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1 Proof of Theorem[2.2]
Lemma 1. Let {dy }ren, {€k fren be two non-negative sequences, and {w; }ic; € R® such that
i1 < widyi + e, )
el
forallk > s. If Y, w; € [0,1[and ), .\ ex < 400, then
Z dj, < +oo.
keN

Remark 2. Lemma is an extension of [3, Lemma 3]. It should be noted that in our case, non-
negativity is not imposed to the weight w;’s, but only the sum of them. In fact, we can even afford all
w;’s to be negative, as long as Ziel widg—; + € 1s positive for all £ € N.

Proof. From (), suppose that d_; = d_3 = d_441 = 0, then sum up for both sides from k& = 0,

de+1 Szzwidk—i+26k:> de §d0+zwizdk+25k

keN keN el keN keN i€l keN keN
— (1 — E wi) E di < dy+ E Ek-
i€l keN keN

Since we assume Zie ;w; < 1and ¢, is summable, then we have
—1
deg(l—zm> (d0+26k)<+oo,
keN iel keN

which concludes the proof. O

Define Aj, £ |k — zr—1|-
Lemma 3. For the update of i1 in (I7), given any k € N, define

def

g1 € ook — we1) = VE (W) + VF(@is).

We have gi+1 € 0P (xp41), and moreover,

gkl < (% + L) A1+ (\aszI + |bi,k|)Ak7i~ 2
- el —
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Proof. From the definition of the proximity operator and the update of 41 (1.7), we have y, , —
VVE Y k) — Tht1 € YeOR(zk41). Adding v,V F (zg41) to both sides, we get

ak — F — F
Jk+1 = Yok = W VE(Yok) %xkﬂ + WV E(@r41) € 0P (zk41)-

Now, applying the triangle inequality and using Lipschitz continuity of VF', we get
lgr+1ll = 157 Wak — Trs1) = VF(yok) + VE(zp41)
Tk

< Sellves =zl + Lk — zra
7116 (Ak+1 + Z |ai7k|Ak—i) + L(Ak+1 + Z |bi,k|Ak—¢)
i€l i€l

( +L)AkJrl +Z ('aml + \bzk|)Ak i

el -

IN

IN

which concludes the proof. O

Lemma 4. For Algorithm given the parameters vy, G; 1, b; i, the following inequality holds

O(wpg1) + AR < Blan) + > @A, 3)

i€l

Proof. Define the function
Li(x) = wR(2) + 32 — yail +elz, VE(m1).
It can be shown that the update of x4 in is equivalent to
Zp41 € Argmingcpn Ly (), 4)

which means that £ (zg41) < L (2), and

Herer, VEWer) < Rlae) + g0 loe—yakl®+ (@r, VE (i),

1
R($k+1)+ﬁ||$k+1 -
which in turn leads to,

RuwzmMﬂwqierwmw+@mrmmvm%m—gﬂm—%AQ
= R(zk+1) + (Ths1 — 2, VF (7)) + Ak+1

o (= Tt e @i (@i - :cm-fl» + (o1 — 2k, VE(yor) = VE(2p).
(5)

Since V F' is L-Lipschitz, we have the classical inequality

(VE(zr), pr1 — xk) = Fapr) — Flar) — Ak+1
Applying Young’s inequality, we obtain

(Th — Try1, Doier @ik (Thoi — Thoiz1)) > _(%Ak_l,_l + 5= || Sier Qik(Th—i — Tp_i—1)|| )

> (Bag, + 300 ),

iel

(6)
where ¢ > 0. Similarly, for v > 0, we have

(k1 — 2k, VE(gox) — VF(zr)) > (AH4+2HVF@“»—VFumW)

( +1 I Z sbl kL ) (7N

i€l

Combining (3), (6) and (7) leads to
sa?, = sb?,L?

D(xpy1) + 5kAk+1 < P(zg) + Z (2716“ + 5 )A O(xg) + Zak ZAk i (8)

el i€l




Therefore, we obtain
O(wp1) + BAT 1 < Blwprr) + By < Dlan) + Y aniAf_; < Oa) + > @AL,
iel iel

which concludes the proof. O

Define R? the product space R? LR % ... x R and 2k = (Tk, Th—1, oo, Th—s+1) € RY. Then
[ ———

. . s times
given z, define the function

(o) = B(e) + Y a7

i€l j=t
which is is a KL function if ® is. Denote C, ,C., the set of cluster points of {z } ren and {zk }ren
respectively, and crit(¥) = {z = (,...,z) € R? : z € crit(®)}.

