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Abstract

Some of the missing proofs in the paper can be found here. All the results are
stated again here (although the numberings are different from the main paper).

1 Examples of \-Variationally Stable Games

Here we give two important classes of games that satisfy the A-variational stability criterion. This is
by no means a comprehensive list.

1. Convex Potential Games A game § = (N, X = Hfi L X, {u;}Y) is called a poten-
tial game [1] if there exists a potential function V' : X — R such that u;(z;,x_;) —
wi(Z4,x—;) = V(xg, x—i) — Vi(Zi,%x-4),¥i € N,Vx € X,VZ; € X;. A potential game
is called a convex potential game if the potential function V' (-) is concave' Note that in a
convex potential game, we have

1 1

H)(x) = 3 Va, 0i(%) + 54 (Ve v;(x)T (1.1)
1 1

— 5)\1- Va, Vo, V(x) + ixj(vwi Vi, V(x)T. (1.2)

Setting A = 1, we obtain H 1 (x) = V2 V', which is negative semi-definite when V' is
concave. This implies that in a convex potential game, C = argmaxycx V(x) is 1-
variationally stable per Lemma 2.2.

2. Linear Cournot Oligopoly Games There is a set A" = {1,2,..., N} of firms that supply
the market with the same good (or service). Firm ¢ provides z; € [0, C;] quantity to the

market. The price of the good is a decreasing function of the total quantity of the good

supplied to the market: P(x) = P(Zfil x;). A common price function takes the linear

form: P(Zﬁl ;) =a— b(Zf\Ll x;),a > 0,b > 0. The utility function for firm 4 is then
ui(x) = xiP(ZlNﬂ x;) — ¢; x4, where ¢; is the unit production cost for firm . In this case,
one can clearly that this is a concave game. Further, again set setting A = 1, we have

Loy L0u(x) | 10w(x)
Hij(x>_2 (9$j +2 6l‘i (13)

= —bd;; — b, (1.4)

"It is called convex potential game as opposed to concave potential game because in engineering, the utility
is typically framed in terms of costs and convex costs correspond to concave utilities.
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where 0;; = 1if i = j and §;; = 0 otherwise. Consequently,
Hj5(x) = =b(I+ 1xxn),

which is negative definite. Hence, the game admits a unique Nash equilibrium that is
1-variationally stable per Lemma 2.2.

2 \-Variational Stability: A Key Criterion

Before proceeding, a word on the notation for the remainder of the supplementary material: for
convenience, we shall write v;(x)(z; — ) to denote the inner product between v;(x) and z; — z}

in replacement of the more cumbersome notation (v;(x), z; — 7).

Lemma 2.1. If C is nonempty and A-stable, then it is closed, convex and contains all Nash equilibria
of the game.

Proof. First we show that any element x* € C is a Nash equilibrium. For any i € A/, take any z; € X;
andany 7 € (0,1], setx £ (z%,..., 271, (1 = 7)a} + 72,2}, ..., 2y) = X"+ 7(z; — 2})e;,
where e; is the j-th unit vector in the standard basis. By convexity of X;, x € X. Further,

d

d—ul(:vf +7(z; — 2] );x—y) = vi(x) (2 — x)). 2.1
-

By applying the variational stability condition to the profiles x* and x, it follows that the RHS of the
above equation is strictly negative for all 7 > 0. In turn, this implies that u;(x) < u;(x*), i.e. x*is a
Nash equilibrium.

Next, we show that C is closed. Take any convergent sequence {x’ }?’;0 inC: x/ € C,lim;_00 x/ =

x*. Then, for any x € X, we have Efil \ivi(x)(z; — 2?) < 0,¥j = 0,1,.... Therefore, by
continuity, it follows that lim; _, Zf\;l Xivi (x)(x; — a)) = Zi\; v (x)(x; — xF) <0,Vx € C,
thereby implying x* € C. Since {x/ }3?’;0 is any sequence in C, C contains all its limit points and is
therefore closed.

