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A Technical Lemmas

In this section we present several technical lemmas that facilitate the proofs of our main results.

We start with a lemma on the variance of the sample mean (without replacement).

Lemma A.1 Let x1, . . . , xM ∈ Rd be an arbitrary population of N vectors with

M∑
j=1

xj = 0.

Further let J be a uniform random subset of {1, . . . ,M} with size m. Then

E

∥∥∥∥∥∥ 1

m

∑
j∈J

xj

∥∥∥∥∥∥
2

=
M −m

(M − 1)m
· 1

M

M∑
j=1

‖xj‖2 ≤
I(m < M)

m
· 1

M

M∑
j=1

‖xj‖2.

Proof Let Wj = I(j ∈ J ), then it is easy to see that

EW 2
j = EWj =

m

M
, EWjWj′ =

m(m− 1)

M(M − 1)
. (1)

Then the sample mean can be rewritten as

1

m

∑
j∈J

xj =
1

m

n∑
i=1

Wjxj .

This implies that

E
∥∥∥∥ 1

m

∑
j∈J

xj

∥∥∥∥2 =
1

m2

 M∑
j=1

EW 2
j ‖xj‖2 +

∑
j 6=j′

EWjWj′〈xj , xj′〉


=

1

m2

m

M

M∑
j=1

‖xj‖2 +
m(m− 1)

M(M − 1)

∑
j 6=j′
〈xj , xj′〉


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=
1

m2

(m
M
− m(m− 1)

M(M − 1)

) M∑
j=1

‖xj‖2 +
m(m− 1)

M(M − 1)

∥∥∥∥∥∥
M∑
j=1

xj

∥∥∥∥∥∥
2


=
1

m2

(
m

M
− m(m− 1)

M(M − 1)

) M∑
j=1

‖xj‖2

=
M −m

(M − 1)m
· 1

M

M∑
j=1

‖xj‖2.

Since the geometric random variable Nj plays an important role in the analysis, we present the key
property as below.

Lemma A.2 Let N ∼ Geom(γ) for some B > 0. Then for any sequence D0, D1, . . .,

E(DN −DN+1) =

(
1

γ
− 1

)
(D0 − EDN ) .

Proof By definition,

E(DN −DN+1) =
∑
n≥0

(Dn −Dn+1) · γn(1− γ)

=(1− γ)

D0 −
∑
n≥1

Dn(γn−1 − γn)

 = (1− γ)

 1

γ
D0 −

∑
n≥0

Dn(γn−1 − γn)


=(1− γ)

 1

γ
D0 −

1

γ

∑
n≥0

Dnγ
n(1− γ)

 =

(
1

γ
− 1

)
(D0 − EDN ).

Lemma A.3 For any η > 1 and z > 0, define gη(x) and x(z) as

gη(x) =
1 + log x

xη
, x(z) = z−

1
η ·
(

2

η
log

1

z
∨ 2

) 1
η−1

.

Then
gη(x) ≤ z ∀x ≥ x(z).

Proof For any x ≥ x(z), denote α = x/z−
1
η . Then

α ≥
(

2

η
log

1

z
∨ 2

) 1
η−1

≥ 1

and

gη(x) =
1 + logα+ 1

η log 1
z

αηz−1
≤ z ·

2(1 + logα)
(

1
η log 1

z ∨ 1
)

αη
.

Taking the logarithm of both sides, we obtain that

log gη(x)− log z ≤ log(1 + logα)− η logα+ log

(
2

η
log

1

z
∨ 2

)
≤ log

(
2

η
log

1

z
∨ 2

)
− (η − 1) logα

≤ 0.

2



B One-Epoch Analysis

As in the standard analysis of stochastic gradient methods, We start by establishing a bound of
EĨk‖ν

(j)
k ‖2 and EIj‖ej‖2.

Lemma B.1 Under Assumption A1,

EĨk‖ν
(j)
k ‖

2 ≤ L2

bj
‖x(j)k − x

(j)
0 ‖2 + 2‖∇f(x

(j)
k )‖2 + 2‖ej‖2.