Lemma 5. For Algorithm[l} choose p, v, Vi, i k., bs . such that 2.3) holds. If ® is bounded from
below, then

(i) Y pen A7 < 4oo;
(ii) The sequence ¥ (zy,) is monotonically decreasing and convergent;
(iii) The sequence ®(xy) is convergent.

Proof. Define

—Z@i>0.

el

From the Lemma[d}, we have

0A7 1 < (D(an) = B(anr)) + Y @(AF; — ATy,

iel
Since we let z1_, = ... = g = x1, for the above inequality, sum over k£ we get
2
5ZAk+1 Z ©(wpr1) +ZZO‘1 (A = Afs)
kEN kEN keN il
<q)£L'o +ZO¢ZZA k+1)

el keN
1
+Y @ Y A=
il j=1—i
which means, as ®(x() is bounded,

Sz, <

keN

\_/

—— < +o00.

From Lemma[d] by pairing terms on both sides of (3)), we get
\I’(Zk_;,_l) + (ﬁ — Zai)A%_H < \I’(Zk-)
i€l

Since we assume 3 — » ., @; > 0, hence ¥(z;) is monotonically non-increasing. The convergence
of ®(xy,) is straightforward. O

Lemma 6. For Algorlthml 1} choose v, Yy, aik, by i such that (23) holds. If @ is bounded from
below and {xy }ren is bounded, then x\, converges to a critical point of ®.



Proof. Since {x}}ren is bounded, there exists a subsequence {x, } jen and cluster point Z such
that x,, — T as j — oo. Next we show that ®(x,) — ®(Z) and that Z is a critical point of ®.

Since R is Isc, then lim inf; o R(zy,) > R(Z). From (@), we have Ly, _1(z;) < Ly, —1(T),

_ 1 2 _ 1 _ 2
R(Z) 2 R(wr;) + g lek; = Yo, —all” + (2n; = 2, VE(op;-1)) = 52— 17 = Yo, -1l
J J
1 2 o _
= Rlzy,) + g (o, = 207+ 2{@n, =2, 2 = yap,—1) + (2, = &, VE(yo, 1))
J

Since A7 — 0 and Tg; — I, then passing to the limit in the inequality we obtain
limsup,_, ., R(zx;) < R(Z). As aresult, limy o R(xx;) = R(Z). Since F is continuous, then
F(x;) — F(Z), hence ®(xy,) — ®(Z).

Furthermore, owing to Lemma gk; € 0D (x4 y ), and (i) of Lemmawe have g, — 0 as k — oo.
As a consequence,

Gk; € 6@($kj), (a:kj,gkj) — (z,0) and (I)(.Z‘kj) — ®(7),

as j — oo. Hence 0 € 9®(Z), i.e. T is a critical point. O
Now we present the proof of Theorem [2.2]

Proof of Theorem[2.2] Putting together the above lemmas, we draw the following useful conclu-
sions:

(R.1) Denote § = § — >, ; @i, then W(zp11) + 6A7 ; < U(z):
(R.2) Define
Grt1 + 23570 QilTpgr — 1)
wr | 22520 @ilwn — wrp) + 2550 @ — )
Wr41 = . 3

2645—1 ($k+2—s - l‘k—&-l—s)

then we have wi41 € OU(zk4+1). Owing to Lemma [3] there exists a ¢ > 0 such that

k1 .
[weal o3l e o As

(R.3) if xy, is a subsequence such that z, — 7, then W(2;) — ¥(Z) where z = (2, ..., T).

(R4) C,, C crit(¥);

(R.5) limy_ 0 dist(zg,Cs, ) = 0;

(R.6) C,, is non-empty, compact and connected;

(R.7) U is finite and constant on C,, .

