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1 Preparatory Results

McDiarmid’s Inequality Let f : X™ — R be a function such that for all i € {1,...,m}, there
exists ¢; < oo for which

sup ‘f(‘r17"'7xm)_f(x17"'7xi71a‘%7x’i+17~"7xm)| SC’L (l)
zeX™m zeX

Then for all probability measures p and every ¢ > 0,

22
<) @)

Pr(f(@) = Eo(f(@)) > ) < exp(—5m—3

where F, denotes the expectation over the m random variables x; ~ p, and Pr denotes the probability
over these m variables.

Lemma 1.1. For any fixed function h(xs, ), g(x, 8),any A\, B, bounded kernel K, we have

P(sup |2 37 F(h(@, X)) = Bu. f(h(@e, )| = By, sup |2 S f(h(ais N) = Ev, f(h(ze, )] > €)
fer n i fer M
3)

2

< exp (—50) @)

1 & ; 1 & ;
P(;gg — ;f(g(xtﬁ)) — By, f(9(1,8))| — Ex, sup I~ ;f(g(xt,ﬁ)) — Eq, f(g(ze, )] > €)
(5)

2
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30th Conference on Neural Information Processing Systems (NIPS 2016), Barcelona, Spain.



Proof. When we replace x% by 7% and x, by 7, we have

1< ; 1 & .
S;P“;?;'a;f(h(%A By, f(h(zs, ) I)*(;ggl;;f(h(fzg,A E,, f(h(zs,\)))]

(7
We use the fact that | sup f; (z) — sup f2(x)| is smaller than sup |f1(z) — f2(x)|, and get

n ; 1 n
<supsup |(- = Pt )~ Er f (e, A ;Z By f(h(ws, \)))|
Ts JE i=1 i=1
®)
1 . i
= sup sup |—(f(h(zf, A)) — f(R(Z, A)))| ©
&, fer M
It follows from Riesz representation theorem in reproducing Hilbert space that
1 ; i
It follows from kernel bounded property that
2VK
< vk 1D
n
Now using McDiarmid’s Inequality, we have
1« ,
P(iug \EZf(h(wéd)) — By f(h(zs, N))| — Ex, sup I* Zf — Ea, f(h(zs,A))] > €)
€ i=1
(12)
<ex (—GQ—H) (13)
S explmop
A similar proof holds for g(z;, 3). This proof can also be found in [1]. O
Lemma 1.2. For any fixed function h(xs, ), g(x¢, 8),any A\, B, bounded kernel K, we have
13 . WK
E, sup|— f(h(zi, ) — B, f(h(xs, < (14)
sup 3 0 (s, M <
1 & , 2VK
E,, sup |— x3,8)) — By, z, 0))| < —— (15)
sup | X Slalah ) = B oo 8] < T2



Proof. Let 2/, be the samples generated from the same distribution as x5. Also, o;i.i.d ~ {—1,1}
with equal probability. We can show,

1 & ,
Er, 30p 1 32 (a3, ) = B, S, ) (16)
1 < ,
= By, sup | By Z F(R(GN) = = F(hl, V)] (17)
i=1
It follows from the convex1ty of the absolute function, and Jensen’s Inequality that
1 — :
< B, sup By | Zf N) = = 37 F(hlal, V) (8)
i=1
y :
< Br B supl (] Zf L) =D F(ha V)| (19)
i=1
For any fixed o, the remamder have the same value because x’s, x are i.i.d samples, so
1 o : .
= Er By By, sup | > ai(f(h(,N) = (R, M) (20)
€ i=1
1 « i .
= E; By E, sup - Do oilf (b, N) = f(hal,N))] 2n
€ i=1

< E, EuEssup|= Y o;(f(h(z.' )|+ Ep, Ew E, sup aif(h(z%, X (22)
st | S0 FhaL )+ o By s | 3 (122, )

i=1
1 :
=2E, E,sup|— o f(h(z%, A (23)
o sup 5 3o (1}, )
= Eo || ok (h(xl, ), ) (24)
i=1 H
2 n 1/2
=SB, E.( Y 0io;K(h(xl, \), h(z],)))) (25)
n i,j=1
It follows from Jensen’s Inequality that
1/2
Y Eoloioy)K(h(x,A), h(w), N) (26)
i,j=1
By using properties of o,
) n 1/2
= —Eq, (Z K(h(x, ), iz, A))) 27)
" i=1
< WK (28)
Vn
A similar proof holds for g(«, 8) and can also be found in [1]. O



