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In this supplementary material, we give the detailed proofs for some lemmas, theorems and properties.

A Proof of Property 1:

Property 1. The loss function f(-) is defined in (9) with the inner product in (10), then
1. Expy!(Xy) = VP log(vy P X0y Py
2. gradf (Vi) = =38, v 2 10g(V, AWy, P v
3. (gradf(Yi), Expy, (Xz)),, = (U, V),

2
4. |lgradf (Ye)ll3;, = Ul

where U = + Zil log(Ykl/zwi_lYkl/z) e R™ and V = log(kal/szkal/Q) € RIx4,

In the main paper, we proved the result (1) in Property 1. In the following, we will give the proofs for
the results (2)-(4) in Property 1.

Proof. Using the derivation in [2]], we have

N
1
gradf(Yy) = ¥ ZYkl/Q IOg(Y;:/QWi_1Yk1/2)Yk1/2.
i=1
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Using the results (1) and (2) and the definition of the inner product, we have

(grad f(Yy), EXP;/1 (Xk)>yk.

<< Zyl/z Y1/2W 1Y1/2) k1/2> Yk_1Yk1/21 g( 1/2X Y 1/2) k1/2Yk—1>

1 _ .
=t (Y;/Q <N S log(v, Pty 2)) Y Py P log (v Py Z)Ykl/Qka1>

< ZIOg Y1/2W 1Y1/2) log(Y; 1/2X;€Y 1/2>>

i=1
=(U, V),
and
N 2
lgradf (Vi) = Z W) = I
i=1 F
This completes the proof. O

B Proofs of Lemmas 1 and 2:

Before proving Lemma 1, we first give the following property [4].

Property 2. Let 'Y : T, M — T, M be the parallel transport, and the exponential map Exp,, has an
inverse Exp;1 X = T, M. Forany x,y € X, and w, z € T, M, we have the following properties:

(w, 2)a = (Tw, F?aJ:Z>y7
lwllz = IT5wlly,

[Expy, ()15 = [Expz" (9l = d* (. ).

Lemma 1 (Strongly G-convex). If f : X — R is geodesically p-strongly convex and G-L-smooth,
and {yy } satisfies the equation (4), and zy, is defined as

25 = <1 - ﬂ) Exp;kl(:ck) € Ty M.

Then the following results hold:

TUt (2, — Bgrad f(ye)) = (1 - ﬂ) e,

1 1
(e () 2e) + e s, = 55 (1= /% ) Nancall, = gl

and

Proof. We recall the equation (4) in Algorithm 1,

e [(1- @) Bxp,. () — ferad ()| = (1 \/E) B (o).
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We define zj, forany k = 0,--- , K — 1 as follows:

2 = <1 - \/E> Exp;kl(xk) €T, M.

By the above two equalities, the following result holds:

1
2
rya - T e ) = (15 ) o

where 2,1 = (1 — /%) Exp, " (zx_1) € Ty, , M. Furthermore, by the above equality and the
fact that ||u||2 = ||T%ul|2, then we have

Iz — Bgradf (ye) 15, = [Ty (2 — Beradf (yi)) I3, _,

|

By simple algebraic manipulations, we have

— (grad f(yx), 2k),, + gllgradf(yk)ﬂzk = % <1 - \/5) ||Zkfl||?2,,c,1 - %H%Hiv

Using the above equality and the definition of zj, we have

L

1 H 2 1 2
=35 (1= /5) baca B, = g5llal,

This completes the proof. O

(1 B M) <gradf(yk)) —EXp;kl (xk)>yk + §||gradf(yk)||2

Lemma 2. If f : X — R is G-convex and G-L-smooth, the diameter of domain is bounded by D,
{yr} satisfies the equation (5), and zy, is defined as

2 = EXp;kl(a?k) — Dy € Ty, M.

-1
Then the following results hold:

k4+a—1)n
o 2e1 = 2 + %gradf(yk),
and
a—1 n 2(a—1)2
a— (gradf(yk), —zk),, — §||gradf(yk)\|;2,k “kta—12 Izll2, — ||Zk+1||12;k+1} :

Proof. Forany k =0,--- , K — 1, 2, is defined as follows:

Zk — EXp;kl (xk) - qu\k,

-1
where g, = gradf(yx)/|lgradf (yx )|y, - Then 2z € T, M, and by the equation (5) in Algorithm 2,
we have

k—1 -~ N k+a—2)n
Ty ae = —— 1EXpyk171(xk—1) — Dgi-1 + Eho 1 ) gradf(yx—1)
k4+a—2
= 2r_1+ %gradf(yk_l).
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That is,

kE+a—1)y
Fy;z+12k+1 =2+ (af)gradf(yk)

