Supplementary Materials

A Proof for the Adversarial Ordinal Regression Loss (Theorem 1)

Before proving Theorem 1, we review the game matrix Ly, ,, for ordinal regression problems. Below
is the matrix when the number of classes is four:

i flfflh fQ*fy1+1 f37fy1+2 f4*fy1+3

L fl_fyi‘i‘l f2_fyi f3_fyi+1 f4_fy'i+2 (11)
Xow fl_fy1+2 f2_fy1+1 f3_fy1 f4_fy1+1

i =Sy +3 fo—fu+2 fas—fu+1  fa—fy

[ fi fotl fz+2 fit+3

AL+l fo f3+1 fat+2

Slh+e pal o far1] e 12
Lfi+3 fo+2 f3+1 fy
= L;éi,w - fyz 13)

Theorem 1. An adversarial ordinal regression predictor is obtained by choosing parameters w that
minimize the empirical risk of the surrogate loss function:

; j— 1
AL\O;d(Xh yl) = X —fj + fl + J —
Gle{l,.., |V} 2

where f; =w - ¢(x;,j) forall j € {1,...,|Y|}.

fi+3 +maxfl_l
2 l 2

fy: = max
J

Proof. Our proof strategy is to use the inequalities implied by the definition of ALgid and then show
that the value of AL3$d is equal to the game value of sub-matrices of Ly, ,,. We start by showing
the equality for a small 2 by 2 sub-matrix and build up until we show that the value of AL“’,;d is

indeed equal to the game value of the whole game matrix L, , . Empirically minimizing ALSf,d will
conclude the theorem.

Let us begin the proof by denoting v(G) as the Nash equilibrium value of a game characterized
by game matrix G. We would like to prove that for a zero-sum game characterized by L} . ,, as

described in Eq. (3), v(L, ) = max; jcq1,jyy L5
Note that for any game matrix G and any constant ¢, v(G + ¢) = v(G) + ¢. We de-
note L o = Li  + fy,. Thus, proving the theorem is equivalent to proving v(Ly. ) =
max; eq1,....|v|} % The matrix L;éhw is similar to the matrix in Eq. (3), but without
including the — f,, term in each its cells, i.e.,
J1 fot+1 o fyr V=2 fly Y -1
fi+1 f2 o fyr =3 fly Y -2
L = : : : : (15)
i+ =2 fo4+ V-3 - fiy|—1 fy+1
fH+I=1 fot V=2 - fiyat1 fiv

fitfiti—l
2

Let j* and [* be the solution of argmax; ;1. |y} (if there are ties, pick any of them)

fitfiti—l _ fpx+fie+5" =0
2 - 2

and let u* = max; c(1,.. |y} . We know the following inequalities

hold:
fo—U>fi—l, Wlell,... |V} (18)

We also know that j* > [*; otherwise, we could just swap them to obtain a larger value.

We first focus on the cases where j* # [*. We analyze three different games that are characterized by
subsets of matrix L}, and show that the value of those games is u*.
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Case 1: Let G be a game characterized by a 2 by 2 matrix with values that are taken from rows and
columns j7* and [* of matrix L/ ie.,

Xi,W?

_ fre fi=+37 =T
Gl - fl* +]* —I* fj* . (19)

We will show that v(G1) = u*. Let p be the vector of adversary’s mixed strategy, then finding v(G1)
is equivalent with solving the following optimization:

max V (20)
stV < fie +pje (fi+ +5° = 1°) = pi fe +pje 5+ + 05 (G = 17)
V <pie(fir +5° =) + pj= fi+ = pi= fie + s f= + 1= (57 = 17).
We now analyze the optimization above. Let p; = 0.5 — o and pj~ = 0.5 + o for some o where
—0.5 < a £ 0.5. The optimization above become:
max V 2n
s.t. V< (0.5 —a)fi- +(0.5+a)fj« + (0.5 +a)(j* —1")
=05(fir + fyr +5" = 1)+ al(fi = fir) + (7 = 1))
V <(0.5—a)fi-+(0.5+a)fj- + (0.5 —a)(j* —1")
=05(fir + fy- +5° = 1)+ al(fi = fir) = (G7 = 1))

