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A Proofs

Lemma 1. Let L be a C-smooth convex function over the unit simplex Ai. Forany T > 1, after T
steps of the UCB Frank-Wolfe algorithm, it holds that

T
1 Clog(eT)
_ < Z e\
L(pr) — L(ps) < T ;:1 St —7p >

where €111 = (ex,,, — €x,,,) VL(p;) is the error compared to Frank-Wolfe with explicit, known
and observed gradients, i.e., e,,,, = argmax,ca, p' VL(p;).

Remark: If we denote by || L[|oc = sup,ea, L(p) and [|[VL|w = sup,ea, [[VL(p)]|, then the

same statements would hold with (¢ + 1)||L||c or 2||VL||oc + || L||co instead of ;.

Proof of Lemma 1. We apply the update equation in (1) and follow the usual analysis of Frank-Wolfe
in the absence of noise. We denote by p; the approximation error at any time ¢

1
pe+1 = L(pey1) — L(ps) = L(p: + m(emﬂ — i) — L(ps)

By definition of e,;, C'-smoothness and finally convexity of L, we obtain

pe+1 = L(pt) — L(ps) + tJ%lVL(]ot)T(e*t+1 —p) + (t+01)2 + tJ%lVL(pt)T(em+1 — €xipy)
< (1 )00 L] + VLD (enss — ) + o
t+1 t41 (t+1)2
Finally, introducing the notation &; and multiplying by (¢ 4 1), we get
(t+ Dpes1 < tpi +et41 + L .
(t+1)
Summing from 1 to T yields the desired result. O

Proof of Theorem 2. We use the result of Lemma 1, which yields

T
1 C'log(eT)
- <= o
L(pr) — L(ps) < T 2 €+ T
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We recall that ¢, is the error due to the lack of information on the gradient at step ¢, and we have

Et41 = (eﬂ't+1 - e*t+1)TVL(pt) = v‘th+lL<pt> - v*t+1L(pt) .

The difference between the two coefficients of the gradient can be controlled by using the definition
of our selection rule, and the relationship between VL(p;) and §;, similarly to the analysis of the
UCB algorithm for multi-armed bandit problems. Indeed, by definition of §;, we have that with
probability at least 1 — ¢;, conditionally to the history

Vm+1L(pt) < gt,ﬂ't«{»l + (Tm+1 (t),0¢41)
< (gt,mH — Qt,meqq (Tm+1 (t), 5t+1>) + 204 7,4 (Tm+1 (t), 5t+1)
< (Gtress = Wy Ty (), 0641)) + 200y (T (), 041)
SV Lpe) + 20 7y (T, y (1), 6041)

as Um " U*t , by the definition of our selection rule. With probability d;,1, we also have that
g1 < 2HVL||DO + ||L||s- As a consequence, this yields

Eeip1 < 2007, Ty (1), 6041) + 0041 (2 VL[l + [ L]]o0) -

We now bound the approximation error as a function of the precision of the estimate §;. Using the
above inequality, we get, by denoting A := 2||V L||oc + || L] co>

B0 SKHE 3 2o -+ <2 3P (1 ),
t=1 t=K+1 t=K+1 Tt
K Ti(T-1) Gl
<2EY Y \/T K—|— /\<4EZ 3T,(T) log( )+<K+6>/\.
i=1 s=1

We used the fact that the algorithm necessarily select actions in a round robin fashion during the first
K stages.

