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1 Supplementary Preliminaries

We will abuse notation, referring to both the probability distribution p and the random vector X
that it samples in {£1}V as the Ising model. That is, X ~ p. We will subscript X as follows.
At times, we will consider a sequence of X’s at various “time steps” — we will use X; or X; to
denote random vectors in this sequence. Other times, we will need to consider the value of the
vector X at a particular node — we will use X,, or X, to indicate random variables in this sequence.
Whether we index based on time step versus node should be apparent from the choice of subscript
variable, and otherwise clear from context. Occationally, we will use both: X, denotes the variable
corresponding to node w in the Ising model X at some time step t. Throughout the paper we will
refer to the set Q = {+1}V.

Definition 1. A degree-d multilinear function defined on n wvariables x1,...,x, is a polynomial

such that
S as][en

SCln):|S|<d  i€S
where a : 2" — R is a coefficient vector.

When the degree d = 1, we will refer to the function as a linear function, and when the degree
d = 2 we will call it a bilinear function. Note that since X, € {£1}, any polynomial function
of an Ising model is a multilinear function. We will use a to denote the coefficient vector of such
a multilinear function. Note that we will use permutations of the subscripts to refer to the same
coefficient, i.e., a,, is the same as a,,. Also we will use the term d-linear function to refer to a
multilinear function of degree d.

We say an Ising model has no external field if 6, = 0 for all v € V. An Ising model is
ferromagnetic if 0, > 0 for all e € E.

We now give a formal definition of the high-temperature regime, also known as Dobrushin’s
uniqueness condition — in this paper, we will use the terms interchangeably.

Definition 2 (Dobrushin’s Uniqueness Condition). Consider an Ising model p defined on a graph
G = (V. E) with |[V| = n and parameter vector §. Suppose maxyev ), 4, tanh (|0yy|) < 1 —n for
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somen > 0. Then p is said to satisfy Dobrushin’s uniqueness condition, or be in the high temperature
regime. In this paper, we use the notation that an Ising model is n-high temperature to parameterize
the extent to which it is inside the high temperature regime. Note that since tanh(|z|) < |z| for
all x, the above condition follows from more simplified conditions which avoid having to deal with
hyperbolic functions. For instance, either of the following two conditions:

< —
qulea‘;cz |Ouw| <1 —mn or
uFv

5dmax <1l-n

are sufficient to imply Dobrushin’s condition (where f = maxyy |0uw| and dmax is the mazimum
degree of G).

In some situations, we may use the parameter 7 implicitly and simply say the Ising model is in
the high temperature regime. In general, when one refers to the temperature of an Ising model, a
high temperature corresponds to small 6., values, and a low temperature corresponds to large 6,
values.

We will use the following lemma which shows concentration of measure for Lipschitz functions
on the Ising model in high temperature. It is a well-known result and can be found for instance as
Theorem 4.3 of [Cha05].

Lemma 1 (Lipschitz Concentration Lemma). Suppose that f(X1,...,X,) is a function of an Ising
model in the high-temperature regime. Suppose the Lipschitz constants of f are ly,la, ..., 1, respec-
tively. That is,

|f( X1, X X)) — f( X, X X)) <

or all values of X1,...,X;_1,X;11,...,X, and for any X; and X!. Then,
f + Y i

2
PeFC0) ~ BUCO] > 1 < 205 (550 ).
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Note that this immediately implies sharp concentration bounds for linear functions on the Ising
model.

We will refer to elements in 2 as both states and configurations of the Ising model. The name
states will be more natural when considering Markov chains such as the Glauber dynamics. Glauber
dynamics is the canonical Markov chain for sampling from an Ising model. Glauber dynamics define
a reversible, ergodic Markov chain whose stationary distribution is identical to the corresponding
Ising model. In many relevant settings, including the high-temperature regime, the dynamics are
rapidly mixing (i.e., in O(nlogn) steps) and hence offer an efficient way to sample from Ising models.
We consider the basic variant known as single-site Glauber dynamics. The dynamics are a Markov
chain defined on the set Q2. They proceed as follows:

1. Let X; denote the state of the dynamics at time ¢. Start at any state Xg € €.

2. Let N(u) be the set of neighbors of node u. Pick a node u uniformly at random and update
X, as follows

exp (Gu + 2 veN() GuUXt,v)
exp (0 + ety b Xio ) +ex0 (=00 = Dyena O X
exp (—Hu — 2_veN(w) GM,XM)
exp (6 + X fuoXew) +ex0 (=00 = Coen buo X

Xit1u=1 w.p.

Xit1u=-1 wp.
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Glauber dynamics for an Ising model in the high temperature regime are fast mixing. In partic-
ular, they mix in O(nlogn) steps. To be more concrete, for an Ising model p in -high temperature,
we define

b= nlogn7 (1)
n
The dynamics for an Ising model in high temperature also display the cutoff phenomenon. Due to
this, we have Lemma [2]

Lemma 2. Let z¢ be any starting state for the Glauber dynamics and let t* = (¢ 4 2)t iz for some
0 <d < n. If Xy« 4, is the state reached after t* steps of the dynamics, then

dTV(Xt*,:C07p) S exXp (_(C + l)nlog n)
for all .

Proof. This follows in a straightforward manner from the cutoff phenomenon observed with respect
to the mixing of the Glauber dynamics in this setting. The bound on the mixing time of Glauber
dynamics for high temperature Ising models (Theorem 15.1 of [LPWOQ])H gives us that to achieve
drv(Xt,p) < e, we must run the dynamics for ¢t = "log#log(l/e)
steps, the total variation distance € achieved is

steps. This implies, that after ¢*

e <exp(—t'n+nlogn)
= exp(—(¢ + 1)nlogn).
O
Definition 3. The Hamming distance between x,y € {+1}" is defined as dg(x,y) = Zie[n] Lia,y:}-

Definition 4 (The greedy coupling). Consider two instances of Glauber dynamics associated with
the same Ising model p: Xél),Xfl), ...and XéQ), sz), .... The following coupling procedure is known
as the greedy coupling. Start chain 1 at Xo(l) and chain 2 at X(gz) and in each time step t, choose
a node v € V uniformly at random to update in both the runs. Let ptY) denote the probability that
the first chain sets Xt(i;) =1 and let p® be the probability that the second chain sets Xt(,i) =1. Let
p1 < ps be a rearrangement of the p) values in increasing order. Also let pg = 0 and p3 = 1. Draw
a number x uniformly at random from [0,1] and couple the updates according to the following rule:
If x € [p1, pi4+1] for some 0 <1 <2, set Xt(zg =—1foralll <i<l and Xt(zg =1 foralll<i<2.

We summarize some properties of this coupling in the following lemma, which appear in Chapter
15 of [LPWO09).

Lemma 3. The greedy coupling (Deﬁm'tion satisfies the following properties.
1. It 1s a valid coupling.

2. If p is an Ising model in n-high temperature, then

t
E |di (X, x| 0x” x| < (1= 1) g x§).

3. The distribution of Xt(l), for any t > 0, conditioned on X(()l) 1s independent of X(()2).

Note that Theorem 15.1 of [LPWO09| uses a definition of high temperature which is less general than the one we
present here. But it can also be shown via very similar calculations to hold for our more general version of the high
temperature regime.




1.1 Martingales

We briefly review some definitions from the theory of martingales in this section.

Definition 5. A probability space is defined by a triple (O, F, P) where O is the possible set of
outcomes of the probability space. F is a o-field which is a set of all measurable events of the space
and P is a function which maps events in F to probability values.

Definition 6. A sequence of random variables Xo, X1, ..., X, ... on the probability space (O, F, P)
is a martingale sequence if for all i > 0, E[X;11|F] = X;.

Definition 7. A stopping time with respect to a martingale sequence defined on (O,F,P) is a
function 7 : O — {1,2,...} such that {T =n} € F,, for all n. Also, P[T = oo] > 0 is allowed.

Definition 8. Let X1, Xo,..., X, be a set of possibly dependent random variables. Consider any
function f(X1,Xo,...,X,) on them. Then the sequence {B;};>1 where

B =E[f(X1,Xo,...,X,)| X1, Xo,..., Xi] (2)
is a martingale sequence and is known as the Doob martingale of the function f(.).

A popular set of tools which have been used for showing concentration results such as McDi-
armid’s inequality come from the theory of martingales. In our proof, the following two martingale
inequalities will be useful. The first is the well-known Azuma’s inequality.

Lemma 4 (Azuma’s Inequality). Let (Q, F, P) be a probability space. Let Fo C F1 C Fa... be an
increasing sequence of sub-o-fields of F. Let Xo, X1, ..., X be random variables on (Q, F, P) such
that X; is F;-measurable. Suppose they represent a sequence of martingale increments. That s,
E[X;|Fi_1] =0 or S, = Z;’:O X; forms a martingale sequence defined on the space (Q, F, P). Let
K >0 be such that Pr[|X;| < K] =1 for all i. Then for all r >0,

2
r
Pr[|S: >r] <2exp | ——
1112 7] < 205 (- 7z
The second inequality due to Freedman is a generalization of Azuma’s inequality. It applies when
a bound on the martingale increments | X;| only holds until some stopping time, unlike Azuma’s,
which requires a bound on the martingale increments for all times.

Lemma 5 (Freedman’s Inequality (Proposition 2.1 in [Fre75])). Let (2, F, P) be a probability space.
Let Fo C F1 C Fa... be an increasing sequence of sub-o-fields of F. Let Xo, X1,...,X¢ be ran-
dom variables on (2, F, P) such that X; is F;-measurable. Suppose they represent a sequence of
martingale increments. That s, S; = Zé‘:o X forms a martingale sequence defined on the space
(Q,F,P). Let T be a stopping time defined on Q and K > 0 be such that Pr[|X;| < K] =1 for
i < 7. Let v; = Var[X;|F;_1] and V; = 22:0 v;. Then,

Pr[|Sy| > r and Vi < b for some t < 7] < 2exp (_WQM)) (3)
= Pr[3t <7 s.t |S¢| > 71 and Vi <b] < 2exp (_WQHJO (4)



2 Supplementary Information for Concentration of Bilinear Func-
tions

In this section, we prove the following theorem:

Theorem 1. Consider any bilinear function fo(z) = >, , GuwTu®y on an Ising model p (defined
on a graph G = (V, E) such that |V| = n) in n-high-temperature regime with no external field. Let
|al|oo = max, y ayy. If X ~ p, then for any r > 300]|al|nlog? n/n + 2, we have

nr
Pr X)—-E X)]|>r]<b5exp| — .
1520 = B L0 2 7 < Sewp ()

Note that, for the sake of convenience in our proof, this theorem is stated for bilinear functions
where all terms are of degree 2. One can immediately obtain concentration for all bilinear functions
by combining this result with concentration bounds for linear functions. Since linear functions
concentrate in a much tighter radius (O(y/n), rather than O(n)), this comes at a minimal additional
cost.

Remark 1. We note that n-high-temperature is not strictly needed for our results to hold — we
only need Hamming contraction of the “greedy coupling” (see Point 2 in Lemma @ This condition
implies rapid mizing of the Glauber dynamics (in O(nlogn) steps) via path coupling (Theorem 15.1
of [LPW09)]).

The organization of this section is as follows. We will first focus on proving concentration for
bilinear statistics with no external field. In Section [2.I] we state some additional preliminaries, and
describe the martingale sequence and stopping time we will consider. In Section|2.2] we prove certain
concentration properties of linear functions of the Ising model — in particular, these will be useful in
showing that the stopping time is large. In Section [2.4] we show that our martingale sequence has
bounded differences before the stopping time. In Section [2.5] we put the pieces together and prove
bilinear concentration. In Section [2.6] we discuss how to prove concentration for bilinear statistics
under an external field. Note that under an external field, not all bilinear functions of the Ising
model concentrate, and thus our statistics require appropriate recentering. In Section [2.7] we briefly
argue that the exponential behavior of the tail is inherent — for example, it could not be improved
to a Gaussian tail.

2.1 Setup

We will consider functions where ||a|loc < 1, Theorem [1] follows by a scaling argument. Let a €
|4
2

-1, 1]( ) and define fa: {£1}V — R as follows:

fa(x) = Z Ay Ly Ly -

The quantity of interest which we would like to bound is Pr[|fo(X) — E[fo(X)]| > 7] where X ~ p
is a sample from the Ising model p. For the time being, we will focus on the setting with no external
field for ease of expositiorﬂ

A crucial quantity to the whole discussion will be | f(X) — f(X’)| where X’ is obtained by taking
a single step of the Glauber dynamics associated with a high temperature Ising model p starting
from X. Define f'(X) = >, ., auwwXu. These n linear functions X)), ..., f(X) will arise as a
result of looking at |f,(X) — fo(X’)|, as shown in the following claim:

2Concentration under an external field (with appropriate re-centering) is discussed in Section



Claim 1. If X' is obtained by taking a step of the Glauber dynamics starting from X, then

0 w.p. po

! w.p.
(X = fua(x)] = {2 Ve wpy

21f8(X)] wp. pn
where pg + ...+ p, = 1.