To see that C is convex, take any x*,y* € C and any 7 € [0, 1]. For any x € X, we have

N
Z Nivi(x) (2 — (rar — (1 = 7)y})) = (2.2
TZ)\iUz‘(X)(UUi —z)+(1—171) Z A0 (x)(z; — yf) <0, (2.3)

thereby establishing that 7x* 4 (1 — 7)y™* € C.

Finally, to see that C contains all Nash equilibria of the game, assume that z* ¢ C is a Nash
equilibrium. We then have:

N
> Az ) (mi — 2]) <0,Vx € X, (2.4)
i=1

Take an arbitrary x* € C. Since C is A-variational stable and z* ¢ C, we have ZZI\; Aivi(z2*) (2 —

x¥) < 0, implying that vazl Aivi(z*)(xF — zF) > 0, which contradicts Equation 2.4. O

Lemma 2.2. Consider a game with continuous actions (N, X = Hiil X, {uwi} ), where each u;
is twice continuously differentiable. For each x € X, define the \-weighted Hessian matrix H*(x)
as follows:

HZ)E (X) = %)\Z Vx]. 'UZ'(X) + %)\j (le ’Uj(x))T, 2.5)

If H(x) is negative-definite for every x € X, then the game admits a unique Nash equilibrium x*
that is \-globally variational stable.



Proof. Per Thereom 6 of [3], it follows that
Z/\ vi(x) — (X)) (2 — &) < 0,Vx,X € X, (2.6)

where equality holds if and only if x = X. Per Theorem 2 of [3], this inequality then implies that
there exists a unique Nash equilibrium x*. Plug x* into Inequality 2.6 for X, we have that for any
x e X:

N N
Do) (s —w) < N (x*) (- f) <0,
=1 =1

where the second inequality follows from x* is a Nash equilibrium. Furthermore, both equality are
achieved if and only if x = x*. This implies that {x* } is A-variational stable. O

3 Convergence under Synchronous and Bounded Delays

Algorithm 1 Online Mirror Descent on Games under Delays

1: Each player i chooses an initial ).

2: fort=0,1,2,... do

3: forizl,...,Ndo

4 z! = argmaxy, ex, {< yl, z; > —hi(z;)}
5: y =gt o 2segr Ui(X7)
6: end for
7: end for

Assumption 1. The delays are assumed to be:
1. Synchronous: G} = G, Vi, j, Vt.

2. Bounded: d! < D, Vi, Vt (for some positive integer D).

Lemma 3.1. Foreachi € {1,...,N}, let h; : X; — R be a regularizer with respect to the norm
| - ||; that is K;-strongly convex and let \ € RL. ThenvVx € X, Vy,y € REL. di

I FAy) 2 § 3000, KihillCilys) — @ill? = §(ming Koi) 30, |Cilyi) — il

~ N ~ N ~
2. FA(x,9) < FAX,y) 4+ 2000 Ailgi — i, Ci(yi) — ) + 5 (max; 25) >0, (16— will )2,
where || - || is the dual norm of || - ||; (i.e. ||yi||; = max,, |, <1 (T, ¥s)-

Theorem 3.2. Consider a game with continuous actions (N, X = vazl X;, {u; YY) that admits

x* as the unique Nash equilibrium that is \-variationally stable. Under Assumption I for the delays,

the OMD iterate x' given in Algorithm 1 converges to X*, irrespective of the initial point x°.

Remark 3.1. We repeat the four main steps in the following remark and prove each of them in detail
in order.

1. Since the delays are synchronous, we denote by G! the common set and d* the common
delay at round ¢. The gradient update in OMD under delays can then be written as:

gt =yt +at ) v(x —yf+at{|gt|vz )+ Y {vilx®) — vilx t)}}. 3.1)

s€g?t segt

Define b} = Y g {vi(x®) — vi(x")}. We show that under the delay assumption (Assump-
tion 1), limy;_, . ||0%|¥ = O for each player .



