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1 Problem Formulation

1.1 Notation

In this document, we refer to pointers in the main text using the prefix MT. For example, equation
MT-1 refers to equation 1 in the main text.
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We use 7, X, and Z to represent input, signal, and noise tensors. For matrices we use bold-faced
upper case letters, for vectors we use bold-faced lower case letters, and for scalars we use regular
lower case letters. For example, X represents a matrix, X represents a vector, and x represents a
scalar number. For any set J, |.J| denotes its cardinality. I,,, xn, and 1,,, x, are the identity and all
one matrices of size ny X na, respectively. When no confusion arises, we drop the subscripts. [n]
represents the set {1,2,...,n}. For J C [n], u!/) means that u(j) = 0if j € J. J = [n] — J. Z,—,
is the indicator function of the event x = y. e; is a vector whose ¢-th entry is one and its other entries

d . .
are zero. X = Y means random variables X and Y have the same distribution.

Tr(X) and X! represent the trace and the transpose of the matrix X, respectively. diag(x) is a
diagonal matrix whose diagonal elements are equal to x, while diag(X) is a vector of the diagonal
elements of the matrix X. ||x||o = (x’x)'/? is the second norm of the vector x. When no confusion
arises, we drop the subscript. ||| is the infinity norm of the vector x (i.e., |X||co = max(|a;|)).
IX] is the operator norm of the matrix X, while || X||r is its Frobenius norm. < x,y > is the
inner product between vectors x and y. x | y indicates that vectors x and y are orthogonal. The
matrix inner product is defined as < X, Y >= Tr(XY?). ||X||% =< X,X >. Inner product
and Frobenius norm of a tensor are defined similarly. det(X) is the determinant of X. X ® Y
indicates kronecker product of matrices X and Y. D, (P;||P2) represents the Kullback—Leibler
(KL) divergence between two distributions P; and Ps.

The asymptotic notation a(n) = O(b(n)) means that, there exists a universal constant ¢ such that for
sufficiently large n, we have |a(n)| < c¢b(n). If there exists ¢ > 0 such that a(n) = O(b(n) log(n)®),

we use the notation a(n) = O(b(n)). The asymptotic notation a(n) = Q(b(n)) and a(n) =
Q(b(n)) is the same as b(n) = O(a(n)) and b(n) = O(a(n)), respectively. Moreover, we write
a(n) = O(b(n)) iff a(n) = Q(b(n)) and b(n) = Q(a(n)). Similarly, we write a(n) = ©(b(n)) iff

a(n) = Q(b(n)) and b(n) = Qa(n)).

1.2 Signal and Noise Models
Consider ¢ = 1 in MT-(T), the tensor biclustering model simplifies to

T=X+Z=0wwiv, + Z, (D
In this section, we explain noise models I and II with more details:

- Noise Model I: In this model, the variance of the noise within and outside of bicluster indices is
assumed to be the same. Thus, under this model we have

o2 = 1. 2

This is the noise model often considered in analysis of sub-matrix localization [} 2]] and tensor

PCA [3L 14115, 16[7,18L19]. Although this model simplifies the analysis, it has the following drawback:

under this noise model, for every value of o2, the average trajectory length within the bicluster

is larger than the average trajectory length outside of the bicluster. To see this, let T € Rmxk?
be a matrix whose columns include trajectories 7 (51, jo, :) for (j1, j2) € J1 X J3 (i.e., Ty is the
unfolded 7 (J1, Jo,:)). We can write T; = X5 + Z; where X; and Z; are unfolded X (J1, Jo, :)
and Z(J1, Ja,:), respectively. The squared Frobenius norm of X is equal to ||X;[|%2 = o%.
Moreover, the squared Frobenius norm of Z; has a y-squared distribution with mk? degrees

of freedom. Thus, the average squared Frobenius norm of T is equal to 0? + o2mk?. Let

T, € R™* ** be a matrix whose columns include only noise trajectories. Using a similar argument,
we have E[||T2||%] = mk?, which is smaller than 0% + mk?.

- Noise Model II: In this model, Jf is modeled to minimize the difference between the average
trajectory lengths within and outside of the bicluster. If 02 < mk?, without noise, the average
trajectory lengths in the bicluster is smaller than the one outside of the bicluster. In this regime,
having 02 = 1 — 07 /mk? makes the average trajectory lengths within and outside of the bicluster
comparable. This regime is called the low-SNR regime. If 0? > mk?, the average trajectory
lengths in the bicluster is larger than the one outside of the bicluster. This regime is called the
high-SNR regime. In this regime, adding noise to signal trajectories increases their lengths and
makes solving the tensor biclustering problem easier. Therefore, in this regime we assume 02 = 0



to minimize the difference between average trajectory lengths within and outside of the bicluster.
Therefore, under the noise model II, we have

02 = max(0,1 — U—%) 3)
# ’ mk2
1.3 Related Work
A related model to tensor biclustering (T)) is the spiked tensor model [3]:
T=01vVvev+Z. 4)

Unlike the tensor biclustering model which is asymmetric along tensor dimensions, the spiked tensor
model has a symmetric structure. Assuming the noise tensor Z has i.i.d. standard normal entries,
reference [4] has shown that, if 07 < (1 — €)n, no algorithm based on a spectral statistical test can
detect the existence of such signal structure, with error probability vanishing as n — co. References
[6L 5] have shown that the inference of the signal tensor is possible using a polynomial time algorithm
if o = Q(n3/ 2). A variation of this bound also appears in the analysis of our tensor folding method
(Theorem MT{I)). Moreover, statistical and computational trade-offs of a generalized tensor PCA
model have been studied in [9].