Since j* # 1*, based on Eq. (T6)), we know that:

fie ¥ fe+ 53" =0 > fie+ fie +57 =53 & (fi= = fir) = (G5 =17) <0, (22)
fir ¥ foe+53 =02 fo + e + U =1 & (fj= = fr) + (" =17) > 0. (23)

Therefore, the optimal solution is to set & = 0, since setting nonzero « will decrease the right-hand
side of one of the constraints and hence decrease the value of V. Th}ls, the solution is achieved when
we set pj« = pj= = 0.5, which results in a game value of M# = u*

Case 2: Let G be a game characterized by a || by 2 matrix with values that are taken from column
j* and I* of matrix LY _ ,i.e.,

X W
e -1 fietir—1
fr- fi=+5" =1
N A
G, = : : (24)
fred gt —1 fie 41
for 57 =0 fi=
| S fie + V=35 ]

Finding v(G2) is equivalent to solving a similar optimization to that of Eq 20) with || constraints
corresponding to each row of matrix G instead of just two. We can easily see that the solution is
achieved if we set pj= = p;= = 0.5 as in the previous case. The right hand side of any m-th constraint
m < [* or m > j* is dominated, i.e., it has value greater than or equal to u*, and the right hand
side of any m-th constraint I* < m < [* is equal to u*. Assigning other values to p; and p;- will
decrease the right-hand side of some of the m-th (I* < m < j5*) constraints (as explained in case 1),
and hence decrease the value of V. Therefore, we can conclude that v(Gs) = u*.

Case 3: Let G3 be a game characterized by a || by 3 matrix with values that are taken from columns
7%, 1%, and any other column m in matrix L;éhw. We consider three variations of the game, Gé where

3In this analysis and other analyses in this proof, we omit the analysis for the trivial cases where the terms
associated with « (in the case above: (fj= — fi=) + (§* — I*) and (fj+ — fi=) — (§° — 1)) are zero. In this
case, the value of v can be anything, but the game value remain the same.
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m < I*, G3 where [* < m < j*, and G3 where m > j*. Below is the game matrix for the first
variation:

fm fo 41 —m  fe 5 —m
Gl=|fu+l'—m fir fj*+j*—l* : (25)
fn+ 3 —m  fe 45 =1 fix

Let us analyze the optimization for finding the game value for G3, in particular the [*-th and j*-th
constraints:

max V (26)

s.t.:
V< pmlfm + 1 —m) + pr fie + pj= (i +57 = 1)
V < pufm + 3" —m) + = (fr + 357 = 17) + pj=

Let us use the notation similar to Case 1. Let p,,, = 8, p;» = 0.5 — o — 8 and pj- = 0.5 + a where
—05<a<0.50< 3 <1;and —0.5 < a+ 8 < 0.5. We can write the constraints above as:

V<05(fie + fi+ 47" =) +alfye = fir) + G = )]+ B(fm = m) = (fir = 17)]
V<05(fis + fi- 57 =) +al(fye = fir) = G = )]+ B(fm —m) = (fie = 17)].
Since (fjr — fi) + (5" = 1") 2 0; (fj= — fir) = (5" = I") < 0;and (fp, —m) — (fi- = 1) <0
the optimal solution is setting o = 0, and 5 = 0. Since p,,, = 5 = 0, we leave with the same game

matrix as Go. Therefore v(G3) = u*.

For G}, we let p,,, = 8, pi- = 0.5 — aand pj« = 0.5+ a — S where —0.5 < a < 0.5; 0 < 8 < 1;
and —0.5 < o — 8 < 0.5. Similar to the previous case, [*-th and j*-th constraints can be written as:

V<05(fie + [ +5° =) +al(fy- — fir) + (G =)+ B[(fn +m) = (f +57)]
V<05(fir + fir +5° =) +al(fi- = fir) = (G5 = U+ B[(fm + m) = (f5+ +57)].
Due to a similar reason as in the previous case, and (f,, +m) — (f;+ +j*) < 0, the optimal solution

is to set a = 0, and 8 = 0, and hence v(G3) = u*.
For G%, we will analyze the [*-th, m-th, and j*-th constraint. Let p,, = 3, p;» = 0.5 — « and
pj+ = 0.5+ a — B where —0.5 < a <0.5;0 < B < 1;and —0.5 < a — 3 < 0.5. The constraints
can be written as:

