A Proofs for Section 2

The following result that sanwiches the Bregman divergence induced by an L-smooth convex function
is well-known:

Lemma 2. If f is convex, and L-smooth w.rt. || -

, then

S IVF(@) =V )2 < Apa’,z) < L2’ — 2| (30)

Proof. The second inequality is obvious. To show the first inequality, define

g(a') = Ap(@’,2) = f(a') — f(x) = (Vf(z), 2" — z). GD

Then g is minimized at = with g(x) = 0, and g is also L-smooth. Therefore for any Z

L L
9(@) < g(@') + (V). 2 — ') + 5 |7 = o'|]* < g(a’) + [V, |2 —2'l| + 5 |z —a'|]*.
(32)

Now take minimization over Z on both sides:
1 2
0=g(w) < g(@) = 57 IVa@ll. (33)

Plugging in the definition of g and noticing Vg(2') = Vf(2') — V f(z), we get the first inequality.
O

The following result is crucial for our later analysis, and extends a result of [27].

Lemma 1. Let f and g be ¢-saddle and p-saddle respectively, with one of them being dif-
ferentiable. Then, for any z = (z,y) and any saddle point (if exists) z* = (z*,y*) €
arg min, max, {f(z) + (=)}, we have f(z,y")+9(x,y7) > F(@*,y)+9(2",y) +Dgr (2 ).

Proof. We first recall the following slight generalization of a result of [27]:

Claim. Let h and k be respectively ;- and ¥5-convex, with one of them being differentiable. Let
z* € arg min, h(z) +k(x), then for all z, h(x) +k(z) > h(z*) +k(z*) + Ay, 4y, (z, 2%).

Indeed, using the optimality of z*, we have 0 € O(h + k)(z*) = Oh(z*) + Ok(z*), where the last
equality is due to the differentiable assumption (on one of h and k). Since h is ;-convex and k is
1ho-convex, we have

h(z) > h(z™) + (x — 2™, 0h(z™)) + Ay, (z,z™) (34)
k(x) > k(z*) + (x — z*, 0k(x™)) + Ay, (x, 2). (35)

Adding the above two inequalities and noting that Ay, + Ay, = Ay, 4y, completes the proof of our
claim.

Now to prove Lemma 1, we note that if (z*,y*) is a saddle point of f + g, then z* €
arg min, f(z,y*) + g(x,y*) and also y* € argmin, —f(z*,y) — g(z*,y). Note also that if f
is ¢-saddle, then f,(z) = f(z,y) is ¢,-convex. Similarly, if g is p-saddle, then —g,(y) = —g(z, y)
is (—, )-convex. Applying the above claim twice we have:

fy* (‘r) + gy~ (aj) > fy* (CU*) + Gy (CE*) + Ad)y*ﬂoy* (z, CL'*) (36)

7ffc* (y) — Gz~ (y) Z 7fz* (y*) — Gz~ (y*) + A—qﬁw* — Q¥ (yv y*) (37)

Adding the above two equations and noting that A¢y*+¢y* (x,2*) + Ay o —0,. (y,¥") =
Agpto(z, 2*) completes our proof. O
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Algorithm 2: SVRG with Bregman Divergence

1 Initialize xg randomly. Set T = x.
2 fors=1,2,...do // epoch index
f < fif :=VP(Z), z0 + x5 =251
fort=1,...,mdo /l iter index
Randomly pick € € {1,...,n}.
Compute v; using (38).
Update z;; using (38).
Denote z;, = xyy,.
— ZZ’LMHW\)’M

v S .
9 T+ x°:= EEE= VI

® 9 B W

B Bregman Divergence for Convex SVRG

Prior to saddle-point optimization, it is illustrative to see how variance reduction methods can be
extended to Bregman divergence in convex optimization. Let us consider a proximal objective

J(z) = P(z) + Q) = 1 3oy ¥r(2) + Q).