Proof. In each step of the Glauber dynamics, a node v is chosen uniformly at random and up-
dated according to the distribution of v conditioned on its neighbors under the Ising model. With
some probability pg, the dynamics leave node v unchanged (i.e. update it to its current value
X,). In this scenario, f,(X) — fo(X’) = 0. If, on the other hand, the dynamics flip the sign of

node v, then fo(X) — fo(X') = (32,2, @uwXu)(2Xy). Since X, € {*1}, ’(Zu# am,Xu)(ZXv)‘ =
2 Zu;ﬁvam}Xﬂ = 2|f;)(X)’ O

Next, we define a martingale sequence associated with any bilinear function f, of the Ising
model. A sufficiently strong tail inequality on the difference between the first and last terms of the
martingale will get us very close to the desired concentration result.

Definition 9. Let t* = 3t = 3nlogn/n. Let Xo ~ p be a sample from the Ising model p.
Consider a walk of the Glauber dynamics starting at Xo and running for t* steps: Xo, X1,..., Xp=.
X can be viewed as a function of all the random choices made by the dynamics up to that point.
That is, Xi» = h(Xo, Ry, ..., R) where R; is a random variable representing the random choices
made by the dynamics in step i. More precisely, R; represents the realization of the random choice
of which node to (attempt to) update and a Uniform([0,1]) random variable (based upon which we
decide whether or not to update the node’s variable). Hence fo(Xp) = fa(Xo, R1,..., Ry ) where
fa = fo 0 h. Consider the Doob martingale associated with fa defined on the probability space
(0,29, P) where O is the set of all possible values of the variables Xo, X1, Xo, ..., Xy under the
above described stochastic process and P is the function which assigns probability to events in 2°
according to the underlying stochastic process. Also consider the increasing sequence of sub-o-fields
Fo=29 c FL =291 c F, =292 C ... Fpe =29 =29 where O; is the set of all possible values
of the variables Xy, X1, Xa,...,X;. The terms in the martingale sequence are as follows.

BO = E[fa(X07R17 o 7Rt*)

Xo] = E[fa(Xe)| Xo]

Bi = E[fa(XO)Rla e 7Rt*)

XﬂaRlv"'aRi]:E[fa(Xt*)’X()?Xla"'in] (5)

By = fo(Xo, Ry, ..., Ry) = B [fa(X)

XU) X17 v 7Xt*] = fa(Xt*)
Since the dynamics are Markovian, we can also write B; as follows:

B; = E[fa(Xt+)

X;] VO<i<tt

Note that we deliberately choose to skip the term E[f.(R1,...,Ry)] and start the martin-
gale sequence at E[f,(Xo, R1,..., R+)|Xo] instead. This is crucial because it enables us to obtain
strong bounds on the martingale increments. We have a good understanding over the behavior



of the difference in values of f(X;+) conditioned on X; versus X;y; but apriori we can’t bound
|E [fa(X¢)[ Xo] — E [fa(Xe+)]]-

At this point, we could try and apply Azuma’s inequality by bounding the martingale increments
|Bi+1 — B;|. However, these increments can be (n) in magnitude which would yield a radius of
concentration of ~ n'® from Azuma’s inequality. As was remarked earlier, this is weak and we
will see how we can show a radius of concentration =~ n by harnessing the fact that the martingale
increments are rarely, if ever, of the order Q(n). This is because of concentration of linear functions
on the Ising model. To harness this fact, we appeal to Freedman’s inequality (Lemma [5)) and the
first order of business in applying Freedman’s inequality effectively is to define a stopping time on
the martingale sequence such that two things hold:

1. The stopping time is larger than ¢* with high probability. Hence, with a good probability the
process doesn’t stop too early. The harm if the process stops too early (at ¢t < t*) is that we
will not be able to effectively decouple E [f,(X;)|Xo] from the choice of Xjy. t* was chosen
to be larger than the mixing time of the Glauber dynamics precisely because it allows us to
argue that B [f,(X) | Xo] ~ B [fu(Xer)] = E[fa(X)].

2. For all i 4 1 less than the stopping time, |B;+1 — B;| = O(y/n).

With the above criterion in mind, we define a stopping time Tk on the martingale sequence.

Definition 10. Consider the martingale sequence defined in Definition @ Define the set G%(t) to
be the following set of configurations:

G5e(t) = {z € Q| [BIFL(X)|Xe = 2] < K and [E[f)(Xp_1)|X; = 2]l < KV v e V)

N {xt € Q| Pr(|fy(Xp) — E[f7 (Xi)

K2
Xi]| > K| Xt = 2] < 2exp <_16t*> Ve V}

(6)

2
ﬂ {xt Q| Pr||fl(Xep—1) — E[fJ(Xp—1)|Xe]| > K| X = 2] <2exp (— fét*) Voue V}

where E[fY(X)| Xy, ], for allv € V, is defined as 0 for to > t. Let T : O — {0} UN be a stopping
time defined as follows:

Tic = min{t* + 1,min {t [t ¢ G (1)},

Note that the event {Tx = t} lies in the o-field 29t and hence the above definition is a valid stopping
time.

2.2 Properties of Linear Functions of the Ising Model

In this section, we prove the following lemma, concerned primarily with a particular type of con-
centration of linear functions on the Ising model.

Lemma 6. Let Xy be a sample from an Ising model p at n-high temperature with no external
field, and X; be obtained by taking t steps along the Glauber dynamics corresponding to p with the
condition that the dynamics start at Xo. For any linear function f(x) := Y .y auv®, such that



lay| <1, define g'(Xo) = E[f(X¢)|Xo]. Then the following hold for any t > 0,

BLf(X,)] = 0, 7)
Pr [|¢"(Xo)| > r] < 2exp (—g}) , (8)
Pr{If(X,) — BLF(X0)|Xol| > K] < 2exp (—Z) . (9)

Proof. First, if Xy ~ p, then since p is the stationary distribution of the associated Glauber chain,
X ~ p as well. Hence, E[f(X;)] = E[f(X0)] = >_,cv @E[Xo,] = 0 for all £ > 0.

For showing the second property, we will first bound the Lipschitz constants of the function
g'(.). We denote by [ the vector of Lipschitz constants of f(z). Since f is a linear function,
I=12|a1],...,2|ay|,...,2]ay|]. We have for any z, 2’ such that dy(z,2’) =1,

9 (@ =1, i, @) — ' (& =1, .7, mn)| = [E[f(X0)| Xo = 2] — E[f (X)) X = o]

= |E[f(Xy) — f(X])|Xo =z, X = 2] (10)
< |Bl(x: - X)) - T/21X0 = 2, Xf = o

< E [2dp (X, X;)| Xo = 2, Xj = '] (11)
<2. (12)

where holds for any valid coupling of the two chains starting at Xy and X, respectively, in
particular, we use the greedy coupling (Deﬁnition here. follows because |a;| < 1 Vi, and
follows because the expected Hamming distance between X; and X/, due to the contracting nature
of the Glauber dynamics under the greedy coupling (Lemma , is smaller than dg(Xo, X)) which
is equal to 1. Also note that E[g'(X)] = E[f(X;)] = 0. Hence, applying Lemma to g'(z), we get

nr’
Pr[|g"(Xo)| > r] < 2exp <—> .
8n
Note that we could apply Lemma to g*(.) because Xy was drawn from the stationary distribution
of the Glauber dynamics.

To show the third property, we will define a martingale similar to the one defined in Definition [9]
and apply Azuma’s inequality to it. Consider a run of the Glauber dynamics starting at Xg ~ p and
running for ¢ steps. We will view X; as a function of all the random choices made by the dynamics
up to step t*. That is, X; = h(Xo, R1,..., R;) where R; denotes the random choices made by the
dynamics during step i. More precisely, R; represents the realization of the random choice of which
node to (attempt to) update and a Uniform([0,1]) random variable (based upon which we decide

whether or not to update the node’s variable). Hence f(X;) = f(Xo, Ri,..., Rt) where f = foh.
Consider the Doob martingale defined on f:

Do = E[f(Xo, Ry, ..., R)| X0]
D; = E[f(Xo,Ry,...,R)| X0, Ry, ..., Ry (13)

D, = f(Xo, Ry,...,Ry)



Since the dynamics are Markovian, we can also write D; as follows:
D; = E[f(X:)[Xi].

Next we will bound the increments of the above martingale and apply Azuma’s inequality to get the
desired tail bound. In the following calculation, we will use the notation x — y where z,y € {£1}",
to denote that y is a possible transition according to a single step of the dynamics starting from zx.
Forany 0 <:i<t—1,

|Dit1 — Di| = [E[f(X¢)| Xit1] — E[f(Xe)|X]| (14)
< max |E[f(X)| X1 = 2] - E [f(X})]X] = y]]| (15)
z,y:dg (x,y)=1
=, B X =al = > Py~ yB[fX)IXL =] (6
WA= Y y—y
< o o PO |E [f(Xy)|Xip1 = 2] — E [f(X])|Xi =] (17)
= max |E [f(X:) = f(X)|Xiz1 =2, X[, =V]| (18)

x:y/:dH (xzy/)SQ

E

/ / /
 max > ay(Xip — X1 )| Xip1 =2, X[ =y
@y dp (2,y') <2 -

< max  E[2dpg(Xe, X)) X1 =, X[, =] <2 (19)
z,y':dp (,y') <2
where in we relabeled the variables in the second expectation to avoid notational confusion
in the later steps of our bounding, maintaining the understanding that the sequence {X/,Y;}; has
the same distribution as {X;, Y:}:., holds for any valid coupling of the X; and X/ chains, in
particular, it holds for the greedy coupling between the runs (Definition . follows from the
condition |a,| < 1 and the contracting nature of the Glauber dynamics (Lemma [3)) under the greedy
coupling.
Hence, for all 0 < i <t —1, |Djy1 — D;| < 2. Azuma’s inequality applied on the martingale
sequence {D;};>o yields

K?
Pr[|D; — Do| > K| < 2exp <_4t>

2
— Pr(|f(X:) — E[f(X)|Xo]| > K] < 2exp ({;)

2.3 Showing that the Martingale Process Doesn’t Stop Too Early

As a consequence of Lemma [6] we can show that with sufficiently large probability the stopping
time Tk defined above is larger than t*, and thus Freedman’s inequality gives guarantees for all ¢
up to t* with high probability. The main lemma will be the following one, which shows that for any
t, Xy € G%(t) with high probability.

Lemma 7. For anyt > 0, for t* = 3tz

Pr[X; ¢ G%(t)] < 8nexp (-éf) .

9



Proof. Since X is a sample from the stationary distribution p of the dynamics, it follows from the
property of stationary distributions that X; is also a sample from p. Hence we have, from Lemma
[6] and a union bound, that

2
Pr{3v e Vst max{|E[f;(Xe)|Xe]|, | E[f) (Xe—1)| Xe]|} > K] < 4nexp (—775;) . (20)
Let D% (t) be the event defined as
Die(t) ={3v eV st. max{|f7(Xe-) — E[f (Xe) [ Xe][, |5 (Xer 1) — B[f7 (Xe- 1) [ X[} > K}

From Lemma [6] and a union bound, we have,

2
Pr[D%(t)] = E[Pr[D%(t)|X:]] < 4nexp <Z*>

— Pr [Pr [D2(4)|X,] > exp ({fﬂ < dnexp <_§:> (21)

where follows from a simple application of Markov’s inequality. Hence,

Py [3 v eV st max {Pr(|f5(X) ~ B[f(Xp) [ X > K], Pr{|f(Xp—1) — B[f)(Xp_0)| X)) > K]} > exp (—g

< e [Pr D301 > exp [~ 2 )| < dmesp (<52 (22)
8t 8t

From and , we have,

K? K2 2
Pr[X; ¢ G%(t)] < 4nexp <_8t*) + 4nexp <_n8) < 8nexp <_> '
n

O

Given Lemma [7], the proof of the stopping time being large with high probability follows by a
simple application of the union bound.

Lemma 8. For t* = 3tmz,

K2
Pr[t* > Tk| < 8nt" exp (— 8t*> )

Proof. From Lemma[7] we have

P X, GR (0] < sne (50 )

= Pr[t* > Tx]=Pr

U X ¢ Gk ()
t=0

t* 2
< STPr[X, ¢ Gi(1)] < St nexp (—K )
t=0

— 8t*
K2
= 8nt* exp <— e ) .

10




2.4 Bounding the Martingale Differences

In this section, we prove a bound on the increments B;;1 — B; for the Doob martingale defined in
Definition [9] which holds with probability 1 for all i + 1 < Tk. We begin by showing a bound which
holds pointwise when X; € G% (i) and Xjy1 € G% (i + 1) in the form of Lemma [9]

Lemma 9. Consider the Doob martingale defined in Definition @ Suppose X; € G% (i) and X;11 €
G%(i+1). Then

K2
’Bi—i-l — Bz| < 16K + 16n? exp (— 16t*> .

