A Additional Related Work

Active Learning. The recent decades have seen much success in both theory and practice of active
learning; see the excellent surveys by [54, 37, 25]. On the theory side, many label-efficient active
learning algorithms have been proposed and analyzed [21, 31, 24, 11, 34, 10, 27, 14, 16, 35, 46,
40, 15, 58, 36, 2, 60, 41]. Most algorithms are disagreement-based algorithms [37], and are not
label-optimal due to the conservativeness of their label query policy. In addition, most of these
algorithms require either explicit enumeration of classifiers in the hypothesis classes, or solving
empirical 0-1 loss minimization problems on sets of examples. The former approach is easily seen to
be computationally infeasible, while the latter is proven to be computationally hard as well [S]. The
only exception in this family we are aware of is [38]. [38] considers active learning by sequential
convex surrogate loss minimization. However, it assumes that the expected convex loss minimizer
over all possible functions lies in a pre-specified real-valued function class, which is unlikely to hold
in the bounded noise and the adversarial noise settings.

Some recent works [60, 41, 10, 9, 59] provide noise-tolerant active learning algorithms with improved
label complexity over disagreement-based approaches. However, they are still computationally
inefficient: [60] relies on solving a series of linear program with an exponential number of constraints,
which are computationally intractable; [41, 10, 9, 59] relies on solving a series of empirical 0-1 loss
minimization problems, which are also computationally hard in the presence of noise [5].

Efficient Learning of Halfspaces. A series of papers have shown the hardness of learning halfs-
paces with agnostic noise [5, 30, 33, 44, 23]. These results indicate that, to have nontrivial guarantees
on learning halfspaces with noise in polynomial time, one has to make additional assumptions on the
data distribution over instances and labels.

Many noise models, other than the bounded noise model and the adversarial noise model, has been
studied in the literature. A line of work [19, 52, 28, 1] considers parameterized noise models. For
instance, [28] gives an efficient algorithm for the setting that E[Y'|X = 2] = u - x where u is the
optimal classifier. [1] studies a generalization of the above linear noise model, where Y is a multiclass
label, and there is a link function ® such that E[Y|X = z] = V®(u - x). Their analyses depend
heavily on the noise models and it is unknown whether their algorithms can work with more general
noise settings. [61] analyzes the problem of learning halfspaces under a new noise condition (as an
application of their general analysis of stochastic gradient Langevin dynamics). The%/ assume that the
label flipping probability on every z is bounded by % — c|u - x|, for some ¢ € (0, 5]. It can be seen
that the bounded noise condition implies the noise condition of [61], and it is an interesting open
question whether it is possible to extend our algorithm and analysis to their setting.

Under the random classification noise condition [3], [17] gives the first efficient passive learning
algorithm of learning halfspaces, by using a modification of Perceptron update (similar to Equa-
tion (1)) together with a boosting-type aggregation. [12] proposes an active statistical query algorithm
for learning halfspaces. The algorithm proceeds by estimating the distance between the current
halfspace and the optimal halfspace. However, it requires a suboptimal number of O(%) labels.
In addition, both results above rely on the uniformity over the random classification noise, and it is
shown in [7] that this type of statistical query algorithms will fail in the heterogeneous noise setting
(in particular the bounded noise setting and the adversarial noise setting).

In the adversarial noise model, we assume that there is a halfspace u with error at most v over data.
The goal is to design an efficient algorithm that outputting a classifier that disagrees with u with
probability at most €. [42] proposes an elegant averaging-based algorithm that tolerates an error of at

most v = (-7 ) assuming that the unlabeled distribution is uniform. However it has a suboptimal

label complexity of O(f—;). Under the assumption that the unlabeled distribution is log-concave or
s-concave, the state of the art results [6, 13] give efficient margin-based algorithms that tolerates a
noise of v = (e). As discussed in the main text, such algorithms require a hinge loss minimization
procedure that has a running time polynomial in d with an unspecified degree. Finally, [23] gives a
PTAS that outputs a classifier with error (1 + p)v + €, in time O(poly(do(ﬁ), 1)). Observe that in
the case of v = O(¢), the running time is an unspecified high order polynomial in terms of d and %
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B Implications to Passive Learning

In this section, we formally describe PASSIVE-PERCEPTRON (Algorithm 3), a passive learning
version of Algorithm 1. The algorithmic framework is similar to Algorithm 1, except that it calls
Algorithm 4 rather than Algorithm 2.

Algorithm 3 PASSIVE-PERCEPTRON

Input: Initial halfspace vy, target error €, confidence §, sample schedule {my}, band width {by}.
Output learned halfspace 0.

AT

: Let ko = [logy 1].
fork=1,2,...,kydo

Vg PASSIVE—MODIFIED—PERCEPTRON((9, Vk—1, 975

5
k(k+1)° M, bk)

end for
return vy, .

Algorithm 4 is similar to Algorithm 2, except that it draws labeled examples from D directly, as
opposed to performing label queries on unlabeled examples drawn.

Algorithm 4 PASSIVE-MODIFIED-PERCEPTRON

Input: Initial halfspace wy, angle upper bound #, confidence §, number of iterations m, band width

Output: Improved halfspace w,,.

1:
2:
3:
4:

5:
6:

fort=0,1,2,...,m — 1do

Define region C; = {(m,y) €SI x{-1,41}: E <w, -2 < b}.
Rejection sample (¢, y) ~ D|c,. In other words, repeat drawing example (x¢, y;) ~ D until
it is in Ct.
Wiyl < W — 21 {ytwt Xy < 0} . (wt . l't) + Tt
end for
return w,,.

It can be seen that with the same input as ACTIVE-PERCEPTRON, PASSIVE-PERCEPTRON has
exactly the same running time, and the number of labeled examples drawn in PASSIVE-PERCEPTRON
is exactly the same as the number of unlabeled examples drawn in ACTIVE-PERCEPTRON. Therefore,
Corollaries 1 and 2 are immediate consequences of Theorems 2 and 3.

C Proofs of Theorems 2 and 3

In this section, we give straightforward proofs that show Theorem 2 (resp. Theorem 3) are direct
consequences of Lemma 2 (resp. Lemma 3). We defer the proofs of Lemmas 2 and 3 to Appendix D.