Here each vy, is convex and L-smooth (w.r.t. some norm), and €2 is A-convex for some Bregman
divergence A. Breg-SVRG extends the vanilla SVRG by employing the following proximal operator
[30] which we assume is efficiently computable:

i1 = argmin {n(ve, x) + nQx) + Az, z¢)}, where vy = Vpe(z4) — Ve (Z) + 1. (38)

Here ¢ is sampled uniformly at random from {1, ..., n}, Z is the pivot found after completing the last
epoch, and i = VP(Z). The whole procedure, which we call Breg-SVRG, is detailed in Algorithm 2.
To ease notation, the x; here always refers to the ¢-th step of the current epoch s, and we will include
the epoch index s only when necessary.

Let us define the gap €(z) := J(z) — J(z.) for some x, that minimizes J. Our first convergence
result for Algorithm 2 is as follows:

Theorem 2. Assume each 1y, is convex and L-smooth wrt ||-||, and P and § are (yA)- and (AA)-
convex wrt some Bregman divergence A, respectively. Let 1) be sufficiently small such that m :=

[log(gn% — % - p) / log p—‘ > 1. Then Breg-SVRG enjoys linear convergence in expectation:

Ee(2°) < p~ " [A(2a, 20) + c(Z+1)e(z0)],

_ l4nx 8n°L _ym—1
where p = 1_27,6 = (1—71Ln)(1—?7'y) and 7Z =Y ]" " pt.
[ ; _ _4 _ lOg(%ilg\L) _ L
For example, we may set 7 = 137, which leads to ¢ = m = =0(%). 0+

153L° log(1+ 3¢ )
™ =9 -2 >2— L =1 and Z = 9% — 1. Therefore, between epochs, the gap decays by
a factor of % and each epoch needs to call (38) for ©(L/\) times. In total, to reduce the gap below
some tolerance ¢, the proximal operator (38) needs to be called for O (% log %) times. If the norm
I - || is chosen to be Euclidean, then the above guarantee reduces to that of SVRG [9]. The condition
number L/, however, can change significantly w.r.t. the chosen norm (which reflects the underlying
problem geometry).

We need the following variance reduction lemma that extends a result in [9] to any norm.
Lemma 3. The variance of vi can be bounded by: Eg¢||v; — VP(z4)||2 < 16L - [e(z) + €(Z)].

Proof. Clearly, for any norm, [|a + b||> < 2(||a]|® + ||b]|*). Besides, for any random variable X and

norm ||-||, B | X —E[X]||* <2E[|| X || +|EX ||*] <4E || X ||*. It bounds the “variance” of a random
variable, under any norm, by four times its “second moment.”
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Using these two inequalities and conditional on z;, we have
Be [[or = VP(2y)|2 =Be | (Vabe () = Vibe () = (VP (2) = VP(2))|;
< 4B || Ve (r) — Vibe(3)|2 = 4B || Vibe (20) ~Vibe () — (Vbe (&) ~Vbe () ) ||2
<8 Be | Ve () — Ve ()[7 + 8 B [[Vabe (7) — Ve () (39)
We can next invoke Lemma 2 to upper bound the first part of (39):
e Vb (20) — Ve ()12 < BEAy, (w4, 24) = Ap (g, 2) < eay),
where the last inequality is due to (a special case of) Lemma 1. The second part of (39) can be

bounded similarly. O

Proof of Theorem 2. We apply Lemma 1 to the update (38), with g = nQ(z) + A(z, x¢), ¢ = 0, and
© = AA:

N Ve, Tey1) + NUxe1) + A4, 1) (40)
< v, ™) + Q™) + A(z™, x¢) — nAq(z™, xi11) — A(T™, T441) 41)
<n{vg, ") + nQa™) + Az, 2¢) — nAA(2™, 2441) — A(a™, 241). (42)
Therefore
nzi41) + (1 + nA) A", 2441) (43)
< A(x* my) + vy, 2" — xp1) + Q™) — Alxpr, 24) (44)
. 1
SA@", z) + (v " = i) +0Q(a7) — §cht+1 — %, (45)
where the last inequality is because A is distance enforcing w.r.t. the norm || - ||. Since J is L-smooth,
we obtain
L
0 < P(2t) = Plesr) + (VP (2r), o1 — 20) + 5 [|2e41 — wl? (46)
Multiplying the above by n > 0 and adding to (45) we get
nUz41) + (1 + A A", 2441) (47)
1—nL
SAG@* @) + 1 (v 2" = o) +10") = =5 oo — o (48)
+nP(@) = nP(@es1) + 0 (VP(@0), Teg1 — ) 49)
1—nL
=A(*, ) + 1 (v = VP(00), 20 = 2001) = —5 [ees — i (50)
+nP(x¢) = nP(xey1) +nQz) + 1 (v, 2° — 24) (S1)
2
* Ui 2
< L _
<A(x*,z¢) + 30— L) log = VP ()]l (52)
+nl{ve, & — x¢) + P(2e) — Plai41) + Q(a7)]. (53)
Conditional on x; we take expectation over £ on both sides:
2
n

E ||lv; — VP(z,)|

.