In the model (), if m = 1, the tensor can be viewed as a matrix. Let u;(j1) = 1/vk and
wi(j2) = 1/\/E for (j1,j2) € J1 x Ja, and consider noise model I. In this case, elements of the
sub-matrix 7 (J1, Jo, 1) have i.i.d. Gaussian distributions with ¢ = o1 /k means and unit variances.
Elements of the matrix outside of indices J; x J have normal distributions. In this special case,
the tensor biclustering problem simplifies to the sub-matrix localization problem [} 2]. Note that
the bicluster structure in this special case comes from scaling coefficients u; and w; since vi = 1.
This problem is closely related to the planted clique, bi-clustering (co-clustering), and community
detection problems. In this case, our statistical lower bound (Theorem MT{6) and the achievability
bound of the MLE (Theorem MT{3)) match with the ones derived specifically for the sub-matrix
localization problem [} 2].

2 Details of Tensor Biclustering Methods

2.1 Algorithms

In this section, we provide more details on three tensor biclustering methods, namely tensor unfold-
ing+spectral, thresholding sum of squared trajectory lengths, and thresholding individual trajectory
lengths.

Algorithm 1 Tensor Unfolding+Spectral
Input: 7, k
Compute X, the top right singular vector of Ty, forded
Let .J; be the set of tensor row indices of k2 largest entries of ||
Let .J, be the set of tensor column indices of k2 largest entries of x|
Output: Ji and Js

Algorithm 2 Thresholding Individual Trajectory Lengths
Input: 7, k
Compute J1, the set of first indices of k2 largest trajectories

Compute Js, the set of second indices of k2 largest trajectories
Output: J; and Jo




Algorithm 3 Thresholding Sum of Squared Trajectory Lengths
Input: 7, k
Compute dy(j1) = 2?2:1 T (i1, g, 2)||? for1 < j1 <n
Compute d2(j2) = 37—y [T (1,42, 2)[? for 1 < jo <
Compute J1, the index set of k largest components of d;
Compute Jo, the index set of k largest components of do
Output: j1 and j2

2.2 Computational Complexity

In Table MT{I| we summarize computational complexity of different tensor biclustering methods.
Tensor unfolding+spectral, thresholding sum of squared trajectory lengths, and thresholding indi-
vidual trajectory lengths have linear computational complexity with respect to the tensor size n2m.
Computational complexity of the tensor folding+spectral is O(n?m?) which is higher than linear and
lower than quadratic with respect to the tensor size. Computational complexity of the MLE method is

exponential in n.

Figure[I|shows the empirical running time of different tensor biclustering methods with respect to
the tensor size N = n?m. In Figure a, we vary the tensor size by varying m, while in Figure
[I}b we increase the tensor size by increasing the size of all dimensions. In both setups, tensor
unfolding+spectral method has the worst empirical running time compared to other methods. In the
setup of panel (a), tensor folding+spectral method has a larger running time compared to thresholding
individual and sum of squared trajectory lengths since its computational complexity depends on m?
while the computational complexity of other methods depend on m. Our empirical running time
analysis has been performed on an ordinary laptop using implementations of tensor biclustering
methods in MATLAB.

3 Details of Numerical Experiments

3.1 Synthetic Data

In Section MT{6.T] we evaluate the performance of different tensor biclustering methods in synthetic
datasets. We use the statistical model described in Section MT{4.|to generate the input tensor 7.

Let (J;, J») be estimated bicluster indices (.J1, J5) where |.J;| = |.J,| = k. To evaluate the inference
quality we compute the following score:
|j1 N J1| n |j2 M J2|
2k 2k

This score is always between zero and one. If (.J1, Jo) = (J1, J), this score achieves its maximum
value one.

o)

Tensor unfolding+spectral method (Algorithm [T) and thresholding individual trajectory lengths
method (Algorithm [2)) may have an output (.J1, J») where |J;| > k or |Ja| > k. This is because these
algorithms ignore the block structure formed by bicluster indices. To have a fair comparison with
other methods, we select k£ most repeated indices in their outputs as an estimate of bicluster indices.

3.2 Real Data

In Section MT{6.2] we apply different tensor biclustering methods to the roadmap epigenomics
dataset [10] which provides histon mark signal strengths in different segments of human genome
in various tissues and cell types. This dataset can be viewed as a three dimensional tensor whose
dimensions represent segments of genome, tissues (cell types), and histon marks. Reference [10] has
shown that in a tissue, segments of genome with similar histon mark values are often have similar
functional roles (e.g., they are enhancers, promoters, etc.). Moreover, histon marks of a specific
genome segment can vary across different tissues and cell-types.

Here we consider a portion of the roadmap epigenomics dataset to demonstrate applicability of tensor
biclustering methods to this data type. A full analysis of the roadmap epigenomics dataset along
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Figure 1: Empirical running time of different tensor biclustering methods with respect to the tensor
size n?m. In panel (a) we consider n = 40, m = 40 and vary «, while in panel (b) we consider
n =m = a'/340. Experiments have been repeated 10 times for each point.

with biological validations of inferences are beyond the scope of the present paper. We consider
genome segments of chromosome 20 in human. Each segment has 1000 base pairs. In each genome
segment, we consider the average value of the signal strength for every histon mark. We only consider
segments with at least one non-zero histon mark value. In the roadmap epigenomics dataset, some
tissues (cell-types) do not have data for some histon marks. Thus, we only consider a subset of tissues
(cell-types) and a subset of histon marks with complete data. After these filtering steps, we obtain a
data tensor 7 € R™*"2X™ where ny = 49 is the number of tissues (cell-types), no = 1457 is the
number of genome segments, and m = 7 is the number of histon marks. Our seven histon marks
include the core set of five histone modification marks reported in reference [10] (i.e., H3K4me3,
H3K4mel, H3K36me3, H3K27me3, and H3K9me3), along with two additional marks (i.e., H3K27ac
and H3K9ac). T (j1, j2,¢) provides the signal strength of histon mark 4 in the genome segment jo of
tissue j1. Our goal is to find J; C [n1] and Jy C [ng] where {T (j1, jo,:) : (J1,J2) € J1 X Ja} form
a low dimensional subspace.