Theorem 4 (Theorem 2 Restated). Suppose Algorithm 1 has inputs labeling oracle O that sat-
isfies n-bounded noise condition with respect to underlying halfspace wu, initial halfspace vy
such that 6(vo,u) < Z, target error €, confidence 0, sample schedule {my} where my =

bE

[(3200”)%(111 (3200m)7d | 1y k(kH) )], band width {by, } where by, = 1 27 m(1-2m)

(1—-2n)2

(1—2n)2 2(6007)2 In mikékﬂ) Vd

Then with probability at least 1 — 0:

1. The output halfspace v is such that Plsign(v - X) # sign(u - X)] < e

2. The number of label queries is O ((1277)2 -In % . (111 ﬁ +In % +1Inln %) >

2
3. The number of unlabeled examples drawn is O ( =207 <ln = 2n)2 + ln +1Inln = ) . %ln i)

)

=

2
4. The algorithm runs in time O ((ld;n)"' . (ln (lfdzn)Q + ln% + Inln %) . %ln
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Proof of Theorem 4. From Lemma 2, we know that for every k, there is an event EFj such that
P(Ey) >1— %, and on event F, items 1 to 4 of Lemma 2 hold for input wy = vj_1, output

)

wm:Uk,QZQLk,(SZW.

Define event £ = Uz‘;lEk. By union bound, P(E) > 1 — §. We henceforth condition on event £
happening.

1. By induction, the final output v = vy, is such that §(v,u) < 27%o7 < err, implying that
Plsign(v - X) # sign(u - X)] <e.

2. Define the number of label queries to oracle O at iteration k as my. On event Ey, my is at

most O <(1’§n)2 (ln (lf(én)g +1In ’;)) . Thus, the total number of label queries to oracle

Ois )2, my, which is at most

B d d ko
ko -my, = O <k0' (1 —29)2 <ln = 2)? +ln6>> )

Item 2 is proved by noting that kg < log 2 + 1.

3. Define the number of unlabeled examples drawn iteration k as ng. On event F, ny is at most

2
O <(1én)3 : (ln gz +ln %) . 1) Thus, the total number of unlabeled examples

drawn is ), | ny, which is at most

d d ko\? 1
konk00<k0'(1_2n)3~<ln(1_277)2+1n6> '€>.

Item 3 is proved by noting that ky < log 2 + 1.

4. Item 4 is immediate from Item 3 and the fact that the time for processing each example is at
most O(d). O

Theorem 5 (Theorem 3 Restated). Suppose Algorithm 1 has inputs labeling oracle O that sat-
isfies v-adversarial noise condition with respect to underlying halfspace u, initial halfspace vg
such that O(vo,u) < 3, target error €, confidence 6, sample schedule {my} where m; =

3 3 k(k+1) ; _ 1 27kx
[(32007)°d(In(32007)°d + In ===2)], band width {b,} where by, = 2 000my PO Vi

Then with probability at least 1 — 0.

Additionally v <

€
384(6007)% (4 In((32007)%d)+8nln L+In 1) °

~

. The output halfspace v is such that P[sign(v - X) # sign(u - X)] < e.

N

The number of label queries is O (d -In % . (ln d+1n % +Inln %))

w

. The number of unlabeled examples drawn is O (d . (ln d+In % +1Inln %)2 . % In %)

N

. The algorithm runs in time O <d2 : (lnd +In % +1Inln %)2 . % In %)

Proof of Theorem 5. From Lemma 3, we know that for every k, there is an event Fj such that
P(Ey) > 1— % and on event EYy, items 1 to 4 of Lemma 3 hold for input wy = vy, output
W = Vk41, 0= QL,C

Define event £ = U:"ZlEk. By union bound, P(E) > 1 — 4. We henceforth condition on event F
happening.

1. By induction, the final output v = vy, is such that that §(v,u) < 27*or < e, implying
that P[sign(v - X) # sign(u - X)] <e.
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2. Define the number of label queries to oracle O at iteration k as my. On event Ey, my

is at most O <d <lnd + In ]g)) Thus, the total number of label queries to oracle O is

k S
> pe, my, which is at most

ko - my, = O (kO'd<lnd+lnl?)>.

Item 2 is proved by noting that kg < log % + 1.

3. Define the number of unlabeled examples drawn iteration k as n;. On event Fy, ny, is at

2
most O (d . <ln d+In %) . i) . Thus, the total number of unlabeled examples drawn is

k o
> pe ng, which is at most

ko\” 1
konk0:0<ko.d. <lnd+1n(50) .€>.

Item 3 is proved by noting that kg < log % + 1.

4. Item 4 is immediate from Item 3 and the fact that the time for processing each example is at
most O(d). O

D Performance Guarantees of MODIFIED-PERCEPTRON

In this section, we prove Lemmas 2 and 3, which guarantees the shrinkage of 6,. Two major building
blocks of Lemma 2 (resp. Lemma 3) are Lemmas 7 and 9 (resp. Lemmas 7 and 10). In essence,
Lemma 7 turns per-iteration in-expectation guarantees provided by Lemmas 9 and 10 into high
probability upper bounds on the final 6,,,. We present Lemma 7 and its proof in detail in this section,
and defer Lemmas 9 and 10 to Appendix E.

Lemma 4 (Lemma 2 Restated). Suppose Algorithm 2 has inputs labeling oracle O that satis-
fies n-bounded noise condition with respect to underlying halfspace u, initial vector wy and
angle upper bound 0 < (0,%) such that 0(wo,u) < 0, confidence 6, number of iterations

1 (32007)3d (32007)3d 1 . _ 1 0(1—2n) : .
m = Gz (G + In 5)], band width b = o mEE Va then with proba
bility at least 1 — §:

NI

1. The output halfspace w,, is such that 0(w,,,u) <

2. The number of label queries is O ((1_‘;77)2 (ln (1_‘;7)2 +In é))

2
3. The number of unlabeled examples drawn is O ((1_27])3 . (ln (1_‘%7])2 +1In %) . é)

2
4. The algorithm runs in time O ((1_‘22”)3 . (ln (1_%77)2 +In %) . é)

Proof of Lemma 4. We show that each item holds with high probability respectively.

1. It can be verified that conditions for Lemma 7 are satisfied with ( = 1 — 27 (item 3 in the
condition follows from Lemma 9, and item 4 in the condition follows from Lemma 6). This
shows that items 1 with probability at least 1 — §/2.