(L +nNEA(2", 241) < (1= ny)A(z™, 2¢) + 20 —L) (54

+n[J(z%) = EJ(z441)], (55)

where we have also used the assumption that P is (yA)-convex. Using Lemma 3 we take expectation
over x; again on both sides, leading to

pAt+1 S At +c (6t + 8871) - n5t+1. (56)
2 ~
where p = ifgi, c = (177]8L7’)(f7n7), ko= o, 0 o= Ee(xy), Ay = EA(z”, 3y), 551 =

Ee(z°~1). Multiplying both sides by p’ and telescoping from ¢ = 0 to m — 1, we obtain

P A S Doty p T+ e Ty p T kD e (57)

t=1
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Rearranging, we get

P A 4 ep™ 8 + (K — cp) Z Pt 6, < Ag + by + co° Zptfl. (58)
t=1 t=1

Now define the representer of epoch s as

I i
I :E;pt lz,,  where Z:Zpt L (59)

t=1
Note that p > 1 hence the most recent iterate gets a bigger weight. Also, we can equivalently use
S

= 53", play where Z/ = 31" p', see Algorithm 2. Then, noting that .J is convex and
6% = E[J(&*) — J(x*)], we obtain

P (A + o) + (k — cp)ZSS <P (Ap + o) + (K —cp) Z pt715t (60)

t=1
< (Ao + ¢do) + cZ65 L, (61)

Now pick m such that
(k—cp)Z K—cp 1—nmL 149 1 1 149\

mo__

cZ c 8nL l—ny 8L 8 1—ny

(62)

Therefore,
EA(xz*,z5.) + c(BJ(z3,) — J(z*)) + cZ(J(2°) — J(z*)) (63)
< p MEA(t 25 ) + (B (25 Y) = J(2%) +eZ(J (737 = J(2F)]. (64)
So there is a decay of factor p~"" between epochs. Set ) = ¢ and we obtain

1 1 L+al
m
=———-———>1
P 8av 8 Lfa’y> (63)

for « sufficiently small. Moreover, p = éfiz;\ hence

1 1 L4a)
log (@ -8 LJ—ra'y) 1 1 L
m= o =0 ,1Og,.)\7 . (66)
1Ogm o @ + v

So between epochs, we decrease the gap by a constant factor that is strictly smaller than 1, and the
number of iterations per epoch is © (ﬁ) . In total, to find an € accurate solution, the computational

cost is © (ﬁlog %) O

C Rates for Proximal Saddle-Point Optimization in Section 4

The proof of [17] relies on resolvent operators, which is inherently restricted to the Euclidean norm.
Besides, their bound is on ||z; — 2*||%, and it was claimed that “the convex minimization analysis
does not apply and we use the notion of monotone operators to prove convergence”. We show here
that by introducing an auxiliary variable, our analysis in Appendix B can be largely reused for SVRG
with Bregman divergence in saddle-point problems, and the bound is directly on function values.

Theorem 1. Let Assumption I hold, and choose a sufficiently small n > 0 such that m =

{log (11;7";2 —n— 1) /log(1 + n)—‘ > 1. Then Breg-SVRG enjoys linear convergence in expectation:

Ee(2%) < (1+7) "™ [A(z*, 20) + (2 + V)e(20)], where Z = 70 (14)f, ¢ = 1L (22)

Proof. Our key innovation in analysis is the introduction of an auxiliary variable: wu; =

81[((.’1115, y*)
(—ByK(x*, ) Note that E¢vy # uy.
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Recall that

eM = M (z) == M(zy,y*) — M(z*, ), el = () = K(xy,y") — K(a*,y:)  (67)
ek = R (z) = K(z,y") — K(2*,9,) € R (68)
=e(2) = J(@e,y") = J (@ ye) = [J (2, y") — J (@, y")] + [ (2", y") — J(@",y¢)]  (69)