To evaluate the quality of the inferred bicluster, we compute the total absolute pairwise correlations
among vectors in the inferred bicluster, i.e.,

Z(j17j2);£(ji,jé)ejlxj2 Ip(T (j1, J2, 1), T (41, 2. )
(I11921)? = |1]] 2]

where p(.,.) indicates the Pearson’s correlation between two vectors. If all vectors in the inferred
bicluster are parallel to each other, this value will be one. If vectors in the inferred bicluster are
orthogonal to each other, this value will be zero.

(6)

We evaluate the quality of inferred biclusters for different cluster sizes in Figure 2] Similar to the
setup considered in the main text, in these cases the tensor folding+spectral method continues to
outperform other tensor biclustering methods.

4 Proofs

4.1 Preliminary Lemmas
For a sub-Gaussian variable X, || X ||, denotes the sub-Gaussian norm of X defined as
_1
1X . # supp™3 (E[1X]7])7 @)
p>

If X is a centered Gaussian variable with variance o2, then || X ||y, < co where c is an absolute
constant.
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Figure 2: The quality of inferred biclusters by different tensor biclustering methods and uniformly
randomly selected bicluster indices when (a) |J1| = 5, |J2| = 200, and (b) |J1| = 20 and |J2| = 800.

Lemma 1. Let X;,..., X x be independent, centered sub-Gaussian random variables. Then, for every
a=(ay,...,ay)’ € RN and everyt > 0, we have

N 2
ct
P [| E aiXi| > t] < eexp <0’2|a|2)7 (8)
m 2

i=1
where 0, = max; || X;||y, and ¢ > 0 is an absolute constant.
Proof. See Proposition 5.10 in [11]].

Let Y be a sub-exponential random variable. ||Y"||,,, denotes the sub-exponential norm of Y, defined
as

Yy, £ sgrfp_l(E[lYl”])l/p- ©)
Pz

If X is sub-Gaussian, Y = X2 is sub-exponential, and vice versa. Moreover, we have
1X115, < 1Y llw: < 201X]13,- (10)

Lemma 2. Let Y,...,Yn be independent, centered sub-exponential random variables. Then, for
everya = (ai,...,an)?T € RN and every t > 0, we have

N 2 t
[y a;Yi| >t| <2exp [—cmin( , )], (1m)
2 oz llall3’” omllalle

i=1
where 0., = max; ||Y; ||, and ¢ > 0 is an absolute constant.

P

Proof. See Proposition 5.16 in [[11]].

To bound the operator norm of sum of random matrices we use the following lemma:
Lemma 3. Let Y;,...,Y n be ny X ny independent random matrices such that for all j € [N]

P|I'Y; — E[Y,]| > 8] <. (12)
Moreover suppose we have
[B[Y;] = E [Y Ty, 1<s] || < p2- (13)
Let
N N
i = max | | SOEY, Y - BV R | SEYEY BRG] | a4
j=1 j=1
Then for Y = E;V:1 Y, we have
—(t — Np2)2 )
PlY —E|Y N . 1
1Y = BI¥ 2 6 < Mgy + G+ ) (5 e 15)



Proof. See Proposition A.7 in [J5].

Lemma 4. Let Zy,...,Z N be m x n independent random matrices such that Z.,.(i, j) has a standard
normal distribution for every i, j. Then, for some constant ¢ > 0, with high probability, we have

N
> ZiZ; — Nml|| < cmax(n,m)V'N log(N). (16)
j=1
Proof. Let ny = max(n,m). Let Y; = Z4Z;. We have |[Y,| = [|Z;||*>. Since ||Z;| has a
sub-Gaussian tail distribution, for some constant ¢ > 0, we have
P [IZ;] > vtn1] < exp(—ct). (17
Therefore, we have
PIY; —E[Y,]l| > (¢ + Dna] < P[Y,]| > tni] < exp(—ct). (18)
Moreover, we have
—cp —cf
1Y)~ E[¥,Z v, 1<5]l| = BUY 1 > B IELY, 1) = mesp (2 ) <mexp (- ).
(19)

Thus, for a large enough constant ¢’ > 0 and having 8 = ¢/ny log(n) in (8] and (T9), we can satisfy
conditions (T2) and (T3) of Lemma[3|for p; = ps = n~2, for a sufficiently large cz > 0.

Next we compute 2 in (T4). Since Y ; is symmetric we have

N

w =Y E[Y; Y] - E[Y,]E[Y]] (20)
j=1

IA

N
> E[Y; Y|+ Nm?

j=1

2

Z (Y5 Y4+ Nm?,

where the last step follows form Jenson’s inequality. Moreover, we have

BV, YY) = [ Rv,YY > en
:/OO}P’[HZ]-H >t1/4] dt
0
[ e (50) -
= exp| —— | = —
0 ny C

Therefore, with high probability, u? = O(Nn?). Substituting p1, p2 and x? in (I3) completes the
proof of this lemma.