2. By the definition of m, the number of label queries is m = O ((1_‘;17)2 log 5(1_‘1’27])2 )
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3. As for the number of unlabeled examples drawn by the algorithm, at each iteration ¢ € [0, m],
it takes Z; trials to hit an example in [%, b, where Z; is a Geometric(p) random variable

withp = P,p,, [w; - € [£,1]]. From Lemma 18, p > gb = w = Q(ﬁ)

Define event

2
E::{Zl+...+Zm<m}
p

From Lemma 16 and the choice of m, P[E] > 1 — g. Thus, on event E, the total number of

unlabeled examples drawn is at most 277" = O( (1_‘;])3 log? 5(1_‘1277)2 ).

4. Observe that the time complexity for processing each example is at most O(d). This
shows that on event F, the total running time of the algorithm is at most O(d - 27’”) =

2
O( (1_1127])3 10g2

d 1)
s5(1—2m)2 6/
Therefore, by a union bound, with probability at least 1 — ¢, items 1 to 4 hold simultaneously. [

Lemma 5 (Lemma 3 restated). Suppose Algorithm 2 has inputs labeling oracle O that satisfies v-

adversarial noise condition with respect to underlying halfspace u, initial vector wqy and angle upper
- - 3

bound 0 such that 0(wo, u) < 0, confidence 6, number of iterations m = [(32007)3d In W},

; S it [ ; s
band width b = 2600m) B Va' Additionally v < 354(600m) 1 1n 22 Then with probability at least
1—4:

~

. The output halfspace w,y, is such that 0(w,, u) < g.

N

. The number of label queries is O (d . (ln d+In %))

W

. The number of unlabeled examples drawn is O (d . (ln d+1In %) 2. %)

A

. The algorithm runs in time O (d2 . (ln d+1In %)2 : %)

Proof of Lemma 5. We show that each item holds with high probability respectively.

1. It can be verified that conditions for Lemma 7 are satisfied with ( = 1 (item 3 in the
condition follows from Lemma 10, and item 4 in the condition follows from Lemma 6).
This gives items 1 with probability at least 1 — §/2.

2. By the definition of m, the number of label queries is m = O (d -(Ind+1n %))

3. The number of unlabeled examples drawn by the algorithm can be analyzed similarly as in
the previous proof, which is at most 277” =0 (d . (ln d+In %)2 . %) with probability at
least 1 — 4/2.

4. Observe that the time complexity for processing each example is at most O(d). This
gives that on event F, the total running time of the algorithm is at most O(d - %) =
O (- (md+m$)*3).

Therefore, by a union bound, with probability at least 1 — ¢, items 1 to 4 hold simultaneously. [

Next we show a technical lemma used in the above proofs, coarsely bounding the difference between
cos 041 and cos 6;.
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Lemma 6. Suppose 0 < ¢, < 1, b = % < 1, and (x4,y:) is drawn from distribution D|g,

where Ry = {(x, Yy)ix-w € [g, b] } If unit vector wy has angle 0, with u such that 0; < %0, then

update (5) has the following guarantee: |cos ;11 — cos 6| < 1?,?532'

Proof. By Lemma 8,

[¢0)] 9t+1 — COS Gt =-21 {yt 7& sign(wt . It)} (”LUt . th) . (’LL . .Tt).

Firstly, note |cos 01 — cos 0y < 2 |wy - x| Ju - x¢| < 20 |u - x4

Observe that
|w - x|
< Jwg - w4 | (u = wr) - @
< b+ 2sin %
< b+,
Thus, we have |cos ;11 — cos 0| < 2b(b+ 0;) = 2622292 + 25\4/%9‘ < 125\‘%2. O

Lemma 7. Suppose 0 < ¢ < 1, and the following conditions hold:

1. Initial unit vector wq has angle 6y = 0(wp,u) < 6 < %77 with u;

2. Integer m = ((3202;)3(1 (In (32025)351 +In %ﬂ and ¢ = ﬁ;

2(6007)2 In B~

3. Forallt, if 16 < 0, < 36, then E[cos 0,11 — cos 0;|6,] > 10%77#;

4. Forallt, if 0, < 30, then | cos 01 — cos 0| < 125%2 holds with probability 1.

Then with probability at least 1 — §/2, 6,, < 30.

Proof. Define random variable D; as:

~ 202 1
D, = (cos9t+1—COS(9t— c¢_¢%0 )n{4eget < 29}

100r d

Note that E[D;|6;] > 0 and from Lemma 6, |D;| < |cosfi11 — cosfy| + maoﬂ%lo? < 6%2.

Therefore, {D;} is a bounded submartingale difference sequence. By Azuma’s Inequality (see
Lemma 15) and union bound, define event

ta—1 9

6049\/ 2m?2

E={forall0<t; <ty < D, > — Aty —t1) In ——
ora ,1,2,m7§ zZ =/ (t2 —t1)In 5

Then P(E) > 1— 3.

We now condition on event . We break the subsequent analysis into two parts: (1) Show that there
exists some ¢ such that 6; goes below i@. (2) Show that 6; must stay below %9 afterwards.

2007d
¢2e

1. First, it can be checked by algebra that m >

. We show the following claim.

Claim 1. There exists some t € [0, m], such that 0, < iﬁ.
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Proof. We first show that it is impossible for all ¢ € [0,m] such that 6, € [16, 26]. To

this end, assume this holds for the sake of contradiction. In this case, for all ¢ € [0, m],
~ 292

Dy = cos 41 —cosby — ﬁ%. Therefore,

cos 0, — cos Oy

m—1 ~

¢ %92
- D,
> st 00 4 ™

s=0
= 202 = 02 2
> ¢ o0 m—GCCH 2mlnm—
1007 d Vd )
S 6% | eC?m o je¢em
— 100w d d
> ¢

where the first inequality is from the definition of event E, the second inequality is from

= _ 1 C g I &3m >
that ¢ CISEIET the third inequality is from that == > 200.

Since cosfy > cosf > 1 — %92, this gives that cos 6, > 1 + %92 > 1, contradiction.

Next, define 7 := min {t >0:0, ¢ [i@, 39] } We now know that 7 < m by the reasoning

above. It suffices to show that 6, < %9, that is, the first time when 6; goes outside the
interval [i&, %9], it must be crossing the left boundary as opposed to the right one.