> Az, 2%) > Lz — 2*|]° > 0. (70)

The first step of our proof is to invoke Lemma 1 on the update (21):
(L4 A", ze41) S A%, 20) — ety — Alzegn, 2e) + 1 (v, 2% — 20) + 0 (v, 20 — 2e41)
= A(2%, 2z) — 776%1 — A(ze41,2e) + 1 (v, 25 — 2¢) + 0 (0e — ug, 2 — 2e41) + 1 (Ut 26 — Ze1) -
It is easy to bound (u¢, z: — z¢41) as K is L-smooth:
(ue, 2 — 2e41) = (O K (@0, y"), 0 — ei1) — (Oy K (27, 51), Y¢ — Ye41)
< K(o,y") = K@ y™) + 5 o —wen|” + K@ ye) — K@ u) + 5 lye — g |

= — el + Lz — 2zl (71)

So we can proceed by

(1 +n)A", ze41)
<A(2,z) — nerr1 +ner (v, 2F — 2) + 1 (v — w2 — Ze41) —

L |2y — 241
2
772 [|ve =
2(1—nlL)

Take expectation over £ on both sides (conditional on z;). Since E¢[v] = G(2¢), we may apply the
inequality K (z,y') — K(2',y) < (G(2),z — 2'):

<A(2%, 2t) = et -H?Gf( +n v, 2" —2z) +

(1+ ) EBA(2*, z041) < A(2*, 2) — nBerq + E ||y — wl? . (72)

_
2(1 —nL)
Finally we bound IE [|vy — u|’:

B [[vr =7 = B or = G(z0) + G(20) — well? < 2B [log—=G(z) |2 +2[1G(z0) —weZ . (73)
Notice that by the L-smoothness of K,

1G(ze) — wells = 102 K (20, y0) = 0o K (weyy™ )1} + 110, K (2, 92) — 0y K (2, o)1
<L lye =y + L2 ||z — 27| 7. (74)

Again using IE | X —E[X]|* <4F || X ||* and L-smoothness of 1)y,

E[lv;—G(2)||” = E[|[Vabe (21) — Vipe (2) — E[Vbe(20) — Vape (2)]12
SAE || Ve (2) — Vbe (D)7 < AL ||z — 2|2

< 8L? ||z —2*|P+ 8L || —2* || (75)
Plug (74) and (75) into (73), and then into (72). Using (67), we finally arrive at (expectation on &)
N . 18n2L? o
(I1+n)EA(Z", ze41) < A(2%, 2) — ey + ﬂﬁ(et +e(2 1)) (76)

Taking expectation of the whole history on both sides, we obtain

Pt < A+ (84571 = ndga. (77)

where p ;= 1+, ¢ = 1;33222, 6 = Be(z), Ay := BA(2*, 2,), 6°! := Ee(251). This has

exactly the same shape as (56), and therefore the rest derivation is almost identical, except that in ¢/,
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we have n?L? rather that 2L as under (56). So almost all the derivation can be shared. Let us set

n= 45%,and we obtain
m_M—cp 45-1/L 1 H-1_1 o4
— = - 1> —— - ——1=—. 8
P c 18 4512 T 18 45 15 ()
. 1 1
Since p = 1 + zz7=, we derive . 1/L 1
log — gz — 1 5
.- —0(1?). (79)

log (1 + ﬁ)

So between epochs, the decay is by a factor of 25 51 4 , and the number of iterations per epoch is ©(L?).
The total computational cost is therefore O (L?log 1). O

D Efficient Proximal Operator for Solving (27)

Given a set of variables {«;} which are nor necessarily in S, we need to project it to S based on
Bregman divergence. Here we show how this can be done in O(n?) time for both Euclidean and
entropic projections.

