A Appendix to: ‘“Robust k-means: a theoretical revisit”

A.1 Proof of Corollary 1

Proof. The proof for the first part appears also in the Rejoiner paper of [1] but we repeat it since the
second part is a straightforward extension of it. If s = ||z]||2, then ef, in (5b) can be written as

. . 1
er, () :== min min —||z — 2|3 + fr(s). 24
s 2eRP, [|2|la=s

The minimizing argument for the inner problem is z;, = sx/||z||2. Substituting this value into (24),
we get

1
ery (v) = min S ([l — 5)* + fa(s). (25)

The optimal point in (25) is s* = Py, (||z||2). Recalling that the minimum of f) is attained at 0 and
plugging s* into z5 = sx/||x||2, we get the proximal map for (5b),

. .
P (.’L’): mPfA(HxH?)? 1fa:7é0,
A ) otherwise.
With a similar reasoning, we have

1
er (@) = min S[lo — 2|3 + Fa(2)

=min_min e 2|3+ fals) (since Fa() = f(]-]]2)

s z:||z||2=s

= mgln 2Hx SHx||2H2 + fa(s)
1
= min g (||zll2 — ) + f(s)
= ez, ([[zl]2)-
O

A.2 Proof of Lemma 1

We recall some definitions. As already mentioned in the text, in the general non-smooth and non-
convex setting, the usual subgradient does not fully characterize the differentiability of (RKM). In-
stead, we use generalized subgradients. First, we define the regular (or Frechét) subdifferential

3@(3:) of a function ® : R? — R at , as the collection of vectors v, such that [19]
Vz € RP, ®(2) > ®(z) + (2 — x) "v + o(||z — z||2).
Taking the graphical closure of d®(z):
OB(z) :={v € R? : Tz, = &, Dxy) — B(x), v, € IB(xy), vy — v},

we arrive at the (generalized) subdifferential [19]. The points {z : 0 € 9®(x)} are the critical points

of ®. Clearly ®(z) C 9® (x) for all . Usually, the sets d®(x) and d® () coincide and in this case
® is called regular at x, but there exist cases where they differ, see also Example 1 in Appendin A.9
(for a thorough presentation of generalized subgradients see Chapter 8 in [19]).

Proof. 1t is easier to transform the initial problem (RKM) into the equivalent form

n

k
min . 1
el SO S wil {min Slle — e — ol + fa(loilla)}

Wi,...yWn
i=1 I=1
q>($ifcl)
. (SRKM)
subjecttoc; € RP. I =1,...,k,
W; EA{T_,Z': 1,...,n,
0 ERPi=1,... n,
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where w; = (wl[l],7w1[k:]) S A]fr, and Ai = {(tl,...,tk) € RF . Zleti =11t >
Oforall ¢}. Although in this way we remove the non-smooth term min;<;<s from (RKM), the
problem (SRKM) still remains non-smooth due to the presence of f. The computational cost of
introducing n additional k-dimensional variables is negligible. If o; and the set {ci,...,cx} are
fixed to values from the previous iteration, then w; (at the current iteration) is given by w;[l] = 1, if
[lzi — 0; — cill2 < ||zi — 0; — ¢y ||2 for all I’ different from [ (see Section 4.1 in [21]).

A quick inspection of (SRKM) reveals that the necessary (generalized) first order optimality condi-
tion for the center ¢; is

0€0> Ox;—c)C Y 0®(x; —a), forl=1,....k (27)
1€A; i€A;

where A; is defined in (1) and the inclusion follows from the calculus rules of the generalized
subgradients (Theorem 9.13 and Corollary 10.9 in [19]). If fy is convex, the Moreau envelope ey,
is also convex [19] and, in this case,

V®(z) = Ver, () = 2 — Pp, (). (28)

Since we deal with the general non-convex case, (28) becomes (Theorem 10.13 in [19], Proposition
7 in [26])

0®(x) € x — Pp, (). (29)
Expressions (27) and (29) imply that
0e Z 0P(z; — ¢;) C Z (a—x;+ Pp, (z; — 1)), for l=1,... k. (30)
€A 1€A;
O

A.3 Proof of Proposition 1

Proof. We will show that the optimal solution, when y is sufficiently distant from all the other
samples, contains the single-point cluster {y}; this implies the statement of proposition since ||y||2

can grow without bound. Let the solution {c}, ..., ¢}, } be optimal for X" under the assumption that
y does not form a single-point cluster. We will show that the clustering risk
R;z(cllv"wc;c): Z rnlin(b(Hu_C;HQ)’ €2y
u€X

with ¢ = ey, , is larger than the clustering risk

Ry ey, ox) = ) ming(|[u—all), (32)
u€X
where {¢1, ..., ¢} are defined as
. JO, forl <k,
= {y, forl = k. (33)

The set {¢1, ..., ¢} defines the clusters A = {A;,..., A} with

Al = {1’1, . .,(Enfl}, 1212 = {@}, ey Ak,1 = {@}, Ak = {y} (34)