By the definition of 7, forall 0 < ¢ < 7 — 1,60, € [16, 26]. Thus,

cos 0, — cos by

71 5 202
¢ (0

= Dy — 5"
> T

t=0
R S s L
= 100 4 g V'S
m2 1
> In —éf% > —— 62 3
>  —9007 In 50 == 3)

where the first inequality is by the definition of F; the second inequality is by minimizing
over 7 € [0, m]; the last inequality is from the definition of ¢.

Now, if 8, > 26, then

5
cosl,. —costly < cos—60—cosf

1/5\° 1
I—— () #—1+-6°
s(5) 13

_i,g?
75

where the first inequality follows from 6, > 20 and 0y < 6, and the second inequality
follows from Lemma 13. This contradicts with Inequality (3).

This gives that 6. < 36. Since 6, ¢ [0, 26], it must be the case that 6, < 16. O

IN

<

. We now show the following claim to conclude the proof.

Claim 2. 6,,,, the angle in the last iteration, is at most %9.
Proof. Define ¢ = max {t € [0,m] : 6, < 26}. by Claim 1, such o is well-defined on

event /. We now show that 6; will not exceed %9 afterwards. Assume for the sake of
contradiction that for some ¢t > o, 6; > %9.
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Now define v := min {¢ > o : §; > 16}. We know by the definitions of o and ~, for all
telo+1,v—1],6; €[50, 16]. Thus,

cos 0y — cosOyq1

-1 = 292
c 0
ZDt+ ﬂ_C (y—0o-1)

100 d
t=oc+1
¢ 202 65492\/ m?
> 2 (y—o—1)— —o—1)In—
> Toor g Vo1 Nz (v—o-1)In-
m? 1
> — In—¢&>——§2 4
>  —9007 In 5¢2 —— 4

where the first inequality is by the definition of E’; the second inequality is by minimization
over v — o — 1 € [0, m]; the last inequality is from the definition of ¢.

On the other hand, 6., > 36 and 6, < ;6. We have

6¢¢6?
cos 0, — cos B, < cosf, —cosB, +
ol +1 ol \/a
< cos = — cos Q + 66(92
- 2 4 Vd
1 1 66C6?
< 11— —02—1+4+ —6?
- 20 + 32 + Vd
1
< ——0
75
where the first inequality follows from Lemma 6, the third follows from Lemma 13, and the
last follows from algebra. This contradicts with Inequality (4). [
Thus, with probability at least 1 — §/2, 6,, < 16. O

E Progress Measure Analysis

In this section, we prove two key lemmas on cos 6; (Lemmas 9 and 10), our measure of progress.
We show that under the bounded noise model and the adversarial noise model, cos 0, increases by a
decent amount in expectation at each iteration of MODIFIED-PERCEPTRON, with appropriate settings
of bandwidth b.

We begin with a generic lemma that gives a recurrence of cos 6; when the modified Perceptron update
rule (1) is applied to a new example.

Lemma 8. Suppose w; € R is a unit vector, and (x4, y;) is an labeled example where x; € R% is a
unit vector and y; € {—1,+1}. Let 0; = 0(u, w;). Then, update

W41 — Wy — 21 {ytwt - Tt < O} (U}t . CL’t) - Tt (5)
gives an unit vector wyy1 such that

cos i1 = cos Oy — 21 {ypwy - ¢ < 0} (wy - x4) - (w - x4) (6)

Proof. We first show that w; 1 is still a unit vector. If y; = sign(w; - x¢), then wyy1 = wy, thus it is
still a unit vector; otherwise wy+1 = wy — 2(wy - x¢) - x;. This gives that

[wera]|? = llwel|* — 4(we - 2¢) (we - 20) + [[2(we - 2) - 2e]|* = [Jwe]|* = 1.
This implies that cos 8; = wy - u, and cos 6;41 = w41 - u. Now, taking inner products with u on
both sides of Equation (5), we get
Wy - U = we - u— 21 {ypwe - 2 < 0} (we - x¢) - (w0 - x4)

which is equivalent to Equation (6). O
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E.1 Progress Measure under Bounded Noise

Lemma 9 (Progress Measure under Bounded Noise). Suppose 0 < & < 5z, b = 5(1\_/2&’7)9, 0 < 2,

and (xy,yt) is drawn from D|g,, where Ry = {(x, y) iz -w € (2, b]} Meanwhile, the oracle O

satisfies the n-bounded noise condition. If unit vector w; has angle 0; with u such that i@ <6; < 39,
then update (5) has the following guarantee:

& (1—21)202
E [cos 0411 — cos By | Gt] > 1007r( p] ) .

Proof. Define random variable ¢ = x; - w;. By the tower property of conditional expectation,
E [cosOp11 —cost; | 6] =E [E [cos b1 — cosby | 0, €] | 94. Thus, it suffices to show

¢ (1—2n)26?
E[C059t+1—0059t|9t,§] > 1007r( d)

for all 6, € [16, 56 and & € [1b, ).
By Lemma 8, we know that

cos 1 —cosby = —21 {yt # sign(wy - iEt)} (wy - x¢) - (u-x4).

We simplify IE [cos 041 — cosb; | 0, &] as follows:

E [cos 0411 — cos Oy | 64, €]

E [‘%U gl {yt = —1} ‘ et,'ﬂ

E [72§u cx(M{u-aze >0,y = =1} + 1{u-x¢ < 0,y = —1}) | 9t,§]

E [—2¢u - z(nl{u- 2, > 0} + (1 — n)L{u -z < 0}) | 64, ¢]

= E [—2§u cxi(n+ (1 —2n)1{u-x¢ < 0}) | 9t,£]

= —2¢ (nIE [u-z¢ | 0;,€] + (1 —2n)E [u- 2, 1{u -z < 0} | et,g]) (7

v

where the second equality is from algebra, the first inequality is from that Ply; = —1|u-x; > 0] <@
and Ply; = —1|u - x¢ < 0] > 1 — n, the last two equalities are from algebra.