Lemma 5. Let x = (21,%2,...,2,) € R™ be a random vector with independent sub-Gaussian
entries x; with Ex; = 0 and ||3101-||w2 < K. For A € R"™" ¢ > 0, we have

, t2 t
P{|(x,Ax) — E (x, Ax)|} < 2exp {cmm <K4 HA||2F7 7 ||A|> } (22)

for some constant ¢ > 0.
Proof. See reference [12]].

Lemma 6. Let Y = xx! + oW, where x € R"|x|s = 1 and W € R™" =
Z;V L (z27 z; — Ez;z; T) where z; are i.i.d. N(0,1,x,) gaussian random vectors. Let X € R",



|Ix||, = 1 be the eigenvector corresponding to the largest eigenvalue of the matrix Y. Let the
operator norm of the matrix W be such that

IWll2 < An.n, (23)
with probability at least 1 — O(n~2). Further, let

¢
0’<0

24
o 24)

for some positive constant co < 1/6. Letting M = ||X|| o0, we have

1% = xlloc < O (o (VNIog N + MA,v) ). (25)

with high probability as n — oo.

Proof. Our proof is based on the technique used in [13]]. However, in [13]], x € C", W € C"*"
and |z;| = 1 for 1 < i < n. In addition, in [13], it is assumed that W is a complex Wigner random
matrix which is not the case in our model. Hence, we will develop a bound that fits our model. For
1 <1 < n, we denote the [-th row (or column) of W by w;. Further, we define WO g R*7 ag

W AW, for i1 j#L (26)
w20, it i=lorj=L
Further, we define AW® £ W — WU, Note that 23) results in

WOl <amn [[AWO| < anns Wil < A, &)

with probability at least 1 — O(n~2). Let X!) be the eigenvector corresponding to the top eigenvalue
of the matrix Y = xxT + W Note that for any 1 <[ < n, we can write

B (xxT x) + 0 (Wx),
[L’l| /\1( ) — Xy (28)
o |[(Wx),|
‘*’MWV
Hence,
= |(x, %) ‘ o [[Wx]
o < —1|M 29
e ‘ ny) M) .

Next we bound the term ||WX|| . Note that for 1 <[ < n, we have

(W3] = [(we,3] = [ (w20 + | (e % =20 < | (e, %Ol [~ =0
(30)

Note that Y = Y + s AW, Hence, using the Davis-Kahan sin © Theorem (see, e.g., Lemma 11
in [[13]), we have

ov2[|aAWORO,

SY0) — o [AWO, o

-], <

where § (YD) = X (YD) — \(Y ") is the spectral gap of the matrix Y (V). Note that using the
Weyl’s inequality we can write

6 (YD) 26 (x") =20 [ WO >1-200, (32)
where we have used in the last inequality. Therefore, using @ @7, @4) we get
501, = =y Jawost < g fawost], e
1-— 30'An N 2 n N



with probability at least 1 — O(n~2). Putting this in (30) we get,

V2[will,

w01 < [{w 20)] 5570

fawoso],

with probability at least 1 — O(n~?2). Note that HAW Nz ||2 > |<wl, i(l)>|. Hence, by (27), we
get

(W) 5 [aw®z0| . (35)

with probability at least 1 — O(n~2). Thus, we need to bound the term HAW x|l Note that

-

here we can leverage the independence between AW () and X! to get a tight bound on ||X — X|| .

We can write

AWOROP Z [ (AWOED AWORO
H [ =[(awos0) [+ 32| (awos0)

kAL (36)
<Wl x(l)> —l—‘ l)‘ |Wz|| <Wz X(Z)> + ’N(l ‘ >\n N

with probability at least 1 — O(n~2). In order to bound the term <Wl, x( )>, it suffices to bound the
term (wy, u), where ||u||, is a fixed vector. Hence, using the independence between w;, X(), the

bound for (w;, X)) follows by first conditioning on X(") and then using the bound for (w;, u). Now
for a fixed vector u € R™, ||u||2 = 1, we can write

N
T T
(wi,u) = (W u)l = T, el Z zjz] u el> - EZ <zjzj u,el> (37)
Jj=1 Jj=1
N N
= Zuszz]Tel — EZuszijel Zz uefz; — EZZ ue/ z;
j=1 j=1

I
Mz

N
(z;,U;z;) ]EZ z;,U;z;) = (z,Uz) — E (z,Uz),
j=1

j=1
where
U1 Wi
U, W2
Ul :uelT eRan) U= Ud e]RnNXnN7 WER”N — | W3
Uy WN
(38)

Now, using LemmaE]for t > 0 we have

. ¢ ¢
P{|{(w;,u)| >t} =P{|(z,Uz) — E(z,Uz)| >t} < 2exp{—len{U”%,”U”2}} (39)

2
:2exp{—C’min{§V,t}}, (40)

for some constant C' > 0. Therefore, by taking t = C’v/N log N, where C'C' > 3, we have with
probability at least 1 — 2n 73,

|(wi,w)| < C'\/Nlog N. (1)

Hence, using the union bound over 1 < [ < n, with probability at least 1 — O(n’Q),

|(w;,u)] < C’'\/NlogN, for 1 <1< n. (42)

~ N(OalnNXnN)



Combining this with (36), (33) and since va? + b < a+ bfora,b > 0,

W[ <O < Nlog N + <1r£1la<x >~<§I>\> AH,N> , (43)
with high probability as n — co. Now notice that for any 1 <1 < n,
(Y(l)i(”)l =M (YO0 = <x, >~<<l>> o +o (wU)i(”)l _ <x7 i(l>>xl. (44)
Therefore, using Weyl’s inequality and (24)
%0 M[(x,Z0)| M
~(l)‘:|<x’x )| ’ < <6M/5 45
= S oW, S o <OV “
Hence, @3] results in
W[ <0 (VNIogN + M), (46)
with high probability as n — co. Moreover, note that using the “sin ©” theorem, under (24)
X —x[l, < O(cAnn). 47)

