A Proofs

This appendix collects various proofs omitted from the main text.
A.1 Lipschitz properties of ReLU and max-pooling nonlinearities

The standard ReLU (“Rectified Linear Unit”) is the univariate mapping
or(r) == max{0,r}.

When applied to a vector or a matrix, it operates coordinate-wise. While the ReL.U is currently
the most popular choice of univariate nonlinearity, another common choice is the sigmoid r
1/(1 + exp(—r)). More generally, these univariate nonlinearities are Lipschitz, and this carries over
to their vector and matrix forms as follows.

Lemma A.1. If o : R — R% is p-Lipschitz along every coordinate, then it is p-Lipschitz according
to| - ||pforanyp > 1.

Proof. for any z, 2 € R?,
1/p 1/p

lo(2) = o(z)llp = Zlff ) < Dol alP | = ol =2y
%

O

Define a max-pooling operator P as follows. Given an input and output pair of finite-dimensional
vector spaces 7 and T (possibly arranged as matrices or tensors), the max-pooling operator iterates
over a collection of sets of indices Z (whose cardinality is equal to the dimension of 7), and for
each element of Z; € Z sets the corresponding coordinate ¢ in the output to the maximum entry of
the input over Z;: given T € T,

P(T); :==maxT}.

JE€Z; J

The following Lipschitz constant of pooling operators will depend on the number of times each
coordinate is accessed across elements of Z; when this operator is used in computer vision, the
number of times is typically a small constant, for instance 5 or 9 [Krizhevsky et al.,[2012].

Lemma A.2. Suppose that each coordinate j of the input appears in at most m elements of the
collection Z. Then the max-pooling operator P is m/P-Lipschitz wrt || - ||, for any p > 1. In
particular, the max-pooling operator is 1-Lipschitz whenever Z forms a partition.

Proof. Let T, T" € T be given. First consider any fixed set of indices Z € Z, and suppose without
loss of generality that P(T") z = maxjcz T; > max;ecz ij. Then

P P P
[P(T)7 —P(T) 2P = (mln max T — T} ) < max (Tj - T;) < Z‘Tj ~T;
JjE€EZ

'eZ jez
Consequently,
1/p 1/p
IP(T) =P, = [ Y_IP@)i =P@)lP | =D IPT)z—PT)zl”
i Zez
1/p 1/p
S\ m-Tr) =X > IL-T
zZeZ jez Jj ZeZ:jeZ
1/p
< |\ mY_ I -Tr | =m T =T,
O
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A.2 Margin properties in Section

The goal of this subsection is to prove the general margin bound in Lemma 3.1} To this end, it is first
necessary to establish a few properties of the margin operator M(v, j) := v; — max;-; v; and of the
ramp loss £.

Lemma A.3. For every j and every p > 1, M(-, j) is 2-Lipschitz wrt || - || .

Proof. Letwv,v', j be given, and suppose (without loss of generality) M (v, j) > M(v', j). Choose
coordinate i # j so that M(v', j) = v — v;. Then

#3

M(v,j) = M, j) = (Uj - DlﬂaX’Uj) - (U§ - U%) =v; —v; +v; + I};in(—vz)
J

< (v; =)+ (v —v;) <2llv—0||eo < 2|lv =],
J J [ P

Next, recall the definition of the ramp loss

0 r< =7,
by(r) == 1+71/y re[-,0]
1 r >0,

and of the ramp risk
Ro(f) i= E(ly (=M(f(2),9))).

(These quantities are standard; see for instance [Boucheron et al., [2005} Zhang| 2004, Tewari and
Bartlett, 2007].)

Lemma A4. Forany f : R? — R* and every v > 0,
Prlarg max f(2); # 3] < PUM(/(2), ) < 0] < R, (f),

where the arg max follows any deterministic tie-breaking strategy.

Proof.