Lemma 1.3. For any fixed function h(xs, \), g(x¢, ) and a bounded kernel K, if (A1) holds, we

have
VK \/ dy a
_ - (h,o) _
P(fe‘?%?‘é?'n;f E., f(h(zs,A))| > NG ( ot + o logn>) 5
(29)

e

P(sup sup\—Zf 9(x}, B)) = Ex, f(g(x1, 8))| >

BEQ fEF m i—1

EE

d
4 (9.0) 4 “B 1 <=
( +\/C o, Ogm>)2

(30)

where C(1e) = 10g(2|Q>\\)+10goflerA log 51 and C(9*) = log(2|Qﬁ\)+10ga*1+ . > log f

Proof. Observe that we can choose a covering for §2) using balls with any radius § > 0. Define N

to be number of those balls, and )\5, )\%, . /\(Z)V“ be the center of those balls. For any d(A1, A2) <4,
we have

I ;
sup | H Z} f(h = B f(h(ws M) = sup | ; F(h(@l, A2)) = Bz, f(h(s, 22))|
(3D
We use the fact that | sup fi(z) — sup fa(x)| is smaller than sup |f1(z) — fo(2)]
< sl Zf — Eqy f(h(z, A1) Zf (€%, 22)) = Ex, f(h(zs,22))]]
(32)

<sup\—zf (2, A1) ﬁzf (@ 22|+ 0D [ o, (10, M) = B, (i 22)

fer M
(33)
We use Riesz representation theorem in reproducing Hilbert space
I ; :
=~ (K(h(al, ), ) = K(h(zf, h2), )

i=1

+ 1B, (K(h(2s, A1), ) = K(h(2s, A2), )l g
H

(34)
We use Jensen’s Inequality
1 n
EZ ) 7IC(h’( >‘2 ||H+ET< (]C(h(xga)W)?) 7K(h(z‘ia/\2)7))“H
) (35)
< 2sup ||K(h(zs, A1), .) — K(h(xs, X2), )| (36)
We use (A1)
< 2Lp6™ (37)
Thus,



sup sup fo By, f(h(zs,\)] (38)

\EQ) fEF T

= max  sup suprZf = B, f(h(zs, )| (39)

kel,2...,Ns d(x, /\k)<5 fer N =

n

1 )
=  max sup (sup|— f(h(zy, N) — By, ZTs, A _Sup - f(h x )\k
k€1,2...Ns g4(x, Ak)<6<feF|n§ (h( ) F(h( )l | Z

(40)
1 k
kelQXN(;?lellg‘an — By, f(h(z5,70))] (41)
T k
< 2Lp6™ + maxN6?EE|EZf — B, f(h(zs, AE))| (42)
Thus,
WK
P(sup sup|— —E, f(h(zs,\))| > 2Lp6™ + — + ¢ (43)
(Aeafegln;f P, )| > 2007 + 2V 40
WK
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P(2Ly6™ + emaxmi‘;‘;'nzf (s N > 2L087 + = )
(44)
WK
_ 1 k
= Pl o, sup| ;f = Ee f(hlws X)) > 7=+ 6) (45)
It follows from union bound that
2K
<) P = ) = By, f(h(zs, \E == 46
Z (sup| Zf (s S0 M) > 7 40) (46)
WK
< - z k k
< Ns max P ;gg\n;f o A8)) = Bo f (h(za X)) > I+ ¢) (47
It follows from Lemmal[l.T]and Lemma[[.2] that
en
< -
N exp(—7) (48)
Q en
= JsT' T (49)

where d), is the dimension of A. Here, we focus on the Euclidean space setting, but the result can
directly generalized to other spaces as long as a finite covering exists for a distance measure satisfying
(Al).

The results follows by setting

2K
€= 1/7\/log(2|(2|)—|—logoz—1 + dy log 61 (50)
1
K\ 7
— 51
() e
A similar proof holds for g(z¢, ). O

— Eq, f(h(zs,X5))])



4 Consistency

Theorem 4 1 MMD Convergence) Under the null hypothesis Hy,

B, K (h(2s, X), ) = Eu, K(g (e, B), )l = B, K(h(@s, M) ) — B K(g (e, Bo)s gl — 0

Vioegn +/logm
with the rate max (7\/5 )

Proof. Recall the basic inequality

sup(~ Zf ‘,B»—%Zf(h(sc;&)))sﬂpiz 9(at, Bo)) %Z h(ah, 20)))

fer m =1 fer M — =1
(52)
= sup (B f(g(ar 8)) = Eui f(h(x%, N))) — sup (B, f(9(we, o)) = Euy f(R(a3, 20)) - (59