V< O.S(fl* +fj* +5=10")

+al(fj- = fr) + G =)+ B(fm +m) = (fi= +77)]
V<05(fir + fj+57 = 17) +
J’_

[f] —fir+J +l*_2m]+6[(fm+m)_(fj*+j*)]
V<05 (fi- + fj +57—17) [( o= foo) = " =)+ B[(fm —m) — (f3= — 3]
We know that (fj« — fi=)+(j* —=1*) > 0; (fj= — fi=)— (j* =1 )<Oand(fm+m) (fj=+75*) <O0.

If it is the case that fj« — fj« + 5% +1* 2m <0, 0r (frm —m)—(fj=—Jj*) <0, or both, it will force
both o and S to be 0. If both of them are positive, we need an addltlonal analysis as the following.

I\/QQQ

We focus on the m-th, and j*-th constraints. Since we want to check if there is a combination of «
and ( values that make the game value greater than u*, « and § have to satisfy the following:

alfy = foe + 55+ =2m]+ B(frm + m) — (f= +57)] =0 (27)

(fis +5) = Gm+m) o (fj +5%) = (fn —m) —2m
Tz fie = foe + 5 +l*—2m5_ (fi+7%)— (fir _l*)_Qmﬂzﬂv (28)
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al(fy = fir) = G =)+ Bl(fm —m) = (f5+ =31 20 (29)
G =) = =) e =) = (e =5
(fm =m) = (f3= =5*) (fm —m) = (f5= = 5%)

We know that (f;- +5*) — (fru—m)—2m > (fj+3%)— (fi- — 1)~ 2m,and (fy- — 1) (f;- —5*) >
(fm —m) — (f;+ — j*). If at least one of those inequalities is strict, e.g., the first inequality, it is
better to set « = 3 = 0, since in order to increase the value of RHS of the m-th constraint « has to
be strictly greater than 5, which will decrease the RHS of the j*-th constraint and thus decrease the
game value. If both are equal, then many solutions exist, i.e., « = (3, but the game value remains
the same, i.e. u*, since in this case o [fj« — fi- + j* +1* —2m] + B[(frn + m) — (f+ +7%)] =
al(fj- = fir) = (G* = 1))+ B(fm —m) — (fj+ — j*)] = 0. Therefore v(G3) = u.

Note that we omit the analysis for the trivial cases when the terms associated with « and /3 are zero.
In those cases, any value of a and 3 will satisfy the constraints, but the game value remain the same.

s B> (30)

Conclusion: We are now ready to analyze the game value for L} w- Since adding any column
m € {1,...,|Y|}\{l*,j*} to G2 will not change the game value, then adding the combination of
them will not change the game value either. Therefore, we can conclude that v(Ly, i) = u™.

For the case that j* = [*, we know that max; ;c(1,...,|y|} M = fj=. Itis clear that f;- is the
solution for the game that is defined by column j* from matrix L’ x; .w- For any other column m, if we
include it in the game, the corresponding j*-th constraint become (we let p,,, = 3, and pj= =1 — 3):

V< i+ Bl(fm —m) = (f3» =50 ifm < j% or 3D
V< fis+Bl(fm+m) = (fi-+57)]  ifm>j" (32)

Since we know that (fj« — j*) > (fm —m), and (f;j= + j*) > (fm + m), the optimal solution is
to set 3 = 0, and the game value remain the same. We can also generalize it to all combination of

columnm € {1,...,[Y[}\{j*} to show that v(Ly, ) = fj= = u*.
Therefore, we can conclude that the value of the game matrix o(Ly ) =
max; e (1,....[V|} M , which proves the theorem. O

B Proof in the Consistency Analysis (Theorem 2 & Theorem 3)

Theorem 2. The minimizer vector £* of By x..p [AL(X,Y)|X = x| satisfies the loss reflective
property, i.e., it complements the absolute error by starting with a negative integer value, then
increasing by one until reaching zero, and then incrementally decreases again.