Prfarg max f(2): # 3] < Prima f(2); > f(z),

_ f(z
= Pr[—/\/l(f( ):y) =
=E1[-M(f(x),y) >
< Ely(-M(f(x),y))

0]
0]

With these tools in place, the proof of Lemma 3.1]is straightforward.

Proof of Lemma[3.1} Since (., has range [0, 1], it follows by standard properties of Rademacher
complexity [see, for example, Mohri et al.,[2012, Theorem 3.1] that with probability at least 1 — 6,
every f € F satisfies

In(2/0)
2n

Ry (f) < Roy(f) + 2R((F,)ys) + 3

The bound now follows by applying Lemma[A.4]to the left hand side.

12



A.3 Dudley Entropy Integral

This section contains a slight variant of the standard Dudley entropy integral bound on the empirical
Rademacher complexity (e.g. Mobhri et al.[[2012]]), which is used in the proof of Theorem The
presentation here diverges from standard presentations because the data metric (as in Eq. [(A.T)) is
not normalized by /n. The proof itself is entirely standard however — even up to constants — and
is included only for completeness.

Lemma A.5. Let F be a real-valued function class taking values in [0, 1], and assume that 0 € F.
Then
Ao
R(Fs) < mf log N (Fis, ¢, ||-|l2)de

Proof. Let N € N be arbitrary and let ¢; = \/n2~ =1 for each i € [N]. For each i let V; denote
the cover achieving N'(F|g, €, ||-||2), so that

1/2
VIEF FveVi | (flz)-w)?| <a, (A.D)
t=1
and |V;| = N'(Fis, ¢, ||||2). Forafixed f € F, let v’[f] denote the nearest element in V,. Then
E sup g f(xy)
efefZ
n N—-1 n ) n
=Esup | el f (@) — v [f]) + e(0i[f] = oM = D ey 1
fer = i=1 t=1 t=1
n N-1 n n
< Esup e(f(z) —oN D] + E sup e (Vi[f] — v ) | + Esup v
Efe}'tz::lt((t) ¢ [F1) gefef;t(t[] i L) 6f€]__tz=:1tt

For the third term, observe that it suffices to take V; = {0}, which implies

The first term may be handled using Cauchy-Schwarz as follows:

n n n

Esup | a(f(e) — oM D] < ([ED ()2, [ sup S (7 (0) — o] [)? < Virew.

cfeF iz ‘=1 Fer =1

Last to take care of are the terms of the form

n

E sup e (V] — v |
s |3 0] =17
For each i, let W; = {v'[f] — v'*![f] | f € F}. Then|W;| < [Vi||[Viga] < [Viga|s

Esup |3 ailf] — i )] < E sup |3 e

€ feF i cwew; |

and furthermore

VI = (Flan)so S @))||| + sup[(F(an), - Flaa)) = o ]

feF 2
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With this observation, the standard Massart finite class lemma [Mohri et al.,|2012] implies

n

E sup Zetwt < sup Z we)? log|W;| < 34/21og|W;|eir1 < 64/log|Vigileit-

€ .
weWs =1 gt

Collecting all terms, this establishes

EsupZetf xt) <<€N\F+6Z€z+1\/10gN(]:|Sa€i+1aH'||2)

¢ feFi

<envn+12 Z(Ei - €¢+1)\/10gN(]:|s,€7:, [112)
=1

Jn

<envn+ 12/ \/logj\/(}_\sﬁa [[[l2)de

EN+1

Finally, select any o > 0 and take N be the largest integer with ex 41 > . Theney = 4den42 < 4a,
and so

envn + 12/

EN+1

Vo

N
VI8N (Fis, 2, |-ll2)de < dav/n +12 / VI8N (Fis. &, |-|2)de

A.4 Proof of matrix covering (Lemma

First recall the Maurey sparsification lemma.
Lemma A.6 (Maurey; cf. [Pisier, |[1980], [Zhang, 2002, Lemma 1]). Fix Hilbert space H with norm
I - |l Let U € H be given with representation U = ZZ L ;V; where Vi € H and o € RL )\ {0}.