We use a basic inequality and get

< ]Sclelp<Emtf(g($t7 B)) - Eac”;f(h(l‘éa 5‘))) - Sup(Ewtf(g(xtvﬁO)) - Ex;f(h(xfw )‘0))) (55)

F fer
+ ?22(; > flglwi, o) = % > S (@i 20))) = ;teu;(;l > o, ) — = Z f(h
=1 =1 i=1 (56)
< Isup( S Hlofah B) = 1 3 F(hak A)) = sup(Ex, (o, B) = Bry S(h(a )
=1 i=1 J (57)

+lsup( Zf (2!, 80)) %Zf( (2, X)) — D (Ey, F(g(w0, fo)) — Eas f(h(a', Ao)))]

fer
(58)
We use the fact that | sup f1 () — sup fa(x)| is smaller than sup |f1(x) — fa(x)]

Mo €, B, 6o € ng and get

<2 sup s (3 fglel B) — 2 3 F(hah ) — (Beflatan B) — Buu Fh(a )
i=1

AEQ,BEQs fEF T P

(59)

<2 s el i Floe 8)) — B F g B)] (60)

2 s ;gg(igf(h(%w\)) Bog S (bt X)) Q)

:2;;1; ;lelgl mg g(zt, 8 Ewtf(g(xt,ﬁ))lJr?Aseu& ;lellg\ ii — Eyi f(h(2, M)
(62)

The results follows from Lemma|[T.3] by noticing that for every random variable W, Z, constant a, b,
we have PWW +Z > a+b) < P(W >a) + P(Z > b).
Thus, for any o > 0, with probability at least 1 — a.

1B KA, A, ) = Ex K (g (e, DIy — 1 Ewi K(R(al, M), ) = Ex Klg(ae. Bo)ll,,  (63)

VK VE
<2¥ 2 (44 \/CUm) + d—’\logn +23 2 (44 /Cla) + dilogm (64)
2rp, /m 2ry




where C() = log(2|Q2,])+log o~ '+ % log 5’L and C9%) = log(2|Qps|)+loga™ 1+dﬂ log \F
O

Lemma 4.2 (Consistency). Under Hy, the estimators \and B are consistent.

Proof. We assume that 2, Qg are bounded.
For notational convinence we simply call HEIIC( (T, N)s ) — B, K(g(as, 8), |y —

1 Ba, K(h(z5, M0), ) = Ea K (g(x, Bo). )l as C(A, B).

Notice that ((+) is continuous because ((+)? is the summation of expectations of bounded continuous
functions (because the kernel is bounded contlnuous) If ( ﬁ ) doesn’t converge to (A, ﬁo) when
¢(X, B) converges to 0, then we have a sequence (A, B;) and an € > 0, such that ||(Ag, Bx) —

(Mo, Bo)|| > € but (A, Bx) converges to 0. Because 2, Q5 bounded, ¢(-) is continuous, and hence
T(NB,C)={X € Qy, B € Q|¢(A, B) < C}is acompact set of (A, 5) for some constant C.

So we can find a point (A, B)in T (X, B,C) N {N B, B) = (Mo, Bo)| > €} such that there is a
subsequence (A, , B, ) which converges to (), 3) when [ goes to 0o, based on Bolzano-Weierstrass

theorem. But since ¢(-) is continuous, we have ¢(\, 3) = 0, with ||(X, ) — (Ao, B0)|| > €. This
contradicts with the unique solution requirement of (Ag, Bo).

O
Theorem 4.3 (Hypothesis Testing). (a) Whenever Hy is true, with probability at least 1 — «,
s A 2K(m +n)loga~! 2\/> WK
< <
0< M(A,B) < \/ p—- U (65)
(b) Whenever H a_is true, with probability at least 1 — ,
A 2K(m+n) loge*1 \F WK
A < M*(\
M( 76)—M ( A76A)+\/ mn \/* \/*
<A VK \/ dy VK d
_ Y2y (he) 1 22 _¥Y2 1y (9.0 1 28
M, B) > M*(Aa, B4) N +4/C +27‘h ogn Jm +4/C +27“g ogm
(66)
where C9) = log(2|,[) +log e~ + & 2 log 5’L and C(99) = log(2|Qps|) +loge ! + i—j log %
Proof. Under Hp,
M(X, B) = M*(Xo, Bo) (67)
< M(Xo, Bo) = M*(Xo, Bo) (68)
= MMD(h(x€7 )‘O)a g(xta ﬂo)) - MMD*(h(I97 )‘O)a g(xta /30)) (69)

where M M D*(+) is the MMD in the population sense while M M D(-) takes the expectation in a
sample sense. The MMD empirical bound from Theorem 7 in [1] can be directly applied to the right
hand side of the above inequality. This application will lead to the bound on Hg in (63).