D.1 Euclidean projection to .S
Given a set {ay, }, the projection to S requires solving

min{xk} % Zkak—ang s.t. x € Cy, Zkllxk <1 (80)
where Cj:={x€[0,%]" :rp >0, I'x =11} (81)

Introducing a Lagrange variable p that corresponds to the last constraint, we obtain the partial
Lagrangian:

. 1 2
mag o+ 3 g {3 s —eull + s . 2

Since the optimal x;, is unique by strong convexity, we can solve p by any smooth solver such as
BFGS, proximal bundle method (PBM, http://napsu.karmitsa.fi/proxbundle/), or even bi-section.
Given a p and its optimal x(p), the gradient in p can be easily computed as —1 + 3, 1'x;(p).
Therefore it suffices to optimize x;, separately. In the sequel, we will first present the optimization
procedure without worrying about the computational cost. After that, we will show how to reduce the
complexity to O(n).

Fixing p, the optimal x; can be found by solving the following problem. Here we dropped all
subscripts k to lighten the notation.

. o .
min min —|lx — o + 1'x. 33
r20 XE[O,%]",l'x:TQ || H2 P ( )

Introducing a Lagrange multiplier p for the 1'x = r constraint, we dualize the inner problem as

1
min min max 5 Hx—a||2+p1x p(l'x —r)
’r‘>0 XG[O ;]n 122

= minmax q gr + min ||x —al+ pl'x — pl'x (84)
r20 4 xelo, 5"

= = 1y . 85
min mex {W+ min_ 2 ey —al2+ (- i } (85)

Now r does not appear in the constraint and so the once we have the optimal x and y (or optimal x
based on which we get the optimal y = %x), the gradient in r can be written as

p+y Gy —a)/k+(p—pl'y/k. (86)

which can be calculated in constant time via our efficient update rule.
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Algorithm 3: Euclidean projection of {a} Algorithm 4: Entropic projection of

onS {ar}on S
1 p* = minimize(obj_rho, [0, +00)) 1 p* = minimize(obj_rho, [0, +00))
2 [~, ~, {X}}] = obj_rho(p*). 2 [~, ~, {x}] = obj_rho(p*).
3 Return {x} 3 Return {x;}
Function [f, g, {x}}] = obj_rho(p) Function [f, g, {x;}] = obj_rho(p)
4fork=1,...,ndo afork=1,...,ndo
5 7}, = minimize(@(r) obj_r(r, k, p), 5 71, = minimize(@ (r) obj_r(r, k, p),
[0, 4+00)) [0, +00))
6 [fx> ~, Xk] = objr(ry, K, p) 6 [fx, ~, Xx] = obj_r(rs, k, p)
. > xi = X (1) = xx(p) > Xy = Xx (1) = Xi(p)
1T =p-Sia i 17 =p-Sh i
s g=1-31 1 8 g=1-3_ 1%
end function end function
Function [f, g, x] = obj_x(r, k, p) Function [f, g, x] = obj_r(r, k, p)
7 Hmin = p = MAXs Qhsy 9 ftmin = —50,
Hmax = p — Ming ogs + % ' ' Hmax :P+10g(m)
10 while tru(e do /2 > bi-section search 14 while true do > bi-section search
11 M= (MUmin + Mmax 11 w= (Mmin + Mmax)/2
12 x = MED(a; + p11 — p1,0, £1) 12 | x=MIN(aexp(p—p), 51)
13 if 1’x > 7 4+ 107° then 13 | if1l’x >r+107° then
14 ‘ Hmax = M 14 ‘ Pmax = [
15 elseif 1’x < r — 107° then 15 elseif 1’x < 7 — 10~° then
16 ‘ Hmin = f 16 ‘ Hmin = M
17 else 17 else
18 | break 18 | break

b=

1 f:%HX*OtngJFPl'X >Nowx =xx(r) 19 f=pl'x+>,Q > Nowx=x(r
wg=p+y Gy —a)/k+(p—wly/k > 20 g=p+> Floglr +(p—p)% v
Now 11 = pux(r) Now 11 = pux(r)
end function end function

Given r and p, the optimal x admits a closed form
x = MED(a + pu1 — p1,0, £1), (87)

where MED stands for the elementwise median. Given r, the optimal p is the one that ensures
1’'x = r (not necessarily unique). Since each z in (87) is non-decreasing in p, a simple bi-section
search can find such a u(r) by probing O(log n) values of y. With x(r) in hand, the optimal x(r)
for the inner problem in (83) can be recovered by (87).