Then for any positive integer k, there exists a choice of nonnegative integers (k1, ..., kq), Z k; =k,

such that )

d d
vl vl 2 el >
U- E kiVill = = ;21 ai||Vil]” < == max [[Vi]]".

Proof. Set 3 := ||«||; for convenience, and let (W7, ..., W},) denote k iid random variables where
Pr[W; = BV;] := a;/B. Define W := k! Zle W;, whereby

d
EW =EW, =Y Vi (‘;) —U.

i=1

Consequently
2
E|U — W|? = —]E SNWw-wy|| = ZHU Wil +> (U - Wi, U — W)
i i#]
= JE|U - Wi|]? = (EHW1||2 ~U1P) < ZEIW?
:kz YavilP = 5Zalnvu2
< Z e i P,

k
To finish, by the probablhstlc method, there exists integers (ji,...,7%x) € {1,...,d}* and an
assignment W, = = BV}, and We=k! ZZ 1 W such that

HU - WH <E|U - W|>.

The result now follows by defining integers (k1, ..., kq) according to k; := Zle 1[5, = 1] O
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As stated, the Maurey sparsification lemma seems to only grant bounds in terms of /; norms. As
developed by [Zhang| [2002] in the vector covering case, however, it is easy to handle other norms by
rescaling the cover elements. With slightly more care, these proofs generalize to the matrix case, thus
yielding the proof of Lemma3.2]

Proof of Lemma[3.2] Let matrix X € R"*? be given, and obtain matrix Y € R"*? by rescaling the
columns of X to have unit p-norm: Y. ; := X. ; /|| X. j|l,- Set N := 2dm and k := [a?b*m?/" /€?]
and @ := am'/"||X||,, and define

i, ... VN}—{gYez ge{-1,+1},ie{l,. d},je{l,...,m}},

_ N N _ K
_)a L. o _J)a . . k
C = %;kzm.kmzo,;l@_k = kZ:: iy, ... ig) € [N]F B
(A2)
where the k;’s are integers. Now p < 2 combined with the definition of V; and Y implies
[ Xeill2
max [[Vil2 < max [[Yes[ls = max <

: : [ X el

It will now be shown that C is the desired cover. Firstly, |C| < N* by construction, namely by the
final equality of eq. (A.2). Secondly, let A with || A|4 s < a be given, and construct a cover element
within C using the following technique, which follows the approach developed by [Zhang| [2002]| for
linear prediction in which the basic Maurey lemma is applied to non-/; balls simply by rescaling.

e Define « € R¥™ (o be a “rescaling matrix” where every element of row j is equal to |||
the purpose of « is to annul the rescaling of X introduced by Y, meaning XA =Y (a ® A)
where “©®” denotes element-wise product. Note,

ledlp.r = [ (le allps - - - o mllp) ],
:H(\Kux,lnp,...,||X:,d||p>!p Xl 1XKealln)],)
1/p
=m!"[|(I1 X, 1 Xallp) ZHX llp
d n 1/p
2.0 Xy | =m Xl
j=1i=1
e Define B := a ©® A, whereby using conjugacy of || - ||,.» and || - ||4,s gives

IBlx < (e |A]) < llellp.r[lA
Consequently, X Ais equal to

YB = YZZBW — Bl ZZHB” (Yez )ea conv({Vi, ..., Va)),

1=1 j=1 =1 j5=1

g5 < ml/T”XHpa = a.

where conv({V1, ..., Vn}) is the convex hull of {V3,...,Vn}.
e Combining the preceding constructions with Lemma[A.€] there exist nonnegative integers
(k1,...,kn) with Z k; = k with
a a? a?m?/T|| X
XA- kav =|lYB - %Zkv < %m?XIIVZ-IIz < mA X <€
= 2
The desired cover element is thus % > kiViecC.