Similarly, under H4,

M(X, B) = M*(Xa, Ba) (70)
< M(Aa, Ba) — M*(Aa, Ba) (71)
= MMD(h(iL’S, )\A)vg(xtvﬁA)) - MMD*(h(:ESv AA)vg(‘rtvﬂA)) (72)

Similar to the case of Hg, the upper bound follows from Theorem 7 of [1]. The lower bound proof
under the alternative follows from Lemma[.3]



IM(X, B) = M*(Aa, B4)| = | min min sup —Zf g(xi, B)) — fo i N)  (73)

AEQN BEQ feFp M

~ i min ;telg(Exff( (%B)) Eq f(h (xw M) (74)

Use the fact that | min, f1(2) — min, f2(z)| is smaller than sup,, | f1(z) — f2(z)|, we have

IM(X, B) = M*(Aa, Ba)l (75)

n

< sup swpl(— ] f(g(ah ) — = 3 Fhh ) — (Ba, flg(we, 8)) — Eo. f((ae, N)))

AEQ,BEQs fEF T T n--

(76)

< - _E, , - E, .
;;g’,jgg'm;f 3)) fg(s ))I+f£;t€1§|n2f \) = Eq f(h(zs,\))]

77

The results come from Lemma and the fact that for every random variable W, Z, constant a, b,
we have P(WW +Z > a+b) < P(W > a) + P(Z > b) O

Lemma 4.4 (Linear transformation). Under Ho, identity g(-) with h = d(xs)T N, we have Q2 =
NIESE el — o(@) A2 <330, Var(zy k) + €}. For any €, o > 0 and sufficiently large
sample size, a neighborhood of Ay is contained in 2y with probability at least 1 — a.

Proof. Let ¢(z5) = (¢1, P2, ..., ¢p), and define Xy = Var(éw), ur = E(¢y). Then we have

Elllz, — o) M%) = E[||o(&5) Ao — ¢(x5)' A|*] (78)
P P P

=X Tedo+ N D A+ (A= Ao) Zﬂk#k A —Xo) (79)
k=1 k=1 k=1

(2% + prepir) (X — Ao) (80)

NE

p
< 3\, Z Sedo + (A — o)
k=1

p
Z l‘t k /\ /\0)/

k=1

b

=

(25 + i) (X = Xo) (81)

NE

ko

=1

The set S = {ME[||z: — ¢(zs)A||°] < 3\, b _1ZkAo + C} includes the set S; = {A[(A —
20)' S0 (254 + pagif) (A — Ao) < C} forany C > 0.

Sy is a neighbourhood of ¢ as an eclipse characterized Y ;_, (25 + pup),). Now we see that our
proposed trust region is .S5.

Further, we can just set ¢ = 0 since whenever A = ), the upper bound should be exactly
200 b B Ao instead of 3N D% _; X Ao, which means there already exists some relaxations. [

4.1 Additional results pertaining to the constants

Lemma 4.5. Let S(\,C) = {\ € Q5|38 € Qg s.t. ||Ex,K(g(z¢, 5).) — Ex K(h(zs,A), )|y —
[|Ez K(g(xt, Ba).) — Ex K(h(xs,Aa),.)|| g < C}. Under alternative, we could replace |2y in

C ) from (66) by |S(\, C)| for any C > 0 whenever m and n are large enough, and theorem
still holds. The result applies to 3 as well.



Proof.

M*(Aa, Ba) — M(X, B) (82)
1 ; 1 — ;
= Jsclelg(Extf(g(:vt,ﬁA)) = By f(h(zs;A))) = min min igg(g ;f(g(wt»ﬂ)) - ;f(h(xsw\
(83)
1 1 & ,
=Aseu£x ;Etl&[;gg(Extf(g(xt,ﬁA))—Exsf(h(xsw\A _)Sc‘éE %; g(z}, B —;;f(h(x
(84)
= sup sup {[sup(Ey, f(g(xs, B4)) — Bz, f(h(2s,Aa))) — sup(Ex, f(g(x, B)) — Ex. f(h(ws,N)))]
\eQ, BeQy  fEF feF
(85)
1 & 1 —
+[]§1€12(Eztf(g(aﬁt,6)) v f(h(zs, )))—igg(ai;f (z}, 8 5;
(86)
Similar  to S\, C), let T(5,C) = {8 € Qp[3N €

O s.t. || Ee K(g(2, 8).) = Eu, K(h(5, M), ) g — ||ExJC( (w1, Ba).) = Ee K(M(2s; Aa), |y <

Ch.