Proof. For ease of exposition, we will refer to G%(¢) as simply G; in the following proof.

|Bi+1 — Bi| = |E [fo(Xe+)| Xit1] — E[fa(Xi+)
= |E [fo(X)| Xi1] — E [fa(X1) | X]]|

<|E [fo(Xe) | Xi1] = B [fa(Xi-_) | X]] | + B [fa(Xp1) | X]] — B [fa(X})

<E [fa(Xpe) = fa(Xpe_) | Xir, Xi] |+ |E [fa(X3) = fa(X{-_1) | X{]]

Z(Xt*,v - Xt{*—l,v) (Z aqut*u) + Z(Xt*ﬂL - Xt{*—l,u) <Z aqué*l,v) ‘Xi—i—la Xz/]

v

+|E [fa(XE) = fa(Xh_1)| X7 (27)

/ ! /
: : ’Xt*ﬂ) - Xt*fl,’u‘ E aqut*,u + E }Xt*,u - Xt*fl,u| E a’u'UXt*fl,v
v u u v

+ |E [fa(Xt) = fa( X 1) | X{]| (28)

Xi]|

(
(
x| (
(

E

<E

Xit1, X{]

where in we relabeled the variables in the second expectation to avoid notational confusion
in the later steps of our bounding, malntalmng the understanding that the sequence {X/,Y;}; has
the same distribution as {X;,Y;};, in we added and subtracted the term E[fq(X7._;)[X]], (26))
holds for any valid coupling of the two chains, one starting at X;4; and the other starting at X7,
and both running for t* — 1 — i steps. In particular, we use the greedy coupling between these two

runs (Definition . Consider the first term in . Since X; 11 € Giy1, we have

E ) auwXe Xi+1] < K and (29)
L u
- o
Pr Zu:aqut*ﬂL —E Zu: aqut*,u Xit1|| > K|Xit1| < 2exp (_ 16t*> . (30)
- o
— Pr Zu:ath*,u > 2K | X1 | < 2exp (—16t*> : (31)

where and together imply . Similarly, we also get that

K2
r [ Za“UXé*—Lv > 2K X{] < 2exp <— 16t*> . (32)
v

11



Since ), ‘Xt*w — X4 v‘ 1>, G X | < 2n% for all Xp«, X/, and since > |Xt*7v - X{tl’v| =
2d g (X, X[ 1), and imply that

E > X o — X ] Dt X + > [ X = X ] D auw Xy, ‘Xm, Xg] (33)
v u u v
K2
S E [4dH(Xt*, t/*—l)K + 4dH(Xt*,Xt/*_1)K|X7;+1, X{] + 8n2 exXp <— 16t*> (34)
K2
< 8K + 8n? — 35
< + nexp< 16t*)’ (35)

where follows because of the contracting nature of Hamming distance under the greedy coupling

of the Glauber dynamics (Lemma |3)).
The same bound can be proven by following the same steps for the second term in , com-

pleting the proof. O
As a consequence of Lemma [ we get the following two useful corollaries.

Corollary 1. Consider the martingale sequence defined in Definition [9

K2
Pr [VO <i+4+1< Tk, |Bi+1 — Bil < 16K + 16n2exp <_16t*>] =1.

Proof. Let k = 16K + 16n° exp (—116(—:*).

Pr[v0 <i+1<Tx, |Bis — Bi| < #]

=1-Pr[30<i+1<Tgk, |Bit1 — Bi| > K]

=1-Pr[30<i+1<Tg, (X; €Gx(i),Xit1 € Gk(i+1) and |Bjy1 — B;i| > k)
or ((X; ¢ Gk (i) or Xip1 ¢ Gx(i+1)) and |Biy1 — Bi| > k)]

=1-Pr[30<i+1<Tg, (X;€G%(1),Xit1 € G(i+1) and |Bit1 — Bi| > k)] (36)

=1-0 (37)
where follows because by the definition of Tk, V0 < i+1 < Tk, (X; € G%(4) and X;41 ¢ G% (i + 1)),
and follows because X; € G% (i), Xit1 € G (i +1) = |Bit1 — Bi| < £ (Lemma @ O

Corollary [1}, will give us one of the required conditions to apply Freedman’s inequality.

As a corollary of Lemma [0} we get a bound on the variance of the martingale differences which
holds with high probability. To show it we first show Claim [2| which states that, informally, for any
time step 4, with a large probability we hit an X; such that the probability of transitioning from X;

to an X;y1 € G4 (1 + 1) is large.

Claim 2. Denote by N (i) the following set of configurations:

Pr(Xi1 ¢ Gk (i +1)|X; = ;) < exp (— S > } : (38)

Ne(i) = dz; €0
k() {‘T < 16t*

Then,

PrLX; ¢ N ()] < Snoxp - f;) |

12



Proof. We have from Lemma[7] that

2
Pr[X; ¢ G%(i)] < 8nexp <—g*> and (39)
2
Pr{Xit1 ¢ G (i+1)] < 8nexp (—g*) . (40)

From the definition of the set Ny (i) we have,

2
Pr[Xis1 € GL(i)|X: ¢ N&()] < 1 — exp (—@) . (41)
Then we have,
2
1 —8nexp (—é;) < Pr[Xiy1 € G% ()] (42)
=Pr[X;11 € GL(i)|X; € N ()| Pr[X; € Nig(4)] + Pr[Xi11 € G%(i)|X; ¢ N (i) Pr[X; ¢ N}l{(g%
2
< Pr[X; € Ng(i)] + (1 — exp (— ét*)) Pr[X; ¢ Ni(i)] (44)
2 2
= (1 — exp <_1[(§t*)> + exp (— 11(;*) Pr[X; € Ng(i)]. (45)
implies,
exp (-2 ) — 8nexp (- L2
A Md ) el ) (10
exp (—45%)
2
=1—8nexp <— fét*) . (47)
O

2
Lemma 10. Consider the martingale sequence defined in Deﬁm’tionH. Letb = (16K + 1612 exp <—%)) +

n* exp (—%). Denote by Ni(i) the following set of configurations (as was defined in Claim @)

Pr X1 ¢ Go(i+ 1) X; = 2] < exp (— K )} . (48)

Ne(i)=dz €Q
K (0) {9” < 16¢*

Then,
Pr[Var[B;y1 — B;|Fi] > b|X; € G% (i) N Ng(i)] = 0.
where F; = 29,
Proof. Since, the random variables Xy, ..., X; together characterize every event in F;, we have,

Var([B; 1 — B;|F;] = Var[B; 11 — B;| X0, X1,...,X;] = Var[B; 1 — B;j| X|] (49)

13



where the last equality follows from the Markov property of the Glauber dynamics. By the definition
of N (i), we have that

Var [Bi—I—l . BZ’Xl € GC[L((Z) N N?((Z)] =E |:(BZ‘+1 — B, — E [Bi-i-l — Bl|Xl € G%{(l) N N}a{(l)])Z X, € G%{(l) N N?((l)

(50)
—E [(Bi+1 . Bi)Q‘Xl- € G2(3) N N;;(@)} (51)

<E [(Biy1 - Bi)?|Xi € G (1) N N(i) N Xiga € Ge(i +1)]

+ B [(Bir1 = B[ X € Gi(i) 0 NE() 0 Xt & Geli+ )] Pr[Xis € G+ 1|, € G () N N ()]

2 2
< <16K + 16n% exp (— 16t*>) +4n*Pr (X1 ¢ G%(i 4+ 1)|X; € G% (i) N N&(i)] (52)
K2\\’ K?
< (16K + 16n* — 4nt -
< < 6K + 16n exp( 16t*>) +4n exp( 16t*>’ (53)

where holds because E [B;11 — B;|X; = x;] = 0 for all z; since {B;}i>0 is a martingale, (52)
holds because Pr[|Biy1 — B;| < 16K + 16n2 exp ( 16%IX € G% (1) N Xiy1 € G%(i+1)] =1 and
53]

the maximum E[(B;11 — B;)?] can be is at most 2n?, (53 follows from Claim [2| The last inequality
implies the statement of the lemma. O

2.5 Applying Freedman’s Inequality and Completing the Proof

With Lemma [9] and Lemma [I0] to bound the martingale increments, and Lemma [§] to show that
the stopping time is large, we are ready to apply Freedman’s inequality on the martingale defined
in Definition [91

Lemma 11. For all r > 300nlog®n/n,

Pr|fo(Xe) — E[fa(Xe=)| Xo]| = 7] < 5exp (_17&4777;10%71) '

Proof. From Freedman’s inequality (Lemma [5)) applied on the martingale sequence (Definition E[),
we get

2

r
Pr|dt < Tk s.t. |By — Bgl > d < B| <2 —_—_— 4
r[3t < Tk s.t. |By o >rand V; < B] < exp< 2(7“K1—|—B)> (54)

where K1 = 16K + 16n? exp ( 16:*) (Lemma@) and V; is defined as follows:

t—1
Vi=> Var(Bii1 - Bi|Fi. (55)
=0

2
Set B = t* (16K+ 1612 exp( 16t*>> + 4t*n exp (—%) and K = /r. Next, we note that if

r > 2n?, the statement of the theorem holds vacuously. From now on we handle the case when
r < 2n2.

Proposition 1. If 2n? > r > 64nlog® n/n, then rK, + B < 867rnlogn/m.
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Proof. We note that n < r < n?: the former is in the condition of the proposition statement, and
the latter is since the lemma is trivial for 7 > n?. Since K = /7, this implies y/n < K < n.

We first focus on 7K. Since r > 24nlog? n/n, we have that 16n?exp (—%) < 164/n, and

therefore K1 < 16K + 16y/n < 32K, and thus rK; < 32rK < 32rt*, where the latter inequality
follows since r < 2n? while t* > nlogn.

By a similar calculation, we have that B < t* (8K + 8y/n)” + t* < 25TK2t* = 257rt*.

Adding the two, we have that rKj + B < 289rt* = 867rnlogn/n, as desired. O

Hence, becomes

2
Pr[3t < Tk s.t. |By — Byl > dV;<B]<2 —————
r[dt < Tk s.t. |By ol >rand V; < B] < exp< 2(7“K1+B)> (56)
nr
<2 .
= 2P ( 1734n logn> (57)
Next we will bound, Pr[V;+ > B] which will be useful for obtaining the desired concentration
bound from (57).
Pr{Vi= > B] <Pr[Vp >BV0O<t<t"X; € G (t) N Ng ()] +Pr[30 <t <t" Xy & G%(t) N Ng(t)]
B
< Pr [3 0<t<t" st Var[Bui — BlX,] > 75*‘v0 <t<t" X, e GL(H)N N?((t)] (58)
t*
+ > (Pr[Xe & Gic(t)] +Pr[X; & N (1)) (59)
t=0
K? K? 48n?logn K?
< t* - - < — - )
<0+ <8n exp < 8t*> + 8nexp < 16t*>> < p exp < 16t*> (60)

where holds because Vi~ > B implies that there exists a 0 < ¢ < ¢* such that Var [B;1 — By|X;] >
B/t*, follows by an application of the union bound, and follows from Lemma Lemma
and Claim [2|

Now,
Pr Hf(Xt*) —E [f(Xt*)’XOH > 7’] =Pr HBt* — BO‘ > 7’]
< Pr HBt* — BQ‘ >7rand Vi < B] + Pr [V%* > B] (61)
< Pr[|By — Bg| > r and Vi« < B and t* < Tk| + Pr[t* > Tk| + Pr [Vi= > B| (62)
<Pr[(3t<t*st. |By—Bo|>rand V; < B) and t* < Tx] + Pr[t* > Tk| + Pr[Vi» > B] (63)
<Pr[3t < Tk st. |By— Bo| >rand V; < B] + Pr[t* > Tk| + Pr[Vi+ > B]
nr 24n2logn nr
<2 — - Pr|{Vi- > B 64
- exp( 1734nlogn> + n P 24nlogn +Pr{Ve > B (64)
nr
<3 - Pr (V= > B 65
- exp< 1734nlogn)Jr r[Vee > B] (65)
nr 48n2logn nr
<3 — - 66
= 2P ( 1734n logn) + i P 48nlogn (66)
nr
<5 —_ . 67
=P < 1734n logn) (67)

where and follow from the fact that Pr[A] < Pr[A N B] 4+ Pr[-B], (63)) follows from
the fact that Pr[A] < Pr[A U B], follows from (57) and from Lemma holds because
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r > 300nlog?n/n, follows from and again holds because r > 300nlog?n/n. Note
that we have implicitly assumed that n > 1/n, since otherwise the concentration bounds obtained
are trivial.

O

We note that this statement conditions on an initial state Xy. In order to remove this condi-
tioning, we must argue that after ¢* steps, the Glauber dynamics have mixed, and X+ is very close
in total variation distance to the true Ising model, for any starting point xg.