Next we prove the claims of Theorem [2.2]
(i) Consider a critical point of ®, z € crit(®), such that z = (z, ..., z) € C,,, then owing to (R3),

we have ¥(z;) — U(2).
Suppose there exists K such that ¥(zx ) = W(Z), then the descent property (R:I)) implies that
U(z,) = ¥(Z) holds for all k£ > K. Then zj, is constant for k¥ > K, hence has finite length.
On the other hand, let ¥(z;) > ¥(Zz), denote ¢, = ¥(z;) — ¥(2). Owing to (R:6), (R.7) and
Definition the KL property of ¥ means that there exist €, and a concave function ¢, and

UE {ueR? :dist(u,C,) < e} [ [T(2) < T(u) < ¥(2) + 1), 9)
sucht ath for all z € U,
¢ (W(z) — ¥(2))dist(0,0¥(z)) > 1. (10)

Let k1 € N be such that ¥(z;) < ¥(z) + n holds for all k£ > k;. Owing to (R.3), there exists
another k3 € N such that dist(zy,C,, ) < € holds for all £ > k. Let K = max{ky, k2}, then
z1, € U holds for all k > K. Then from (I0), we have for k > K

@' (Yr)dist (0, 00 (2x)) > 1.

Since ¢ is concave, ¢’ is decreasing, and ¥(zy,) is decreasing, we have

o(Vr) — (Y1) > @'(lbk)(\If(zk) — \IJ(ZkJrl)) > %ﬁm



(i)

(iii)

From (R.1)), since dist(0, 0¥ (z)) < |wg]], then

W(zk) = V(2k41)
[[we

U(zk) — ¥(zh41)
g Z_];:k—i-l—s A .
Moreover, ¥(zg) — U(zp41) > 6A%+1 from (R:2)), therefore we get

A%,
g Z?Zk—&-l—s A

>

o(Vr) — p(Prt1) >

o(Vr) — (Y1) >

)

which yields
k
Az+1 < (%(@(flpk) - @(¢k+1))) Zj:qufs Aj' (1)
Taking the square root of both sides and applying Young’s inequality with x > 0, we further
obtain

28541

IN

S i A 2 (o) — W)
(h=5) <33 a1y i+ F(o(n) — o(as0)).

Summing up both sides over k, and since g = ... = x_g4, we get

08 e < A1+ Fo(th) < 400,

12)

which concludes the finite length property of xj.

Then the convergence of the sequence follows from the fact that {zj }recn is a Cauchy se-
quence, hence convergent. Owing to Lemma@ there exists a critical point * € crit(®) such
thatlimy_, oo T, = =*.

We now turn to proving local convergence to a global minimmizer. Note that if z* is a global
minimizer of ®, then z* is a global minimizer of ¥. Let r > p > 0 such that B,.(2*) C U and
n < &(r — p)?. Suppose that the initial point x¢ is chosen such that following conditions hold,

U(2*) < W(z9) < U(2*)+ 7 (13)

o — 2|+ (s — 1) + 2/ LELZEE) 1 2o(y) < . (14)

The descent property (R.I) of U together with (I3) imply that for any k € N, ¥(z*) <
U(zgt1) < U(zg) < W(z0) < ¥(2*) + 1, and

k1 — zil| < \/\I}(Zk) _6\11(%“) < \/\P(zk) 5 LI (15)

Therefore, given any k € N, if we have xj, € IBP(JC*), then

* * v —v ’

<p+t(r—p) =r,

which means that z; 41 € B,.(z*).
For any k € N, define the following partial sum

k—1 j
Pr = Zj:k-{-l—s i=1 Ai.

Note that p;, = 0 for k = 1, and limy o, p = ¢(s — 1). Next we prove the following claims
through induction: for kK € N

zr € Bp(z*) 17)
ZleAj'H + Aprr < Ay pe+ Fe(W1) — @(Vrt))- (18)

From (T3)) we have

V() —W(H)

3 (19)

|1 — ol <



Applying the triangle inequality we then obtain
U(z0) — W(z")

lzy = 2| < Jlzo — 27| + [lz1 = woll < flzo — 27| + 3 <p
which means 21 € B,(z*). Now, taking x = 1 in (I2) yields, for any k € N,
2Ak41 < Za PERERAVE - ( (Vr) — o(Yr+1))- (20)