Forany € > 0, supyca, geq, (") = SUP((x,8)e5(1,C) xT(8,C),(\B) 2SO xT(8,0)) (1)

(A4, Ba) is contained in the S(A, C) x T(3,C). So simply using (A, 8) = (Aa,B4) will give us a
lower bound on the corresponding set. Hence

0+ [5up(Bu, £(9(a1: ) — Eo, f(h(ws: Aa))) — sup(— > slatel ) =, Zf

feF fer m
(87)

> 0- VoK, \/ \/f( 2\\? (88)

with probability at least 1 — €. The last inequality follow from Theorem 7 in [1]].

Alternatively when (X, 3) ¢ S(A\,C) x T(B3,C), the first term [sup;cp(Ey, f(9(21,B4)) —
By, f(h(ws,24))) — supsep (B, f(9(2t, B)) — Ex, f(h(xs,7)))] is uniformly smaller than -C,
which follow from condition in Lemma and Riesz Representatlon theorem.

The second term  sup,cq, SUPgeq, [SupfeF(Extf(g(wuﬂ)) — By f(h(zs,})) -

supfep (= >y flg(ah, B)) — £ 370, f(h(a%,X)))] appeared before when we proved lower
bound under alternative. So we use these results glven in the proof procedure of Theorem[d.3] we

have the following with probability greater than 1 — e.
The second term is smaller than —-C + % (4 + \/C(h‘) 2r; log n) +

\/TK (4 + \/C(gve) + ﬁ - log m)

So any C, which satisfies 0 — V2K,/7-T% \/loge—1 \/5 — % > —C +

‘? (4+\/C(h €) 4 ‘i* logn) + % (4+ \/C(g €) d‘* 1ogm) can then be used for

computing the sets S(A C) T(8,0C).

The reason for this follows from the fact that the upper bound for second term would be smaller
than lower bound for ﬁrst term, which implies sup, gycq, xo ﬁ in (84) could be reduced to
SUp(,8)es(r,c)xT(,c) (). We point out that the proof procedure of the consistency lower bound
under Ha ((]6_36 from Theorem@) also derives from (84). O



5 Further Experimental Results

1Minimal MMD histogram (32 samples) 1Minimal MMD histogram (64 samples) Minimal MMD histogram (128 samples)
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Figure 1: The histograms of minimal MMD statistics for three different source/target combinations —
Normal vs. Normal, Normal vs. Laplace and Normal vs. Exponential. The six plots correspond to
increasing sample sizes from 2° to 210,

Fig[T[c)(f) correlates to Fig 1 (e)(f) in the main body. The extra four sub-plots make up figures for
other sample sizes from 2° to 210,

Quartic Mean of estimation error for 3D simulation

1.9 ,\ .

y —-— —
1.5 @= —#— Model 1, first row i

=—=— Model 1, second row
—— Model 1, third row
14 | | =% Model 2, first row \

Model 2 second row
=——@— Model 2 third row

13 L L L L
4 4.2 4.4 4.6 4.8 5

log(Sample Size,base=2)

Quartic Mean of estimation error

Figure 2: Estimation error for the setting where source and target samples are three-dimensional.
The six lines correspond to two different sets of experiments.

Section 7 includes model details.
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Figure 3: Scatter plots of corrected Batchl and Batch2 (x and y axes) measures for the 12 proteins
using gold standard linear model (blue) and our minimal MMD based correction (red). The setting
is S where in only those samples whose corresponding source (Batchl) and target (Batch2) were

available. Note that our model does not use this pairwise correspondence information unlike the gold
standard.

The points in the scatter plot related to same persons appearing both in Batch 1 and Batch 2. Since
that, we’d like to see those points lie on the diagonal line after transformed. It shows that our minimal
MMD method works almost as good as gold standard method. The setting is S7 where in only those
samples whose corresponding source (Batchl) and target (Batch2) were available. Note that our
model does not use this pairwise correspondence information unlike the gold standard.