We use Lemma[2)to remove the conditioning in our previous tail bound, which implies Theorem [T}

Lemma 12. For all r > 300nlog®n/n+ 2 and n sufficiently large,

Pr(|fo(Xee) — E[fa(Xe+)]| > 7] < 5exp (—17357;;0%“> '

Proof. Since Xy ~ p, we have that, X+ ~ p as well. From Lemma [2] we have that for t* = 3tmix,

drv (X[ Xo, Xi+) < exp (—2nlogn)
—> |E [fa(X¢+)| Xo] — E [fa(Xi)]| < 2n* exp(—2nlogn) < 2exp(—n),

Now,

Pr|fo(Xe) — E[fa(Xe)]| > ger] < Pr|fo(Xe) — B [fa(Xe)[Xo]| > r — 2exp(—n)]

-2
< 5exp <77(7“)2>
1734nlog“n
nr

<5 -_— ], 68

=0 eEp < 1735n log? n) (68)
where holds for sufficiently large n. O

2.6 Concentration under an External Field

Under an external field, not all bilinear functions concentrate nicely even in the high temperature
regime. This can be seen easily, for instance, in the case of f,(X) = Zu;év Xy X,. On an empty
graph with a uniform external field k on each node, Var(f,(X)) = c¢(h)n® (where c(-) is a function
depending only on h). Hence the best scale of concentration one could hope for is at a distance n'->
from E[f,(X)]. However, tighter concentration akin to the one we achieve when there is no external
field can be shown for classes of appropriately centered bilinear functions. We briefly describe
the reason a non-centered function such as the one above doesn’t concentrate and then argue at
a high level how a correctly ‘centered’ function has sharper tails. To see where our framework
fails when trying to show concentration of measure for arbitrary bilinear functions, let us look
at fo(X) = 3,2, XuXy. Under an external field, the linear functions associated with taking
a step along the censored Glauber dynamics starting at X, are no longer zero mean. Although
linear functions still concentrate around their expectation with a radius of O(,/n), the expectations
can be of the order Q(n). Hence we can’t use concentration of linear functions to argue that
|fY(X)| ~ O(y/n). And the example described above shows that indeed the variance is higher
for this function and the best concentration of measure one could hope to show has tails bounds
which kick in at deviations of O(n'®) from the mean. To get stronger tails, the fix is to center our
bilinear functions so that the linear functions arising from f,(X) — f,(X’) are zero mean thereby
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enabling application of concentration at radius O(y/n) on the quantity |fY(X) — E[fY(X)]| rather
than having to bound | f(X)] itself. There are multiple ways to achieve this. We present two simple
and natural ways of doing so in Theorem [2|

Theorem 2 (Concentration of Measure for Bilinear Functions Under an External Field). 1. Bilinear
functions on the Ising model of the form fo(X) =3_, , auo(Xu — E[Xu])(Xy — E[X,]) satisfy
the following inequality at high temperature. There exist absolute constants ¢ and ¢’ such that,
for > enlog®n/n,

Pr{|fa(X) — Blfu(X)]| = 1] < 4exp () .

dnlogn

2. Bilinear functions on the Ising model of the form f,(XM X)) = > auv(qul)—Xq(f))(Xq(]l)—

Xl(,g)), where XM, X @) are two i.i.d samples from the Ising model, satisfy the following inequal-
ity at high temperature. There exist absolute constants ¢ and ¢ such that, for r > enlog? n/n,

Pr [[£a(xX W, X®) ~ B[fu(xV, XD)]| = 7| <4exp <—,r> -
dnlogn
Proof. Since most of the proof follows along similar lines as that of the case with no external
field, we briefly sketch the outline and highlight the major differences here. The calculations are
straightforward to verify. The first step would be to prove a version of Lemma [6] for linear functions
in the case of external field with the main difference being that wherever we had f(z) = >, ayz,
before, we replace it with f(z) = >, ay(z, — E[X,]). With this replacement it can be seen that
the lemma follows in the presence of an external field. Next, we proceed to define a martingale
sequence in the same way as was done in the case without external field. The linear functions
in the stopping time definition are now replaced with their centered versions (i.e. are made zero
mean). When studying the martingale differences we end up having to bound the difference in the
expected value of our function at some future time t*, conditioning on starting at two different
starting states X and X', where X’ is obtained by doing one step of the Glauber dynamics from X.
For the first style of centered functions listed in the theorem statement, if we unravel our bounding
procedure we end up needing to bound functions of the form (23, auy(Xy — E[Xu])‘ for different
v’s. The linear function inside the absolute value is zero mean and hence we can bound it in absolute
value with high probability using concentration of measure for linear functions. Similarly, for the
second style of functions in the theorem statement, we end up needing to bound functions of the

form ZZWA,U auv(Xél) — Xz(f)) which again are zero mean, and we can still use concentration of

measure of linear functions to bound them. The rest of the proof follows in the same way as in the
case without external field. O

2.7 An Exponential Tail is Inherent for Bilinear Statistics

In this section, we show that our tail bound of Theorem [I]is asymptotically tight upto a logn factor
in the radius of concentration. Informally this means that exponential tails are the best one could
hope to get for bilinear functions and sharper tails, (e.g. a Gaussian tail: exp(—r2/n?)), can’t be
obtained. The tightness will follow from the following theorem which shows that the tail given by
the Chernoff bound is asymptotically tight for sums of bounded i.i.d. random variables.
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Theorem 3. (Folklore) Let X1,..., X, be i.i.d. samples from Ber(1/2) and let g(X) =Y 1", X;.
Then for any r > 0,

Prlg(X) - Blo(X)] > 1] 2 exp (-,

7"2
Prly(X) - Blo(X)] < —r] > exp (=20 ).

One possible proof of the above theorem follows by the application of Stirling’s inequalities.
Now, consider the bilinear function f(X) = -, ., XuX, on an Ising model on an empty graph.
Hence for each u, (X, +1)/2 ~ Ber(1/2) independently. Note that E[f(X)] = 0.

2f(X) = (ZXU> -n

— Pr[[f(X)| >r] =2 Pr[f(X) >r]
—Pr[ZXu > \/7“/24-77/

> exp <—9W2+n)> > exp(—9/4) exp <—2:L> :

\r/24n

_p
: 2

Xu+1 n
Zu2 3|7

u

4n

where the last inequality follows from Theorem This shows that the tail bound obtained from
Theorem [1]is asymptotically nearly-tight (up to a O(logn) factor in the radius of concentration and
O(1/logn) factor in the exponent of the tail bound).

3 Supplementary Information for Concentration of Multilinear Func-
tions

In this section, we prove the following theorem:

Theorem 4. Consider any degree-d multilinear function

fa(l‘) = Z au H Loy

UCV:|Ul=d  ueU

on an Ising model p (defined on a graph G = (V, E) such that |V'| = n) in n-high-temperature regime
with no external field. Let ||a|l = maxycy.jy|=q|av|. There exist constants C1 = C1(d) > 0 and
Cy = Cy(d) > 0 depending only on d, such that if X ~ p, then for any r > C||al|(nlog? n/n)%/?,
we have

—r
Pr{|fo(X) — E[fa(X)]| > 7] < 2exp (— 27d )
Cslallss n logn

Note that, like our bilinear theorem statement, this statement is phrased for multilinear functions
of degree exactly equal to d. This is for convenience of notation in our proof. A general purpose
theorem for all degree-d multilinear functions can be obtained by simply partitioning the terms
based on their degree, and applying this theorem for each degree from 1 to d. This will not incur
significant costs in the concentration bound, as the terms of order lower than d have much tighter
radii of concentration. Similar to Remark [I our theorem statement still holds under the weaker
assumption of Hamming contraction.
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Remark 2. The bound presented in Theorem s asymptotically tight up to an Od(logd n) factor in
the radius of concentration and a O(1/logn) factor in the exponent of the tail bound. This can be
shown via an argument similar to that employed in Section[2.7]. In particular, for an Ising model on
an empty graph (where each node is completely independent of the others), we have for the d-linear
function f(x) = ZUQV:\U|=d [Licu zu, the following inequality for a big enough constant C(d)

r2/d
Pr[If(X) ~ BIf(X)]| > 1] > 2exp (—C( d)n) .

In Section [3:1] we state some lemmata and definitions. We then show a bound on the expected
value of d-linear functions on the Ising model in high temperature (Section |3.2). We proceed by
showing our main result (Theorem [5)) in Section . This result requires us to relate the expected
values and tail probabilities of hybrid terms to those of non-hybrid terms, which we do as Theorem 6]

in Section [3.4]

3.1 Setup

We will now proceed with the setup of our argument for concentration of d-linear functions.
Recall from Claim [I] the linear functions that arose when looking at the difference in the value of

a bilinear function due to a step of the Glauber dynamics. In a similar vein, we define a family F?

of multilinear functions on the Ising model of degree < d — 1 associated with any d-linear function

fa(z).
Definition 11.

d—1
Ff =] Fu(l) where (69)
=0
Fa(1) = {fa""* "= |V distinct v1,vs, . ..,v4— € V} and (70)
fat vt (z) = Z Quyug..ug jv1v..op Xus Xug - - Xug_p- (71)

u1,u2,.ud— €V \{v1,02,...,01}

In the set of functions defined above, the degree d — 1 functions arise (up to scaling) from
looking at the difference in values of f,(X) when a single step of the Glauber dynamics is taken.
More generally, the degree [ — 1 functions in the definition arise when looking at the difference in
values of a degree [ function from FZ(I) when a single step of the Glauber dynamics is taken.

We will also need to generalize the greedy coupling (Definition [4f) used in Section [2[ to couple
two runs of the Glauber dynamics. The generalization will provide a way of coupling an arbitrary
number of runs of the Glauber dynamics on a common Ising model p.

Definition 12 (The k-Greedy Coupling). Given an Ising model p in high temperature, for any

k > 0, consider the following process: Let x(gl), xé2), . ,xék) € Q be k starting configurations. Run k

instances of the Glauber dynamics associated with p with the it" instance starting at state Xéi) = a:éi),
Let the sequence of states observed in the i" run of the dynamics be X(gz),XY),Xéz), ... Couple
the k runs in the following way: At each time step t choose a vertex v € V uniformly at random

to update in all of the k runs. Let p* denote the probability that the i*" Glauber dynamics instance

sets Xt(lg =1. Let py < py < ...p be a rearrangement of the p* values in increasing order. Also

let po =0 and pxy1 = 1. Draw a number x uniformly at random from [0,1] and couple the updates
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according to the following rule:
If x € [p1, pis1] for some 0 <1<k, set X(l) —1 foralll1 <i<1 and Xt(lg =1 foralll<i<k.

We call this coupling the generalized greedy coupling of the k runs or the k-greedy coupling.
Now we list some properties the generalized greedy coupling (Definition satisfies.

Lemma 13 (Properties of the k-Greedy Coupling). The k-Greedy coupling (Definition @) is a
valid coupling of k runs of Glauber dynamics with the following properties.

1. IfXéi) ~ p, then Xt(i) ~p forallt >0 and for all 1 <i < k.

2. If p is an Ising model in n-high temperature, for any pair of runs i # j,
i i j n\! i j
E [dn (X", x| (X, x5 < (1= 2) dul(x(", X§).

That is, the joint distribution of any two of the runs is a greedy coupling as described in
Definition [{)

3. For any pair of runs i # j, the distribution of Xt(i), for any t > 0, conditioned on Xéi) 18

independent of Xéj) .

Proof. First we will argue that the k-greedy coupling is a valid coupling. Consider the marginal
distribution of any one of the k runs: X G ),ij ), .... The process of generating Xt( +)1 from X, ()
corresponds precisely to a step of the Glauber dynamics. Firstly, the sampling of a node among
all choices is common to all runs and hence also to run j. Secondly, the update probabilities for
the selected node are exactly what Glauber dynamics would have prescribed. Hence, it is a valid
coupling of the k runs. Since p is the stationary distribution corresponding to all the k runs,
X() ~p = X() ~ p for all t > 0. We will now argue that any pair of runs ¢ # j are coupled
accordlng to the greedy coupling of Definition . Since the node to be updated in any step is
chosen to be the same for all runs it is also the same for runs ¢ and j. Moreover, the updates of the
selected node in runs ¢ and j are coupled in precisely the same way as they were under the greedy
coupling. Hence, the k-greedy coupling is a greedy coupling for any pair of runs ¢ and j. Hence,
from Lemma [3| we have

E [dH(Xt("),Xt“))](xé”,x(”)] < (1 - %)th(Xéi),XO(j)).

Also from Lemma , we have that the distribution of Xt(i), for any t > 0, conditioned on Xéi) is
J

independent of X é O

The k-greedy coupling we have defined above will be useful in showing the following property
about the concentration of the Hamming distance between two greedily coupled runs which is stated
as Lemma [T4]

Lemma 14. Let zg,yg € 2 be two configurations for a high temperature Ising model p on n nodes.
Let { X }1>0, {Y:} >0 be two runs of Glauber dynamics associated with p, coupled greedily with Xo =
o, Yo = yo. Then, for any integer t > 0 and any real K > 0,

K2
Pr{ldn (Xi,¥9) B d (X0 0) 0, Yll > K10 = a0, Yo = o] < 200 (1 ).
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Proof. We will use Azuma’s inequality (Lemma . Consider the Doob martingale associated with
dp (X, Y:) (similar to that of Definition @but now defined using the greedily coupled dynamics),
parameterized by zg,yo. The " term in the martingale sequence is H; = E[dg(X;,Y;)|X;, Y]
(where we have used the Markovian property of the Glauber dynamics). We look at |H;y1 — H;|
forany 0 <i+4+1<+t.