A.5 A whole-network covering bound for general norms

As stated in the text, the construction of a whole-network cover via induction on layers does not
demand much structure from the norms placed on the weight matrices. This subsection develops
this general analysis. A tantalizing direction for future work is to specialize the general bound in
other ways, namely ones that are better adapted to the geometry of neural networks as encountered in
practice.

The structure of the networks is the same as before; namely, given matrices A= (A1,...,Ap),
define the mapping F 4 as (I.1]), and more generally for 7 < L define A% := (A4,..., 4;) and

F-Ali (Z) = Ui(AiUi—l(Ai—l s 01(1412) e )),
with the convention Fyy(Z) = Z.

e Define two sequences of vector spaces Vi, ...,V and W, ..., Wr1, where V; has a
norm | - |; and W; has norm |||-|||,.

e The inputs Z € V; satisfy a norm constraint | Z|; < B. The subscript merely indicates an
index, and does not refer to any /; norm. The vector space V;, and moreover the collection
of vector spaces V; and W;, have no fixed meaning and are simply abstract vector spaces.
However, when using these tools to prove Theorem 1.1} V; = R?*™ and Z € V) is formed
by collecting the n data points into its columns; that is, Z = X T.

e The linear operators A; : V; — W, are associated with some operator norm |A;|; ;11 <
Ci.
|Ailimsitr == sup |4 Z]|;4, = i
|Z]:<1
As stated before, these linear operators A = (A1, ..., Ay ) vary across functions F 4. When
used to prove Theorem Z is a matrix (the forward image of data matrix X | across
layers), and these norms are all matrix norms.

e The p;-Lipschitz mappings o; : Wiy1 — Viy1 have p; measured with respect to norms
| li+1 and [|||l[;,: forany z, 2" € Wi,

|0i(2) = 0i(2")] 11 < pilllz = 2"l 41

These Lipschitz mappings are considered fixed within F'4. Note again that these operations,

when applied to prove Theorem [I.T} operate on matrices that represent the forward images

of all data points together. Lipschitz properties of the standard coordinate-wise ReLU and

max-pooling operators can be found in Appendix [A.T]
Lemma A.7. Let (¢1,...,€r,) be given, along with fixed Lipschitz mappings (o1, ...,01) (where o;
is p;-Lipschitz), and operator norm bounds (c1, . . ., cr,). Suppose the matrices A = (A, ..., Ar)
lie within By X --- x Br, where B; are arbitrary classes with the property that each A; € B;
has |Ailisiv1 < ¢ Lastly, let data Z be given with |Z|y < B. Then, letting 7 =
ngL €ip; HlL:j+1 pici, the neural net images Hy = {Fa(Z) : A € By X -+ x Br} have
covering number bound

L
N (Hz,m |- Jen) <] sup N({Aiml ,,,,, AH>(Z>:Aie&},ei,|\|'|||i+1).
im1 (A1, A1)
Vj<i.A;EB;

Proof. Inductively construct covers Fi, ..., Fr of Wa, ..., Wr; as follows.
e Choose an €1-cover F; of {A1Z : Ay € By}, thus
|Fi| S N({AL1Z : Ay € Bi} e, |1lly) =t Na.
e For every element F' € F;, construct an €;41-cover G; 11 (F') of
{Aiy104(F): Aip1 € Biy1}.

Since the covers are proper, meaning ' = A;F(4, . a, ,)(Z) for some matrices
(Ay,..., A;) € By x -+ x B, it follows that

}gi+1(F)| < ASUPA N ({Ai+1FA1,...,A1;(Z) t A € Bi+1} s €it 1, ||||||1+2> =: Njq1.
pe)
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Lastly form the cover

Fiy1 = U Giy1(F),

FeF;

whose cardinality satisfies

+1
| Fit1] < |Fil - Nig1 < HN1~
=1

Define F = {JL (F):FeF L}; by construction, F satisfies the desired cardinality constraint.

to show that it is indeed a cover, fix any (A1,..., Ay ) satisfying the above constraints, and for
convenience define recursively the mapped elements

Fr=A41XeW,, G; = 0i(F;) € Viqa Fit1=Ai11Gi € Wigo.