Let kK = 1. Since g = ... = x_,, we have

200 <A+ ¢ ( (¥1) — (¥2))-

Therefore, (17) and (I8) hold for k& = 1.
Now assume that they hold for some & > 1. Using the triangle inequality and (T8)),

k
lzern —a*| < llzo — 2|+ A+ D25\ A
< flzo — 2| + 2A1 + pi + F(0(¥1) — P(Vk11))
< Jlwo —a* [ + 281 + (s = Dl + F(p(¥1) = 9(Pr41))

[ < flzo — o +2¢/ LELZYCED 4 (5 1)0 4 T (o) — ().
As p(1) > 0and ¢’ (¢0) > 0 for ¢ €]0, 7], and in view of (T4), we arrive at

v —U(*
lsr = a7 < g — 2*] + 24/ HELZEED 45— 1)0 4 Zop(ap) < p
whence we deduce that (T7) holds at k + 1. Now, taking (20) at k& + 1 gives
2Ap42 < Z PERNPSIVAVE - ( (Yr41) — @(Vry2))

<Apgr + Zj:k+2_sAj + g(w(w;m) — p(Yrt2))-
Adding both sides of (2T) and (T8) we get

k1
Z 1A+ Apge <A +pk+2] PSVAVEE b ( (¥1) — p(Yr+2))

= Ay +ppy1 + g(@(%) - <P(‘¢Jk+2))»

meaning that (T8) holds at k& + 1. This concludes the induction proof.

In summary, the above result shows that if we start close enough from z* (so that (I3)-(T4)
hold), then the sequence {2k} xen will remain in the neighbourhood B, (2*) and thus converges
to a critical point Z owing to Lemmal6] Moreover, ¥(z;) — ¥(z) > W(z*) by virtue of (R.3).
Now we need to show that U(Z) = W(z*). Suppose that U(z) > W(z*). As ¥ has the KL
property at z*, we have

2y

¢ (¥(2) — U(2*))dist (0,0¥(z)) > 1.
But this is impossible since ¢’ (s) > 0 for s €]0, 5[, and dist(0,0¥(2)) = 0 as Z is a critical

point. Hence we have ¥(z) = ¥(z*), which means ®(Z) = ®(z*), i.e. the cluster point T is
actually a global minimizer. This concludes the proof.

O

2  Proof of Theorem [3.2]

Proof of Theorem[3.2l Under the conditions of Theorem [2.2] there exists a critical point z* €
crit(®) such that zj, — x*, R(zx) — R(x*) and ®(z),) — ®(2*) (see the proof of Lemmalf).

Convergence properties of {zj }ren (Theorem|2.2) entails ||yq, 1 — 2%/ — 0 and ||lyp r — 2*|| — 0.
In turn,

dist(—VF(2), OR(241)) < Tk = ns1] + gl — 27 = 0.

Altogether, this shows that the conditions of [[10, Theorem 4.10] or [6, Proposition 10.12] are fulfilled
on R at z* for —V F(z*), and the identification result follows.

O



3 Proof of Theorem 3.4

Before presenting the proofs, we need some extra result from partial smoothness, and also Riemannian
geometry.

3.1 Partial smoothness and Riemannian geometry

From the sharpness in Definition [3.1] Proposition 2.10 of [9] allows to prove the following fact.

Fact 7 (Local normal sharpness). If R € PSF, (M), thenall 2’ € M near x satisfy Ty (z') = Tyr.
In particular, when M is affine or linear, then T, = T,.

We now give expressions of the Riemannian gradient and Hessian (see Section[3.2]for definitions) for
the case of partly smooth functions relative to a C? submanifold. This is summarized in the following
fact which follows by combining 23)), (24)), Definition[3.1} Fact[7]and [5} Proposition 17] (or [13}
Lemma 2.4]).

Fact 8. If R € PSF, (M), then for any ' € M near x
VmR(z") = Pr,, (OR(z")),
and this does not depend on the smooth representation of R on M. In turn, for all h € T,/

V3G (@ )h = Py, VZR(z')h + W, (h, Ppr VR(2')),

where R is a smooth extension (representative) of R on M, and 20,.(-,-) : Ty X T;- — T, is the
Weingarten map of M at x (see Section[3.2] below for definitions).