Proof. We start the proof by analyzing the minimizer f* using P, £ P(y|x) as follows:

f* = argmln Eyx~p [AL7Y(X,Y)|X = x] (33)
= argmlnz P, L le{l?ﬁy\} w _ fy] (34)
= argmin ; P, j,legé}fwl} m Z P, fy (35)
| s, SIS o

In this proof, we employ a constraint to the potential function, max f;(x) = 0, in order to remove
redundant solutions, as adding any constant c to f does not change the value of both argmax f; (x),

and Eyxp [AL?rd(X, V)X =x]:

fite+rfite+i—1
- P
Gle{l,.. |V} 2 Z y(fy +¢) 37
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fi+h+i—1

=c+ max dg IS e P,(f, 38

Jlef{1,....|¥[} 2 Z y(f;) (38)
fi+ fz +4—

- max [ P 39

el LY Z (fu)- (39)

Let j* and [* be the solution of argmax;;c¢q |y w We will start from the first

case where j* = [*. In this case, the minimization in Eq. (36) can be reduced to

argming [maxje{l,wm} fi— Ey nyy} . Since j* = I*, we know that the following inequali-
ties hold:

fj*zfj VjE{l,...,D}” (40)
fie+3" > fi+3, Vie{l,...,[Y[} (41)
fie =3 2> fi =3, Vied{l... .|V} (42)

Therefore, by Eq. (#0) and constraint max f;(x) = 0, we have f;- = 0. Then by Eq. @I)), for any
i >0, fj=4i < fj= —i = —i; and also by Eq. (@2), for any i > 0, fj«—; < fj» —i = —i. Since
we want to minimize fj =2, Pyfy = =22, Py fy. the optimal solution is to set fj-1; = —i and

fj=—s = —iforany i > 0. Therefore we get Vector f* that satisfies the loss reflective property, i.e., it
complements the absolute error by starting with a negative integer value, then increasing by one until
reaching zero, and then incrementally decreases again.

We next analyze the second case where j* # [*. In this case, the following inequalities hold:
fie v > fppiti"+i & fpp < fpe—i, Vie{-j"+1,... Y-} @43
frr =U2frp—-0"—t & frp<fie+i, Yie{-I"4+1,...,|Y|-1U"} 44)
We also know that for any m € {1,...,|)|} the following holds:

m<l* =fn<fi-—(0"—m) and f, < fj+ + (G —m) (45)
m>j* =fn < fir—(m—j") and fn, < fir +(m—17) (46)
r<m<j* =fu<fie+m-=10) and f, < fj-+ (G —m). 47)
The relation between f;« and f;- in the following also holds:
fi= < fe+j" =1 (48)
fire < fye +55 =18 (49)
Let f° be any potential function which falls into the second case (the solution of (j*,1*) =
argmax; jc (1, |y} % satisfies j* # [*) where £ does not satisfy the loss reflective prop-

erty. Let us define A(f) = % — >, Pyfy. We will show that we can construct f* as

follows. Starting from f! = f° we increase all the values of f. form € {1,...,|V|}\{I*,5*}
such that it satisfies the constraints above with equality for the one that has minimum value. For
example, in a 7-class ordinal regression where [* = 2 and j* = 6, one of possible value for f°
is [-3,—1.4,-0.8,—0.2, —0.7,0, —1.2]T which satisfies all the constraints above. In this case f*

will be [-2.4, —1.4,-0.4,0.6,1,0, —1]T. Since the value of M remains the same and
the value of 3° P, f, is increasing, we know that h(f') < h(f°). We know that in f', f; — f; 1
is equal to 1 or -1, except for a pair (a,b), where I* < a < b < j*. In the example above

4,b=5, f1 = 0.6, and f! = 1. We also know that 1) +fl*+j ! f‘Hf’“lH.