By Lemma 19 and that 0 < 6, < 20 < 27, E[u - 24(60;,&] < £ and Efu - 241 {u -z < 0} ]6;,¢] <

E [cos 0141 — cos by | 9t7f]

Cog(en (6 )1 —am))

>
- 36v/d
0+
> 2 1—2n) -
> % \/g( n) =€)
0+
> b 1-2
- 72\/21( ")
¢ (1-2n)202
1007 d
where the first and second inequalities are from algebra, the third inequality is from that £ < b <
02(;;3%) < at;;/?) , and that £ > g the last inequality is by expanding b = % and that
6, > 9.
In conclusion, if 6 < 6, < 20, then E [cos 0,41 — cos b, | 6;,&] > wfm% for £ € [5,0].
The lemma follows. O
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E.2 Progress Measure under Adversarial Noise

Lemma 10 (Progress Measure under Adversarial Noise). Suppose 0 < ¢ < ﬁ, b= 5%, 0 < %m

and (x¢,y:) is drawn from distribution D|g, where Ry = {(a:, y)x-w €[5, b]} Meanwhile, the

0
192(2007)2 "

angle 0; with u such that i@ <6, < %0, then update (5) has the following guarantee:

¢ 62
E [COSGtH — cos 0 | Gt] > T00r 4"

oracle O satisfies the v-adversarial noise condition where v < If unit vector wy has

Proof. Define random variable £ = z; - wy.
By Lemma 8, we know that

cos @iy —cosby = —21 {yt # sign(wy - xt)} (wy - xy) - (u-xy).

We expand E [cos 641 — cos 0, | 6,] as follows.
E [cos 041 — cos by | 6;]
= E[-2(w o) (u- )1 {y, = —1} | 6,]
= E[-2(w x)(u-z)1{u-2, <0} | 6]
+E [2(wy - @) (w-z) (W {ye = +1,u-2p <0} — L {y; = —L,u-2, > 0})) [ 6] ()
We bound the two terms separately. Firstly,
E [—2(wy - @) (u- @)1 {u- 0 <0} | 6]
> —bE [(u-2)L{u-z, <0} | 6]
= —bE {IE [(u-2)L{u-z, <0} |6,0] | Ot}
0y
36Vd

where the first inequality is from that —(u - z)1 {u - 2y < 0} > 0 and wy - 2y > g, the equality is
from the tower property of conditional expectation, the second inequality is from Lemma 19.

b( b) ©))

Secondly,
‘]E 20wy - ) (u- ) (L {ys = +1,u- 2 < 0} — 1 {y = —1,u- 21 > 0})) | ot]j
< 2bE [\u a1 {y # sign(u-2y))} | 94
< 25\/1E {]l {yt # sign(u - l't))} | gt} -E [(U “xy)? | at}

= 0[P [y # sim(u- ) | 0] [B [0 | 01€] 0] (10)
where the first inequality is from that |E[X]| < E|X]|, and w; - x; < b, the second inequality is from
Cauchy-Schwarz, the third equality is by algebra.

Now we look at the two terms inside the square root. First,
P [yt # sign(u - z¢) | 9t]
— Pypy, [y # sien(u- )]
P(oy)~n [y # sign(u - z)]

<
P.-p [131 S [b/Q,b”
8
< —
- cb
« 1
—  16(2007)?
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where the first inequality is from that P[A|B] < %, the second inequality is from Lemma 18 that

Po~p [z1 € [b/2,0]] > fb = £ and the last inequality is by our assumption on v.

Second, fix £ € [%, b],

< . [(u-z4)? | 0p,] < 2.

By the tower property of conditional expectation, E [(u cx)? | Qt] < #. Continuing Equation (10),
we get

01

100mvd'
(11)

’E [2(we - ae)(u-2) (L {ye = +1u- 2 <0} —L{yy = —Lu- 2 > 0})) | ot]‘ <b

Continuing Equation (8), we have
E [cos Or11 — cos by | Ht]

0, 0,
b — —b
(36\/& 100mv/d )

0, S _° 6?
257v/d — 1007 d

where the first inequality is from Equations (9) and (11), the second inequality is from algebra and
that b < 1000#’ the third inequality is by expanding b = \C/‘% and 0; > %. O

v

F Acute Initialization

We show in this section that the angle between the initial vector vy and the underlying halfspace u
can be assumed to be acute under the two noise settings without loss of generality. To this end, we
give two algorithms (Algorithms 5 and 6) that returns a halfspace that has angle at most 7 with u,
with constant overhead in label and time complexities. The techniques here are due to Appendix B
of [6]. This fact, in conjunction with Theorems 2 and 3, yield an active learning algorithm that learns
the target halfspace unconditionally with a constant overhead of label and time complexities.

For the bounded noise setting, we construct Algorithm 5 as an initialization procedure. It runs
ACTIVE-PERCEPTRON twice, taking a vector vy and its opposite direction —vg as initializers. Then
it performs hypothesis testing using O(W) labeled examples to identify a halfspace that has
angle at most 7 with u.

Algorithm 5 Master Algorithm in the Bounded Noise Setting

Input: Labeling oracle O, confidence 4, noise upper bound 7, sample schedule {m }, band width
{br}.

Output: a halfspace ¥ such that (0, u) <

vo < (1,0,...,0).

us
1

1:

2: v4 ¢~ ACTIVE-PERCEPTRON(O, v, 15 27’ g {mk} {br})-

3: v_ < ACTIVE-PERCEPTRON(O, —uy, (- 2’7 LS {m}, {bi}).

4: Define regionR = {:z: sign(vy - x) # s1gn(v_ z)}.

5: S < Draw W In$ 5 iid examples from D|g and query their labels.
6: if errg(h,, ) < errg(h,_) then

7:  return v,

8: else

9:  return v_

10: end if

Theorem 6. Suppose Algorithm 5 has inputs labeling oracle O that satisfies n-bounded
noise condition with respect to u, confidence 0, sample schedule {my} where m; =

~ —k(1_ .
S) ((1_%77)2 (In (1_‘%77)2 +1n %)) band width {by} where by, = © (L\/ﬂ) Then, with proba-

bility at least 1 — 6, the output ¥ is such that 0(0,u) < F. Furthermore, (1) the total number of label
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queries to oracle O is at most O ( E ) (2) the total number of unlabeled examples drawn is

(1-2n
O (#), (3) the algorithm runs in time O ((1:17277)3)

Proof. Note that one of 6(vg,u), (—vo, u) is at most 7. From Theorem 2 and union bound, we
know that with probability at least 1 — 2?5’ either (v, u) < %, orf(v_,u) < %

(1—-2m)m
16

Suppose without loss of generality, 6(v4, u) < . We consider two cases.