(Hiv1 — Hi| = [E[dp (X, Ye) | Xi1, Yiqa] — E[du (X, Y1) X5, Yi]| (
< |E [dy (X, Yo)| Xit1, Yigr] — B [du (X1, Y 0)|1X;, Y] (73
+ |E [du (X4, Y2)| X3, Yi] — E[dg (X1, Yi-1)| X3, Yi]| (
< B [du(X4,Yy) = du(X{_, Y )| Xisr, Yoy, X1, Y/ ]| 42 (
<E [|du(Xs, Y2) — du(X;_1, Yi1)| [ Xit1, Yigr, X[, Y] 42
<E [|du(Xe, X{_1) + du (Y, Y/ 1)| [ Xiv1, Vi, X0, Y] +2 (76)
<4 (77)

where and follows by adding and subtracting the term E [dg (X—1, Yi—1)| X}, Yi] to the dif-

ference inside the absolute value. We have also renamed E [dg (Xy—1,Y—1)|X;, Yi] as E [dg (X]_,, Y/ )| X[, Y/]
in to avoid notational confusion in the later steps of our bounding, maintaining the under-
standing that the sequence {X/,Y/}; has the same distribution as {X¢, Y;};. The first term in

bounds the term of for any valid coupling of the two greedily coupled probability spaces,

namely {X;,Y:}i>; and {X/,Y/}i>;. Here we couple them using the 4-greedy coupling (Defini-

tion . Also, by triangle inequality, E[|dg (X, Y:) — dg(Xe—1,Yi—1)|| X5, Yi] < E[ldg (X, Xi—1) +

du (Y, Yi—1)| X3, Yi] < 2. Hence (75) follows. Similarly, follows because |dy (X¢,V:) — du(X,_;,Y/_))| <
di (X, Xi_1)+dp(Y;, Y/ ) and (77) follows because E[dy (X;, X{_1)|Xiy1, X;] < dg(Xip1, X;) <1
(Lemma and similarly E[dg (Y:, Y/ )|Yit1, Y] <dp(Yit1,Y]) < 1.

)

Hence by Azuma’s inequality applied on the martingale sequence from 0 to t, we get

2
Pr [|du (X, X;) — B [du (X, X;)| Xo, Xg]| > K|Xo = 20, Xg = 5] < 2exp <_§3t> '

3.2 Bounding Marginals of an Ising Model in High Temperature

The goal of this section will be to obtain a bound on the expected values of the d-linear functions
under consideration when computed over a sample from a high temperature Ising model. We start
by bounding the marginals of ferromagnetic Ising models (6, > 0 for all u,v). We will show later,
using a generalization of the Fortuin-Kastelyn (FK) model, that this suffices to yield the result for
non-ferromagnetic Ising models as well. The FK model connects bond percolation with the Ising
model and offers powerful tools to show stochastic domination inequalities which will enable us to
bound the marginals of the Ising model. We assume familiarity with the FK model as described in
Chapter 10 of [RASIH].

Lemma 15. Consider a ferromagnetic Ising model p (0, > 0 for all (u,v) € E) at high temperature.

Let d be a positive integer. We have
d /2
4dnd]l
S E|[[X. §2<n0gn> .
d =1 n

UL,...,U
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Proof. We have,

(ZXUY: > ﬁxui (78)

veV UL ,yeug €V i=1

d
=E (ZX) : (79)

— E

> 1T~

UL y..nsUg 1=1

Since we are in high temperature, we have from LemmaPr 1>, Xo| > K] < 2exp (— "8122 ) Since

the maximum value of ) X, = n, we have for all K >0,

! 17K2
E|[l) X, < K%+ 2ndexp <—8). (80)
n
v

Setting K = 24/ndlogn/n we get,

> 1.

UT,...,Uqg =1

E

! 4dndlogn d/2
—E (ZX,) §2<n> : (81)

O

For any Ising model p on graph G = (V, E') with parameter vector represented by 6, we associate
a ferromagnetic Ising model denoted by p* defined on the same graph G where all the edges retain
their magnitude but are now forced to be ferromagnetic interactions. That is, |0%,] = Gﬁz for all
u,v. We have the following relation between the marginals of p and those of p™.

Lemma 16. Consider any Ising model p defined on G = (V, E). Consider any subset of k nodes
{ui,...,ux} C V. Then,

E, [Xu, X - - Xup] < Bt [Xuy Xy - X

Proof. If k is odd, then the quantities on the LHS and RHS are both 0 and hence the Lemma
holds. To handle the case when k is even, we consider a generalization of the FK model to possible
non-ferromagnetic Ising model. This generalization is discussed in detail, for instance, in Newman’s
paper [New90|. The generalization retains many nice properties of the FK model. In particular,

when £k is even, E, [Hle Xui] = Pr{X,,, Xu,, ..., Xy, belong to same cluster | still holds. Equa-

tion (20) in Section 5 of [New90] notes that the percolation measure associated with any Ising model
is stochastically dominated by the measure associated with its corresponding ferromagnetic Ising
model. A consequence of this stochastic dominance, noted in homework problem 3 in the chapter
on Phase Transitions by Griffiths in [DST1], is the desired inequality

E, [Xu, Xuy - - Xuy) < Eps [Xuy Xy - X
0

Lemma 17. Consider any Ising model p defined on G = (V, E). Consider any subset of k nodes
{Ul, oo ,uk} - V. Then,

Ep [Xuy Xuy - X ]| S Bt [ Xy Xy - Xy ]
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Proof. If we show that —E, [Xy, Xu, ... Xu,] < Ept [Xy; Xu, - .. Xy, ], then together with Lemma
we get the desired result. To show the above inequality we build an Ising model p and apply
Lemma [I6] to it. p is defined as follows. The set of vertices V' on which p is defined is augmented
with k& dummy vertices, %1, U, ..., u; and the set of edges F is augmented by the addition of the

set of edges E: .
E = {(u;,u;) fori=1,2,... k}.

The parameters for the new edges are all set to 400 except for the edge (u1,@;) whose parameter
is set to —oo. Under this construction, we have that

E; [ Xa, Xy - X, ) = —Ep [ Xy, Xuy - Xy, ] - (82)

From Lemma we have

E; [ Xa, Xa, - - Xa,] < Ep+ [Xa, Xa, - Xg ) (83)
And since all edges of the form (u;,u;) for i = 1,2,...,k have a parameter of +oo under p*, we
have

E;+ [Xa, Xa, -+ Xa,] = Ept [ Xy Xuy -+ - Xy (84)

Finally, we observe that this construction doesn’t change the values of any of the original marginals.
In particular,

Ejt [Xuy Xuy - X = Byt [Xuy Xy - X ] (85)

,, and combined give us the desired result. O
Lemma [I5] together with Lemma [I7] gives Corollary [2]

Corollary 2. Consider any Ising model p at high temperature. Let d be a positive integer. We have

/2
<9 (4ndlogn> .
n

Z Ep[ Xy, Xuy - -+, Xuy]
d

UL yeeeyU

Proof. We have,

< D BplXuXup oo Xl

UL,.-e5Ud

Z Ep[Xu, Xuy - -, Xu,]

Ut,...,Ud

4dndlogn d/2
< Y B [Xu Xy Xy, <2 — )

ULy Ud

3.3 Main Theorem Statement for d-Linear Functions

We are now ready to show concentration of measure for d-linear functions. First, we define a notion
of a ‘good’ set of configurations corresponding to a d-linear function f,(z) similar to how it was
defined in Section [2 Doing so will help us define a stopping time for the martingale sequence we
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consider later on in the argument. For any multilinear function f,(x) of degree d, K > 0, and
t1 > t, define the set G?&d(tl, t) to be the following set of configurations:

G}léd(tl,t) = {xt € Q‘ V1<i1<d-1,VYfe FYl) max{|E[f(X;)|X, = x|, |[E[f(Xs, -1)|X; = 24]|} < Kl/(d—l)}

m{xt

. K2/(d-1)
V1<l<d-—1,VfeFi) Pr [|f(th) —E[f(X.)|X:]| > Kl/<d*1>‘xt - xt} < 2exp <_c(l)t>}
1 1
(86)

2/(d—1

N {x VLS 1< d—1,9f € B0 Pr [|f(Xm) — BIFXG )X > KV x, = 2] < 26 (—W)}
where E[f(X¢, )| Xy], is defined as 0 for ¢t > ¢; for any function f and c¢;(I) > 0 is a function of {
which is sufficiently large. The definition may seem complicated at this moment but its usefulness
will become more apparent once we delve into the proof of Theorem [5

G;(’d(tl, t) was deliberately constructed so as to satisfy the following layering property which will
be very useful in the inductive argument of Theorem [5] The following corollary is immediate from
the definition of G%’d(tl, t).

Corollary 3. Suppose fq(x) is a d-linear function and x € G‘;(’d(tl,t). For any v € V, let a
represent the coefficient vector of the (d — 1)-linear function fY(x). Then x € G;ﬂ:’d*l(tl,t) where
K = K(d=2)/(d-1)

We will obtain the desired concentration bound by showing that the following set of statements
hold for any d-linear function fq(Xy+) (where d is a constant) with bounded coefficients (||al|, < 1).
To show Statement of Theorem [5, we will use Theorem |§|

Theorem 5. Consider an Ising model p in the n-high temperature regime. Let ty; = nlogn/n
denote the mizing time of the Glauber dynamics associated with p. Let f, : Q2 — R be any d-linear

14
function for some d > 1, such that fq(z) = Zul g Qurtin..ugTus Tuy - - - Ty where a € [—1, 1](d).

Let 2tip < t* < (n+ 1)tmiz.

d

1. Let Xo ~ p. Consider a run of the Glauber dynamics associated with p running for t* steps:
X0, X1,..., Xp=. Forany 0 <ty < t*, there exist ¢(d), ca(d) > 0 which are increasing functions
of d only, such that, for any r > c¢(d)(nlog?n/n)¥?, we have,

r2/d
Pr{lfa(Xee) = Elfa(Xe) [ Xio]| = 1] < 2exp (‘(d)t) |

2. If X ~ p is a sample from the Ising model, there exist ¢(d),c3(d) > 0 which are increasing
functions of d only, such that, for any r > ¢(d)(nlog?n/n)%?,
Pr (| fo(X) — B[f2(X)]] > 1] < 2 2
r{|fa(X) = E[fa(X)]] 2 r] < 2exp —m .

3. For any 0 < tg < t*, there exist c(d), ca(d) > 0 which are increasing functions of d alone, such
that, for any r > c(d)(nlog?n/n)%?,

12/d
Pr HE [fa(Xt*)|Xto]| > ’I“] < 2exp <_ c4<d)t*) :
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Proof. The proof will proceed by induction on d.

Base Case d = 1: Statement [Ilfollows from Statement 3 of Lemmal[6l Statement [2]of the Theorem
follows immediately from Lemma [T] applied to linear functions. Statement [3] follows from Statement
2 of Lemma [6] Hence, we have shown that Theorem [5 holds when d = 1.

Inductive Hypothesis: Suppose the statements of the theorem hold for some d > 1. We will now
show that they hold for d + 1.

Statement We aim to show this statement for d 4+ 1-linear functions. We will use Freedman’s
inequality in a similar manner as was done in Section[2] We begin by defining a martingale sequence
associated with fo(z).

Definition 13 (The d-Linear Martingale Sequence). Let Xo € Q = {£1}" be a starting state.
Consider a walk of the Glauber dynamics starting at Xy and running for t* steps: Xo, X1,..., Xp=.
Xy can be viewed as a function of all the random choices made by the dynamics up to that point.
That is, Xy» = h(Xo, R1,..., Ry=) where R; is a random variable representing the random choices
made by the dynamics in step i. Hence fo(Xp) = fao(Xo, Ry, .., Ry) where fo = fo 0 h. Consider
the Doob martingale associated with fa defined on the probability space (O,QO,P) where O is the
set of all possible values of the variables Xo, X1, Xo, ..., Xy under the Glauber dynamics and P is
the function which assigns probability to events in 2° according to the underlying Glauber dynamics.
Also consider the increasing sequence of sub-o-fields 200 201 € 202 ¢ ... 29 = 20 where O; is
the set of all possible values to the variables Xo, X1, Xo, ..., X; under the Glauber dynamics. The
terms in the martingale sequence are as follows:

Bo =E|fu(Xo, Ry, ..., R)

XO}
B; = E[fa(Xo, Ry, ..., Re=)| X0, Ri,..., Ri] (87)

By = fu(Xo, Ry, ..., Rer)
Since the dynamics are Markovian, we can also write B; as follows:
B, =E[f.(X+)|Xi] VO<i<th

Next, we define a stopping time Tk on the above martingale sequence. The definition generalizes
the stopping time defined in Section [2] by requiring that many conditional expectations are small
together.