In hindsight, we observe that although the optimal x in (83) is unique, the objective function in r
is not necessarily smooth because r also appears in the constraints of x. Therefore we resort to a
nonsmooth solver (e.g. PBM) for optimizing over r.

The overall procedure for Euclidean projection is summarized in Algorithm 3. We assumed without
loss of generality that for each «y, all its elements are already sorted increasingly. The binary search
over p can be refined, with p only probing kink points corresponding to the entries in cy. This will
ensure the bi-section terminates in O(log min{n, 1/€}) iterations.

D.2 Entropic projection to S

Given a set {ay, }, the entropic projection to S requires solving
. Tks
min Zwks log ks + Qks — Tks (88)
{xr} ks O

s.t.xg € Cy, szs <1 where Cj:={xe€]0, %]” crp >0, Ux =1y}
ks
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Introducing a Lagrange variable p that corresponds to the last constraint, we obtain the partial
Lagrangian:

max —p + Z Hlln {Jfks log >+ aps — Ths + kas} . (89)

p=>0 ks

Since the optimal xj, is unique by strong convexity, we can solve p by any smooth solver such as
BFGS, PBM, or even bi-section. Given a p and its optimal x(p), the gradient in p can be easily
computed as —1 + >, 1’x;(p). Therefore it suffices to optimize x;, separately.

Fixing p, the optimal x; can be found by solving the following problem. Here we dropped all
subscripts k to lighten the notation.

Igggxe[o P]lnnl’ Z {Q + pxs} where Q= x, log — —|— Qs — Ty (90)

Introducing a Lagrange multiplier y for the 1'x = r constraint, we dualize the inner problem as

i E s s 91
Iggml?x{ur—i—mrg&)n?] {Q+ pxs — px }} 91)
= 1 92
sipogs o+ iy 310+ G- | ©2
r T
h = 7 91 s — 7 Ys
where @, ky( og askJra‘ ky(
the gradient in  can be written as
Ys Ys
= — ). 93
A+ E . +(p—p) ’ 93)

which can be calculated in constant time via our efficient update rule.

Given r and p, the optimal x admits a closed form
x = MIN (a exp(i — p), %1) , (94)

where MIN stands for the elementwise minimum. Given 7, the optimal p is the one that ensures
1’x = r (not necessarily unique). Since each x in (94) is non-decreasing in u, a simple bi-section
search can find such a u(r) by probing O(log n) values of y. With x(r) in hand, the optimal x(r)
for the inner problem in (90) can be recovered by (94).

The overall procedure for Entropic projection is summarized in Algorithm 4. We assumed without
loss of generality that for each o, all its elements are already sorted increasingly. The binary search
over p can be refined, with p only probing kink points corresponding to the entries in acg. This will
ensure the bi-section terminates in O(logn) < O(log 1/¢) iterations.

E Rates for Proximal Saddle-Point Optimization (Non-uniform)
Problem. We consider the following problem
(z*,y*) = argminmax K (z,y) + M(z,y), where K(x,y) sz x,y). (95)
z oy

Assumption 2. We assume each 1); is a saddle function that is L;-smooth as follows:

1Bi(2) = Bi(2)|.

Li= sup S where Bi(2) = Dt ) 0t w)] 90
and K is Ly g-smooth:
B(z) — B(¢'
Lavg = s H(|)Z_Z,(||)| where  B(z) = [0:1)(x,y); —0y¥(2,y)] ©7)
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Then we can define L adapted to our sampling schemes:

n 2
. Yiet w2 |1 Biz) = Bi(2)I;

L(m)? = sup 3 , where  By(2) = [0,9i(2,y); —0y¢i(z. y)]
sy Iz — 2|
(98)
and 7 is a probability vector that sums to 1. We always have the bound:
_ n =1
2 2 2
Liyy < L(n)® Smax L x ) o (99)

Algorithm. Let us define a variant of variance-reduced stochastic gradient for saddle-point problems:

v = [vg(21); —vy(21)], (100)
where vy (z) = njrg(amg(zt) 00 (2)) + 0. K (3) (101)
oy (=) = nlﬂg@mw — O,0e(2)) + 0, K (2). (102)

Here Z is the pivot chosen after completing the last epoch, £ is randomly choose from probability
vector 7. Clearly, E¢[v:] = G(2;) (unbiased). The stochastic algorithm then performs the proximal
update at each step:

(@441, Yt41) = arg min max 1) (Ve (2t), ) + 1 (vy(22),y) + M (z,y) + Az, 20) — Ay, yt)-
(103)

Theorem 3. With the above modification, the same guarantee in Theorem 1 with L (in fact, this L is
max_; L; ) replaced by L = L(m) holds.