In addition, note that we can choose X such that |(x,X)| = (x,X). Thus,
(%) =1-(1/2) [X—x[ >1-00*\2 ), [x%)]<1 (48)

Also we use Weyl’s inequality 1 — oA, y < A1(Y) < 1+ o), n. Finally, putting these and @3)) in

(29), under (24), we get

[(x, %) o |[[Wx],

A (Y) A (Y)

SR = 1M+ M(Y) = 1M +0 (VNIogN + M)

<o (VNIogN + M 2y +22,50)) <O (0 (VNIog N + M,y ) ), (50)

with high probability as n — oo, and this completes the proof.
Lemma 7. Let Y = uvl + oW, whereu € R™, v € R", ||[v|j2 = |lu]s = 1 and W € R™*"
where W ; are i.i.d. N'(0,1) gaussian random variables. Letu € R™,v € R™,||v|, = [[ull, =1
be the left and right singular vectors corresponding to the largest singularvalue of the matrix Y,
respectively. Let the operator norm of the matrix W be such that

X = x[loo <

(49)

—1‘M+

with probability at least 1 — O((mn)~1). Further, let
o
< 52
o< Y (52)

for some positive constant cy < 1/6. Letting, M1 = max ||u|oo, M2 = max ||V, we have

i - ull <0 (o (Valogn+Mid,x)), (53)
IV =Vl <0 (o (V/mlogm + MaAuw) ) (54)

with high probability as n — oo.

Proof. This lemma can be proved similarly to Theorem 4 of [13] (the ¢, perturbation bound on
eigenvectors) with slight modifications that we describe below.

If we let 11 and ¥ be the top left and right eigenvectors of the matrix Y = uv’ 4+ ¢ W where W is a
random matrix with i.i.d. A'(0,1) entries, similar to the proof of results stated in [13] we can write

(Yv), (uv +oW) V), (v,v) U (Wv), o
1 (Y) 1 (Y) l <‘<01(Y) 1) l‘* 1 (Y)
¥, v)

(55)

—1 M’ N
S‘(«(Y) )’ T
(56)

|t — :‘

o [(Wv),|

10



where M7 = max; |u|, for 1 < < n. Note that this bound is exactly the same as the bound stated
in (28) and in [13]. Therefore, by defining W) € R™*" as

Wl 2 W, for i#£l, (57)
w20, it Q=1 (58)

we can follow exactly the same steps in [13] to prove the /., perturbation bound on ||a — u|| . The
only part that needs a slight change is the /5 perturbation bound on the singular vectors (similar to
bound to the bound we used in (31))). Here instead of the Davis-Kahan “sin ©” Theorem, we can use
the Wedin’s Theorem [14] to have

ovEmax { [AWOTO,, |

AWDT 5O H }
2

[#-+¢], < 5 (YD) — o [AWO, ' )
Using the definition of AW®) = W — W we have
Jawrse], =m0
Jawerao], < i )]
where w; is the [-th row of W. Using these inequalities, bounding the term |<Wl, V(l)> , using the

independence between w; and v(Y) and Gaussian concentration (Bernstein Inequality) and bounding
[a®]|_, (as in @3)) will give us the singular value version of the £, perturbation bound in the
following lemma. Using the same argument for Y7 will give a similar bound on ||V — V|| .

Lemma 8. Let Py,..., Py be probability measures on the same probability space where M > 2. If
for some 0 < o < 1, we have

M
Ml_’_ 1 ;DKL(Pz'Hﬁ) < alog(M) (62)
where
B | M
P =T ;Pi (63)
Then,
Dot > log(M +1) —log(2) N )

log(M)
where D as is the minimax error for the multiple testing problem.
Proof. See reference [15]].

Lemma 9. Let P; be a multivariate Gaussian distribution with mean ; and covariance I';, for
i =1,2. Then

D(P1[|P2) = % (TT (T5'T0) + (1 — p2) T3 (11 — p2) +In (ZZEE;)) (65)

Lemma 10. Let Z be a tensor whose entries are i.i.d. normal. We have

- (A
p(< A, Z >)] =exp 5 . (66)

Lemma 11. Ler v = (vy, ..., U, ) be a vector distributed uniformly over the unit sphere. We have

2
Elexp(av;)] = cexp (;m) . (67)

where c is a constant and o can grow with m.

11



Proof. We have v, 4 7/ % where ;1 is normal and S,, _1 has a x-squared distribution with
1 m—
m — 1 degrees of freedom [4].

We have
exp(a)
Elexp(av)] = / P(exp(avy) > y)dy (68)
1
exp(a) 1
_ / Plo, > 0g(y) dy
1 a
On the other hand, we have
log(y) Sim_1 a?
P =P . 69
( 1 = @ ) ( l’% = log(y)2) ( )
Using Lemma[2} we have
P (Sm,1 <m—1-2y/(m— l)t) < exp(—t). (70)
Similarly we have
P(x‘;’ > 1+2\/£+2t) < exp(—t). (71)
Combining (70) and (71}, we have
Sm— —vmt
P ( ml < clmm) < exp(—t), (72)
Ty t
where c; is a constant. Choosing
4
t= o . (73)
4a?
(1+ 1+ i)
we have
2 1 2
P <5m21 < 2> < exp (—ch o8ly) ) (74)
zp  ~ log(y) a
where ¢ is a constant. Moreover, we have
exp(a) 1 2 2
/ exp <62m(wg2(y)) dy < c3exp (a) . (75)
1 « m

Combining (68) and (73)) completes the proof.