Definition 14 (Stopping Time for d-linear functions). Consider the martingale sequence defined in
Definition[13 Let Tx : O — {0} UN be a stopping time defined as follows:

Tic = min{min {t ‘t ¢ G?{‘“(t*,t)} 41}
Note that the event {Tx =t} lies in the o-field 20t and hence the above definition is a valid stopping
time.

Using the induction hypothesis, we will show that the stopping time defined above is large with
a good probability for the parameter range which is of interest to us.
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Lemma 18. For any t > 0, t* < (n + 1)tyz, there exists c¢(d) > 0 such that, for any K >
c(d)(nlog® n/n)*?,

prlx, ¢ qodtl(p < &dnd+! K21
r[X g G 1) < s exp e )

where c1(d) is as defined in (86)).
Proof. For any 1 < k <d+ 1, and v1,v9,...,v € V, let Ex(v1,v2,...,v;) be the following event:
Eic(vr, vz, ... vg) = masc {[BLf172% (X)X, = ] [ (X 0)| X, = )|} > KR/

Since X is a sample from the stationary distribution p of the dynamics, it follows from the property
of stationary distributions that X; is also a sample from p. Hence we have, from the induction
hypothesis, Statement [3| for multilinear functions of degree < d, and a union bound, that for any
1<k<d+1,v,vs,...,0; €V, and for K > ¢(d)(nlog?n/n)%?,

K2/d
Pr[ Ex(vi,v2,...,v)] < 4exp Taldt 1kt (88)

From and a union bound, we get

Pr(31 <k <d+1and vy,vs,...,vx € Vs.t. Ex(vi,va,...,05)]

d+1 2/d 2/d
K K
<N 4nk - ) < 4dn*H! SN 89
—; " eXp( 64(d—|—1—k)t*> A A N s (89)

For any 1 <k <d+1, v1,va,...,v5 € V, let Dg(v1,v2,...,v;) denote the following event:

Dk (v1,v2,...,v) = max {| fy102 % (X ) — E[fa002 "% (X )| Xe]|
| fUrv2e s (X e _y) — B [fI002 0% (X 1) X[} > Kld+1=k)/d

Let D% (t,k) be the event defined as
D% (t,k) = Jv1,va,...,u, € V such that Dg(vi,ve,...,vL).

From the inductive hypothesis, Statement 1| for multilinear functions of degree (d 4+ 1 — k)(< d),
and a union bound, we have,

K2/d
Pr[D%(t, k)] = E[Pr[D%(t, k)| X,]] < 4n* exp <_02(d+1—k)t*>

K2/d . K2/d
Pr |Pr [D¥% X - <4 —
= Pr |Pr[D%(t, k)| X¢] > exp adri-hr )| S n" exp ed IR (90)

d+1 KQ/d d+1 l K2/d
P Pr D% (¢, k)| X, - < 4 —
— Pr kL_Jl r (D (t, k)| X¢] > exp adT iR _kZ_l n' exp 2e(d L1 )T
K2/d
< 4 d+1 _ 1
< 4dn®T" exp ( 262(d)t*> (91)
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where follows from Markov’s inequality (and holds for sufficiently large c3(d)) and follows

from a union bound. Hence,

d+1 K2/d
Pr kL_Jla'Ul,'UQ,...,'Uk € V| PI'[DK(’UI,UQ,...,'Uk)] > exp —m

<Pr

d+1 2/d 2/d
K K
| | PriD¢ X - )| < 4dnit! S— 92
et r[Dic (8 B)|X] > exp ( ca(d+1—- k)t*>] < ddn™" exp ( 202(d)t*> (92)

From and , we have,

2/d K2/d K2/d
Pr [ﬁG;édH(t*,t)] < 4dnt exp (— K ) + 4dn™ ! exp (— ) < 8dnat1 exp (— )

C4(d)t* 2C2(d)t* 262<d)t*

O

Lemma 19. For t* < (n+ 1)tmi, there exists c(d) > 0 such that, for any K > c(d)(nlog? n/n)¥/?,

K2/d
Pr[t* > Txk] < 8dt*n+! -
r[t* > Tx| < 8dt*n® " exp et )

where cy(d) is as defined in Theorem [}

Proof. From Lemma [I8] we have,

Pr | X, ¢ GR (1, 1)| < 8dn™! LSl
X g G 0] <sinexp | —5 o

= Pr[t* > Tx]=Pr

t*
U X, ¢ G?(’d+1(t*,t)]

t=0

3 dt1 d+1 K2/
< a, * < * — .
< ?o: Pr [Xt ¢ Gutl( ,t)} < sarn*texp |~

O

Now we will argue that the increments of the martingale are bounded up until stopping time.

Lemma 20. Consider the Doob martingale defined in Definition B Suppose X; € G‘;(’dﬂ(t*, i) and
Xit1 € G%’dﬂ(t*,i +1). For K > ¢(d)(nlog?n/n)%?, and a large enough constant cs,

’Bi—l—l - Bl| S 2d205K.
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Proof. For ease of exposition, we will refer to G dH(t ,1) as simply Gj in the following proof.

|Bit1 — Bi| = |E [fa(X)[Xi1] — E [fa (X)) [ XG]| (93)
< max |E [fa(Xe)[Xi1 = 2] = E[fo(Xp)|X] = y]| (94)
z,y:dy (z,y)=
$EG@+1,yEG

< X [BUa(Xi) X = o] =B [fo(Xi )|X] = ]| + [B [fe(Xi )| XD = 4] - Blfa(X0)1X] =]
a;?éGZ_l ,56 G; ’

(95)

< max |E [fa(Xt*)—fa(X£u1)|Xi+1 =, X] :yH (96)
z,y:dm (z,y)=1,
:L’EGi+1,y€Gi

+ max ‘E [fa(Xt/*A) — fo(X{)|Xi = y} ’ o7)

z,y:dy (z,y)=1,

z€Gi11,y€G;
where in we relabeled the variables in the second expectation to avoid notational confusion in
the later steps of our bounding, maintaining the understanding that the sequence {X/,Y;}; has the
same distribution as {X;,Y;};, in we added and subtracted the term E[f,(X/._;)| X! = y],
holds for any valid coupling of the two chains, one starting at X;;; and the other starting at X,
and both running for ¢* — 1 — i steps. In particular, we use the greedy coupling between these two

runs (Definition . Consider .

d
_ /
‘ ' = max E E I I Xt*,ue g Quiug..ugyr (Xt*,ud+1 - Xt*—l,u(prl) =+
z,y:du (z,y)=1,

zGGi+1,y€G' UL,... Ug e=1 Ud+1
2 : E : I
—+ H Xt* t* 1,ud41 < aulug...ud+1 (Xt*,ud - Xt*l,ud)> +..
ULy Ud—1,Ud4+1 €=1 Uqg
d+1
1 / _ I

+ E H X *—1,ue E Auiug..ugy1 Xt*ﬂh Xt*—l,ul) Xi-‘rl =7, Xi =Y

..... Ugy1 €=2

E auluz Ud1 H Xt* yUe

< max E E ‘Xt* sy — X1
> *_q
@,yd (2,9)=1, L Tt

r€Gir1,y€G; U+ ULy,
d—1
2 : / } : /
—+ |Xt*,ud — Xt*fl,ud| GU1U2 g1 H Xt* Xt* 1,ud41 4+ ...
Ud ULyeeesUd—1,Ud+1 e=1
d+1
/ _ ’r_
DXy = X 1| > Gy g1 H Xy | | Xipi =2, X, =y (98)
u1 U2,U3,.- -, Ud+1

We see the hybrid terms arise in . A generic term in looks as follows:

d+1

’ _ ’r_
E |Xt*7uz - Xt*—l,ul} E Quyug...ugsr HXt*,Ue H Xt* 1,ue l+1 - vai =Y

uy UL U2, e UL — 1, U415 Ud 41 e=l+1
(99)
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Since z € G471 and y € G;, from Statements [T] and [2] of Theorem [f]

d+1
§ I
E Qyyuy.. Ud41 H Xt* JUe H Xt* 1,ue 1+1 = x’Xi =Y S dK and (100)
[ Y1,U25ee Ul — 15Ul 41505 Ud 41 e=l+1
[ -1 d+1
1
Pr E Auyus.. g HXt*,ue H X 1.~
L[ %1582,y Ul — 15Ul 1505 Ud 1 e=1 e=l+1
d+1
2 : I I
E auluz UG H Xt* e H Xt* 1,ue 2+17Xz’ > K Xi+1 = CE,Xi =1 S 2exp
ULy U250y UL —15UL41 5005 Ud 41 e=[+1

(101)

where cg(d) is the constant function in Statement [2] of Theorem [6] (100) and (101 together with
the Hamming contraction property of the greedy coupling (Lemma |3) imply, there exists a constant
¢s > 0, such that, for K > ¢(d)(nlog?n/n)%?,

(99) < c5dK = (98) < c5d*K. (102)

Now, we consider and bound it using the same approach as was used to bound .

d
— / ! /
97 - gé%x E E H X * Ue E au1u2---ud+1 (Xt*,udJrl Xt* 1 ud+1) + (103)
: ‘ UL yeenyUg €=1 Ud41
d—1
2 : I I 2 : ’ ’
+ H X ) Xt* 1,ug4+1 Quyug...ugyq (Xt*,ud - Xt*—l,ud) +..
ULyeeyUd—1,Ud+1 €=1 Uq
d+1
2 : I 2 : / / r_
+ H Xt* 1,ue Ayius...ugyr Xt* R t*fl,ul) Xz' =Y
U,y Ugt1 €=2
/ I
<maxE E ‘X*’udﬂ Xt 1 ugin E aulu2 ud+1HX*,ue
yeG;
Ud+1
d—1
2 : / / 2 : I 1
+ |X *ug t*fl,ud’ aulug...ud+1 HX* Xt* Lauggr |
Ud ULy Ud—1,Ud+1 e=1
d+1
2 : / I 2 : r_
+ |X *auy Xt*fl,u1| Auyus,.. “Ud41 H Xt* 1,ue Xz =Y (104)
U2,U3,...,Ud+1

where in (103) we have used Statement 3 of Lemma 3] A generic term in (104) looks as follows:

d+1
/ / / / X! =
> X = X ] > Q.. WHX*UP IT Xt || Xl =y (105)
uy UL U2,y UL — 1, U150y Ud 41 e=Il+1
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Since y € G;, from the definition of G; and the fact that dg(X}., X{._;) <1 we have that,

I -1 d+1
/ / /
E > Guyuiggs || Xtowe | Xtoo10|Xi =y || < 2K and (106)
L4182 UL —15UL 15y Ud 1 e=1 e=l+1
[ -1 d+1
/ /
Pr Z Quiug..ugir H Xt*,ue H Xt*—l,ue_
[ |@15U2se U= 158 1505 Ud 41 e=1 e=l+1
-1 d+1 2/d
E X X/ X! 2K | X! = <2 (2K) /
au1u2~~-ud+1 t* Ue t*—1,u, % > i — Y| S 2€Xp | — c (d)t* .
UL U yeeey UL — 1, UL 41 50005 Ud+1 e=1 e=Il+1 1
(107)

(106) and (107 together with the property that dy (X[, X{._;) < 1 imply that for c5 sufficiently
large and K > ¢(d)(nlog?n/n)¥?,

(105) < csdK = (104) < ¢5d*K. (108)
Hence we get that, when X; € G; and X1 € Gj41,

|Bi+1 — Bl| < 265d2K. (109)

As a consequence of Lemma [20] we get the following two useful corollaries.
Corollary 4. Consider the martingale sequence defined in Definition [13
Pr[V0<i+1<Tk, |Bit1 — Bi| <2c;5d°K] = 1.

Proof. Let k = 2c5d’ K.

PI‘[VO <i1+1< TK, ’Bi—&—l — Bz‘ < Ku]

=1-Pr[30<i+1<Tgk, |Bit1 — Bi| > K]

—1-Pr [3 0<i+1<Txk, (Xi € GUM (1 i), Xip1 € GET (¢ i+ 1) and By — Bi| > /{)

or ((Xl ¢ G(;éd—i_l(t*,i) or Xi+1 §é G?&d—’—l(t*,i + 1)) and ‘Bi—i-l — Bz’ > ﬁ)}

=1-Pr [3 0<i1+1< Tk, (X@ € G?{(i),XiJrl € G(]I((Z + 1) and |B7;+1 — Bz| > /*i)] (110)

=1-0 (111)
where (110)) follows because by the definition of T, Pr[30 < i+ 1 < Tk, (X; ¢ G% (i) or X;11 ¢ G%(i+1))] =
0, and (111)) follows because X; € G% (i), Xi41 € G%(i+1) = |Biy1 — Bi| < k (Lemma20). O

Corollary (] will give us one of the required conditions to apply Freedman’s inequality.