Using the above equality and Property 2, we have

241115,
2

— Yk
= HFyk+1 Zk+1

Yk

k+a-1
Zp + %gradf(yk)

2

Yr

2k +a—1)n kE+a—1)n 2
—anl, + 2EE T ), ), + (BEEZT) )

That is,
2k+a—1
- (71)77 (gradf(yr), Zk>yk - (

= llzelly, = llzesally, .-
By simple algebraic manipulations and the definition of zj, we have

2
W) lerad ()},

o — (0%

2(a — 1)?
rhras e Ul — lawali,
a- U
= (eradfuw), 2y, — 5 ||gradf(yk)||§k
k 1 - . i
:m <gl'adf(yk) Expyk Tk > +ﬁ (gradf(yk), ng> —7ngadf(yk)|| "
_ (a—1)D
A r— (gradf(yn), —Exp,(ax)), + o lerdfolly, — 5 ngadf(yk)nyk
This completes the proof. -

C Proof of Lemma 3:

Lemma 3. Let {x1} be the sequence produced by Algorithms 1 and 2 withn < 1/L. If f : X - R
is G-convex and G-L-smooth for any x € X, then the following result holds:

f(orin) < f(@) + (erad (), —Exp, (@), 3 lleradf ()],

Proof. Since f(-) is geodesically convex, then for any = € X, we have

@) = f(yr) + (gradf(yi), Exp,}(x)), - (15)

Furthermore, f is geodesically L-smooth, i.e.,

Fl) < o) + (rad (), Bxpy (), + & [Bxy @)

Yk Yk

Since xx 41 = Exp,, (—ngradf(yx)) € X, then Exp;k1 (zx+1) = —ngradf(yx), and by the above
equality with x = 241, and the step-size n < 1/L, we have

f(@es1) < f(yr) + (gradf(yx), Exp;k1($k+1)>yk + % HEXP;;(%H)H;

L 2
= F(ye) = nlleradf ()5, + =5 llerad f (i) I, (10

< Fw) = 3 leradf (w5,
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By (13) and (T6), we have

F(@) = fwier) = 3 leradf (ge) 2, + (gradf (ui), Exp, (), -

That is,
floren) < fl@) + (gradf(ye). —Expy! (), — 3 lleradf ()l , Yo € M.

This completes the proof. O

D Proof of Theorem 1:

Theorem 1 (Strongly G-convex). Let x4 be the optimal solution of Problem (1), and {x},} be the
sequence produced by Algorithm 1. If f : X — R is geodesically p-strongly convex and G-L-smooth,
then the following result holds:

k

Flare) - f(2) < (1—\@ [fla)— @)+ g5 (1[5 Dol |

where zq is defined in Lemma 1.

Proof. By Lemma 3, we have

f(@rr1) < flz) + (gradf(yx), —Exp,,!(x))

Let us write successively this formula at x = x;, and z = z,, we have

Flaner) < flon) + (eradf(ge), —Expy!(en),, — o llerad f i) 2,

n
y g lerdf ol . Yrex. a7

and
Fleren) < Fo.) + (eradf (ge), —Exp, (@), — 7 leradf (o), (18)

Furthermore, the function f(-) is u-strongly G-convex, that is,

Fa) = i) + (gradf (ue), Expyl(2)), + 5 [Expy! @ )|[7 -

Since f(xx) < f(yx), we have

(gradf(y), —Exp, ! (x,)) I2

Yk

K —1
Yk 2 5 HEXpyk ({E*)

Furthermore, we have
L o I, < (eradf (), —Bxpy!(e.)),,
< llgradf (y)lly, [|Expy, ()], -

Thus, we have
12 _
2 Bxey, ], < lleradf o)l

Using the above analysis, we have
(eradf(ye), ~Exp,,!(x.)),,
<llgradf (y) lly, [Expy, (@)l

2
< lgradf (yi )13, -
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Then (T8) is rewritten as follows:
- n
f@ren) < flws) + (gradf(ye), —Bxpy,!(2.)) — 5lleradf (yi)[”

2 ) (19)
< fla) + (= 5)lleradf (el

Multiplying both sides of the inequality (T7) by (1 — /u/L), and the inequality (T9) by /u/ L, then
adding the two resulting inequalities with 7 = 1/L, we obtain

f(@rt1)

< (12 s+ s (1) Caradstun), —Expyt ), 45 lrad ()
S 17 k 17 * I g Yk ), Py, (Tk g Yk )y
where § = ﬁ 1 > 0. Letz, = (1—4/%) Exp;kl(:rk), then by the above inequality and