Proof Using the fact that E‖Z‖2 = E‖Z − EZ‖2 + ‖EZ‖2 (for any random variable Z), we have

EĨk‖ν
(j)
k ‖

2 = EĨk‖ν
(j)
k − EĨkν

(j)
k ‖

2 + ‖EĨkν
(j)
k ‖

2

=EĨk‖∇fĨk(x
(j)
k )−∇fĨk(x

(j)
0 )− (∇f(x

(j)
k )−∇f(x

(j)
0 ))‖2 + ‖∇f(x

(j)
k ) + ej‖2

≤EĨk‖∇fĨk(x
(j)
k )−∇fĨk(x

(j)
0 )− (∇f(x

(j)
k )−∇f(x

(j)
0 ))‖2 + 2‖∇f(x

(j)
k )‖2 + 2‖ej‖2.

By Lemma A.1,

EĨk‖∇fĨk(x
(j)
k )−∇fĨk(x

(j)
0 )− (∇f(x

(j)
k )−∇f(x

(j)
0 ))‖2

≤ 1

bj
· 1

n

n∑
i=1

‖∇fi(x(j)k )−∇fi(x(j)0 )− (∇f(x
(j)
k )−∇f(x

(j)
0 ))‖2

=
1

bj
·

(
1

n

n∑
i=1

‖∇fi(x(j)k )−∇fi(x(j)0 )‖2 − ‖(∇f(x
(j)
k )−∇f(x

(j)
0 ))‖2

)

≤ 1

bj
· 1

n

n∑
i=1

‖∇fi(x(j)k )−∇fi(x(j)0 )‖2

≤ 1

bj
· L2‖x(j)k − x

(j)
0 ‖2,

where the last line uses Assumption A1. Therefore,

EĨk‖ν
(j)
k ‖

2 ≤ L2

bj
‖x(j)k − x

(j)
0 ‖2 + 2‖∇f(x

(j)
k )‖2 + 2‖ej‖2.

Lemma B.2
EIj‖ej‖2 ≤

I(Bj < n)

Bj
· H∗.

Proof Since x̃j−1 is independent of Ij , conditioning on x̃j−1 and applying Lemma A.1, we have

EIj‖ej‖2 =
n−Bj

(n− 1)Bj
· 1

n

n∑
i=1

‖∇fi(x̃j−1)−∇f(x̃j−1)‖2

≤ n−Bj
(n− 1)Bj

· H∗ ≤ I(Bj < n)

Bj
· H∗

Based on Lemma A.2, Lemma B.1 and Lemma B.2, we can derive bounds for primal and dual gaps
respectively.

Lemma B.3 Suppose ηjL < 1, then under Assumption A1,

ηjBj(1− ηjL)E‖∇f(x̃j)‖2 + ηjBjE〈ej ,∇f(x̃j)〉

3



≤bjE (f(x̃j−1)− f(x̃j)) +
L3η2jBj

2bj
E‖x̃j − x̃j−1‖2 + Lη2jBjE‖ej‖2. (2)

where E denotes the expectation with respect to all randomness.

Proof By (4) in the page 3 of the main text,

EĨkf(x
(j)
k+1) ≤ f(x

(j)
k )− ηj〈EĨkνk,∇f(x

(j)
k )〉+

Lη2j
2

EĨk‖νk‖
2

=f(x
(j)
k )− ηj‖∇f(x

(j)
k )‖2 − ηj〈ej ,∇f(x

(j)
k )〉+

Lη2j
2

EĨk‖νk‖
2

≤f(x
(j)
k )− ηj(1− ηjL)‖∇f(x

(j)
k )‖2 − ηj〈ej ,∇f(x

(j)
k )〉

+
L3η2j
2bj
‖x(j)k − x

(j)
0 ‖2 + Lη2j ‖ej‖2. (Lemma B.1)

Let Ej denotes the expectation over Ĩ0, Ĩ1, . . ., givenNj . Note that Ej is equivalent to the expectation
over Ĩ0, Ĩ1, . . . as Nj is independent of them. Since Ĩk+1, Ĩk+2, . . . are independent of x(j)k , the
above inequality implies that

ηj(1− ηjL)Ej‖∇f(x
(j)
k )‖2 + ηjEj〈ej ,∇f(x

(j)
k )〉 (3)