As a corollary of Lemma[20] we get a bound on the variance of the martingale differences which
holds with high probability and to show it we first show Claim [3] which states that, informally, for
any time step ¢, with a large probability we hit an X; such that the probability of transitioning
from X; to an X;11 € G% (i + 1) is large.
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Claim 3. Denote by N?(’dﬂ(t*,i) the following set of configurations:

N () = {x €

r2/d
a,d+1/,% -
. ’ . — < .
Pr [XZ_H ¢ Gt i+ 1)‘XZ xz] exp ( 402(d)t*> } (112)

Then,

ad+1/ % d+1 K/
Pr [Xi ¢ Nt ,z)} < 8dn""" exp It |

Proof. We have from Lemma [I8] that

d+1 d+1 K1
) @ * O < _
Pr [XZ ¢ Gu (1 ,z)} < 8 exp | 5 | and (113)
K%
a,d+1 d+1
< — .
Pr [ i1 Gt i+ 1)} < 8dn“"" exp ( ZCQ(d)t*> (114)
From the definition of the set N (¢* ) we have,
K2/d
a,d+1 a,d+1 .
. X ¢ Noe ) <1 - SRS 1
Pr|Xpn1 € GEM (01X ¢ N @) exp< 402(d)t*> (115)
Then we have,
K%/
_ d+1 _ < ad+1 . 11
1 — 8dn exp( S d)t*> < Pr [XZH e Gut( ,z)} (116)

— Pr [XZH e G (17 )X, € N“’dﬂ(t*,z’)] Pr {Xi € N‘%d“(t*,i)}

4 Pr [Xm € GLI (1 i) X; ¢ N&TH (¢, )] Pr [X ¢ NoH( ,i)} (117)
ad+1 5 - K2/d ad+1 5 -
<Pr [XZ- € Nptit ,z)] + (1 — exp <_402(d)t*>) Pr [Xl- ¢ Nt ,z)] (118)
_ K2/d K2/d a,d+1 /% -
= (1 — exp <_462(d)t*)) + exp <_402(d)t*> Pr [Xi e N (t ,2)} . (119)
implies,

K?2/d d+1 K?2/d
exp (—ﬁ) — 8dn“"" exp (_W)
Pr[X; € Nt ()] > tead) Zeald)

(120)
K2/d
exp (_74@(d)t*)
KZ/d
=1— 8dn®t! — . 121
8dn“"" exp ( 402(d)t*> (121)
]

As a corollary of Lemma 20} we get a bound on the variance of the martingale differences which
holds with high probability.
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Lemma 21. Consider the martingale sequence defined in Definition . Denote by Nia(’d+1 (t*,1)
the following set of configurations:

N () = {x €

F2/d
a,d+1/,% -
. ’ . — < .
Pr |:XZ+1 ¢ Gt i+ 1)‘Xz xz] exp ( 402(d)t*> } (122)

Let b = (c5d?K/2)? + n?¥*2exp (—%) where c5 is the constant from Lemma . Then,
Pr [Vm«[Bi+1 — Bi|F] > b)Xi e Gu L i) N;Q:d“(t*,i)] = 0.
where F; = 29 .
Proof. Since, the random variables X, ..., X; together characterize every event in F;, we have,
Var[B;y1 — B;|Fi] = Var[B;;1 — B;|Xo, X1,...,X;] = Var[B;y1 — B;| Xj] (123)

where the last equality follows from the Markov property of the Glauber dynamics. By the definition
of N}?dﬂ(t*, i), we have that

K2/
Pr [Xi—I—l §7§ G%{(Z + 1)‘Xz € Ng((l)] < exp <_462(d)t*) . (124)

This implies that,

dey(d)tr
(125)

K2/d
Pr [Xi+1 S G%{(l + 1) and X; € G?((Z”Xl S G%((Z) and X; € N[a((l)] >1—exp ( >

K%/
= Pr |:‘B7;+1 — B74’ < C5d2K’XZ' € G?&d—‘rl(t*, 7,) N N;L(’d+1(t*,2>:| 2 1-— exp <_4(d)t* (126)
C2

—> Var [Bi—l—l — B;

K2/d
X; € GET i) n Nt i)] < (esd*K/2)% + n* 2 exp | ————
462(d)t*

(127)

where ([126)) follows from Lemma , and ([127) follows from the law of total variance and from the
fact that Var(X) < (b — a)?/4 when X € [a,b] with probability 1. The last inequality implies the
statement of the lemma.

O

With Lemma [20] and Lemma [21] to bound the martingale increments, and Lemma [I9] to show
that the stopping time is large, we are ready to apply Freedman’s inequality on the martingale
defined in Definition [I3] to yield Lemma [22]

Lemma 22. For any 0 <ty < t*, there exists ¢(d) > 0 which is a function of d alone, such that for
any 7 > c(d + 1)(nlog?n/n)@+1)/2,

p2/(d+1)
Prilfo(Xie) = Blfa(Xe) Xel| 2 1) < dexp (_<d+1>t> |
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Proof. From Freedman’s inequality (Lemma [5)) applied on the martingale sequence (Definition
starting from %y, we get

’1“2

where K, < c5d?K (Lemma and V; is defined as follows:

t—1
Vi=> Var(Bii1 - Bi|Fi]. (129)
=0
Set B = t*(c5d? K /2)?+t*n?+2 exp (—%) and K = r%/(@+1) Then we have, rK; = c5d?K2d+D/d <

c5d? K ?n where the last inequality holds because r < n®t! which in turn implies K < n?. Similarly,
since 7 > ¢(d + 1)(nlog?n/n)(D/2 we have K > ¢(d + 1)¥@+1) (nlog? n/n)%?. Combined with

the fact that t* < (d 4+ 1)nlogn/n, this implies that t*n2?+2 exp (—%) < t* for a sufficiently
large value of ¢(d + 1). This in turn implies that B < t*c2d*K?/2.

Hence becomes,
7“2
Pr[3t < Tk s.t. |By — Bo| > r and V; < B] < 2exp <_2(C5d2K2n n t*c§d4K2/2)>
r2
< 2exp <_3cgd4K2t*> . (130)

Next we will bound, Pr[V;= > B] which will be useful for obtaining the desired concentration

bound from .
Pr[V;- > B] < Pr [Vt > B’VO <t <t X; e GYHe )N N;‘gd“(t*,t)}
+Pr [3 0<t<t*X;¢ Gu () U N}‘?d“(t*,t)}

< Pr [3 0<t<t* st Var[Bui — Bi|X)] > B/t*

VO <t<t* X, e QR ()N N;gd“(t*,t)]

(131)
t*
+3 (Pr [Xt ¢ G‘;gdﬂ(t*,t)} +Pr [Xt ¢ N;gd“(t*,t)D (132)
=0
K?/d K?/d 16(d + 2)?n%*21ogn K2/
< 1 d d+1 _ d d+1 _ < o
<0+ (t"+1) (8 n®t exp ( 261(d)t*) + 8dn"" exp Tep ()T < . exp @
(133)

where (131)) holds because Vi« > B implies that there exists a 0 < ¢ < ¢* such that Var [B;y; — By X;] >

B/t*, (132) follows by an application of the union bound, and (133 follows from Lemma
Lemma [I8 and Claim [B
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Now,

Pr{|f(X) — E[f(Xe)

Xio]| = 7] = Pr{|By — Bo| > 7]

< Pr HBt* — BO‘ >r and ‘/t* < B] + Pr [‘/%* > B] (134)

< Pr|[|By — Bo| > r and Vi» < B and t* < Tk| + Pr[t* > Tx] + Pr Vi > B] (135)

<Pr[(3t <t*st. |Bi— Bo| >rand V; < B) and t* < Tk| + Pr[t* > Tk] + Pr Vi« > B]
(136)

<Pr[3t < Tk st. |Bi— Bp| >rand V; < B] +Pr[t* > Tk| + Pr[Vi« > B]

it 2/(d+1)

<2 * — P «>B 1

< 2exp ( 302d4K2t*> + 8dt*n®"" exp R + Pr[Vi- > B] (137)

< 3exp ( 2d4K2t*> + Pr[Vi- > B] (138)

6(d +2)*n?*2logn K%/

<3 —_ 139

=P ( 2d4K2t*) * PN T dey(ayt (139)
2 re/ty) 140

< -

= CQ(d + 1)t (140)

where and ) follow from the fact that Pr[A] < Pr[A N B] 4+ Pr[-B], (136] follows from
the fact that Pr[A] < Pr[A U B, (137) follows from and from Lemma [19] m holds for a
sufficiently large ¢(d 4 1) because r > ¢(d+1)(nlog? n/ ) d+1 )/2 . follows from (]@I) and ((140)
again holds for a sufficiently large c(d + 1), ca(d 4 1), because 7 > ¢(d + 1)(nlog?n/n)¢*t1/2 and
K = r/(@+1)  Note that we have implicitly assumed that n > 1 /n, since otherwise the concentration
bounds obtained are trivial. O]

Statement This statement will follow from Statement [1| applied to the case tg = 0 together
with an application of the mixing time properties of the Glauber dynamics. Set t* = (d + 2)tmix.
From Lemma [2] we have that

drv(Xe|Xo,p) < exp (—(d + 1)nlogn)

— |E [fo(X)| Xo] — E [fo(Xe)]| < 204 exp(—(d + 1)nlogn) < 2exp(—n). (141)
Hence,
Pr{|fo(Xe) — E[fa(Xe)]| = r] < Pr{[fa(Xe+) — E[fo(Xe)[Xo]| > r — 2exp(—n)] (142)
<4 (T _ 2)2/(d+1) 14
< 4exp RS CESCE (143)

Y 2/ (d+1)
= Sexp “es(d+ nlogn

(142) follows from ([141f), (143) follows from Lemma [22| and (144) holds for a sufficiently large con-
stant c3(d).
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Statement [3} This follows from Corollary 2} and Statements 2 [I] of the theorem. Indeed, since
X+ ~ p, we have for any 7 > ¢(d + 1)(nlog? n/n)(@+D/2,

U [fa(Xe)[ Xto] = Elfa(Xe)]| 2 7] (144)
Pr([fo(Xe) — E[fo(Xe)]] = 7/2] + [| fo(Xer) — E[fa(Xe) [ Xyo]| = 7/2] (145)
2/ (@+1) 2/(d+1)
= 2exp | @ Jes(d)n log n) +2exp <_ D@ ey (d + 1)t*> (146)
A1)
< 2exp < C7<d—|—)> . (147)

where follows because |E[fo(Xt+)|Xt] — E[fa(Xe+)]| > 7 = |fa(Xe+) — E[fa( X )| Xt,]| >
r/2 or |fo(Xp) — E[fa(Xe)]| > 1/2, follows from Statements [2 and |1f respectively and
holds for a sufficiently large constant c7(d + 1). Since Xy ~ p, from Corollary 2| and from the fact
that r > ¢(d + 1)(nlog? n/n)@+1/2 we get that |E[f.(X)]| < 2(4n(d+ 1) logn/n)@+t1/2 < r/2 for
c(d + 1) sufficiently large. This implies in turn that,

Pr{|E[fa(Xi+)|Xo]| = r] < Pr{|[E[fa(Xe)| Xio] — E[fa(Xe)]| = 7/2] (148)
r2/(d+1) r2/(d+1)
<2 - <2 - 149
= 2P T @ e (d+ e ) S TP\ T ad e ) (149)
for a sufficiently large constant c¢4(d 4+ 1). This shows the theorem holds by induction. O

Note that a straightforward corollary of Theorem [5] is the desired statement for concentration
of d-linear functions.

3.4 Supplementary Theorem Statement for Hybrid Functions
Theorem 6. Let p be an Ising model in the n-high temperature regime. Let t;; = nlogn/n denote

the mizing time of the Glauber dynamz'cs associated with p. Let f,(x) = Zul g urtiz. g Tug Ty - - -

be a d-linear function. Let G3 (tl, t) be the ‘good’ set associated with fq(.) as defined in . Addi-
tionally, define G‘;(O(tl, t) = {£1}". Also let 2t iz < t* < (n+ V)timiz, 0 < to < t* and let mgi) be a

starting state such that a:,gl) € Ga’d(t* to). Let $l(52) be a state obtained by taking a step of the Glauber

dynamics starting from x,g ) Suppose we also have that :cg ) ¢ Gad(t* to). Consider the 2 runs of
the Glauber dynamics associated with p with the j** run starting at Xt(o) = xg) respectively, and

coupled together using the greedy coupling (Definition . Denote the state of run j at time t > tg

V1,02,..-,Vd—1
a

by Xt(j). Consider any l-linear function from F(I): . Denote its coefficient vector by .

That is,
V1,V2,...,Vd—]
o N x) = g Q.. Ty Tug - - - Loy -
UL, U2,.-, UL
Note that « =a For each 3" "1 we define an associated class
ULUZ... UL T UL U,.-,U],VL,V250,UG ] a

of hybrid functions defined over the concatenated states from the two runs of Glauber dynamics
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described above as follows:

f;hw,-..,vdfl (.73(1:2)) — Z amuzmulx&ll)mgé) . xS}lz :L-SL213+1331(¢2[) (150)
UL U2, U]
2
- Z Quruz..w H H “(b 1l +e (151)
UL, U2, U] =1e=1

where lo = | — 1y. Then, the following two statements hold for all 0 < | < d — 1, and for any
f € FX(1), there exist constants c(d), cs(l) such that:

1. For any K > ¢(d)(nlog® n/n)d=1D/2

’E K (th:a))\x,gg) =2 for j = 1,2” < (14 1)K/ @D,

2. For any K > ¢(d)(nlog?n/n)@=-1/2,

|

(x2) =B [ (X)X for j = 1,2]| > KV@D|xD =) for j=1,2] < 2exp (

Proof. The proof will proceed by induction on .