Applying Cauchy-Schwarz inequality and the fact that ) . T;(t) = t yield the desired result. O

Proof of Proposition 3. We adapt the proof of Theorem 2, using that C' = 0 and that ¢, = 0 when-
ever m; = x; = *. We obtained that

K
ET(L(pr) - Lp.)) < 4B /AT 0@ + (5 + K)o

However, in this particular case, we have T'(L(pr) — L(px)) = >_;4, A; Ti. We therefore obtain

481og(T) 1/2 12 2

EY AT <4v3\/Iog(ME Y VT, +( +K)/\<( A_) E(ZAJ}) +(E+K)/\,
iFx iFx iF* ¢ iFx

by Cauchy-Schwarz inequality. Standard algebra yields

EL(pr) — - ZA T, < 481°g( )Ziw(lu()x
176* ik
O

of Proposition 3. We adapt again the proof of Theorem 2. First of all, notice that ¢; < 0 whenever
T = 14, SO that we obtain the following equation

72
ET(L(pr) — L(p,)) < 4E Y /3T, (T) log(T) + (K + )A + Clog(eT).
i,
Using the fact that L is Lipschitz and that p, = e;,, it also holds that

T(L(pT) - L(p*)) > T(pT —p* VL (p+) Z TiA(
10y



Cauchy-Schwartz inequality yields again that

log(T 2
EY TA(L)<48Y zg_EL)) +2(K + %)A +2C log(eT)
ii, iti, ¢

It remains to lower bound the lhs by the regret. Since L is C'-smooth, we get also that

T(L(pr) — L(ps)) < T(pr — p)  VL(ps) + CT|lpr — pi||>

- S na)+ g ST (T T

itis it it
< Z T;A:(L) + CTK Z T .
iis it

As a consequence, it remains to compute a quantity «y such that
CK 9
E Z Tidi(L) + — Z T? <HE Z T;A(L)
iF Ty AL 1F 0
or at least that for all ¢ #£ i,

CK
TETE < (v = DETA(L),
in particular this is ensured for y = 1 + % which gives the result. O

Proof of Theorems 5. Recall that we assumed than on top of being smooth (C-Lipschitz gradient),
the mapping L is u-strongly convex and minimized in the relative interior of the simplex. Let 7 be
the distance of p, to the relative boundary of the simplex then the following Lemma due to ? yields

VL) (0 — €xrn) > V2P /I(pr) — L(p,)  and  C >y’

This implies that

1 C 1
L(pt+1) — L(ps) = L(pt) — L(ps) + va(pt)T(e*z+1 —pe) + E+1)2 + mVL(pt)T(eml — €xpir)
\V 2um? C €41
< _ _ _ [ T el
< L(pt) — L(p«) P L(pt) — L(p+) + e +io

To ease up reading, we introduce the notations, « = 1/2un? and and p; = L(p;) — L(py) so that
the previous equation rewrites in
N

t+1+(t+1)2+t+1’

which rewrites again, using the function ¥(x) = 22 — az, into
2
:| Et-‘rl C

(t+ Dprr < tput [0(vp) - w(*ED)] + S8 4

Pra1 S pp— @

i e+s5 . .
=2=——=-, but we aim at proving some fast rates

Recall that we still have the guarantee that p; <
of convergence, of the type

Assume for the moment that p > ”‘72, then Cauchy-Schwarz inequality implies that

(et 5q) sTXEr Gy s @ Xt ) e+ o)
d C 8 T 272



and thus r .

s < ﬁstzl £ n 14C% 1 )
T a2 T a2 T

As a consequence, the claim holds if p7 > o? /4 and we will, from now on, assume that ppr < o? /4.

pr <

We denote by 79 the last time before T where p, > o?/4 and we now consider several cases for the
remaining of the proof.

t 2
Casel. If we can prove that ZS%E > &2 1, for example if ; is guaranteed to decrease

t 2
Then, for any ¢ > 7y, we get that if p, > EPHS L 4L ('by assumption), then

a2 t =
t-‘rl_’_L
t+1

(t+1)pey1 < tpe +
T 2
Thus, if we denote by 7; the last time where p, < 25 2%15, we obtain that, as long as 7, > 7o,

T

1 2
TPT§71PT1+571+1+§ Z €S+
s=T11+2

s+1

T 2
1 fopd
— E 2 el — % + Clog(eT)

which gives the result we wanted as

T
1 , a?
Tpr < = E st T C'log(eT) (2)

s=1

On the contrary, if 79 > 71, then the same computations give

TpT S TOpT()
s=19+1

Using the fact that 6,, > «?/4, we also have that

i 14C
Mo < 153

thus, combining the two cases 71 > 79 and 7y < 71, we now obtain that

14C? 2
- %-FClog(eT) 3)