≤Ejf(x
(j)
k )− Ejf(x

(j)
k+1) +

L3η2j
2bj

Ej‖x(j)k − x
(j)
0 ‖2 + Lη2j ‖ej‖2. (4)

Let k = Nj in (4). By taking expectation with respect to Nj and using Fubini’s theorem, we arrive at

ηj(1− ηjL)ENjEj‖∇f(x
(j)
Nj

)‖2 + ηjENjEj〈ej ,∇f(x
(j)
k )〉

≤ENj
(
Ejf(x

(j)
Nj

)− Ejf(x
(j)
Nj+1)

)
+
L3η2j
2bj

ENjEjE‖x
(j)
Nj
− x(j)0 ‖2 + Lη2j ‖ej‖2

=
bj
Bj

(
f(x

(j)
0 )− EjENjf(x

(j)
Nj

)
)

+
L3η2j
2bj

EjENj‖x
(j)
Nj
− x(j)0 ‖2 + Lη2j ‖ej‖2. (Lemma A.2) (5)

The lemma is then proved by substituting x(j)Nj (x
(j)
0 ) by x̃j(x̃j−1), and taking expectation over all

past randomness.

Lemma B.4 Suppose η2jL
2Bj < b2j , then under Assumption A1,(

bj −
η2jL

2Bj

bj

)
E‖x̃j − x̃j−1‖2 + 2ηjBjE〈ej , x̃j − x̃j−1〉

≤ − 2ηjBjE〈∇f(x̃j), x̃j − x̃j−1〉+ 2η2jBjE‖∇f(x̃j)‖2 + 2η2jBjE‖ej‖2. (6)

Proof Since x(j)k+1 = x
(j)
k − ηjν

(j)
k , we have

EĨk‖x
(j)
k+1 − x

(j)
0 ‖2

=‖x(j)k − x
(j)
0 ‖2 − 2ηj〈EĨkν

(j)
k , x

(j)
k − x

(j)
0 〉+ η2jEĨk‖ν

(j)
k ‖

2

=‖x(j)k − x
(j)
0 ‖2 − 2ηj〈∇f(x

(j)
k ), x

(j)
k − x

(j)
0 〉 − 2ηj〈ej , x(j)k − x

(j)
0 〉+ η2jEĨk‖ν

(j)
k ‖

2

≤

(
1 +

η2jL
2

bj

)
‖x(j)k − x

(j)
0 ‖2 − 2ηj〈∇f(x

(j)
k ), x

(j)
k − x

(j)
0 〉 − 2ηj〈ej , x(j)k − x

(j)
0 〉

+ 2η2j ‖∇f(x
(j)
k )‖2 + 2η2j ‖ej‖2. (Lemma B.1)

Using the same notation Ej as in the proof of Lemma B.3, we have

2ηjEj〈∇f(x
(j)
k ), x

(j)
k − x

(j)
0 〉+ 2ηjEj〈ej , x(j)k − x

(j)
0 〉

4



≤

(
1 +

η2jL
2

bj

)
Ej‖x(j)k − x

(j)
0 ‖2 − Ej‖x(j)k+1 − x

(j)
0 ‖2 + 2η2j ‖∇f(x

(j)
k )‖2 + 2η2j ‖ej‖2. (7)

Let k = Nj in (7). By taking expectation with respect to Nj and using Fubini’s theorem, we arrive at

2ηjENjEj〈∇f(x
(j)
Nj

), x
(j)
Nj
− x(j)0 〉+ 2ηjEj〈ej , x(j)Nj − x

(j)
0 〉

≤

(
1 +

η2jL
2

bj

)
ENjEj‖x

(j)
Nj
− x(j)0 ‖2 − ENjEj‖x

(j)
Nj+1 − x

(j)
0 ‖2 + 2η2jENj‖∇f(x

(j)
Nj

)‖2 + 2η2j ‖ej‖2

=

(
− bj
Bj

+
η2jL

2

bj

)
ENjEj‖x

(j)
Nj
− x(j)0 ‖2 + 2η2jENj‖∇f(x

(j)
Nj

)‖2 + 2η2j ‖ej‖2. (Lemma A.2)

(8)

The lemma is then proved by substituting x(j)Nj (x
(j)
0 ) by x̃j(x̃j−1) and taking expectation further on

the past randomness.