We now construct £* from f* as follows. If }_7_ | P, < 0.5, we set f7 = f} — (fy — fy +1) for
je{l,...,a}andset f7 = f} forj € {b,...,|V|}; otherwise we set f7 = f} for j € {1,...,a}
and set f2 f} = (fy = fa+ 1) forj € {b,...,|Y|}. For the example above, if >-7_, P, < 0.5

then £2 = [3,—2, —1,0, 1,0, —1], otherwise £2 = [~2.4, —1.4, —0.4,0.6, —0.4, —1.4, —2.4]. We
claim that h(f?) § h(f') as shown for the case that 3/, P, < 0.5 (the other case follows in a
similar way):

2
h(f?) =  max m—ZPf? =Y _Pyf; (50)
Yy

j3,le{1,..., |V}
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1V

ZP Iy~ ZP fy (51)

a [V
P - (= + D] =D RSy (52)
y=1 =b
=f+Y P fi—fr+1] =D Pfy (53)
y=1 Y

<R AH05[fE - 4+1] =S RS = f+fb+1 ZPfl—hfl (54)
Yy

Finally, we construct f* = f?—max; fj2. Since adding a constant to any f does not change the value of

h(f), we know that h(f2) = h(f?). We also know that f2 satisfies the loss reflective property described
above. As an example, in the case 23:1 P, <0.5,then f? = [—4,-3,-2,-1,0, -1, —2].

Since for any f° that falls into the second case where the solution for (j*,I*) =

9 j—l . . . .
argmax; jc (1, |y} M satisfies j* # 1* and £ does not satisfy the loss reflective property,

we can construct £3 which satisﬁes the loss reflective property and having the value of h(f?) < h(f?),
then f9 cannot be the minimizer. Therefore, we can conclude that in the first and second cases, the
minimizer has to satisty the loss reflective property which complete the proof of the theorem. O

Theorem 3. The adversarial ordinal regression surrogate loss AL’ from Eq. (5) is Fisher consistent.

Proof. We denote h(f) £ Ey|x.p [AL{(X,Y)|X = x|. Based on Theorem 2, the minimization

argmin h(f) reduces to the minimization over the set that contains all f that satisfies the loss reflective
property and max; f; = 0. Note that the set contains only || items. In the case of argmax; f; = j*,

we know that f that satisfies the loss reflective property has values f; = —|j* — j|, and hence:
ZP{ max L EAHI=l } ZP fie —fl=f *—§Pf (55)
Jle{1,..,|Y|} 2 yJy
1V R4 ||

= _Zpyfy = _Zpy (=l3" =y = ZPyU* =yl
y=1 y=1 y=1

Therefore, the minimizer f* = argmin h(f) satisfies argmax; f7(x) C argmin; > P, |j — y| and
implies Fisher consistency. O

C Primal Optimization in Details

To optimize the regularized adversarial ordinal regression loss in the primal, we employ stochastic
average gradient (SAG) methods [37, 38]. SAG has been shown to converge faster than standard
stochastic gradient optimization [37, 38]. In this section, we focus on the adversarial adversarial
ordinal regression with multiclass representation (ALS‘r,d'mC). A version for the thresholded regression
representation follows in a similar way.

Given the regularization constant A and the learning rate «, the standard batch gradient update for
risk minimization can be written as:

with = wt —al Z&"‘/\W

= (1—a)\)w— %Zg;?, (56)
=1

where g; is the loss gradient with respect to i-th example. The idea of SAG is to use the gradient
of each example from the last iteration where it was selected to take a step. However, the naive
implementation of SAG requires storing the gradient of each sample, which may be expensive in
terms of the memory requirements.
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Algorithm 1 SAG for adversarial ordinal regression with multiclass representation

1: Input: training dataset with pairs {x;, y; }, learning rate «, regularization constant \
22m+0 {the number of sampled pairs so far}
3:d+«0 {for storing 7", &}
4: j; —0,1;«<0fori=1,2,...,n

5: repeat

6:  Sample i from {1,...,n

7 j%,1* < argmax; wiritwittI Tl x,

8: 1f 1t is the first tlme we sample i then

9: m+<—m+1
10: dj« +—d;- + %Xi, dj «— dj- + %Xi
11: dy, < dy, —x;
12:  else
13: d — d Xl, d1 — d] Xz
14: d <—d + Xz’ d; + di- + Xl
15:  end if