8
Tpr < Pl
s=1

t 2
Case 2. If it is not necessarily true that ZS%E > &2, for example if ¢, does not necessarily
decrease or can make big jumps

Notice first that 1f 5 <p < a? 2, the latter holding because of ¢ > 7y, then one has

t+1+i

t+1 <t
(t+1)pey1 < tpe + 1

2
As a consequence, denoting by 7o the last stage before 7" such that p, < % and assuming that

To > To, we obtain following the same computations as before that

2 t 2
ToEx 1 5, «
tpe < a; t3 E e+t C'log(et) . 4)

s=1o+1




If 75 < 79, then we get that

T
1 , o
Tpr < Topry + 2 Z €5 + T + Clog(eT)

s=1p+1
thus .
8 ,  14C?  o?
Tor < — ;es +—5+ -+ Clog(el), %)

which was our objective. Hence it only remains to upper-bound 7'2532 in Equation (4), i.e., when
T2 > To. To do that, we are going to use a second time the assumptions on L.

Since we assumed that L was u-strongly convex and minimized in the interior of the simplex, it

holds that .
1 1> _ ¢
— . 2 < 2(L — L(p)) < —4us=1%8
Ipe = pul|* < u( (pt) = L(ps)) < P
As a consequence, this yields that
. 1 Zt,1 Es 1 thl Es
P\l - = S Sl T
n t n t

We are now going to make the assumption that the horizon 7" is known in advance, and that e, <
B

(;”ii((:l 51))) with probability at least 1 — 67, for some 8 < 1/2 and v > 0. This implies, by the

union bound, that with probability at least 1 — T'K 47,

1< 1 /Klog(T/6)\?
?;55§1 ( ) )

_ﬂ t
hence
- 1 1 Klog(T/d)\8 , 1 1 Klog(T/d)\8
L ( og( /)) STt < tp 1) - ( og( /))
uwl—2_ t ul—20 t
in particular, if Klog(T/9) < (,u(l — ﬁ)ﬁ>1/ﬁ ie.,ift > 75 = —K108(T/0)
’ L= L) T =T (w-py /e
0 e gy < B
2 2 2
and thus,
2 23 28
t€t2 < t<log(T/§)) < (M) 1128 < (M) T1*25, Vit > 5.
tn/2 n n
Concluding.

To wrap things up, we consider the three different cases. With probability at least 1 — T K§7,

If 5 < 7y then: we have proved that
8 T o?
2
Tpr < — ;55 + — + Clog(eT)

2

If 7o < 75 < 72 then: using the above upper-bound on 72¢7,,

we get

1 2log(T/0)\?P 195 | 1 d 5 a?
TPTS?<#> T +$;ES+Z+010g(€T).



If 7y < 79 < 75 then: going back to the original induction yields
1 T a?
2
Tor < Tsprs + PY] 5_1 gs + T + Clog(eT) .

Taking the maximum of all those terms gives that, with probability at least 1 — T K §7,

_log(T/8)  K||L|w L(2log(T/6))2ﬂ 8 1~ 5 o  Clog(el)

r < + 5= ittt —n—— (0
T (w-pfye et T AT 4 T

A simple sommation over ¢ yields that,

e R < ()

. 1
T S_T lfﬁ<§

and

1 5 1 log(T'/6) _ Klog(T/8)log(T) .
As a consequence, if § < 1/2
log(T'/9) K| Lo 1 (log(T/é) )25 [ﬁ 8K 2P ] a?  Clog(eT)