2. Define b® = (b, ...,b%;) and we have lim;_,~, b® = 0 per Claim 1. Since each player’s
gradient update can be written as y/ ™' = y! + af(|Gt|v;(x?) + b) per Claim 1, we can then
write the joint OMD update (of all players) as:

xt = C(yt), 3.2)
vyt =yt + ot {|Gtv(x?) + bt}. (3.3)

Let B(x*,¢) £ {x € X | |[x — x*|| < ¢} be the open ball centered around x* with radius
€. Then, using A-Fenchel coupling as a “energy" function and leveraging the handle on
b? given by Claim 1, we can establish that, for any ¢ > 0 the iterate x* will eventually
enter B(x*,¢) and visit B(x*, ¢) infinitely often, no matter what the initial point x° is.
Mathematically, the claim is that Ve > 0,Vx?, |{t | x' € B(x*,¢€)}| = cc.

3. Fix any § > 0 and consider the set B(x*,8) £ {C(y) | F*(x*,y) < ¢}. In other words,
B (x*, ) is some “neighborhood" of x*, which contains every x that is an image of some y
(under the choice map C'(+)) that is within § distance of x* under the A-Fenchel coupling
“metric". Although F*(x*,y) is not a metric, B(x*,4) contains an open ball within it.

Mathematically, the claim is that for any § > 0, 3e(8) > 0 such that: B(x*,€) C B(x*,9).

4. For any “neighborhood" B(x*,§), after long enough iterations, if x* ever enters B(x*, §),
it will be trapped inside B(x*, §) thereafter. Mathematically, the claim is that for any § > 0,
there exists a 7'(6), such that for any ¢ > T'(9), if x* € B(x*, ), then x* € B(x*,0),Vt >
t.

Putting all four elements above together, we note that the significance of Claim 3 is that, since the
iterate x* will enter B(x*, €) infinitely often (per Claim 2), x’ must enter B(x*, §) infinitely often. It
therefore follows that, per Claim 4, starting from iteration ¢, x* will remain in B(x*,d). Since this is

true for any § > 0, we have F’\(x*7 yt) — 0 as ¢t — oo. Per Statement 1 in Lemma 3.1, this leads to
that ||C(y*) — x*|| — 0 as t — oo, thereby establishing that x* = C(y') — x* ast — 0.

Proof:

1. We start by fixing some notation. Let y* = (vi,...,y4),x" = (2},...,2Y) be the

iterates generated in Algorithm 1. Since X is compact and v(-) is continuous, V! =

max
N T .
max,,cx; [|[vi(X)]|} < 00, Vinax = maxxex [[v(x)]|* = Sio; Vilax < 0. Since each
hi(+) is K; strongly convex (with respect to || - ||;), it follows from a well-known result
in convex analysis [2] that the choice map C(-) is %—Lipschitz continuous, where K £
min; K;. Finally, since each v;(-) is Lipschitz continuous, v(+) is Lipschitz continuous as

well and denote the Lipschitz constant as L.

Since d* < D, Vt, it follows that |G| < D and min G* > ¢t — D + 1, for otherwise at least
one gradient comes from D + 1 rounds before. Further, per the OMD update (first equality
in Equation 3.1), we have:

N N
Iy =yt = =l =Y et Y wlx); (3.4)
=1 =1 seEG?
N N
<o YN o)l < af Y [GViy € @' DVinax (3.5
i=1 seg? i=1



By definition, we can expand b! as follows:

