1−2eorc

√
µmax

λmin(Σ∗)
. If n ≥ C4m ·

max

{
4
(
κ0 + C1

C2

√
λmin(Σ∗)
λ2
max(Σ∗)

Ψ(θ∗)w(B)
m

)4

, κ4
(
λmax(Σ∗)µmax

λmin(Σ∗)µmin

)2

,

(
2C1κµmax

C2µmin
· ξ(Σ∗)Ψ(θ∗)w(B)√

m·λmin(Σ∗)

)2
}
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and also satisfies the condition in Theorem 1, with high probability, the iterate θ̂T returned by
Algorithm 1 satisfies∥∥∥θ̂T − θ∗

∥∥∥
2
≤ emin +

(
2eorc

√
µmax

λmin (Σ∗)

)T−1

·
(∥∥∥θ̂1 − θ∗

∥∥∥
2
− emin

)
(S.43)

Proof: Since n ≥ C4mκ4
(
λmax(Σ∗)µmax

λmin(Σ∗)µmin

)2

and Σ̂0 is initialized as Σ̂0 = Im×m, by applying

Theorem 1 to θ̂1, we have∥∥∥θ̂1 − θ∗
∥∥∥

2
≤ C1κ

√
µmax

µ2
min

· ξ
(
Σ̂0

)
· Ψ(θ∗) · w(B)√

m
= C1κ

√
µmax

µ2
min

· Ψ(θ∗) · w(B)√
mn

≤ C1κ

√
µmax

µ2
min

· Ψ(θ∗) · w(B)√
m

· λmin (Σ∗)µmin

C2
√
m · κ2λmax (Σ∗)µmax

=
C1

C2
· λmin (Σ∗)

κλmax (Σ∗)
√
µmax

· Ψ(θ∗) · w(B)

m

It follows that

n ≥ C4m · 4

(
κ0 +

C1

C2

√
λmin (Σ∗)

λ2
max (Σ∗)

Ψ(θ∗)w(B)

m

)4

=⇒

n ≥ C4m · 4
(
κ0 + κ

√
µmax

λmin (Σ∗)

∥∥∥θ∗ − θ̂1

∥∥∥
2

)4

By applying Lemma 7 and Theorem 1 to the second iteration,∥∥∥θ̂2 − θ∗
∥∥∥

2
≤ eorc ·

(
1 + 2Cκ0

(m
n

) 1
4

+ 2

√
µmax

λmin (Σ∗)

∥∥∥θ̂1 − θ∗
∥∥∥

2

)
=⇒∥∥∥θ̂2 − θ∗

∥∥∥
2
− emin ≤ 2eorc

√
µmax

λmin (Σ∗)
·
(∥∥∥θ̂1 − θ∗

∥∥∥
2
− emin

)
.

Since n ≥ C4m ·
(

2C1κ
C2 · µmax

µmin
· ξ(Σ∗)Ψ(θ∗)w(B)√

m·λmin(Σ∗)

)2

, we have 2eorc

√
µmax

λmin(Σ∗)
≤ 1, which indicates

that
∥∥∥θ̂2 − θ∗

∥∥∥
2
≤
∥∥∥θ̂1 − θ∗

∥∥∥
2
. Therefore the condition in Lemma 7 on sample size n also holds

for θ̂2 and so on. By repeatedly applying Lemma 7 and Theorem 1, we have the following inequality
for every t > 0,∥∥∥θ̂t+1 − θ∗

∥∥∥
2
− emin ≤ 2eorc

√
µmax

λmin (Σ∗)
·
(∥∥∥θ̂t − θ∗

∥∥∥
2
− emin

)
(S.44)

By combining (S.44) for every t, we obtain∥∥∥θ̂T − θ∗
∥∥∥

2
− emin ≤

(
2eorc

√
µmax

λmin (Σ∗)

)T−1

·
(∥∥∥θ̂1 − θ∗

∥∥∥
2
− emin

)
which completes the proof.
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