Lemma B.5
bjE〈ej , x̃j − x̃j−1〉 = −ηjBjE〈ej ,∇f(x̃j)〉 − ηjBjE‖ej‖2. (9)

Proof Let M (j)
k = 〈ej , x(j)k − x

(j)
0 〉. By definition, we have

ENj 〈ej , x̃j − x̃j−1〉 = ENjM
(j)
Nj
.

Since Nj is independent of (x
(j)
0 , ej), this implies that

E〈ej , x̃j − x̃j−1〉 = EM (j)
Nj
.

Also we have M (j)
0 = 0. On the other hand,

EĨk
(
M

(j)
k+1 −M

(j)
k

)
= EĨk〈ej , x

(j)
k+1 − x

(j)
k 〉 = −ηj〈ej ,EĨkν

(j)
k 〉

= −ηj〈ej ,∇f(x
(j)
k )〉 − ηj‖ej‖2.

Using the same notation Ej as in the proof of Lemma B.3 and Lemma B.4, we have

Ej
(
M

(j)
k+1 −M

(j)
k

)
= −ηj〈ej ,Ej∇f(x

(j)
k )〉 − ηj‖ej‖2. (10)

Let k = Nj in (10). By taking an expectation with respect to Nj and using Lemma A.2, we obtain
that

bj
Bj

ENjM
(j)
Nj

= −ηj〈ej ,ENjEj∇f(x
(j)
Nj

)〉 − ηj‖ej‖2.

The lemma is then proved by substituting x(j)Nj (x
(j)
0 ) by x̃j(x̃j−1) and taking a further expectation

with respect to the past randomness.

Proof [Theorem 3.1] Multiplying equation (2) by 2, equation (6) by bj
ηjBj

and summing them, we
obtain that

2ηjBj(1− ηjL−
bj
Bj

)E‖∇f(x̃j)‖2 +
b3j − η2jL2bjBj − η3jL3B2

j

bjηjBj
E‖x̃j − x̃j−1‖2

+ 2ηjBjE〈ej ,∇f(x̃j)〉+ 2bjE〈ej , x̃j − x̃j−1〉
≤ − 2bjE〈∇f(x̃j), x̃j − x̃j−1〉+ 2bjE(f(x̃j−1)− f(x̃j)) +

(
2Lη2jBj + 2ηjbj

)
E‖ej‖2. (11)

By Lemma B.5, the second row can be simplified as

2ηjBjE〈ej ,∇f(x̃j)〉+ 2bjE〈ej , x̃j − x̃j−1〉 = −2ηjBjE‖ej‖2.

5



Using the fact that 2〈a, b〉 ≤ β‖a‖2 + 1
β ‖b‖

2 for any β > 0, we have

− 2bjE〈∇f(x̃j), x̃j − x̃j−1〉

≤ bjηjBj
b3j − η2jL2bjBj − η3jL3B2

j

· b2jE‖∇f(x̃j)‖2 +
b3j − η2jL2bjBj − η3jL3B2

j

bjηjBj
E‖x̃j − x̃j−1‖2.

Putting the pieces together, we conclude that

ηjBj
bj

(
2− 2bj

Bj
− 2ηjL−

b3j
b3j − η2jL2bjBj − η3jL3B2

j

)
E‖∇f(x̃j)‖2

≤2E(f(x̃j−1)− f(x̃j)) +
2ηjBj
bj

(
1 + ηjL+

bj
Bj

)
E‖ej‖2. (12)

Since ηjL = θj = γ(bj/Bj)
2
3 and bj ≥ 1, Bj ≥ 8bj ≥ 8,

b3j − η2jL2bjBj − η3jL3B2
j = b3j

(
1− γ2 · b−

2
3

j B
− 1

3
j − γ3 · b−1j

)
≥ b3j (1− γ2/2− γ3).