4.2 Proof of Theorem MT{Il

First, we prove Theorem MT for the noise model I where 02 = 1. Without loss of generality we
assume J1 = {1,2,...,k} and J> = {1,2,...,k}. Recall that T(; ;) € R™*" is the j-th horizontal
matrix slice of the tensor 7. We have T(; 1) = X; 1) + Z(;,1) where X; 1) and Z; 1) are the j-th
horizontal matrix slices of signal and noise tensors X and Z.

For j € [k], we have

X(j,l) = alul(j) (11><n ® V1) Dlag (Wl(l), ceey Wl(k), O, ceey O) . (76)
Thus for j € [k],
XX = ot (ui(f)*wi(wi)", (77)
Summing this over j and using the fact that ||u; || = 1, we have
> XG0 X ) = otwa(wa)” (78)
j=1

12



Thus the largest eigenvalue of the matrix Z;’:l Xz j,1)X(j,1) is 02 which corresponds to the eigen-
vector wi. Note that entries of this eigenvector is all zero outside of the bicluster index set Js.

Next we bound the operator norm of noise terms. For j € [k], we have
¢ t ot ¢ t ¢
TonTon = XenXan + 226y + X026y + 20 X6 (79)
For j > k, we have
¢ ¢ ¢
TonTon = Zansen: (80)
Summing these terms over j € [n] we have

n n n k
D ThuThy = 2 XGnXon + Y ZhnZoy + Y X2y + 250 Xen 6D
j=1

j=1 j=1 j=1

noise term I noise term II

Using Lemma[d] with high probability, we have

Z ij,l)Z(j,l) —nml|| < cy/nmax(n, m)log(n) (82)

j=1

where ¢ > 0 is a universal constant. Also according to the argument explained in the last paragraph
of Section|3.1} we also have

> Z{;1)Z(0) — nml|| < enmlog(n) (83)
j=1
Let
A:1 £ min(v/nmax(n, m), nm)log(n). (84)

Thus, the operator norm of the noise term I subtracted from its mean is bounded by A, ;. Note that
since the mean of the noise term I is a scaled identity matrix, subtracting this term does not change
the eigenvector structure.

Next, we bound the operator norm of the noise term I in (8T). We have

X121 = o1ui (j)wiz) (85)

where z; is a vector of length n whose entries have i.i.d. normal distributions. Since |u; (§)| < 1/V/k,
using Lemmal[2} as n — oo, with high probability,

. o1y/n+/nlog(n)
HXu',l)Z(j,l)H < 7 : (86)

As n — o0, using Lemmafor matrices XE j,1)z(j.,1) for 1 < j < k, with high probability, we have

k
Y XGnZon| € chae (87)
j=1
where
/\z72 é Ulﬂlog(n) (88)

According to (78), the operator norm of the folded signal tensor is o7. According to (84) and (88),
the operator norm of the noise is bounded by max(A; 1, . 2). If A, 1 > A, o, then using Lemma 6]
to have vanishing error probability it suffices to have

\/m;r&;/\/ﬁgc 1 (89)

b
07

3
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which leads to the condition o = Q(min(y/n max(n, m), nm)log(n)). If \, 2 > A, 1, using an

loo Davis-Kahan bound similarly to Lemmal6] we need to have 07 = Q(n log(n)) which is always
dominated by the previous case (later in this section we show that the argument of Lemma [6|holds
for the noise term II as well.).

For the noise model I, the operator norm of the folded signal is equal to o?. Since O(n — k) = n,
the operator norm of noise terms can be bounded similarly. The rest of the proof is similar to the case
of noise model I.

Next we show a similar result to the one of Lemma 6] holds for the noise term II as well. To prove
this, note that we can write

k k k
Z X"(Z;-’l)Z(j,l) =01 | W1 Z ul(j)z? + Z ul(j)zjwf =01 (W{Zér + E]WT) 5 (90)
j=1 j=1 j=1
where

k
Z; =Y w(j)z 1)
j=1

is a gaussian random vector with i.i.d. A/(0, 1) entries. In the proof of Lemma@ except the last part
which bounds the term (w;, u), all steps will go through similarly after replacing the noise matrix W

in the lemma with Z§=1 X(Tj,l)z(jﬂ)- For bounding the term (w;, u) in this case, for a fixed vector
u € R" ||ull2 = 1, we can write

k

STXE Zgyu | = o (Wi (Z5,0) + (Z)), (wi,u) | 92)
i=1 .

since ||w1 ||, = ||ul|, = 1, using Cauchy-Schwarz inequality, [(w1,u)| < 1. Thus,

k
Y XU pZgnu | <or((wi)i(Z,u) +(z),]) = o1 max {(Z;, (w1)u+ e, (Z, (w1)u — er)}
=1 l

(93)
Using |(w1);| < 1, we have
k
Zxal)z(j,l)u <o |(Zj,u+ep)l. (94)
j=1
l
Now, using Lemma@ for ¢ > 0 we have,
—Ct? —Ct?
PG e > <eon () scon (T ). 09
’ o? [lu+ e dof

for some constant C' > 0. Hence, by taking t = C'o1+/nlogn, where C'C' > 12, with probability at
least 1 — en™ we have

k
> X{yZgyu| < Cory/nlogn. 96)
Jj=1

l

Using union bound over 1 < [ < n, with probability at least 1 — O(nfz) we have

k
ZXg;,l)Z(j-,l)u < C/Jl \/m (97)

j=1 o
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Therefore, if we denote the top eigenvector after adding the noise term II by x and take )\;7 N such
that

k
ZX@',I)Z(M) < )\;L,J\n (98)

Jj=1 9

the same argument used to prove the /. perturbation bound in Lemma[f] can be used here to show

that
1% = xlloe < @ (o (Vilogn + MN, x)), (99)

with high probability as n — oc.