=D {ulx) —ul)} < Y LIx* =x| = ) LICK*) —Cy)l < Y éllys -yl

sEGt segt segt segt
(3.6)
L s s * s s * — *
< 2 DAY =y Iy -y e T ) (37)
segt
L s s+1
= } Z {a D‘/;Hax +a * DVmax +-+ OétDVmax} (3-8)
segt
t
Vinax LDVm x LD me
— LDVuss 55 e By 3 > "t (39
segt k=s s=min Gt s=min Gt
LD2V, ! LD¥Vmax 4 b
max s max t—D+1
< Y a < a — 0,as t — oo, (3.10)

s=t—D+1

where the first inequality in Equation 3.6 follows from the fact that v(-) is L- LlpSChltZ con-
tinuous, the second inequality in Equation 3.6 follows from the fact that C(-) is ?-LIpSChltZ
continuous, Equation 3.8 follows from Equations 3.4 and 3.5 and the first inequality in Equa-
tion 3.9 follows from that a!’s are non-negative and the second inequality in Equation 3.10
follows from o is non-increasing. Lastly, the convergence to 0 in Equation 3.10 follows

from the fact that o is square-summable.

. Fix an arbitrary € > 0. Assume for contradiction purposes that x* only visits B(x*,¢) a
finite number of times and hence let t° — 1 be the last time x is in B(x*,¢): V¢ >t x! €
X — B(x*,¢). Since X — B(x*, €) is a compact set and v;(x) is continuous in x and since
by assumption Zf\[:l Aiv;(x)(z; — xF) < 0,Vx € X, x # x*, it follows that there exists a
Cmax (€) < 0 such that

D Aiwi(x) (@i — 27) < cmax(€), ¥x € X — B(x", ¢). (3.11)

Per Claim 1, lim; ,o, b’ = 0, therefore, ||b?||* is bounded and we denote B.x =
(RN

3rc, - and

max; |b?||*. Next denote R = maxyex ||%||, Amax = max; \; and ¢ £ max;
note that ) ;- , 3% < co. Using Lemma 3.1, we have V¢ > ¢0:

F)‘(x*,yt'H) = F)‘(x*,yt + at{|gt|v(xt) + bt}) < (3.12)

N
FA(x*,y") + Z A (@t |G oi(x") + b} (Culyi) — =) + B ([1G" [v(x") + bE[*)?
(3.13)

FAx* {Igt ZA vi(x") (2§ — @} +Z/\ b (x} — )}+ﬁt(IIthv(xt)ertll*)2
= (3.14)

< FAX,y") 4 ' {19 |Cmax(€) + Amax B! *[1x" = x|} + 8" {2(/[1G"[v(x")[|*)? + 2(|[b"[|*)?}
(3.15)

< FAx",y') + o {‘gtlcmaX( ) + Amax R||b* } + 28" (D*Vigax + Bihax) (3.16)

t *
< FPMx*,y") + (Z ak) {Zk_to ak|g*|c () + A l’%;k:t0 . }
> y T max max n

k—=¢0 Zk:to ak Zk:to ok

(3.17)

ZB’“ ND?V2oy + Bliay), (3.18)
k=t0



where Equation (3.15) follows from Equation (3.11) and Equation (3.17) follows from
telescoping.
Next, we show that:

k
1< lim M < (3.19)
t—o0 Zk 40 ak
Partition the rounds into intervals {0,1,...,D —1},{D,D +1,...,2D — 1},.... Since

each gradient is received exactly once with at most delay D, the gradients corresponding to
the first interval will have been completely received by time 2D — 1 (i.e. by the end of the
second interval). Similarly, the gradients corresponding to the [-th interval will have been
all received by time (I 4+ 1) D — 1. Consequently, since o is non-increasing, it follows that:

Zak|gk|>ZDalD b> Z aF

k=2D—1
Consequently,
t kirk t kirk k|\Ck
lim 2= 19T 2o NG Lﬁ e
oo Y ab oo Y g aF 500 3 oy O
. Yoo \Q | t
Finally, & < D follows easily by noting that |G*| < D.
k=t0

Next, note that since lim;_,o, bY = 0 and >_,° ; o' = oo, it follows that:
t
Do @ [IBF]|*
t
Zk:tﬂ ak

Combining Equation 3.19 and Equation 3.20, we obtain:

— 0, ast — oo. (3.20)