Base Cases: [ = 0,1: When [ = 0, the functions under consideration are all just constant functions
and hence both the statements hold immediately. Consider the next case [ = 1 as well. In this case
the functions are linear and hence no hybrld terms can arise. The statements of the theorem follow
immediately from the definition of G% Lt to).

We will assume the statements of the theorem hold for some 1 < [ < d — 1. And proceed to
show them for [ + 1.
Induction Step for Statement [T} We will begin with Statement [I, We wish to show it for [+ 1-
linear hybrid functions. At a high level, we will try to express any hybrid function of degree [ + 1
as a non-hybrid function of degree [ + 1 plus functions which resemble hybrid functions of degree [
multiplied with the Hamming distance between the two runs at time t*. The definition of the ‘good’
set will allow us to bound the conditional expectation of the non-hybrid function of degree [4+1. The
inductive hypothesis together with Hamming contraction properties will help us bound the other
functions. The total number of such functions we will encounter is poly(d) and hence we incur
a constant factor (poly(d)) loss in the final bound. Consider any function fq"**"~'=* (z(1:2))
from the family Fg(l + 1) with coefficient vector a. We will show the statement by inducting on
lo=1+1—-1;. For a given degree [ 4+ 1 and a certain value of [o the inductive claim is as follows.
For any K > ¢(d)(nlog?®n/n)@1/2,

2 lb . .
E Z Quiug..upqq H H X(b) Xt(g) = xg) forj=1,2||<(l2+ 1)K(l+1)/(d_1)' (152)

t*vusb+e
UL,U2,5e-, U1 b=1e=1

As a base case consider the scenario when [y = 0. Then the function under consideration is a vanilla
non-hybrid [+ 1-linear function from F¢(I+1) and the statement holds by the definition of G%’d(to).
Suppose the statement holds for some l5. We will show that it holds for any [ 4 1-linear hybrid
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function in FZ(I 4 1) with I3 + 1 terms coming from the 2nd run. Then the LHS of Statement [1] is
of the form,

h—1 I+1
2) .
El Y v [ X0 [] X8 [X0 =) for j=1,2
| U1,U2,0 U1 e=1 e=l
1—1 l
1 2 1 j j .
<E] Y v [] X [T X2 X0, 150 =2 for 1< <2 (153)
UL,U2 50w UL 41 e=1 e=l
-1
2 1
B (X, X 0) Y Cwwwn ] X H X2 |xD =2l for j=1,2
Uj4-1 UL U250, UL e=1 e=ly

(154)

We have, by the inductive hypothesis, Statement (1| for functions in Fg (I41) with [y terms from
the second run that,

(153) < Lo (HD/ (=1 (155)

Similarly, from the inductive hypothesis for functions in Fg(l), Statements and Corollary |3, we
have

-1 l

El Y v [[ X [T X2 |1X0 =2 for j=1,2|| < (1 + 1)KV, (156)

| 415Uz, e=1 e=l

[ lhi—1
Pr Z Oy ug.. ugug sy H X * H X . ue_

| w102, 5w e=1 e=ly

h1—1
E| Y uwusu [ X, HX(Z) Dfor j=1,2|| > K/ Ix) = o) for j = 1,2
UL U, .. U e=1 e=l
2/(d~1)
< 2exp <_[§6(d)t*> . (157)

Putting together (156) and (157) with the Hamming contraction properties for any pair of runs
in the coupled dynamics and the fact that (154) < 2n'*! always (similar to how it was shown in
Section , we get

Cﬁ(d)t*

K2/(d-1)
154) < (I + 1)Kl/(d—1) 1 qpltl exp| - | < K +1)/(d—1) (158)

where the last inequality holds because K > ¢(d)(nlog? n/n)(@=1/2 (155) and (158) together imply
the desired bound for the case Iy + 1. Hence this proves Statement [I] for [ + 1-linear functions.

Induction Step for Statement [2; Next we look at Statement [2| for [ + 1-linear hybrid functions
in F9(1+1). The high level approach is similar to that used above in the proof for Statement |1 We
will try to express any hybrid function of degree [ + 1 as a non-hybrid function of degree [ + 1 plus
functions which resemble hybrid functions of degree [ multiplied with the Hamming distance between
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the two runs at time t*. To bound the probability of deviation of the non-hybrid function we use
the definition of the ‘good’ set and to bound the probability of deviation of the other functions we
appeal to the induction hypothesis and Hamming contraction properties. We incur an additional
factor which is exp(d) in the final bound (recall that we are treating d as fixed). Consider any
function fo""*"*"'"! (z) from the family FZ(I + 1). Denote its coefficient vector by . That is,
Qg gupy; = Quius..upvive..vg_g—1- We again induct on [z, the number of terms in the function
corresponding to the second run of the Glauber dynamics. Given an [+ 1-linear f € F4(I+ 1) with
coefficient vector «, the inductive claim for the class of hybrid functions associated with f with a
certain value of [y is as follows:

Pr[

f(Xt(}?))—E[f( ‘12)‘)((]V1<J<2H>K’+1>/<d DIxD =20 y1<j<2

<2 LS 159
SO\ A ) 159

where cg(l) is an increasing function of I. As a base case consider the scenario when [y = 0. Then
the function under consideration is a vanilla non-hybrid [ + 1-linear function from FZ(I+ 1) and the
statement holds by the definition of G‘;(’d(to). Suppose the statement holds for some Iy > 0. We will

show that it holds for any I + 1-linear function from F¢(l 4+ 1) with number of terms corresponding
to the second run equal to lo + 1. Consider the LHS of the statement for any such function:

I1—1 1+1
1 2
PI‘ Z au1u2...ul+1 H Xt(*,)'u.e H Xt(*?ue
UL, U2y Ul41 e=1 e=ly
11—1 I+1 ) . .
-E Y Cuusun H X T x2 | xPvi<j<2||>KED/ED XD =300y < j <2
UL, U2, UL 1 e=ly
(160)
11—1
1 2 1
§ Pr Z aulug...u1+1 H Xt(*,)u H Xf(* )ue t(* )Ul+1
UL, U2, Ul 1 e=1 e=ly
1—1 l
1 2 1 J . - j j -
"B Yt [ X [T X2 X (X v <G <o) | 2 KO0 plx = af ) v1 < j <2
UL, U2, U4 1 e=1 e=l;
(161)
I1—1
1 2 1 2
+Pr Z (Xt(*v)““rl o Xt(*?UlJrl) Z Quruz...wrtis H X( ) H X( )“e
U1 UL, UL,y UL e=1 e=ly

I1—1 l
1 2 1 2 j .
—E Z (Xt(* )Ul+1 — Xt(*y)ul+1) Z Qg g, ugug gy H Xt(*,)ue H Xt(*,)ue K(H*l /(d—1) /2 X(] — xii) V1 < j < 9

Up41 UL, U2, UL e=1 e=l

(162)

We have, by the inductive hypothesis for [ 4 1-linear functions in FZ(I + 1) with Iy terms from the

1st run that,
161) <2 —K2/(d71) 163
= 2P _Cg(l + 1+ lg)t* ' ( )
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From the property of the ‘good’ set Gad(to) (Corollary ' and the inductive hypothesis, State-
ments I 1) and [2) I for functions in F4(l) we get,

1—1 l
El Y twwun [ X [T X200 |X =ai) vi<i< 2] < (I + KV (164)
UL U2, ., uy e=1 e=ly
1—1 l
Pr Z aulu2~--ulul+1 H Xif*l,)ue H Xt(’?)ue
UL, U2, ., uy e=1 e=ly
-1 l ) .
“E| Y e [] X, [T XX V1<) < 2] > KV 2| X0 = 21 < j <2
UL ,U2,..., uy e=1 e=ly
K2/ (d-1)
< 2exp < ies(l 5 lg)?f*) . (165)

When K > ¢(d)(nlog? n/n)@=1/2 (164) and (165) together with the Hamming contraction property
of the coupled dynamics (Lemma |3) imply that

h—1
1 2
E Z (Xt(* )uz+1 - Xt(*,)uz+1> Z Quyug...upqq H X * H X * u Xt(g - ngj) Vi<j<2| <(I+ 1)Kl/d
U41 UL U,y U] e=1 e=ly

(166)

= ((162) <
1—1
1 2
Pr > (X = X00) > wwsean ] X H X | > KU/ g x 0 — g1 < j <9
Ul+1 UL U2, U e=1 e=l1
(167)

Note this follows since (I 4+ 1)K"4 < KD/ /9 when K > ¢(d)(nlog?n/n)4D/2 and ¢(d) is
sufficiently large.
From Lemma [T4 we have, for any K7 > 2,

P[> (X2, - X)) | > KX =l vi<j <2 (168)
Up+1
<Pr [dH(X,ff),XtQ’) > Kl/Z‘Xt(O —20vi<j< 2} (169)
< Pr||an(X?, xV) - B |du(x?, X)) ‘X(] —2PvVi<j< 2” > K1 /21X =2 V1<) <2

(Kl 2)2 K%
< R S <
2exp < 64(t —to) 2exp 0 (170)

where 1) follows because t* — ty < t*, and E[dH(XS),Xt(*Q)ﬂXg) = xﬁg) V1<j<2]<1. Now,
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set K1 = KY (d_l)/ 2. Applying li for these parameter values, we get,

167) < Pr | S0 (X, — X0, )| > K@ 2|x) = afll w1 < j <2 (171)
U1
1—1 l
+ Pr | Juyq s.t. Z Oy ug..upy H XéfLe H Xt(f’)ue > Kl/(d_l)/Q Xt(g) = x%) V1<j3j<2
UL U, U] e=1 e=l

(172)

) K2/(d=1) K2/(d-1) ) K2/(d-1) 173
< e L S,
= 2P 280t* mexp Cg(l + lg)t* - (TL + ) xp Cg(l + lg)t* ( )

(173]) with (163]) implies

L60h < ) K2/(d-1) ) K2/(d-1) <y K2/(d-1)
< (n+1)exp —m + 2exp —m < 2exp —m ,

(174)

for sufficiently large cg(.). This gives the desired bound for [ + 1-linear functions in F¢(I + 1) with
lo + 1 terms from the second run. By induction, this proves Statement [2| for all 1 <1 < d — 1 and

all functions from FZ(1).
O

4 Additional details about Experiments

4.1 Details about synthetic experiments

Our departures from the null hypothesis are generated in the following manner, parameterized by
some parameter 7 € [0,1]. The grid is initialized by setting each node independently to be —1 or
1 with equal probability. We then iterate over the nodes in column major order. For the node
x at position (i,j), we select a node y at one of the following positions uniformly at random:
(4, 7+1),(4,5+2),(i+1,5+1),(i+1,5),(i+2,5),(i+ 1,7 —1). Then, with probability 7, we set y
to have the same value as x. We imagine this construction as a type of social network model, where
each individual tries to convert one of his nearby connections in the network to match his signal,
and is successful with probability .

4.2 Details about experiments on Last.fm dataset

We report additional statistics extracted from the Last.fm dataset [CBK11].

The network has n = 1892 and 17632 artists. There are m = 12717 edges, with an average
degree of 13.443. There are 92834 user-listened artist relations, where the artists listed for a user
is truncated at 50. On average, 5.265 users listened to each artist, but we focus on artists who had
significatly more listens (~ 400 or more).

40



(a) Our deviation from the null (b) A sample from the Ising
with 7 = 0.04 model with § = 0.035

Figure 1: A visual comparison between the null and a deviation from the null
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Figure 2: MCMC Statistics for Lady Gaga

Artist # of favorites | MPLE h | MPLE 6 A Zy Reject Z17 | Reject Z5?
Lady Gaga 611 —0.481 0.0700 | 9017.3 | 106540 Yes Yes
Britney Spears 522 —0.6140 | 0.0960 10585 | 119560 Yes Yes
Rihanna 484 —0.715 0.1090 11831 | 126750 Yes Yes
The Beatles 480 —0.3550 | 0.0310 | 2157.8 | 22196 No No
Katy Perry 473 —0.6150 | 0.0890 8474 | 90762 Yes Yes
Madonna 429 —0.5400 | 0.0860 | 4580.9 | 40395 Yes No
Avril Lavigne 417 —0.5580 | 0.1020 | 5145.9 | 48639 Yes Yes
Christina Aguilera 407 —0.7810 | 0.1060 | 9979.8 | 101210 Yes Yes
Muse 400 —0.5430 | 0.0160 | 923.55 | 6911 No No
Paramore 399 —0.4530 0.0480 | 2047.1 | 18119 Yes Yes
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Histogram of Neighbor Correlation statistic for model trained on The Beatles

Histogram of Local Correlation statistic for model trained on The Beatles
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Figure 3: MCMC Statistics for The Beatles
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