4.3 Proof of Theorem MT{2

First we consider the noise model I where 02 = 1. Since ||u; ® w1|| = 1, we have
HXunfoldedH =01- (100)

Moreover, as n — 00, since Since || Zyp fordeql| has a sub-Gaussian tail distribution, with high
probability, we have

|Zunforaeal = O (max(n, /m)log (n)) . (101)

Using (100), (101), with Lemmacompletes the proof for the case of 02 = 1. The bounds for the
noise model II are similar to the ones of o2 = 1 since O(n — k) = n.

4.4 Proof of Theorem MT{3|

First we consider the noise model I where 02 = 1. If (j1, j2) € J1 X J2, we have
1T G, G2 )1 = 12 (G, gz, 2) + 2, gz, )2 (102)
= 1€ (v, g2, P + 12 dizs )1+ 2% (G, Gz, 1) 2 (s das 0)
= otwi (j1)*w1(j2)” + 121, d2. OII” + 201 |wr (1) w1 (j2) VI 2 (1, G2 )

Note that since ||v1]| = 1, vi Z(j1, jo, :) has a standard normal distribution. Thus, using Lemma|l}
the term 201 |u; (j1)w1 (j2)|vi Z(j1, jo, :) can be ignored compared to the term o?u; (j1)?w1 (j2)2.
Moreover, we have

o?uy(j1)*w1(j2)? > ol AL (103)

Since the noise variance is one, || Z(j1, jo,:)||* has a x-squared distribution with m degrees of
freedom. Thus, for every (j1,72) € J1 X Ja, using Lemma if 02 = Q(y/m/A*), we have

.. o2 A% B
P [T (1, go, )P —m > | >1-n"° (104)
where ¢ > 0 is a universal constant.
If (41,52) ¢ J1 X J2, we have
1T Gy d2s DIP = 120, G2 ) 1%, (105)

where || Z(j1, j2, :)||* has a x-squared distribution with m degrees of freedom. Thus, using Lemma 2]
and the union bound, if 0? = Q(y/m/A*), we have

0'2A4
P max 7",~7: 2—m> 1
(j17j2)¢J1><J2H (1, g2:3) >

where ¢ > 0 is a universal constant. This complete the proof for the noise model I.

For the case of noise model 11, if (j1,j2) € J1 X Jo in (T02), | Z(j1, ja,:)||*/0? has a y-squared
distribution with m degrees of freedom. Similarly, X (j1,j2,:)'Z(j1, J2,:)/0~ has a Gaussian
distribution with mean zero and variance || X (j1, jo, :)||%. If (j1,72) &€ J1 x Jo in (TO3), || T (j1, j2,:

)||? has a x-squared distribution with m degrees of freedom. The rest of the proof is similar to the
case of noise model I.

<nc (106)
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4.5 Proof of Theorem MTH

First we consider the noise model I where 02 = 1. If j; € Jy, using (T02), we have

djl = Z ||T(.j17j27:)||2 (107)
Jj2=1
n k
= otwi (1)’ + Y 120,42, )1 + 201w () [VE D [wi(i2)| 201, g2 o)-
J2=1 j2=1

Similarly to (T0Z2)), using Lemmam the term 207 |uy (j1)| v E;Z:l |w1(j2)|Z (41, j2,:) can be ig-
nored against ou; (j;)?. Moreover, we have

o?uy(j1)? > 02 A? (108)
Since the noise variance is one, >7 _, | Z(j1, jo, :) |2 has a x-squared distribution with mn degrees

of freedom. Thus, for every (j1, j2) € J1 X Ja, using Lemma if o2 = Q(\/nm/AQ), we have

2A2
P [dj —mn > 012 } >1-n¢ (109)

where ¢ > 0 is a universal constant.

If j1 ¢ Ji, d;, has a x-squared distribution with nm degrees of freedom. Thus, using Lemmaand
the union bound, if 02 = Q(y/nm/A?), we have

P {max dj, —mn > <n ¢ (110)

J1¢J1

where ¢ > 0 is a universal constant. This completes the proof for the noise model I. The proof for the
noise model II follows from similar steps.

J%A2:|

4.6 Proof of Theorem MT{3

Let C' = J; x Jo. Let C be remaining tuple indices. First we consider the noise model I where
02 = 1. Thus MT-@) simplifies to

P 2)T| v > Tlndas). (111)
(j1,52)€C
Suppose T is generated by (J1, J2). Leta = \Jlﬂjl\ and b = \Jgﬂjg\. If (j1,j2) € CNC, we have

T (j1,ja,:) = 01/kv1 + 2, j, where entries of z;, j, have normal distributions. If (51, j2) € C' — C,
we have 7 (j1, j2,:) = z;, j, where entries of z;, ;, have normal distributions. Thus,

o1ab

Vi D TUni)=——+2 (112)

(J1,42)€C

where Z has a standard normal distribution. Using the union bound and Lemma (TJ), we have

P |max |v} Z T (j1,J2,:) > t|| < exp(—cklog(ne/k)), (113)
(j1,52)€C

where ¢ > 0 is a universal constant. Thus, if o1k > Q(+/klog(ne/k)), the probability of error goes
to zero.