¢ k ¢ k(b (1
(Za ) M max(€)+)\mawa — —00, ast — 0.
Zk to & Zk:tﬂ o

Since Y3~ ,0 3% < 0o, Equation (3.17) implies that F*(x*, y*) — —oo, which contradicts
the first statement in Lemma 3.1. The claim therefore follows

. Assume for contradiction purposes no B(x*, ¢) is contained in B(x*, §), which means that
for any § > 0, 3y’, such that |Q(y') — x*|| = J but F*(x*,y') > e. This produces a
sequence {y'}2°, such that C(y') — x* but F*(x*,y') > ¢, Vi. This contradicts with the
fact that the choice map C(-) is A\-Fenchel coupling conforming, because by definition it
holds that if C(y*) — z, then F*(z,y?) — 0. Consequently, the claim follows.

. Fix a given § > 0. Since (¢ is summable and o' is not summable but square summable, it
follows that 8¢ — 0, at — 0, & Bt — oo as t — oo. There, denote

(a) Tl( ) = argmlnt{t | 6 < W,Vs > t}

max

(b) T%(8) = argming{t | cimax(€ (5)) < —=2Xmax R||b?||*, Vs > t}.
(C) T3(5) = argmint{t | o’ < m Vs > t}
(d) T*(5) = arg min{t | g—: > %’E;Bm“ Vs > t}.
max (€(3)
We have T'(8) < oo, T?(8) < oo (since lim;_, o ||b||* = 0 and note that cyax(e($)) < 0

by definition), 73 (8) < 0o, T4(§) < oo. Take
T(6) = max(T(5), T2(8), T9(5), T*()}.

Now take any ¢ > T'(6). We show that if x* € B(x*,4), then x't! € B(x*, ). To see that
this statement holds, let x* € B(x*,§), which implies that F'*(x*,y*) < §. Note that it
suffices to consider G* # (), for otherwise x'*! = x?.

Now there are two possibilities:



(a) Possibility 1: x* € B(x*,¢(5)).
(b) Possibility 2: x* € B(x*,8) — B(x*,¢(2)).
Under Possibility 1, it follows

N
FA, ™) < FAXS,yY) +af Y0 N{IG" oi(x) + i (et —27) + 8 (16 [u(xe) + b))

i=1
(3.21)
N
< FAXy') 4 al Yo Nbl(ef — o) + 8 {20116 v(x) ) +2(Ib7)*} (3.22)
i=1
< FMx*,yY) + 0" Amax RBuax + 284 (D*V2, + B2,.) (3.23)
é 26
F)\ ¥ k 7)\m'1xRBm X D2Vm'x B2
< (X 7y ) + 4)\maxRBmaX a a; + 8(D2V£ax +Br2nax)( ax?2 + max)
(3.24)
6 6 90
<ot ct+-= 2
=5 + 1 + 1 d, (3.25)

where the second inequality follows from A-variational stability and the last inequality
follows from the fact that x* € B(x*, (%)) C B(x*, 2) per Claim 2.
Under Possibility 2, it follows from Equation 3.16 that

5

Py ) < P+ 0 {10 emale(§)) 4 Amas RID” 425 D2V + B

(3.26)

t Cnax(€(5)) 4 Amax R D! ||
< PMx*,y") +281(D2V2. 4+ B2 ) J & Gmaxi€ly max 14 327
= (X Y )+ 6 ( Vmax + max) Bt 2(D2V£ax +B?nax) + ( )
t (e(3))

< PMx*yt) +281(V2. 4+ B2 )L CGmax@y)) Ly 2
< FMx*,yt) <e, (3.29)

where the second inequality follows from |G!| > 1 since it is not empty by assumption
and cpax < 0, the third inequality follows from Ap. R|[bY||* < —%cmax(e(g)) since

Cmax (€(2))

t > T?(5) and the second-to-last inequality follows from ‘g—':m + 1 < O since
t > T4(6).
]
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