Then (12) can be simplified as

γ

(
Bj
bj

) 1
3

(
2− 2bj

Bj
− 2γ

(
bj
Bj

) 2
3

− 1

1− γ2/2− γ3

)
E‖∇f(x̃j)‖2

≤2LE(f(x̃j−1)− f(x̃j)) + 2γ

(
1 + γ

(
bj
Bj

) 2
3

+
bj
Bj

)(
Bj
bj

) 1
3

E‖ej‖2

≤2LE(f(x̃j−1)− f(x̃j)) + 2γ

(
1 + γ

(
bj
Bj

) 2
3

+
bj
Bj

)
I(Bj < n)

b
1
3
j B

2
3
j

· H∗ (By Lemma B.2).

(13)

Since Bj ≥ 8bj , γ ≤ 1
3 , we have

2− 2bj
Bj
− 2γ

(
bj
Bj

) 2
3

− 1

1− γ2/2− γ3
≥ 2− 1

4
− γ

2
− 1

1− γ2/2− γ3
≥ 0.482

and

1 + γ

(
bj
Bj

) 2
3

+
bj
Bj
≤ 1 +

γ

4
+

1

8
≤ 1.209.

Thus, (13) implies that(
Bj
bj

) 1
3

E‖∇f(x̃j)‖2 ≤
5L

γ
· E(f(x̃j−1)− f(x̃j)) +

6I(Bj < n)

b
1
3
j B

2
3
j

· H∗. (14)

C Convergence Analysis for Smooth Objectives

Proof [Theorem 3.2] Since x̃∗T is a random element from (x̃j)
T
j=1 with

P (x̃∗T = x̃j) ∝
ηjBj
bj
∝ (Bj/bj)

1
3 ,

we have

E‖∇f(x̃∗T )‖2 ≤
5L
γ · E(f(x̃0)− f(x̃T+1)) + 6

(∑T
j=1 b

− 1
3

j B
− 2

3
j I(Bj < n)

)
H∗∑T

j=1 b
− 1

3
j B

1
3
j

6



≤
5L
γ · (f(x̃0)− f∗) + 6

(∑T
j=1 b

− 1
3

j B
− 2

3
j I(Bj < n)

)
H∗∑T

j=1 b
− 1

3
j B

1
3
j

.

Proof [Corollary 3.3] By Theorem 3.2,

E‖∇f(x̃∗T )‖2 ≤ 30∆f + 6TB−
2
3 I(B < n) · H∗

TB
1
3

=
30∆f

TB
1
3

+
6H∗ · I(B < n)

B
.

Let T̃ (ε) be the minimum number of epochs such that

30∆f

T̃ (ε)B
1
3

≤ ε

2
.

Then under the setting of the corollary, for any T ≥ T̃ (ε),

E‖∇f(x̃∗T )‖2 ≤ ε

2
+

6H∗ · I(B < n)

B
≤ ε

2
≤ ε.

By definition, we know that T (ε) ≤ T̃ (ε). Noticing that

T̃ (ε) = O

(⌈
∆f

εB
1
3

⌉)
= O

(
1 +

∆f

εB
1
3

)
,

we conclude that

ECcomp(ε) = O(T (ε)B) = O(T̃ (ε)B) = O

(
B +

∆f

ε
·B 2

3

)
.

The corollary is then proved by substituting for B.

Proof [Corollary 3.4] By Theorem 3.2,

E‖∇f(x̃∗T )‖2 ≤
30∆f + 6

∑T
j=1

I(Bj<n)
j H∗∑T

j=1(j
1
2 ∧ n 1

3 )
,W (T ).

Let T∗ = bn 2
3 c. First we prove that W (T ) is strictly decreasing.

1. When T ≥ T∗, the numerator is a constant and the denominator is strictly increasing. Thus,
W (T ) is strictly decreasing on [T∗,∞);

2. When T < T∗, let a1j = 6H∗
j and a2j = j

1
2 . Further let

U(T ) =
30∆f∑T
j=1 a2j

, V (T ) =

∑T
j=1 a1j∑T
j=1 a2j

,

then
W (T ) = U(T ) + V (T ).