11
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Figure 4: Scatter plots of corrected Batchl and Batch2 (x and y axes) measures for the 12 proteins
using gold standard linear model (blue) and our minimal MMD based correction (red). The setting
is S5 where our model uses all samples — even those whose corresponding source (Batchl) and
target (Batch2) were available. The gold standard plots (blue) nevertheless can only use pairwise
samples (i.e., S, refer previous plot). Note that our model does not use this pairwise correspondence
information unlike the gold standard.

The points in the scatter plot related to same persons appearing both in Batch 1 and Batch 2. Since
that, we’d like to see those points lie on the diagonal line after transformed. It shows that our minimal
MMD method works almost as good as gold standard method. The setting is So where our model uses
all samples — even those whose corresponding source (Batchl) and target (Batch2) were available.
Note that our model does not use this pairwise correspondence information unlike the gold standard.
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6 Illustration Figure for Comparison with MMD

Density functions of two distributions
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feature
Figure 5: Two normal distributions with different mean
MMD rejects the null hypothesis since two distributions are different. Our minimal MMD method
accepts our null hypothesis, since two distributions can be matched after a simple transformation

applied. Under this scenario, our method offers information and provides a transformation to match
the two distributions, while MMD tells nothing more than they are different.
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7 Simulation Model Details

Here are model details about Fig 1(c)(d) in the main body.
Fig 1 (c), model:

xy ~ N(10,4) (89)
xs ~ N(0,1) (90)
Model isxy =a X xs+b ©n

We generate samples from N(10,4) for z; and from N(0,1) for x5;. Then we fit model
Z¢ = a X s + b using our minimal MMD. In other words, h(zs, \) = a X 25 + b. The parameter
A = (a,b). We call parameter ’a’ slope and b’ intercept. The L, error is |a — 2| for slope curve and
|b — 10| for intercept curve. With sample sizes from 2* to 210, we get the curve.

Fig 1 (d), Model 1:

o~ ((5) (o5 7)) 2
v ((0) (o5 7)) 3
ae (5 ()

Model is ©; = ( 611 G12 413 ) ( ﬂﬁls ) (95)

a21 G22 a23

We generate samples for x5, w, then we transform w to get ;. Based on samples, we fit a model
a11 ai2 ais Tg
Ty = 96
K (a21 azo azs)( 1 ) 6)
Quartic Mean of estimation error for "Model 1, first row" is

\/(an — 1)2 + (a12 — 2)2 + (a3 — 10)2

3 G
Quartic Mean of estimation error for "Model 1, second row" is
(agl — 2)2 + (a22 — 1)2 + (CL23 + 20)2
3 (98)
Fig 1 (d), Model 2:
w ~ < N()?%’ 1) ) 99)
oy~ < Ng?%vl) ) (100)
1 2 10
It:<2 1 20)(?) (101)
Model is z; = [ %1 %12 43 s (102)
t a21 G2 A23 1

We generate samples for x5, w, then we transform w to get ;. Based on samples, we fit a model
ailr a2 a3 Ts
Ty = 103
¢ ( asy Qg2 Q23 > ( 1 > (103)
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Quartic Mean of estimation error for "Model 2, first row" is

\/(Gn — 1) + (a12 ; 2)* + (a13 — 10) (104)

Quartic Mean of estimation error for "Model 2, second row" is

\/(Gm —2)® + (a0 ; 1)% + (ags + 20)° (105)

Figure 2 in supplement, Model 1:

0 1 0.5 0.5
0 1 05 (106)
0 O 5 05 1
0 1 0.5 0.5
0 1 05 107)
0 O 5 05 1
1 0 2 10 w
Ty = 1 2 0 20 ( 1 > (108)
2 1 =30
aiz ai4 T
Model is x; = a3 Q94 < 15 ) (109)
asz 434
We generate samples for x4, w, then we transform w to get x;. Based on samples, we fit a model
ailr G2 G13  Al4 x
Ty = | G21 G2 A23 Q24 ( N ) (110)
az1 a2 a3z as4

Quartic Mean of estimation error for "Model 2, first row" is

\/(an —1)* 4 (a12 — 0)% + (a13 — 2)* + (a14 — 10)

111
0 (111)
Quartic Mean of estimation error for "Model 2, second row" is
(a1 — 1) + (a2 — 2)* + (ag3 — 0)° + (ags — 20)
(112)
4
Quartic Mean of estimation error for "Model 2, third row" is
\/(ag1 —0)% + (ags — 2)% + (ass — 1) + (ass + 30) s
4
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