The goal is to exhibit G 1 € F satisfying |G — G rlr+1 < 7. To this end, inductively construct
approximating elements (F;, G;) as follows.

e Base case: set Gg = X.

e Choose E € F; with H|AiCA¥¢_1 — E\Hi_H < ¢;, and set éz = O’l(ﬁz)

To complete the proof, it will be shown inductively that

i
|G — Gilit1 < Z €iPj H L.

1<j<i l=j+1

For the base case,
‘GO - GO|1 - O.

For the inductive step,

Gis1 — Gizilive < pisill| Fivr — Fisall o
< pirilllFivr — A1 Gillli o + pit A1 Gi — Figall;y o

< pi+1‘Ai+1|i+1ﬁi+2‘Gi - G; ) + Pit1€i+1

i+

i
< piti1Cit1 Zejﬂj H picy | + pivi€it1

i<i I=j+1
i+l
= E €5Pj H pici-
G<i+1 I=j+1

O

The core of the proof rests upon inequalities which break the covering at a layer into the covering
at the previous layer (handled by induction) and a cover of the present layer’s weights (handled
by matrix covering). These inequalities are similar to those in an existing covering number proof
[Anthony and Bartlett, 1999, Chapter 12] (itself rooted in the earlier work of Bartlett|[1996]); however
(a) that proof operates node by node, and can not take advantage of special norms on .4, and (b) that
proof does not maintain an empirical cover across layers, instead explicitly covering the parameters
of all weight matrices, which incurs the number of parameters as a multiplicative factor. The idea
here to push an empirical cover through layers, meanwhile, is reminiscent of VC dimension proofs
for neural networks [Anthony and Bartlett, 1999, Chapter 8].
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A.6 Proof of spectral covering bound (Theorem [3.3)

The whole-network covering bound in terms of spectral and (2, 1) norms now follows by the general
norm covering number in Lemma[A.7] and the matrix covering lemma in Lemma 3.2}

Proof of Theorem[3.3] First dispense with the parenthetical statement regarding coordinate-wise
ReLU and max-pooling operaters, which are Lipschitz by Lemmas[A.T]and[A.2} The rest of the proof

is now a consequence of Lemma[A.7] with all data norms set to the [ norm ([ - |; = [[[-|[l, = || - [|2),
all operator norms set to the spectral norm (| - |;—;4+1 = || - ||»), the matrix constraint sets set to 3; =
{A4; | 4illo < sis |A] — M;T||2,1 < b;}, and lastly the per-layer cover resolutions (e1, ..., €1) set

according to

2/3
Qe 1 <bi>2/3 _ b;

€ = —————— where o«; 1= — | — , Qai= Z — .
Pi Hj>i Pjs;j a \ S , S;

J=1

By this choice, it follows that the final cover resolution 7 provided by Lemma[A.7] satisfies

L
TSZejpj H plsl:Zajeze.

J<L l=j+1 J<L

The key technique in the remainder of the proof is to apply Lemma[A.7| with the covering number
estimate from Lemma [3.2] but centering the covers at M; (meaning the cover at layer i is of matrices
B; where A; € B; satisfies || A — MiTHz,l < b;), and collecting (x1, ..., x,) as rows of matrix
X € R™4, To start, the covering number estimate from Lemma can be combined with
Lemma [3.2] (specifically with p = 2, s = 1) to give

lnN(H|S, €, || : HQ) (A3)

L
D D L ({Aith...,AH)(XT) : A€ Bi} el )
i=1 (A1, Ai1)
Vj<i.Aj;EB;
)
=5 s Iy <{F(A1,..A,Ai1)(XT)T(A¢ M) AT — M o < b Al < si} el - ||2>
= L)
L