3.2 Riemannian Geometry

Let M be a C%-smooth embedded submanifold of R™ around a point 2. With some abuse of
terminology, we shall state C'2-manifold instead of C?-smooth embedded submanifold of R™. The
natural embedding of a submanifold M into R™ permits to define a Riemannian structure and to
introduce geodesics on M, and we simply say M is a Riemannian manifold. We denote respectively
T (z) and M () the tangent and normal space of M at point near x in M.

Exponential map Geodesics generalize the concept of straight lines in R”, preserving the zero
acceleration characteristic, to manifolds. Roughly speaking, a geodesic is locally the shortest
path between two points on M. We denote by g(¢;z,h) the value at ¢ € R of the geodesic

starting at g(0; 2, h) = « € M with velocity g(¢;x, h) = %(f;a@h) = h € Tpm(z) (which is
uniquely defined). For every h € Trq(x), there exists an interval I around 0 and a unique geodesic

g(t;x,h) : I — M such that g(0; z, h) = x and g(0; 2, h) = h. The mapping
Exp, : Tm(z) = M, h— Exp,(h) = g(1; 2, h),

is called Exponential map. Given z,z’ € M, the direction h € Tr4(x) we are interested in is such
that
Exp,(h) =2’ = g(1;2,h).

Parallel translation Given two points z, 2" € M, let Ty(z), Tam(z’) be their corresponding
tangent spaces. Define

T: TM(iL') — TM(.’KI),
the parallel translation along the unique geodesic joining z to x’, which is isomorphism and isometry
w.r.t. the Riemannian metric.

Riemannian gradient and Hessian For a vector v € N(z), the Weingarten map of M at x is
the operator 20, (-, v) : Tap(x) = Ta(z) defined by
ww('vv) = _PTM(I)dV[hL

where V' is any local extension of v to a normal vector field on M. The definition is independent of
the choice of the extension V', and 2. (-, v) is a symmetric linear operator which is closely tied to
the second fundamental form of M, see [4] Proposition I.2.1].



Let G be a real-valued function which is C along the M around z. The covariant gradient of G at
x’ € M is the vector V,(G(2') € Ta (") defined by

(VmG(a'), hy = LGP (e’ +1th)|,_y. ¥h € Taa(a'),

li=o-

where P o is the projection operator onto M. The covariant Hessian of G at 2’ is the symmetric
linear mapping V4,G(z') from Tpq(2') to itself which is defined as

(VG @)h, ) = LGP’ +1h)],_y. Vh € Tula!). (22)

[i=o-

This definition agrees with the usual definition using geodesics or connections [[13]. Now assume that
M is a Riemannian embedded submanifold of R™, and that a function G has a C?-smooth restriction
on M. This can be characterized by the existence of a C?-smooth extension (representative) of G,

i.e. a C2-smooth function G on R™ such that G agrees with G on M. Thus, the Riemannian gradient
V mG(2') is also given by

VMG(.'L‘/) = PTM(Z‘,)V6<$/)7 (23)

and Vh € Tp(2'), the Riemannian Hessian reads

ViG(@)h = Pryy oy d(VMmG) (@) [1] = Pryyond(2 = Py oy VuG) [1]

~ ~ (24)
- PTM (I,)VzG('r/)h + W, (h’ PNM(J:')VG(x/))v

where the last equality comes from [1, Theorem 1]. When ~/\/l is an affine or linear subspace of R"”,
then obviously M = x + T (z), and W,/ (h, P s, () VG (2")) = 0, hence (24) reduces to

V3.G(2') = Pr ey VG (@ )Py (ar)-
See [8, 4] for more materials on differential and Riemannian manifolds.

The following lemmas summarize two key properties that we will need throughout.

Lemma 9. Let x € M, and xj, a sequence converging to x in M. Denote 1y, : Ty(x) = Tam(zk)
be the parallel translation along the unique geodesic joining x to xy. Then, for any bounded vector
u € R"™, we have

(7o "Prsan) — Prao))u = o(||ul)).