16:  ji+ g5 L« 0"
17 w+ (1 —aN)w—=d
18: until converge

Lord—mc

Fortunately, for A we can drastically reduce this memory requirement by not directly storing
o — WX+ Wy Xi+5—1

the gradient using the following technique. Let j*,[* = argmax; ; 5
Assuming that j* # [* # y;, we know that the sub-gradients are: V. = %xi, V. = %xi, and
Vw,, = —x;, while Vy, = 0fork € {1,...,[¥[}\{*, 1", y;}. Therefore, instead of storing the
sub-gradient, we can just store j* and I*. Let us denote j; and 1; for i = 1,2,...,n as the storage
for each example’s last j* and [*. We also construct a vector d which has the same length as our
parameter vector w to store the sum of the latest gradients, i.e. d = Y. | g;, where m is the number
of training pairs {x;, y; } sampled so far. Using this notation, Algonthm.desonbes this technique
for implementing SAG for adversarial ordinal regression loss with multiclass representation.

— Wy, - X;.

D Dual Optimization in Details

Based on Equation 5, the primal optimization of regularized adversarial ordinal regression loss can
be written as:

1 ) n w-o(xi,7) + 7 W d(xi,7) — J
- C AR SLGEVAREA — = =W (X4, Ui
e g IwI Z{erlnaxly 2 ey 2 v olxi,vi)
(57)
N R o , ,
=min —||w|]*+ = _max_ (W B(x;,5) — W d(Xi, i) + J) (58)
w2 2 el Y
C < , .
+5 2 max (W (xi, ) — W dlxi,yi) — ).
o JeL Y

The optimization above is equivalent with the following constrained optimization:

ngmfllvvll2 Z@ Zc& (59)

¢(Xz>yz)+j Vie{l,...n}je{l,.... DI}
¢(Xi7yi)_j V’Le{l,n},]E{l,,D)‘}

subject to:  &;



The Lagrangian for the optimization above is:

n |V

1 C C .
‘C:§HWH2+§Z&+§Z(5 ZZOQ,] i — W ¢(X17.])+W d)(xuyt)_.j] (60)
i=1 i=1 i=1 j=1
n Y|
*ZZ@J[&*W'Qﬁ(XiJ)+W'¢(Xi,yi)+j]-
i=1 j=1
The KKT conditions:
n Y| n Y|
Vol =w— Zzazj Xh] +¢Xzayz ZZﬂz] Xz;] +¢(Xzayz)]*0
=1 j=1 =1 5=1
n |V
= W= ) (o +Biy) [b(xiy:) — (xs,5)]
i=1 j=1
|V |V
C
:——Zaw—o — Zai’j:5
|y\ %
C C
véiﬁzg_;ﬁi,jzo - ;ﬂzjza

Vi, j, il — w - ¢(xi, J) + W d(xi,y:) —j] =0

= =0V =we (X, ) — W (x4, yi) +
Vi, j, Bijl0i — W d(xi, ) + W - ¢(xi,y:) + 5] =0

=  Bij=0V&=w-0(x;,]) — W d(Xi, i) — J.

Rearranging the Lagrangian formula and then plugging the definition of w in terms of the dual
variables and applying the constraints yields:

n |Vl
EZZZj(OZi,j —5¢,j) (61)
i=1 j=1
T %
~3 33 (i + Big) (awi + Bra) (6(xi,5) — S(Xir i) - (D(xk, 1) — S, i) -
i,k=1j,l=1

Therefore, the dual optimization can be written as:

TgaXZj(Oéi,j - Bij) (62)
B 4=

= % D (@i + Big) (ani + Bra) (0(xi, 1) — d(xi 9i) - (@(xk, 1) — S(x1, 9x))

1,5,k,l
subjectto:ai,j > O;ﬂi,j > O;Zam = %;Zﬁi’j = %;i,]f S {1, - ,n};j,l S {1, Cey |y|}
J

J
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