Epr < TK|L|oo + o8 + &
T (u1-p)L)/s o’ n?f " 1-281 4T T

T
andif 8 =1/2

log(T'/6) [K||L||OO 2 ] n 1 Klog(1'/)log(T) a? n C'log(eT)
a? T 4T T

Epr < OTK|L||o 2
pT < L]l + T (M%)z o’

choosing 67 = T~ (28+1) yields that, if 3 < 1,

10 T 10 T 28 C-
EL(pr) — L(p*) < 01’5% + ¢y B( gj{ )) 3.8

T268
where
2(6+ 1)K||L||so 1
S GRS PSP
(1 = B) L )V/8 «

For 3 = 1/2, the choice of §7 = T2 yields

2(8+1)\28722° 8K?/ a?
S s —_—t— = K||L||cot+—+C.
v ) [r]2ﬁ 1- Qﬁ}’ 3.8 L] 4 ¢

log?(T log(T 1
EL(pr) — L(p") <1 gT( ) + c2 g:ﬁ ) + 377
where X KL )
3 3 . 2
1= —75,0=_—5 H72H+7 +C, 03=K||L||oo+a*+c'
2 2 2
Yo yar L (pk)? an 4

Remark: We assumed that the horizon T" was known. If it is not the case, there are two possible
ways to deal with that issue to get an anytime algorithm

Use the Doubling Trick in the algorithm: The doubling trick is rather classical in online learning,
and it consists in running several successive and independent instances of the same algo-
rithm on block of stages of length that increases sufficiently fast enough (so that the error
incurred on the first blocks disappears while averaging), but not too fast enough (so that
the error during the last block is compensated by the small error cumulated so far on the
previous blocks). Its main advantages are that it is simple to describe, to analyze and that
it gives the same guarantees of the known horizon, up to some multiplicative constant. The
latter depends on the speed of convergence achieved in the known horizon, and it might
require careful tuning. The main drawback of the doubling trick is that it regularly discards
all the past data and forgets the learning done so far.

L
In our setting, the correct size of blocks are proportional to T; = el=8),



Use the Doubling Trick in the analysis. Instead of using the doubling trick in the algorithm, we
will prove in the following that we can somehow use it in the analysis of the anytime
variant of the algorithm. We first consider the case where 8 = 1/2, and we assume that it

) B8
holds that, for some fixed § > 0 and for every s € N, ¢, < (9%’ %S )) with probability at

least 1 — &

The immediate consequence of that property is that

Fp3e s 1oy (T < (KO

where the last 1nequal1ty is loose for B < 1/2and

T 2
1 910g K0log™(T)
TESE:1€ < E E - S2——

- T
for g =1/2.
In order to upper-bound E’7'2672_2, we are going to decompose the set of stages in blocks
Bj ={te[T;j—1+1,T;]} where T; = Le(ﬁ)JJ. As a consequence:
01 B 1
P{vk < K, Vs € Bj,ek < ( Og(s)) b2k =i
s
sEB;

T(s)

Hence, with probability at least 1 — (p; + pj;+1), it holds that for all t € B,
t
1 T, 1 flog(s)\# 1 2 /K0log(t)\#
irestrrr ¥ (Fw) <ot )
t263_ T Z T;.(s) _tﬂ+1—b’ t ’

_1
sincet > T +1 > le_‘f.

Following the same argument as in the case where the horizon was known, this implies that
with probability at least 1 — (p; + p;41), forall t € B; 41,

i i 1,1 2 /K0log(t)\#
T; >tp*—t\/u(tﬁ+l_ﬁ<t ) ).

B
In particular, let 75 , be such that \/ (tlﬁ + 2 (1{01+g(t)) ) < g forallt > 73, and

1-p
Jp,« be the index of the block to which 74 , belongs. Then we have that

S 2010
Vi 2 s Bt € By te? < (PP ool oy )

It follows that

26 log( 26 log(t) \ 28
Enpe? 1{r > Tj.} < <Tg) - 25+Z o1 (py4pin) < 2( Ug( )) 128

where, again, the last inequality is loose but compact. This yields the anytime version of
the previous theorem, that, for 8 < 1/2

1 t)\ 28 1 t 1
e BLp) - 1) < o (50) 4,5 g

. 28 o2
with C/1,ﬁ = %(%) + 52 55 (K@) c’zﬁ = (C and cg’ﬁ =T, |ILlec + % +C.