Proof. See Lemma B.1 of [12]]. ]

Lemma 10. Let x, 2’ be two close points in M, denote T : Ty (x) — Ty (") the parallel translation
along the unique geodesic joining x to x'. The Riemannian Taylor expansion of ® € C?(M) around
x reads,

TV M®P(2)) = Vo () + V%@(m)PTM(w) (' —z) +o(|z' — z|).
Proof. See Lemma B.2 of [12]]. O

3.3 Proof of Theorem[3.4]

The proof of Theorem I|consists of several steps, first we prove that under the required setting, we
can obtain (3.5), i.e. the linearized fixed-point iteration.

Proposition 11 (Locally linearized iteration). For Algorithm || suppose that the conditions in
Theoremhold so that the generated sequence {xy }ren converges to a critical point x* € crit(®)
such that Theorem[3.2|and condition (3.2) and (3.3)) hold. Then for all k large enough, we have

dk+1 = Md + O(HdkH) (25)

The term o(-) vanishes if R is polyhedral around x* and (7, a; k, b; 1) are chosen constant.



def def

Define the iteration-dependent versions of the matrices in (3.1) and (3.4), i.e.
Hy, € 3 Pp  V2F(z*)Pr ., G £1d — Hy, Q1 & Y%V, ®(@*)Pr,. — Hy,
o —(ag,s—1 — bg,s—1)P — by s—1 PG,

Mo & (ak,0 = br,o)P + (14 bro) PG, My s =
My = —((ak,i—1 — ari) = (brim1 — b)) P — (bri1 — b ) PG, i=1,...,5 — 1,

def

Mro Mpa - Mps1 Mg (26)
Id 0 cee 0 0
ME] 0 I 0 0
o 0 .- 1 0

After the finite identification of M, we have x;, € M~ for z), close enough to z*. Let T, be
their corresponding tangent spaces, and define 7, : T+ — T, the parallel translation along the
unique geodesic joining from x to z*.

Before proving Proposition[I T} we first establish the following intermediate result which provides
useful estimates.
Proposition 12. Under the assumptions of Proposition|[I1] we have

Iya,r = =" = Oldxl), llve.x — 2" = OCld]), lIrrs1ll = Oldxl), o)

(ﬁ@hpnk“ —Pr ) (VF(yor) — VF(xr41)) = o(lldil]).
and
IP(Qr — Q)rrr1ll = o([ldrll), (Mg — M)dy| = o(||dr|)- (28)
Proof. Since |a; | < 1, then
1Yo,k — 2% = |2k + Xierik(Tr—i — Tp—im1) — 2 + X paip(a” — 7))
< lzg — 2% + Zai,k(Ilwm — 2| + [Th—iz1 — 2])
icl (29)
<2 el < 2vs + Tdi],
el

hence we get the first and second estimates. From prox-regularity of R at 2* for —VF(z*), in-
voking [15], Proposition 13.37], we have that there exists 7 > 0 such that for all y;, €]0, min(7,7)|,
there exists a neighbourhood U of z* — 4,V F(z*) on which Prox,, g is single-valued and -
Lipschitz continuous with [ = 7/(7 — 7). Since VF is continuous and z;, — z*, we have
Ya o — Ve VEF (Yo k) = * — % VF(x*). Inturn, yo 1 — v VF (ypk) € U for all k sufficiently large.
Thus, we obtain

i1l = [Proxs, r (yas — WY F (ys,r)) — Proxy, r(z* —wVE(z))]
<k — %) = (VF(ypr) — VF ("))
< Ul1yas — 2™ + v Lliyse — 2*))
< 2Vs + L1+ L) dill < 4v/s +Tdi]),
which yields the third estimate. Combining Lemma[9] 29) and (30), we get
—Pr, ) (VE(ysr) — VF(2k41)) = o([VF (yo) — VE(zp41)])
= o(llys. — ™) + o(l[r+1ll) = o(lld])-

(30)

—1
(T}{?+1PTzk+1

Let’s now turn to (28). First, define the function R(x) déiR(x) + (z, VF(2*)). From the smooth
perturbation rule of partial smoothness [9, Corollary 4.7], R € PSF,« (M,+). Moreover, from Fact
and normal sharpness, the Riemannian Hessian of R at =* is such that, Vh € T+,