For the noise model 11, if U% > mk2, the likelihood score of every C = (' is —oo while the likelihood
score of C is finite. Thus, Theorem MT holds in this case. Next we assume a% < mk2. In this
regime the likelihood score MT-(@) simplifies to

s 5 . o1 o
P [(J1J2)|ﬂ vl Y A T (s g2:1) = 5 > A 1T (s d2s )12 (114)
(j1,52)€C (j1.,j2)€C
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Note that, under the noise model I, the expected value of 3 . |7 (j1. j2, ) || is the same for

every C. Thus, using Lemma if
ok =Q (% mkZ log(mk)/k 1og(n/k)) (115)

the effect of the second term is negligible as n — oo. This holds if mk > log(n/k). Thus, this
simplifies the problem to the case of noise model I. This completes the proof.

4.7 Proof of Theorem MT{q

First we consider the noise model I where 02 = 1. We have

2
n ne
Jau| = < (—)2k, 116
il = () = (59 116)
Thus, log(|Jau|) < 2klog(ne/k).
Let P; be the probability measure induced by the model J(*) € J,;;. Let

1 [Jau
P=— P;. 117)
| Jau| ; (
Thus, for every 1 < i < |J,;|, we have
1 [Jautl
D1 (Pi||P) < T Z Dk 1(Pi||P;) < max Dk r(Pi||P;) (118)
Jj=1

where the first inequality comes from the convexity of the KL divergence.

Consider two tensor biclustering models J (i), JU) e J.; where their bicluster indices are non-
overlapping. This is possible since k& < n/2. Using Lemma E], for such P; and P; we have

Dy (P;||P;) = o?. If bicluster indices of tensor biclustering models .J(?) and ) overlap with
each other, the KL divergence between their induced probability measures is smaller than o?. Thus,

max Dgr(P;|P;) = oF (119)
i

Using Lemma |8 if 07 < alog(|Juu|), the minimax error is lower bounded by 1 — o —
log(2)/1og(|Jau|)- Using (I16) completes the proof for the case of having noise model L.

Now consider the case of noise model II. If o > mk?, a simple algorithm based on thresholding
individual trajectory lengths can solve the tensor biclustering problem with vanishing error probability
(Theorem MT—' Thus, without loss of generality, we assume o7 < mk?. Using a similar argument
to the one of noise model I, one can show that

1 2

— 120
1 —U%/mkzgl (120)

max Drcr,(Pil[P;) =
Then, using lemma 8] if
klog(n/k)
1+ log(n/k)/mk
the minimax error is lower bounded by 1 — « — log(2)/1og(|Jau|). This completes the proof.

of < O(

) (121)

4.8 Proof of Theorem MT{7|

Recall the ML optimization MT-(@). Suppose 7T is generated by (.J1,J5). Let a = |.J; N Ji| and
b= |j2 n J2| Let é = (jl,jg) and C' = (Jl,Jg) If (jl,jg) S é N C, we have T(jl,jg, :) =
o1/kv1 + z;, j, where entries of z;, j, have normal distributions. If (j;,j2) € C' — C, we have
T (j1, jo,:) = zj, ;j, Where entries of z;, ;, have normal distributions. Thus,

. o1ab
S Tlrge,) = 1k Vi + kz (122)
(j1.52)€C
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where z is a vector of length m with i.i.d. normal distributions. Thus, we have
o oi1ab
Y2 TGrde )P = ()% + S + 201abZ, (123)
(j1,42)€C
where S, has a x-squared distribution with m degrees of freedom and Z is normal. Let t = k207 /2.
Using Lemma[2] we have

Pt
P [|k2S,, — k*m| > t] < exp (— mln(w, k2)) (124)

< exp ( min(;%, U;))
< exp (—klog(n/k)),

if o satisfies conditions of the theorem. A similar argument can be stated for the cross noise terms

o1abZ. Using a union bound over (2)2 choices for J completes the proof.

4.9 Proof of Theorem MT{S|

Let A; £ u; ® wy ® vi. Under the model described in Section we have

1
Py (X) = —5 > / exp (—[|& — A1[[3/2) p(dvy) (125)
(t)" 7
where p(.) is the uniform measure on the unit sphere. We also have
Po(X) = exp (|| X]7/2) - (126)
Let A be the Radon-Nikodym derivative of P,,, with respect to Py. Thus, we have
dP,, 1 9
A== > [ exp(—0i/2+ 01 < A, X >) p(dvy) (127)
o ()7
Squaring (127), we have
1
A2 — — Zexp(fcrf) /exp (01 < A1 + AL X >) p(dvy)u(dvh) (128)
(k) J,J’!
Therefore using Lemma [I0] we have
1
Eo[A%) = — Z/exp (07/2 < Ay, AL >) p(dv)p(dvh) (129)
() 77
1

= Z/exp (0%/2 < Aj, Atiged >) p(dvy)
7

2
(&)

where in the last step we used the rotational invariance of probability measures. Ay;z.q is a fixed

tensor with J{ = J} = [k] and v] = ej. Let p, be the overlap ratio of J; with J| = [k]:

NP

o o (130)
pJ, is defined similarly. Thus, using Lemma[IT| we have
1
Eo[A%] = (n)2 Z/exp (o3pspr, < vi,er > /2) p(dvy) (131)
k) J

<c Y Plps, = p1.ps, = p2) exp(oipipl/2m)

PIysPIo
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where c is a constant. Let a = p1k. We have

o (k) exp (alog(<£)) exp ((k - )log(w))
P(ps, = p1) = (if) < oxp (1og(D)) (132)
< c1exp (—k (Pl log(%) + p1log(p1) + (1 — p1)log(1 — ,01)))
< coexp (—km log(%)) .

A similar argument can be written for P(p s, = p2). Under the condition of Theorem MT using
(T32) in (T31) results in a bounded Eq[A?]. Then Lemma 2 of [4] completes the proof.
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