It is obvious that U(T ) is strictly decreasing. Noticing that a1ja2j = 6H∗

j
3
2

is strictly decreasing,

we also conclude that V (T ) is stricly decreasing. Therefore, W (T ) is strictly decreasing on
[1, T∗].

In summary, W (T ) is stricly decreasing. Now we show that for any T ≥ T (ε),

W (T ) ≤ ε,

which implies that E‖∇f(x̃T )‖2 ≤ ε.

To do so, we distinguish two cases to analyze W (T ).

7



1. If T ≤ T∗, then

W (T ) =
30∆f + 6

(∑T
j=1

1
j

)
H∗∑T

j=1 j
1
2

.

Since 1
j is decreasing, we have

T∑
j=1

1

j
= 1 +

T∑
j=2

1

j
≤ 1 +

∫ T

1

dx

x
= 1 + log T.

Similarly, since j
1
2 is increasing, we have

T∑
j=1

j
1
2 ≥

∫ T

0

x
1
2 dx =

2

3
T

3
2 .

Therefore,

W (T ) ≤ 45∆f + 9(1 + log T )H∗

T
3
2

.

2. If T > T∗, then

W (T ) =
30∆f + 6

(∑T∗
j=1

1
j

)
H∗∑T∗

j=1 j
1
2 + n

1
3 (T − T∗)

= W (T∗) ·
∑T∗
j=1 j

1
2∑T∗

j=1 j
1
2 + n

1
3 (T − T∗)

. (15)

Similar to the first case, we have
T∗∑
j=1

j
1
2 =

T∗−1∑
j=1

j
1
2 + T

1
2
∗ ≤

∫ T∗

1

√
xdx+ n

1
3 =

2

3
n+ n

1
3 − 2

3
.

Since
n

1
3 − 2

3
=

n− 1

n
2
3 + n

1
3 + 1

+
1

3
≤ n

3
,

we obtain that
T∗∑
j=1

j
1
2 ≤ n.

As a result, (15) implies that

W (T ) ≤W (T∗) ·
1

1 + n−
2
3 (T − T∗)

Putting the pieces together, we obtain that

W (T ) ≤


45∆f + 9(1 + log T )H∗

T
3
2

,W1(T ) (T ≤ T∗)
W (T∗)

1 + n−
2
3 (T − T∗)

,W2(T ) (T > T∗)
. (16)

It is easy to see that both W1(T ) and W2(T ) are strictly decreasing and limT→∞W1(T ) =

limT→∞W2(T ) = 0. Let

T1(ε) = min{T : W1(T ) ≤ ε}, T2(ε) = min{T ≥ T∗ : W2(T ) ≤ ε}.

Recall that W (T ) is also strictly decreasing, we have

T (ε) ≤

{
T1(ε) (W (T∗) ≤ ε)
T2(ε) (W (T∗) > ε)

.

More concisely,
T (ε) ≤ T1(ε) ∧ T∗ + (T2(ε)− T∗). (17)

8



To derive a bound for T1(ε), let T̃1(ε) be the minimum T such that

45∆f

T
3
2

≤ ε

2
,

9H∗(1 + log T )

T
3
2

≤ ε

2
.

Then by Lemma A.3, we have

T1(ε) ≤ T̃1(ε) = O

((
∆f

ε

) 2
3

+

(
H∗

ε

) 2
3

· log2

(
H∗

ε

))
.

On the other hand, it is straightforward to derive a bound for T2(ε) as

T2(ε)− T∗ ≤
(
n

2
3 · W (T∗)− ε

ε

)
+

≤ n 2
3 · W (T∗)

ε
= O

(
∆f

εn
1
3

+
H∗ log n

εn
1
3

)
.

Therefore, we conclude that

T (ε) = O

(
min

{
1

ε
2
3

[
∆

2
3

f + (H∗) 2
3 log2

(
H∗

ε

)]
, n

2
3

}
+

∆f +H∗ log n

εn
1
3

)
. (18)

Finally, to obtain the bound for the computation complexity, we notice that
T∑
j=1

j
3
2 = O(T

5
2 ).