YV, Ra*)h = APr,. V2 R(a*)h 472, (h, Py, VR(2"))
= Pr. V2R(z*)h + YW, (h, Pps VO (2*))
=7V, ®(@*) P, h — Hh = Qh,



where ~ is the smooth representative of the corresponding function. We have

NP@Qk = Qriall . PO =)V R Py, rh |
lim = lim
k—o0 [y k—o0 751l
< lm |y, — YIPIIVA,, ., R(z*)Pr,. || = 0,
— 00

which entails | P(Qr — Q)rk+1] = o(||rk+1])) = o(||dk||). Similarly, since H is Lipschitz, we have

P(Gy — Py, —v)H
lim I1P(Gr = G)rel| _ lim 112 — ) Hre| < lim |ys —v|L|P| = 0. 31)
k— o0 ||’I“kH k— o0 ||7"k|| k— o0
Now, let’s consider (M}, — M )dy,
Mio— My Mg, —My -+ Myps1—Ms_1 Mg — M,
0 0 0 0
My — M — 0 0 0 0
0 0 0 0
Take (M} 0 — Mo)ri, we have
(M0 — Mo)ry,

= ((aro0 — br,o)P + (1 + bro) PGr)rie — ((ag — bo) P + (1 4 bo) PG)ry,
= ((aho —byo) — (o — bo))Prk + (14 bro)P(Gr — G)ri + (bg,o — bo) PGry,.
Since we assume that a; , — a;,b; x — b;,¢ = 0,1 and v;, — -, plus @), it can be shown that
o 100 = Mo

k=00 el

< lim |(ak0 = bro) = (a0 = bo) [Pl + 1 + il v = A LIP] + [bro = bol I PG = O,

that is || (Mg 0 — Mo)ril| = o(||rx|). Using the same arguments, we can show that

[(Mp,i — M;)re—il = ol|lrk—ill), i=1,....s =1 and [[(My,s — M) (Ie,s1)-
Assemble them together, we obtain
(M, — M)dy|| = o(||dk|),
which concludes the proof. O

Proof of Proposition[IT} From the update (I.7) and the condition for a critical point 2* of problem

({P), we have

Yak — Tht1 — T (VE(Yp) — VF(2r41)) € 760P(2p41)
0 € 7,0P(x).

Projecting into T, and T+, respectively, and using Fact|§|, leads to

k+1
YThr Vi, ®(@r41) = 74 P, - (Yoo — Tir1 — Y6 (VF(Ype) — VF(2141)))
'kaMI*CI)(x ) =0.

Adding both identities, and subtracting 7, +1PT1k _@* on both sides, we arrive at

Tk+1PTIk+1 Th+1 + Yk (Tl;rlv/\/lx* ®(z11) = Vg, D(z)) (32)
=T P, Wak — %) = 4P, (VF(yok) — VF(2r41)).

k+1 ( Tk+1

By virtue of Lemma[J] we get

Tht1 = P rpyr + (Tk+1PT —Pr )ret1 = Pr e + o(|res |])-

7—k+1PT Tl

Th41
Using [[L1, Lemma5.1], we also have

Tht1 = P rigr + o(||re41),
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and thus

Tt Py, Tt = T+ 0([lrasa ) = 7 + o(lldi]), (33)

where we also used (27). Similarly

7'k_+11Pka+1 (Yak — ™)

=Pr,. (Yar —2%) + (TkHPleH Pr,.) (Yo — %)

=Pr,. Wak — ) + o([Yar — ") = Pr,u (Yo — %) + o(l|d )
=Pr,(xp —2")+ Z aikPr,. ((xp—i — %) — (@p—iz1 — 2¥)) + o(||dk|)

i€l (34)
=7+ o(lril) + D aige(ri-i = ri—ioy + olri—il)) + o(rr—i-11)) + o(llde])
il
=Tk + Z @k (Tho—i = Th—i—1) + Z o([lre—ill) + o(lldkl))
i€l ieIUfs}

= (Yap = 27) + o[l dx])-
Moreover owing to Lemma|[I0]and (27),

TV M ®(@k11) = Vi, 8(27) = Vi, (2P, ks + 0([resa])