/8. By triangle inequality, 6(v_,u) < O(vy,u) + 0(vy,v-) < 7/4. In

Case 1: O(vy,v_) <
) < % and O(v_,u) < 7 holds simultaneously. Therefore, the returned vector ¢
1

this case, 0(v4,u
satisfies 6(0,u) <

Case 2: O(vy,v_) > 7/8. Inthis case, P[z € R] > 1/8, thus,

Plsign(vy - x) # sign(u - )] < 1-2n _ 1(}
P[z € R| =T8T 1%

Prlsign(vy - ) # sign(u - )] < — 7).

Meanwhile, Pg[sign(vy -z) # y] < nPg[sign(vy -x) = sign(u-x)]+Pg[sign(vy -x) # sign(u-x)].
Therefore,

S — Palsian(v ) £
> (5~ n)Palsien(v; - 2) = sign(u-2)]  SPalsian(v, - o) # sign(u 7))
> (G- -G
> i(%*n)

Since v, disagrees with v_ everywhere on R, Pr[sign
)

Thus, errp), (ho, ) < 5 — (3 —n)§ and errpy, (ho_

Inequality, with probability at least 1 —4/3,

n(vy - x()# yl + Prlsign(v_ - 2) # 1] = L.

(
> % % ) . Therefore, by Hoeffding’s

1
errg(vy) < 5 < errg(v_)

therefore v will be selected for ©. This shows that 6(0,u) < 7/4.

In conclusion, by union bound, we have shown that with probability 1 — 4, 8(0, u) < g. The label
complexity, unlabeled sample complexity, and time complexity of the algorithm follows immediately
from Theorem 2. O

For the adversarial noise setting, [6] outlines an algorithm that returns a vector that has angle at most
7 with u. We state the algorithm in our context for completeness.

Theorem 7. Suppose Algorithm 6 has inputs labeling oracle O that satisfies n-bounded noise
condition with respect to u, confidence 8, sample schedule {my} where my = © (d(ln d+In %)),

band width {bj,} where b, = S} (%) Then, with probability at least 1 — 6, the output v is such

that 0(0,u) < T. Furthermore, (1) the total number of label queries to oracle O is at most O (d);
(2) the total number of unlabeled examples drawn is O (d); (3) the algorithm runs in time o} (dQ).

The proof of this theorem is almost the same as Theorem 6 and is thus omitted.

G Basic Lemmas for the Upper Bounds

In this section, we present a few useful lemmas that serve as the basis of proving Theorems 2 and 3.
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Algorithm 6 Master Algorithm in the Adversarial Noise Setting

Input: Labeling oracle O, confidence §
Output: a halfspace v such that §(0,u) < 7.

1: v « (1,0,...,0).
2: vy < ACTIVE-PERCEPTRON(O, vg, =, 2, {my}, {bi}).
3: v_ < ACTIVE-PERCEPTRON(O, —vo, &, &, {my,}, {bs}).
4: Define region R := {x : sign(v; - ) # sign(v_ - z)}.
5: S < Draw 81n g iid examples from D|g and query their labels.
6: if errg(h,, ) < errg(h,_) then
7:  return v
8: else

9: return v_
10: end if

G.1 Basic Facts
We first collect a few useful facts for algebraic manipulations.
Lemmall. [f0<z<1- %, then for any d > 1, (1 — %)% >e >

Lemma 12. Givena € (0,7), ifz € [0,a], then 2%z < sinz < .

1
5

Lemma 13. Ifz € [0, 7|, then 1 — ”3—22 <cosx<1-— %2

Lemma 14. Let B(z,y) = fol(l —t)*~1tv=1dt be the Beta function. Then

1
prm 2

}

G.2 Probability Inequalities

Lemma 15 (Azuma’s Inequality). Ler {Y;};" | be a bounded submartingale difference sequence,
that is, E[Y:|Y1,...,Y;—1] > 0, and |Y:| < 0. Then, with probability at least 1 — 6,

“ / 1
ZYt > —0 2mlng

t=1
Lemma 16 (Concentration of Geometric Random Variables). Suppose Z1, ..., Z,, are iid geometric
random variables with parameter p. Then,

2
Pm+m+%>£gmm€)

Proof. Since Z1 + ...+ Z,, > 27" implies that Z1 + ... + Z,, > ]'2?”] (as Z1+ ...+ Z, is an
integer), the left hand side is at most P[Z1 + ... + Z,, > [27”1]

Let X1,..., X 207 be a sequence of iid Bernoulli (p) random variables. By standard relationship
between Bernoulli random variables and geometric random variables, we have that

2n
PZi+...+ Z, > [?]]:P[Xl—&—...—i—X[%w_lSn—l}

Note that P[X; +. .. + X2y Sn— 1] <PX1+... + Xp2my < n] since Xr2n7 < 1. Applying
Chernoff bound, the above probability is at most exp(— [2?"1 p-g) <exp(—%). O

G.3 Properties of the Uniform Distribution over the Unit Sphere

Lemma 17 (Marginal Density and Conditional Density). If (x1, 2, ...,xq) is drawn from the
uniform distribution over the unit sphere, then:

22 d5t
1. (1, 22) has a density function of p(z1, z2), where p(z1, z5) = L=1722) 2

d—2
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2. Conditioned on o = b, x1 has a density function of pp(z), where py(z) =
(a-p— 2)%
(1-62) 7 B(452.4)

d—3
3. x1 has a density function of p(z), where p(z) = %.
2 72
Lemma 18. Suppose x is drawn uniformly from the unit sphere, and b < T{/E' Then,
P [xl c [g,bH > ¥dy,
Proof.
b
P [.Tl S |:2,b]]
12 o1 - )" dt
= d—1 1
B(T? §)
b 2) 452
2(1—-10
> M > @b
- 8

where the first equality is from item 3 of Lemma 17, giving the exact probability density function of x4,
the first inequality is from that (1 — ¢2)“>" > (1 — b%)“>" when t € [b/2,b], and Lemma 14 giving
upper bound on B(“5~ d—1 1) and the second inequality is from Lemma 11 and that d — 1 > d O

Lemma 19. Suppose x is drawn uniformly from unit sphere restricted to the region {x :v-x =},
and u, v are unit vectors such that 6(u,v) = 6 € [0, 57] and 0 < £ < f Then,
1. Elu-z] <&
2 56>
2. E[(u-x)?] < 25

3. E[(u~x)]l{u-x<0}}§§—ﬁ.

Proof. By spherical symmetry, without loss of generality, let v = (0,1,0,...,0), and u =
(sind,cos6,0,...,0). Letz = (z1,...,zq).