Let x+ denote the positive part of x, i.e., x+ = max{x, 0}. Therefore,

ECcomp(ε) = O

T (ε)∑
j=1

Bj

 = O
(

(T (ε) ∧ T∗)
5
2 + n(T (ε)− T∗)+

)
= O

(
(T1(ε) ∧ T∗)

5
2 + n(T2(ε)− T∗)

)
= O

(
min

{
1

ε
5
3

[
∆

5
3

f + (H∗) 5
3 log5

(
H∗

ε

)]
, n

5
3

}
+
n

2
3

ε
· (∆f +H∗ log n)

)
.

Remark 1 The log-factor log5
(
1
ε

)
can be reduced to log

3
2+µ

(
1
ε

)
for any µ > 0 by setting Bj =

dj 3
2 (log j)

3
2+µ ∧ ne. In this case,

W (T ) =

30∆f + 6

(∑T
j=1

I(Bj<n)

j(log j)1+
2µ
3

)
H∗∑T

j=1 j
1
2 (log j)

1
2+

µ
3

.

For any µ > 0,
T∑
j=1

I(Bj < n)

j(log j)1+
2µ
3

≤ 1 +

∫ ∞
1

1

x(log x)1+
2µ
3

<∞.

On the other hand, as proved above,
T∑
j=1

j
1
2 (log j)

1
2+

µ
3 ≥

T∑
j=1

j
1
2 ∼ T 3

2 .

Thus,

W (T ) ∼ O
(

∆f +H∗

T
3
2

)
.

Using similar arguments and treating ∆f ,H∗ = O(1) for simplicity, we can obtain that

T (ε) = O

(
ε−

2
3 ∧ n 2

3 +
1

εn
1
3

)
.
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If BT (ε) < n, then

ECcomp(ε) = O

T (ε)∑
j=1

j
3
2 (log j)

3
2+µ

 = O
(
T (ε)

5
2 · (log T (ε))

3
2+µ

)
= O

(
ε−

5
3 log

3
2+µ

(
1

ε

))
.

If BT (ε) ≥ n, we obtain the same bound as in Corollary 3.4.

D Convergence Analysis for P-L Objectives

Proof [Theorem 3.5] By equation (14) in the proof of Theorem 3.2 (see p.6) and the P-L condition,

µ

(
Bj
bj

) 1
3

E(f(x̃j)− f∗) ≤
(
Bj
bj

) 1
3

E‖∇f(x̃j)‖2

≤5L

γ
· E(f(x̃j−1)− f(x̃j)) + 6b

− 1
3

j B
− 2

3
j I(Bj < n) · H∗.

For brevity, we write Fj for E(f(x̃j)− f∗). Then(
µγB

1
3
j + 5Lb

1
3
j

)
Fj ≤ 5Lb

1
3
j Fj−1 + 6γB

− 2
3

j I(Bj < n) · H∗. (19)

By definition of λj , this can be reformulated as

Fj ≤ λjFj−1 + 6γH∗ · I(Bj < n)

µγBj + 5Lb
1
3
j B

2
3
j

.

Apply the above inequality iteratively for j = T, T − 1, . . . , 1, we prove the result.

Proof [Corollary 3.6] When Bj ≡ B, bj ≡ 1 and γ = 1
6 , (19) in the proof of Theorem 3.5 can be

reformulated as(
µγB

1
3 + 30L

)(
Fj −

6H∗I(B < n)

µB

)
≤ 30L

(
Fj−1 −

6H∗I(B < n)

µB

)
.

This implies that

FT ≤
(

30L

µB
1
3 + 30L

)T
∆f +

6H∗I(B < n)

µB
.

Under the setting of this problem,
6H∗I(B < n)

µB
≤ ε

2
.

By definition of T (ε), we have

T (ε) ≤ log
∆f

ε

/
log

(
30L

µB
1
3 + 30L

)
= O

(
log

∆f

ε

(
1 +

L

µB
1
3

))
.

As a consequence,

ECcomp(ε) = O (T (ε)B) = O

((
B +

LB
2
3

µ

)
log

∆f

ε

)
.

Plugging into B, we end up with

ECcomp(ε) = O

({(
H∗

µε
∧ n
)

+
1

µ

(
H∗

µε
∧ n
) 2

3

}
log

∆f

ε

)
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