We show that
R, (1. 65) < Ry(ch, .. ch). (35)
LetZ = {z1,...,Z,—1} be any set with n — 1 points in R, which without loss of generality are

placed around the origin and can be covered with a ball of radius rad(Z) < A. We augment Z with a
point y, such that

Lo |ly —xl|2 > Ky, Vie{l,...,n—1},
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for a sufficiently large non-negative constant K. For {¢1, ..., ¢}, we have

Ry (ér,.. ) = Y d(l[zill2) + o(lly — ll2)
e (36)

< (n— 1)$(rd(T)).
Now, denote the closest center from {cf,...,c}} to a sample u € AT by ¢/(u). Without loss of

generality, let {y,z,;} € A}, for some z; € Z, and denote ||y — ¢/(y)||2 = ||y — ¢}||2 = &. Then,
for the sample z; € A} and Ky > 3rad(Z) + 6, we have

llzj —yll2 > Ki, (37)

and
|z —cillz = llz; —y +y —cill2

> |llz; = yllz — Iy = chlle] (38)

> K — 6.
For any x; € AT, not necessarily in A/, we have

lzs — ' (@)ll2 = l|zi — 2 + 2 — ' (23)]]2
> |llz; = ¢ (@lla = llz: = 112 (39)

> Ky — 6 — 2rad(T),
where z; € A].

Thus, the clustering risk R}, for {c],..., ¢} } is at least

R (el c) = (n— 1)¢(Ky — 0 — 2rad(Z)|) + ¢(I|y — c1]2)

> (n —1)¢(rad(Z)) + é(|ly — ci|l2) 40)
> (n— 1)(rad(T))
= R'/n(éla ceey ék‘)v

and the claim follows. O

A.4 Proof of Proposition 2

Proof. The proof is closely related to the proof of Theorem 2.9 in [18] with some adaptations. Let
the solution {c/, ..., ¢} be optimal for X", under the condition that y is not discarded as outlier,
and recall that X is chosen such that n > r(\) > k + 1. We will show that the clustering risk

R;z<cllv"'7cgc) = Z Hllln(b(Hu - C;Hg),

u€X

where ¢ = ey, , is larger than the clustering risk

Ry (er,..on) = ) ming(|ju—all2), (41)
u€X
associated with a solution, say {¢i,...,¢}, which discards y if y is sufficiently distant. Let

d(v, X™) = mingexn ||v — ul|2 and diam(X™) = max,ecxyn mingexn ||v — ull2. Without loss
of generality, let R’ = {x;,,...,@;,_,,y}, i € {1,...,n—1}and j € {1,...,r — 1} be the

set of points that (RKM) reports as inliers when the candidate optimal set of centers is {c}, ..., ¢} }.
Accordingly, let R = {x;,,...,2; }, i; € {1,...,7} be the set of points that (RKM) reports as
inliers when the candidate set of optimal centers is {¢1, ..., ¢k}

We construct the set of centers {¢1,...,¢} as

o= [ if d(cj, X™) > diam(X™)
"7 ¢, otherwise.
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Next, we show that
Rl (é1,...,¢8) < RL(cy. .y ch), (42)

if y is such that d(y, X™) > 3diam(X™). Compare
Ry(ér,....é6)= > min ([ — é|2)

ueX "

= Z min ¢([[u — &) + Z min ¢([[u — &l2)
ueER ugR (43)
T

= Zmlin O(|zi, — all2) + > min ¢([ar; — &||2) +ming(|ly — &|l2),

r inliers n—r outliers
to
Ro(choend) = Y ming(lfu— i)

ueX "

= > ming(|lu—cll2) + Y ming(|lu—c]l2)
u€ER’ ug¢ R’

r—1
= > min (i, — cllle) +mino(lly — cill)+ > ming(lzi, — cill2).
j=1

:vij ¢R’

7 inliers n—r outliers
(44)
Since n — r samples are outliers, the previous two expressions can be further simplified to
R (¢1,...,¢) = Zmlin o(||lzi, — all2) + (n—r)d(N) (45)
j=1

and

r—1
Ry(ch,... cf) = Zmlin O, = cill2) + ming(|ly — cill2) + (n =)o), (46)
j=1

and so we compare the quantities
T r—1
S ming(llzi, —all) and 3 wming(lfs, — cill2) + min oy — cilz)-
j=1 j=1

It turns out that is sufficient to show that

|z, — xi |2 <||lzs, — ¢ll2,  for j < r when [ is such that d(cj, X™) > diam(X™),
(recall that in this case ¢; = x;,.) and
llzi, — ll2 < |ly — ¢}]|2,  otherwise.
If d(cj, X™) > diam(X™), then
@5, — @, ||z < diam(X™) < d(c}, X™) < ||@s, — ¢ 2.
If d(cj, X™) < diam(X™), then
ly—cill2 = d(y, X™)—d(cj, X™) > 3diam(X")—d(cj, X™) > diam(X")+d(c, X™) > [[i, —c}]2-