Lemma 1, we have

o) (1 \/g) f(xk>+\ﬁf(x*)_<gradf<yk>, zk>yk+§||gradf<yk>||§k
(e e - B -

f(xk+1) - f(l'*)

(1B v - s+ g5 (-5 bl - et

Multiplying both sides of the inequality 20) by (1 — y/p/L)% ~* and assuming z_; = 2z, summing
itoverk =0,--- , K — 1, we obtain

That is,

K

o) = 1) < (1=4/1) [ #a0) = 5t + 55 (1 VATE) Il

This completes the proof. O

E Proof of Theorem 2:

Theorem 2 (General G-convex). If f : X — R is G-convex and G-L-smooth, the diameter of
domain is bounded by D, {xy} is produced by Algorithm 2, and let x, be an optimal solution of

Problem (1), then
(@ —1)
f(xk+1) - f(x*) < 27](k Yoa— 2) || UHyoﬂ

where zq is defined in Lemma 2.

Proof. Using Lemma 3, we have

Fleier) < f(2) + (eradf (o), —Expy!(0)), — 3 leradf (o)}, . Vo € X.

Let us write successively this formula at x = zj, and = x,, we obtain

F(@in) < ) + (gradf(ye), —Bxp,@n),, — 3 lleradf (i) 3, @1
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and

flare) < Fla) + (gradf(ye), —Bxpy,! (@), — 2 lerad (), o
< f(@a) + Dllerad (o) s — 2lleradf o)l

where the last inequality holds due to the assumption of d(yg, x«) = HExpy’k1 (@)|lye < D.

Multiplying both sides of the inequality (21) by %, and the inequality (22) by =1, then
adding the two resulting inequalities, we obtain

f(@k11)
a—1
< R _ -1
S () + - (@) + — (gradf(yr), —Exp,|(z1))
(O‘ - 1)D _n 2
t o = pheradf ()l — 5 leradf (ye)lly,
= e+ 0w + (erad ), - Expp )
= a1 ) e e g )y~ o = 1 %P (T .
(a—1)D . n 9
 (amaston) (20— Sl s,
k a—1 a—1 n 9
= mf(zk) + mf(x*) + Fro_1 (gradf(yx), —zk),, — §||gradf(yk)||yk,

where gy, = gradf(yx)/||gradf (yx)|ly,- By the above inequality and Lemma 2, we have

J(@rr1) — fy)
k (a—1)2

< - _ o \e*=4 02— 2 } .
< rra =T V) — fel+ g [l — el
C . . . . 2n(k+a—1)>2
Multiplying both sides of the above inequality by =-—-——"—, we have
2n(k +a — 1)?
2kt o 1) [f(@rs1) = fla)]
a—1
2nk(k +a—1)
< 2RO D) 0y — plaa]+ o= 1) [l — foenl,
It is easy to verify that 277(’“;_“; 2’ > Z"k(jff‘fl). Summing the above inequality over k =
0,---,K—1, we have
2n(K + a — 2)?
PEL QD )~ 1))

< (a=1) [llollg, — lzx ] -

Multiplying both sides of the above inequality by ST (a—1) we have

I(K+a-2)2

o—1)2
o) = 1) < g =Ll

This completes the proof. O

F Complexity Analysis

In this part, we provide the detailed complexity analysis of our algorithm for solving the matrix
Karcher mean problem. As stated in [3]], the exponential mapping is expensive to compute in
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practice. Therefore, we use the retraction Rx ({x) = X + {x + %5 x X 1¢x in [1] to replace
with the exponential mapping in our algorithm, where X € P and {x € TxP. Clearly, the
retraction Ry is cheaper to compute and tends to avoid numerical overflow [3]. Then the main
cost of RGD is the computation of the Riemannian gradient, and its overall per-iteration complexity
is O((2N +3)d?). Compared with RGD, our accelerated method has one more update for Y}, in

(14). The term %Zf\illog(Y;f 3 Wi_lYklf ?) can be directly available from the evaluation of the

Riemannian gradient at Y31, and the term log(Ykzll/ ’x k,lYk__ll/ 2) can also be obtained directly

from (13). The cost of the computation of Y}, is O(4d?), and the overall per-iteration complexity of
our accelerated method is O((2N +7)d?).

For fair comparison, we implemented RGD, LRBFGSE], and our accelerated method in Matlab, and
performed all the experiments on a PC with an Intel i5-4570 CPU and 16GB RAM.
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