For 8 = 1/2, we get

lo log(t 1
vt e N, EL(p,) — L(p*) < ¢, gt( ) e gt( ) + ez,
where ¢} = 16;12(0, ch = WQ +Candcf = Tj1/21*||L||OO + %2 + C.
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Lemma 2. Let Zs, s € {1,...,T} be i.i.d. random variable in [0, 1] of expectation EZs = Z, then,
with probability at least 1 — 6, Z > Z./2 where the random stage T < T is the first such that

Z. > /21og(2T/6)/7. As, it also holds that Z, > Z — %fﬂ;), thus 3Z /2 > Z, we get that

Z.]2<Z<3Z,/2, forsomerandom T <9log(2T/8)/(2Z%)+ 1

This lemma is a direct consequence of Hoeffding’s inequalty.

Proof of Theorem 7. Let v € (0,1/29), K > 64log(2)/v and T > 4v?>K*. We assume for sim-
plicity that K is even. For § € Ay, we consider Lg(p) = &||p — 0]|*>. We treat first the case of

p=1.Foralle € {—1,1}*/2, we consider the vector 6. such that for all i € [K/2]

1 vK 1 vK
Oc2i—1 = K t&iy/ T and 0.9 = K € T

Note that for all ¢ € {—1,1}%/2, p* = 6. € Ak and that VLg(p) = p — 6, so that an observation
from A (6;, 1) for the i-th action constitutes a bandit feedback for the i-th coefficient of the gradient

with deviation bound (T3, §) = \/21og(1/6)/T;.

Let M be a subset of {—1,1}%/2 such that for all £, ¢’ € M, we have p(e,¢’) > K /8 and for which
log(]JM]) > K /64, whose existence is guaranteed by the Varshamov-Gilbert lemma. We have for
£, € Mthatv/4- K?T < ||0. — 0./]|3 < vK?/T. We consider the subsets C of the unit simplex
defined by
' 9 v K?
CE_{peAK Cp =0z < 6T }
By construction of M, these sets are disjoint.

For any algorithm, on the events where T;(T") > 2T/K > T/K + 2vvK?T for some j € K
we have that pr ¢ C.. On the events for which T;(7T") < 2T'/K for all j € [K]|, we have that pr
can only depend (possibly in a random manner) on an observation from N (6, I'¢), where N <
2T /K. We have that KLIN®N (0., I ), N®N (0., Ik)) = N|6. — 0|3 < vNK?/T < 2vK.
Considering together these two events, we obtain as a consequence of Fano’s inequality that

. . 2vK + log(2)
nf max P, (p >1--— 9V >1_
lﬁfse?vl E( T ¢ CE) =1 K/64 = 1 =129,
As a consequence, we have that
1 v K?
inf m X{El/ D - L *}>71—129 —
113 EGE/L\/I [ Gg(pT)] QE(pg) - 2( V) 16 T’

which yields the desired result.

Proof of Proposition 9. For 0 € [1/3,2/3], take the class of functions Ly : R®> — R
Lo

Lo(p) = %(pl —6)° + %(pg —(1-0))°+ 575

Consider the case where the mixed feedback for the three actions are drawings from respectively
N(0,1),N(0,1), and N'(6,1). We consider the set

N c
Co = {pGAg :lp = psll < m}

For any algorithm, on the event where T3(T') > T?%/3, we have ||pr — p}||3 > 1/T2/3 and pr ¢ Co.
On the event where T3 < T2/3, we have that p can only depend on a drawing from N'®V (6, 1),
where N < T2/3_ In this case, we have that

/
inf  sup  Eg[(pr1 —0)?*] > <.
P 6e[1/3,2/3] N
Overall this yields the desired result. O
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