= E[z1sinf + x2 cosb|zy = €]
= E[z1|ze = £]sind + £ cosd
< ¢

where the first two equalities are by algebra, the inequality follows from cosf < 1 and

E[z1]z2 = €] = 0 since the conditional distribution of ;1 given 25 = £ is symmetric around
the origin.
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El(u - z)?]
- E[(xlsmﬁJr:z:gcosQ) |ze = €]
E[

< 222 sin” 0 + 222 cos? Oz = ¢
< 2E[z?|zy = €] sin? 0 4 262
1 2 2 d—4
z9(1—27)"2 dz
< 29?21 (72 1) + 2¢2
B( 2 ai)
B3,
= 207212 4 9¢?
d—
B( 223%)
502
< -
- d

where the first equality is by definition of u, the first inequality is from algebra that (A +
B)? < 2A? + 2B2, the second inequality is from that | cos 8] < 1, the third inequality is
from item 2 of Lemma 17 and that sin # < 6, and the last inequality is from the fact that
B(%Z2.8) _ 1 2 o 0°
ﬁ—rf cand € < 1.

E[(u-z)1 {u-z < 0}]
E[(z1sinf + z9 cos 0)1 {x1 < —€ cot 0} |xg = €]

< Elz11{z; < —£cot 0} |ze = &]sin€ + &
Ecot O 2 d;‘l
= f—l—sm@/ - & xl)d 29511 dz;
Vi-¢2 1—52) B(%5=, 3)
d—2
2\ =
dz2 <1 (sifl@) )
= ¢ —sinf e
(1-€2)"7 B(%%,3)
d—2
. 2 é. 2 2
< _ s _
< ¢ smﬂﬂ_ r_2<1 (sin9)>
sin ¢
< —
< ¢ i
0
< _
ST,

where the first inequality is by algebra and | cos 8| < 1, the second equality is by item 2 of
Lemma 17, the third equality is by integration, the second inequality is from (1 —&2) <
and Lemma 14 that B(— < \/%, the third inequality follows by Lemma 11 that

)2
d—2

2 2
<1 — (siﬁ@) ) > % since § < - f’ and the last inequality follows from Lemma 12

that sin 0 > 2% when 6 € [0, -3 7] and algebra.

O

H Proof of the Lower Bound

In this section, we give the proof of Theorem 1 (label complexity lower bound in the bounded noise
setting). The proof follows from two key lemmas, Lemma 24 and Lemma 25. We start with some
additional definitions.
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Definition 3. Let P,Q be two probability measures on a common measurable space and P is
absolutely continuous with respect to Q.

o The KL-divergence between P and Q is defined as Dy, (P,Q) = Ex.pIn %.

o We define di.(p,q) = Dgr (P, Q), where P,Q are distributions of a Bernoulli(p) and a
Bernoulli(q) random variables respectively.

e For random variables X,Y, Z, define the mutual information between X and Y un-
der P as I(X;Y) = Di (P(X,Y),P(X)P(Y)) = Ex,y In 5 gy and define the
mutual information between X and Y conditioned on Z under P as 1(X;Y | Z) =

P(X,Y|Z)
Ex,y,zIn P(X[2)P(Y|Z)'

e For a sequence of random variables X, Xs,..., denote by X" the subsequence
{X1,Xo,... X}
We will use the following two folklore information-theoretic lower bounds.

Lemma 20. Let W be a class of parameters, and {P,, : w € W} be a class of probability
distributions indexed by VW over some sample space X . Let d : W x W — R be a semi-metric.
LetV = {w1,...,wp} € W such that Vi # j, d(w;,w;) > 2s > 0. Let V be a random variable
uniformly taking values from V, and X be drawn from Py . Then for any algorithm A that given a
sample X drawn from P,, outputs A(X) € W, the following inequality holds:

I(V;X)+1n2
>s)>1- 2T 77
us)g/)va (d(w,A(X)) > s) >1 Vi

Proof. For any algorithm A, define a test function W : X — {1,..., M} such that

Y(X) = argie{rlr}iéM}d(A(X),wi)

We have

52& Py (d(w, A(X)) > s) > max Py (d(w, A(X)) > s) > ie{Ilr,I?.},{M} P,, (\il(X) + z)

The desired result follows by classical Fano’s Inequality:

I(V;X)+1n2

max P, (\i/(X);éz) >1- Y

ie{l,...,M}

O

Lemma 21. [4, Lemma 5.1] Let v € (0,1), § € (O,i), po = 1777 p1 = 1%’ Suppose
that o NBernoulli(%) is a random variable, &1, . .. ,&,, are i.i.d. (given o) Bernoulli(p,) ran-

dom variables. If m < 2 \‘IQ_TW; In MJ, then for any function f : {0,1}™ — {0,1},
P(f(fla7§m) #a> > 4.

Next, we present two technical lemmas.

Lemma 22. [48, Lemma 6] For any 0 < v < % d > 1, there is a finite set V € S~ such that the
following two statements hold:

1. For any distinct wy, ws € V, (w1, we) > 7;

2|V > 4 (L)d_l 1

27y

Lemma 23. Ifp € [0,1] and q € (0, 1), then dgi(p, q) < gz(’l_f();).

27



Proof.

1—
dxi(p,q) = p1n§+(1—p)lnl_
P L—p
< p=-1D)+A-p)(——-1
C-)+0-nG—r -1
(» —q)?
q(1—q)
where the inequality follows by Inz < = — 1. O

Lemma 24. Forany0 <n <1, d>40<e< ﬁ, 0<d< %,for any active learning algorithm
A, there is a u € S, and a labeling oracle O that satisfies n-bounded noise condition with respect

to u, such that if with probability at least 1 — 6, A makes at most n queries to O and outputs v € S

such that Psign(v - ) # sign(u - x)] < ¢, thenn > %.