S s ({Fun o ()T = )T AT = M < 0} i
i—1 (A1, A1)
Vj<i.A;EB;
L 2 T\T (2
b Fiay,..oa (X
< Z sup (A 621) 2 In(2W2), (Ad)
i—1 (A1, A1) K
Vji<i.Aj;€B;

IN

where () follows first since [ covering a matrix and its transpose is the same, and secondly since
the cover can be translated by F{a, 4, ,)(X )" M,;" without changing its cardinality. In order to
simplify this expression, note for any (A1, ..., A;_1) that
1F st ) (XT) T2 = [ Far a0 (XD

= lloi1(Aim1 Fray,a, o) (XT) = 001 (0)]2

< piillAic1Fia,,. 4, »(XT) =02

< picallAimallo | Frar,..a, o) (X D]z,
which by induction gives

i—1

max 1Py a (X ) Tejlla < X M12 [T 2sll Ao (A.5)
j=1
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Combining eqgs. (A.4) and (A.5), then expanding the choice of ¢; and collecting terms,

L 2 2 2
BIIXIB T < o311 45115
N (His, e[ [2) <Y sup S In(2W?)
i—1 (A1, A1) €
Vj<i.A;EB;

A.7 Proof of Theorem

As an intermediate step to Theorem[I.1] a bound is first produced which has constraints on matrix
and data norms provided in advance.

Lemma A.8. Let fixed nonlinearities (o1, . . .,or) and reference matrices (M, ..., M) be given
where o; is p;-Lipschitz and 0;(0) = 0. Further let margin v > 0, data bound B, spectral norm
bounds (s;)E_,, and I, norm bounds (b;)%_, be given. Then with probability at least 1 — § over an
iid draw of n examples ((z;,y;)), with \/>_, ||zi||3 < B, every network F 4 : R* — R* whose
weight matrices A = (Ax, ..., AL) obey | Aillo < siand ||[A] — M, |21 < b; satisfies

L

3/2

o~ 8  72BIn(2W)In( b2/? In(1/8

Pr [argmaxFA(x)j;éy} SRW(f)—FE—F# (HS””) (Z ;/3) +3 H(zrf )
J

i=1 “%

Proof. Consider the class of networks F obtained by affixing the ramp loss £~ and the negated
margin operator —M to the output of the provided network class:

Fryi= {(xay> — EW(—M(f(l‘),y)) 1 f e f}%
Since (z,y) = £, (—M(z,y)) is 2/~-Lipschitz wrt | - |2 by Lemmal|A.3|and definition of £,, the
function class F, still falls under the setting of Theorem and gives

3
L

2] 2 L b; 2/3
N (F)is el Ik) < 2500 NG S(5)7) =&

T 2.2
€
'7 i=1

What remains is to relate covering numbers and Rademacher complexity via a Dudley entropy
integral; note that most presentations of this technique place 1/n inside the covering number norm,
and thus the application here is the result of a tiny amount of massaging. Continuing with this in
mind, the Dudley entropy integral bound on Rademacher complexity from Lemma[A.5| grants

m«ms)ggg(‘*“ = \f de>:mf <f+1(f /a)”f>

The inf is uniquely minimized at « := 3/ R/n, but the desired bound may be obtained by the simple
choice o := 1/n, and plugging the resulting Rademacher complexity estimate into Lemman O

The proof of Theorem [I.T|now follows by instantiating Lemma [A.8|for many choices of its various
parameters, and applying a union bound. There are many ways to cut up this parameter space and
organize the union bound; the following lemma makes one such choice, whereby Theorem [I.T]is

easily proved. A slightly better bound is possible by invoking positive homogeneity of (o1, ...,0r)
to balance the spectral norms of the matrices (41, ..., Ar), however these rebalanced matrices are
then used in the comparison to (Mj, ..., My,), which is harder to interpret when M; # 0.
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Lemma A.9. Suppose the setting and notation of Theorem[I.1] With probability at least 1 — 6, every
network F 4 : RY — RF with weight matrices A = (Ay, ..., Ar) and every v > 0 satisfy