Proof. Our key innovation in analysis is the introduction of an auxiliary variable:

_ (0K (21, y%)
up = (—@,K(:Z*,yt)) : (104)

Note that E¢v; # u,. The first step of our proof is to invoke Lemma 1 on the update (103):

(L4 A", ze41) < A", 20) —netty — Alzegr, 2e) + 0 (0,2 — z) + 0 (ve, 20 — 241)

(105)
= A" 2) = meghy = Ala, ) 1 (v, 2 = 2) (106)
+ vy —ug, 2z — zegp1) + 1 (U, 20 — Ze41) -
It is easy to bound (u;, 2t — z¢41) as K is Lg,g-smooth:

(uty 2t — 2e41) = (O K (04, y"), 0 — we1) — (Oy K (2™, 1), Yt — Yet1) (107)

< K(r,y") = K (@, y") + 25 |2 — v |
+ K@ yet) = K@ 90 + 752 lye — g | (108)
= —efir + 75 |z — 2| (109)
:ef—efil—l—%nzt—zHlHQ. (110)

The last inequality is due to L2, < L?.

avg

So we can proceed by
1+ A", ze01) < A(2", 2¢) — neryr + netK + v, 25— ze) +n(ve — up, 26 — ze41) (111)
- # |2 — Zt+1\|2

2
772 ||Ut—ut||*

< A(2%, z) —ner+ner +n (v, 25 —2) + 2(1—nL) °

(112)
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Take expectation over £ on both sides (conditional on z;). Since E¢[v;] = G(z¢), we apply the
inequality K (z,y’) — K(a',y) < (G(z),z — 2’} and get:

(14 DEA(2*, 2041) < A(z*, 2) — NBey1 + ——— |lug — wy||> . (113)
2(1 - L)
Finally we bound IE ||v; — uy Hz
E |lve—uel|? = B [loy — G(z¢) + Glze) — we}
< 2F o =Gzl + 21/G(2e) — w2 - (114)

Notice that by the L-smoothness of K,

1G(z2) = welly = 102K (x4, ye) = 0o K (we, y )2 + 10, K (20, 90) — Oy K (@™, o)l (115)

< Livg Hyt - y*||2 + Livg ||xt - .’1?*||2 (116)
< L2 |lye — y*)1* + L2 e — 27|12 (117)

Again using the definition (98),

E|Jo, — G(z0) |2 = Enrfﬂgwwg(zt) — Ve(3) - E[,;Tgm}g(zt) — V(3]
2

< 4B || (Ve (zr) - Vibe(3))

nme

*

< 4L*||z — Z|* (by L-smoothness)
< 8L? ||z —2*|*+ 8L% || — 2. (118)

Plug (116) and (118) into (114), and then into (113). Using (67), we finally arrive at (expectation is
only over &)

* * 181_’2772 zs—1
(I1+EA(Z", ze01) < A(2", 2¢) — nEer 1 + - (e: +€(2°77)). (119)

Taking expectation of the whole history on both sides, we obtain

pAt+1 S At + C/ (5,5 + 83_1) — 7’](5t+1. (120)

where p := 1+, c = 1?%;";, 6 = Be(z), Ay := BA(2*, 2,), 6°~! := Ee(25~1). This has

exactly the same shape as (56), and therefore the rest derivation is almost identical, except that in c,
we have L?n? rather that n? L as under (56). So almost all the derivation can be shared. Let us set

n= 45%, and we obtain

— 45 —1/L 1 45-1 1 4
protzep YL 1 -1 1, 6 (121)
c 18 4512 18 45 45
. o 17 .
Since p =1+ iz We derive . (45_1@ L 1)
g\ 718 45L2 =9
m = =0 (L ) . (122)

log (1 + ﬁ)

So between epochs, the decay is by a factor of é—i, and the number of iterations per epoch is ©(L?).