Proof. We will prove this Lemma using Lemma 20.

First, we construct W, V, d, s, and Py. Let W = S~ 1. Let V be the set in Lemma 22 with v = 2e.
For any wy, we € W, let d(wq,wz) = 0(w1, ws), s = we. Fix any algorithm A. For any w € W, any
1—-n, w-x2>0

x € X, define P,[Y = 1| X =z] =
m, w-x <0

,and Py[Y =0|X =z] =1— B,[Y =
1|X = z]. Define P} to be the distribution of n examples {(X;, YJ}L where Y is drawn from
distribution P,,(Y'|X;) and X; is drawn by the active learning algorithm A based solely on the

knowledge of {(Xj, Yg)};:

(L)d_lv and d(w, w) > 2me = 25

4re

By Lemma 22, we have M = |V| > @ (ﬁ)d_l —-1>
for any distinct wy, we € V.

PN

Clearly, for any w € W, if the optimal classifier is w, and the oracle O responds according to

P, (- | X = x), then it satisfies n-bounded noise condition. Therefore, to prove the lemma, it suffices
1
to show that if n < 167117%77)2, then

sup P, (d(w,A(X",Y”)) > s) >
wew

N | =

Now, by Lemma 20,

I(V; X" Y™) +1n2 I(V; X" Y™) +1n2
sup P (d(w, A(X™,Y™)) >s) >1— >1- .
ub;lelil/)v w( (w, Al ))_S)_ In M - (d—l)lnﬁ—lnél

dln%

It remains to show if n = T6(1—2m2°

then I(V; X", Y") < 3 ((d—1)In &= —In4) —In2.

4re

By the chain rule of mutual information, we have

Xy =3 (I (vixi | XLy ) 1 (Vivi | X’i,yi—l))
i=1

First, we claim V and X; are conditionally independent given { X*~!, Y~} and thus

I(V;X; | X1 Yi=1) = 0. The proof for this claim is as follows. Since the selection of X;
only depends on algorithm A and X*~!, Y*~!, for any vy,v2 € V, P(X; | v, X" 71, YI71) =
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P (XZ- | vg,Xi_l,Yi_l). Thus,

]P’(Xi | Xi—l’Yi—l) _ ZP(Xi,U | Xi—l’Yi—1>
v
= Y PP (Xi | v,Xifl,Yifl)

1 im1 vric1

- MXU:}P’(XZ» |v, XLy )

- P (Xz | ‘/,Xi_l,Yi_l)
Next, we show I (V;Y; | X", Y1) < 5(1 — 21)?In2. On one hand, since ¥; € {—1,+1},
I(V;Y; | X4 YY) <H (V| X% Y1) <In2. where H(-|-) is the conditional entropy.
On the other hand,

1(vivi| Xy
[ ]}D(V"}/Z ‘ Xi,Yi_1>
P(V XLV P(Y; | X7, yi1)
P(Y; |V, X%, Y1)
]PJ(Y7 | Xi’Yi—l)

=E i v 1 ]P’(YHV’Xi?Yi*l)
YRR (v [V XY
P(Y; |V, X, Yi™)
P(Y; [V, X7, Y1)

—_

:EXi,Y’i,V n

:EXi,Yi,V In

SEXi7Yi,V7V’ [ln

< max DKL (P (Y; | xiayi_lav> 7P (1/; | xiayi_lavl)>

xt ,yi— 1 ,’U,UI

= max DgL (IP (Y; | z5,0) ,P (Y] | xi,v’))

i qi—1 ’
T4yt T,

= max Dgr (PU (YZ | a:i) s Py (Yz | 372))

zt v,
. 2
L0 =2
n(l—n)

where the first inequality follows from the convexity of KL-divergence, and the last inequality follows
from Lemma 23.

Combining the two upper bounds, we get I (V;Y; | X%, Y~!) < min {ln 2, (;(712_7’7]);} < 5(1—
21)? In 2.

1 1((d-1)In £ —In4)—In
Therefore, I(V; X", Y") < 5n(1 — 27)?In2. If n < poiig < 2z )2 e
I(V; X", Y™) < 2 ((d—1)In ;= — In4) — In 2. This concludes the proof. O

Lemma 25. Foranyd > 0,0 <n < Lo<e< %, 0<o< i,for any active learning algorithm A,

there is a u € S, and a labeling oracle O that satisfies n-bounded noise condition with respect to
u, such that if with probability at least 1 — 5, A makes at most n queries to O and outputs v € S

such that P[sign(v - x) # sign(u - x)] < ¢, thenn > Q ((1"_1%%)2)

Proof. We prove this result by reducing the hypothesis testing problem in Lemma 21 to our problem
of learning halfspaces.
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Fix d, ¢, §,7. Suppose A is an algorithm that for any v € S, under n-bounded noise condition,
with probability at least 1 — & outputs v € S~ such that P[sign(v - ) # sign(u - z)] < e < i,
which implies 6(v,u) < % under bounded noise condition.

Let po = 1, p1 = 1 — n. Suppose that « NBernoulli(%) is an unknown random variable. We are

given a sequence of i.i.d. (given «) Bernoulli(p,, ) random variables &1, &5 . . ., and would like to test
if « equals O or 1.

Define e = (1,0,0,...,0) € R Construct a labeling oracle O such that for the i-th query x;, it
returns 2§; — 1if x; - e > 0, and 1 — 2¢; otherwise. Clearly, the oracle O satisfies -bounded noise
condition with respect to underlying halfspace u = (2« — 1)e = (2a — 1,0,0,...,0) € R4,

Now, we run learning algorithm 4 with oracle O. Let m be the number of queries .4 makes, and
A(&1, ..., &) be the normal vector of the halfspace output by the learning algorithm. We define

0 lf'A(gla s ?§TIL) e <0
1 otherwise '

f(glaagm){

By our assumption of A and construction of O, P (9 (u, A&, .. &m)) < %w) > 1-24, so

]P’(f(ﬁl,...,gm) = a) > 1 — 4, implying P(f(gl,...,gm) * oz) < 4. By Lemma 21, m >
4n(1-n) _ In +

2 {(?7277;72 In 86(11726)J =0 ((117727;5)2)' 0
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