Pr [arg;ﬂax Fy(z); # y}

~ 8
ﬁRw(FA)-‘rE

2/3
L
144 1n(n) In(2W) 1 1
+ MdIn(n) n(2W) (m) @I [ ((L + a7 =71 ) TT (3 + ||Aj|a)>

i=1 j#i

3/2

1=1 1=1

9 L L
+4/ Qn\J In(1/8) + In(2n/v) + 2In(2 + | X|]2) + 2Zln(2 + L AT — M ||2,1) + ZZID(Z + L||Ail|o).
(A.6)

—

Proof. Given positive integers (; Ig 1) = (j1,92,73, k1, .., kr,l1,...,1), define a set of instances
(a set of triples (v, X, .A))

B(; E f) = B(j17j27.j37k17' "akLall7"'alL)

1 2 ) l;
= {(%XA) H0< s <o Xl <2, JAT = M o < 55 i)y < }

Correspondingly subdivide § as

- =

6(.;7kal) = 6(j1aj27j37k1a . '7kL7l15 <. "ZL)
1)
271 ]2(]2 + ].) . kl(kl + ]-)kL(kL + 1) ‘ll(ll + ].)ZL(ZL + ].)

Fix any (j, k, ). By Lemma with probability at least 1 — 6(J, k, 1), every (v, X, A) € B(j, k, 1)
satisfies

Pr |argmax Fu(x); # y} (A7)
J
~ 8
< RN+
. 2/3\ 3/2
72 271 . 4, In(2W) In(n k; l;
% Hpﬁ 2\ zlZ
i=1 i=1 j#i
=:Q
N 3\/1n(1/5) +1In(291) +21In(1 + j2) + 2 Zle In(1+k;) +2 ZiL:I In(1+1;) (AS8)
2n ’ '
=:&

Since 2} 7 5( 7, E, l_j = §, by a union bound, the preceding bound holds simultaneously over all
B(j, k1) w1th probability at least 1 — 4.

Thus, to finish the proof, discard the preceding failure event, and let an arbitrary (-, X, .A) be given.
Choose the smallest (J, k, [) so that (v, X, A) € B(J, k, ); by the preceding union bound, eq.
holds for this (5, E, f) The remainder of the proof will massage eq. into the form in the
statement of Theorem [L1]

As such, first consider the case j; = 1, meaning v < 2/n; then

1
Pr{argmaxFA( )i Fyl <1< —,
J mn
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where the last expression lower bounds the right hand side of eq. (A.6), thus completing the proof in
the case j; = 1. Suppose henceforth that j; > 2 (and v > 2/n).

- =

Combining the preceding bound j, > 2 with the definition of B(f, l;, 13, the elements of (j, k1)
satisfy

971 < 2£7
5
Jo <1+ X,
Vie ki <1+LJAT — M ||21,
Vie 1; <14 L|Aill,-

For the term ), the factors with (5, k , Z_§ are bounded as

3 2/3\ 3/2
2 g [ D B[
i=1 j#i
2/3\ 3/2
2” - T T 1
1 —
THIX) | Do | @ AT = M ) TTET + 1 44l)
v i=1 i
For the term &, the factors with (5, k , 13 are bounded as
' L L
In(27) + 2In(1+ j2) + 2> In(1+ k) +2> In(1+1)
i=1 i=1
L L
< In(2n/7) + 22 + || X]|2) +2) (2 + LIAT = M7 [|2,0) +2) In(2 + L] A4).
i=1 i=1
Plugging these bounds on & and & into eq. (A.8) gives eq. (A.6). O

The proof of Theorem is now a consequence of Lemma simplifying the bound with a 9} ).