The total computational cost is therefore O (L?log 1).

For uniform sampling, m; = 1/n forall i = 1,...,n, we can recover Theorem 1 as L = max; L;
in this case. The smallest possible value for L is L = Ly, = (1/n) >, L;, achieved at m; =
L;/ Z;;l L, i.e., the sampling probabilities for the component functions are proportional to their
Lipschitz constants.

O

21



F More about L

. . . a -
Let us consider both o and 3 as n? dimensional vectors. Denote z = < IB). Then the bilinear part

of % > fij(eu, Bj) can be written as F'(ax, B) = 1d/AB = iz <£, 61) z. Then VF(z) =

(5 )+ (42)

Recall that ||z||* = ||e||® + ||8]|® and similarly for their dual norms. We could use subscripts for
these norms to highlight that «, 3, and z employ different norms. But we omit these subscripts
because they are clear from the context.

So the L? of F can be computed as

(42)

The objective function here is obviously convex in («, 3) jointly. Since we are maximizing, the
optimal solution must be attained at some extreme points of the domain. There can be only two types
of extreme points: a) ||a|| = 1and 3 = 0; and b) « = 0 and ||B]| = 1. So

2

max _[|AB|7 + [|Aa?. (123)

L? = max =
«  llel?+I817<1

llzll<1

L? = max {lmlax ||A'a||i , H%l”ax ||Aﬂ||z} , (124)
al|=1 =1

where the first term corresponds to case a), and the second term to case b). It is not hard to see from
definition that these two terms are equal, both being exactly max| o —|g=1 &' AB.

Now let us add the quadratic term in e, so that G(a, 3) = o’ AB + 2o/ Ba. Then

B A Ba+ A
So we can compute the L of G by:
2
Ba + Aﬁ) 2 2
L? = max ( =  max Ba+ AB|; + |4« (126)
WL e )] T e I+l
< max { max Bl + 4/l mox 46 (127)
< max ||Ba|? + max ||A'al’. (128)
llee]|=1 lled|=1
where the last equality again used the fact that maxjq|—; |4 = max| gj—=1 ||Aﬁ||i, and

maxa{f(a) + g(a)} < maxq f(a) + maxq g(a).
So now bounding maxjjq -1 |Bax||? can be done in the similar way as bounding Max|| =1 A .
G Stochastic Updates of SVRG on F-score game

The original problem for F-score is

' 1 n o n A 5 0/ _ 0/ n .
(i e, {nz DD fslew, By) +max =3 0]l + T X3 - nX;“’i}- (129)

i=1 j=1

Then the optimal @ admits a closed form solution

0(a) = %X (y - Zux) } (130)

i=1
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Plugging it back and denoting ¢ = Xy, we arrive at the overall problem in & and 3 only:

1 2
7, 79 N X 7 X X . 131
@hes B)%s w2 2; {fﬂ () = 3¢/ + gralX X + 50 HCHQ} (30
= 132
(i e, nZ% 132)
where
li fii (o, By) f—ch +—aXXa L||c||2
n ~ AT D) it 2 n? 2
Denoting e; = (0,0, ...,1,...,0), i.e. the canonical row vector for jth dimension. Thus,
1. The stochastic gradient over o' at iteration ¢ is
V/(/)]( t?/Bt')
1 2
—v! Z [f” o B) — ¢/ Xal + ol X'Xal + L el
Zf L gl (1 n) | JX'Xlal - (1:in) + (300, ic)e;]
i\ %> 2\n
2. The delayed stochastic gradient over anchor variable & is
ij (d’ /éj)
1 . A X'c-(1:n) jX'X[&; - (1:n)+ (X id;)e]
=V { ; fis (@i, By )} B An?2 + 2\n

3. Full gradient in each epoch is

— Zv%

ZV[T#ZZfij(diaBj)] _X/C.(lzn)JrXX(ZJ 1984)-(1:m)

Lt £ An? An?
i=1 j=1

- V[;iiﬂj(diﬁ»] - xg(a)« L2

i=1j=1

So the euclidean SVRG update in each iteration is

ot =al -y [ﬂ + V%(at,ﬁ;) - vd’j(éﬁﬁj) (133)
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