2 * (35)
= Viu,. 2(@")Pr,. i1 + o([|dk|)-

Therefore, inserting (33), (34) and (33)) into (32), we obtain

(Id+’}/kV3\A *(I)(JZ*)PT )Tk+1

(36)
= Yar — ") = w7 1P, (VE(yor) = VF(2141)) + o[ldil)-

Owing to (27) and local C%-smoothness of F', we have

. (VE(yo,x) — VF(2k11))

=Pr,. (VF(yor) — VF(fEkH)) + o(l|dll)

=Pr,. (VE(yox) — VF(2*)) = Pr,. (VF(z411) — VF(2*)) + o(lldx])

=Pz, . V2F(@")(yo,6 — @) + o(|lye,k — 2*[)) = P, VEF (2% )rii1 + o(|lrira]]) + o[l i)
= Pr,. V?F(2")Pr,. (yox — 2*) = Pr,, V2 F(2")Pr,. (241 — 2*) + o||d])-

Injecting (37) in (36), we get

7—k-|-1PT

(Id + % Viq,. ®(z*)Pr,. — WPr,. V2 F(2*)Pr,. )it

38
= (Id+ Qu)rk41 = Warp — ) — He(yo,e — ) + o(||di]]), %)
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which can be further written as, recall that H;, = Id — G,

(Id + Q) 7x+1
= (Id+ Q)rps1 + (Qr — Q)rr11
= (Ya,b — ") — H(yo,c — %) + o([|di|)

=7+ Z @i (ki — Th—i—1) — Hy, (Tk + Z bi i (ri—i — Tk—i—l)) + o(||dk])

il il
s—1
= (L +ako)ri — Z(ak,iq — Qi) Th—i — Qh,s—1Tk—s
i=1
s—1
— Hy, ((1 + bro)rE — Z(bk,i—l — g )Th—i — bk,s—lrk—s) + o(||dk])
i1
s—1
= (1 +ak0)rk — Z(ak,iq — Qi )Th—i — Qh,s—1Tk—s
i=1
s—1
— (14 by,0)Hgry + Hy, Z(bk,i—l — bri)rk—i + Hibg s—175—s + o(||d]|)
i=1

= ((1 + ak,0)Id — (1 + by,o) Hy) 7 — (ak,s—11d — by g1 Hp)Tp—s
s—1
— Z ((ar,i—1 — ari)Id = (br,i—1 — bri ) Hi)ri—i + o(||di]])
i=1
= ((ar,0 — br,o)Id + (1 + br,0)Gi )i — ((ar,s—1 — bi,s—1)1d + br s—1 G ) ri—s
— § ((ar,i—1 — ari)Id = (br,i—1 — bei)Id + (bg,im1 — bri)Gr)re—i + o([|di])-
i=1

Inverting Id + @ (which is possible thanks to assumption (3.2))), we obtain
i1+ P(Qr — Q)T
= ((ar,0 — be,0)P + (14 bio) PGr)ri, — ((ak,s—1 — br,s—1) P + b s—1 PGr)ri—s
s—1
- Z ((ar,i—1 — ki) P — (bri—1 — b )P+ (bi—1 — bii) PGr)rr—i + o(||di|)
i=1

s—1
= My ork + My, sTh—s + Z My iri—i + o([|d])-

i=1
Using the estimates (28), we get
dit1 = (M + (M), — M))d + o(||dx||) = Mdy, + o(||dk|)- O

With the above result, we are able to prove the claim (3.6), hence Theorem 3.4]

Proof of Theorem[3.4l Since p(M) < 1, then we have M is convergent with limy,_,o, M* = 0.
Define v, = o(dy), suppose after K > 0 iterations, (3.3) holds, then for k > K

k
gy = M Kdge 43 METy, (39)
j=K

Since the spectral radius p(M) < 1, then from the spectral radius formula, given any p €|p(M), 1],
there exists a constant C such that, for any k € N

|A*) < | MF < Cpt.

12



Therefore, from (39), we get

k
lderall < [MFFRdge + 3 MF e

j=K

k
k+1-K k—j
< |M] el + > 1M1l
j=K
k
< CPMHEdg || +C Y ot -
J=K

Together with the fact that ¢); = o(||d;||) leads to the claimed result. See also the result of [14]
Section 2.1.2, Theorem 1]. O
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