Before proceeding, it is useful to pin down the asymptotic notation O(-), as it is not completely
standard in the multivariate case. The notation can be understood via the lim sup view of O(+); namely,

f = O(g) if there exists a constant C' so that any sequence ((n(?) (), X (), A(J) A(])))

with n(9) — 00, 7@ — 0o, [ XW ||y — oo, AV ||y — oo satisfies

j=1

. f(n@) A0 xG) A N A(J))
1m sup - -
imoo g(nt), ), Xm,AgJ),.,,,Ag>)p01y10g( (nm ~@), x@), AP AU)))

Proof of Theorem[I.1] Let f = fo+ f1+ f2 denote the three excess risk terms of the upper bound from
LemmalA.9] and g = g;+g» denote the two excess risk terms of the upper bound from Theorem|[I.T} as
discussed above, the goal is to show that there exists a universal constant C' so that for any sequence of

tples ((n@), 40 xX@ 4D A(Lj)))}?L increasing as above, limsup;_, ., f/(g polylog(g)) <
C.

It is immediate that limsup,_, ., fo/g = 0 and limsup;_, . f1/(g11n(g)) < 144. The only tricki-
ness arises when studying f2/(g2 In(g)), namely the term Y, In(2 + L||A — M,"||2,1), since go
instead has the term In(}", |4 — M," ||2/ %), and the ratio of these two can scale with L. A solution

however is to compare to In([], || 4;]|»), noting that [|(A;) "[|2,1 < W/2||Ailla < W A;]|o:

UNT T GN\T T
Jim sup >iIn(2+ L||(4; ()] - M; ,)ShmS >_iIn(2+ L||(4; ()J) ll2,1 + LM ||2,1)
00 In(TT, 1491, P > n([[(A57) T 22 /W)

=1

O
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A.8 Proof of lower bound (Theorem D
Proof of Theorem Define

F(r) =< Apop 1(Ap_1 -~ 02(Ag01 (A1) H||A |, <7o,

where each 0; = o is the ReLU and each A;, € R%**dk-1 with dy = d and d;, = 1, and let
S :=(x1,...,x,) denote the sample.

Define a new class G(r) = {z + (a,z) | |w||, < r}. It will be shown that G(r) C F(C - r) for
some C' > 0, whereby the result easily follows from a standard lower bound on R(G(r)|s).

Given any linear function z ~— (a,z) with |al2 < r, construct a network f =
Apor_1(Ap—1---02(Az01(A1x))) as follows:

® A1 = (e1 — eg)aT.

e A; =eje] +ege) foreachk € {2,...,L—1}.

o A; = e; — es.

It is now shown that f(z) = (a,z) pointwise. First, observe o(A;z) =
(c({a,z)),0(—(a,x)),0,...,0). Since o is positive homogeneous, or_1(AfL, ---02(A2y) =
Ap_1Ap_o--- Ay = (y1,42,0,...,0) for any y in the non-negative orthant. Because

o(Aiz) lies in the non-negative orthant, this means op_1(Af_1---02(A201(412))) =
(c({a,z)),0(—{a,x)),0,...,0). Finally, the choice of A;, = e; — ey gives f(z) = o({(a,z)) —
o(—(a,x)) = {(a, z).

Observe that forall k € {2,...,L — 1}, ||Ax|ls = 1. For the other layers, || AL |, = [[AL|l2 = V2
and || A;||, = V/2 - r, which implies f € F(2r).

Combining the pieces,

R(F(2r)1s) = R(G(r))s) = sup Z€t a,xi) =1 E Zetxt

aillall;<r
t=1 9

Finally, by the Khintchine-Kahane inequality there exists ¢ > 0 such that

n n
E Zﬁtiﬂt >cC: ZII%I@ = c[| X[ O
t=1 t=1
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