We have shown that the optimal solution rejects the replacement y if d(y, X™) > 3diam(X™), im-
plying that the estimated cluster centers depend only on samples from X'". Observing that every
candidate center should lie inside the convex hull of X", we deduce that all ¢; are bounded. In order
to complete the proof we note that, no matter the location of y, when y is not sufficiently distant so
as to be discarded, i.e., d(y, X™) < 3diam(X™), the estimated cluster centers are bounded (since
d(y,X™) is bounded). O
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A.5 Proof of Theorem 1

For the proof we need the following technical combinatorial lemma from [18].
Lemma 2 (Lemma 2.8 in [18]). Letk > 2,d > 2, ¢ > k — 2, and r = d + k be natural numbers
and let

M = {$17...,$d} U {ylayQ} U {217'”72q}7
with pairwise disjoint elements x;,yn, and z;. Any partition of a subset of M of size r in k clusters
is either of the form

{{xl,-~-,$d},{y1,y2}7k*2 Si}’lgl@tO}’lS {ZJ}}

or has a cluster C' that contains some pair {x;,yn} or some pair {z;,u}, u # z;.
Proof. The proof follows the lines of the proof of Theorem 2.9 in [18]. We proceed in several steps.

1. Construction of the modification X3". Let Z = {z1,...,x,_} be any set of r — k points
in R?, placed around the origin, that can be covered with a ball of radius rad(Z) < A, such
that ¢(rad(Z)) < ¢(A) — ¢(1) (this assumption is needed for the purpose of contradiction).
We augment Z with n — r + k — 2 samples {z1, ..., 2n—r4+k—2} Which we control by a
non-negative constant Ky such that F = Z U {z1,..., zp_rtr—2} and

@) ||lz; — zjl|l2 > Ky foralli € {1,...,r —k}andallj e {1,...,n —r+k—2};
() ||z — zjl|2 > K foralli # j.

The set of z’s and 2’s is of size n — 2. The dataset F' is augmented by two arbitrary points
{y1, y2}, which we control by a non-negative constant K5, such that

© lly1 — w2l =1;
(d) ||U_yh||2 > Kg,forallu € Fah: 1727

and thus the modification XJ' = F' U {y1,y2}. We will show that the optimal partition of
the dataset X" into k clusters, when r > k + 2, does not discard the replacements {y1, y2 }
if K7 and K are sufficiently large.

2. Consider the clustering risk on X7 for the set of centers {cy, ..., ci}
k
Ry, en) =Y > dlllu—alla), (47)
=1 ucA;
where A = {A,..., Ax} denote the corresponding clusters and u is any point from A7

We claim that the clustering risk R/, is bounded above by a constant that depends only on
rad(Z), k, and r.

In order to show this, it is sufficient to find a partition A = {A;,..., Az} and vectors
{é1,...,¢;} such that R} (¢é1,...,¢,} is bounded from above. Consider the following
clusters, A, = 7,4, = {y1,y2}, and flj = {z;}, for j = 1,...,k — 2, with centers
¢1 = 0,60 =y1,and é; = z;, for 1 < j < k — 2; note that ¢; = 0 is the center of the ball
covering Z. With this configuration, the remaining n — r points (outliers) from X" are z;’s
and, due to (b) above, we have

R;.L(éh ceey ék) = R;(O,yl, Zlyenny Zk_g)
=Y lllzill2) + ¢(1) + 0+ (n—r)g(N)
1€EA,
< |Zlg(rad(Z)) + ¢(1) + (n = r)d(X).

The dataset X3', by construction, satisfies the assumptions of Lemma 2 and thus any parti-
tion of a set with 7 in k clusters is one of two kinds:
() {{z1,...,zr—2},{y1,y2}, k — 2 singletons {z;}}
or
(#4) there exists a cluster A;, with |A;| > 2, containing some pair {z;, yn } (48)

or some pair {2z, u}, z; # u.
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3. We claim that the optimal partition of size r > k + 2 for X3" is of kind (¢). Assume on
the contrary that it is of kind (i7) and let A" = {A},..., A}.} and {c],...,c}} be the
corresponding set of clusters and centers, respectively. We denote the closest center from
{c},...,c,} toasample u € XF by ¢’(u). Without loss of generality, let {z;,yn} € A}
forsome z; € Z,j € {1,...,r — k} (the case where {y, z;} € A is handled analogously).
This implies that ||yp, — ¢ (yr)|]2 = |lyn — cil|2 < A, since otherwise yy, would be rejected.

For a point z; € A} and Ky > A\ + 2rad(Z), we have
Ky = A <||zj — ' (25)[]2,

which follows from

llz; = ynllz = [lyn — ¢ (x)ll2| = [lz; — ¢ (25)|]2,

along with assumption 1(d). For any x; € Z (not necessarily in A}),
Ky — X —2rad(Z) < ||z; — c(z;)]]2,

which follows from

Ky — X = 2rad(Z) = |||z — ¢ (zi)||2 = [|zi — z;l]2| < |2 — ¢ (23)]]2,

where x; € A]. Thus, due to the contribution of outliers, the clustering risk R/, (¢}, ..., c},)
is at least
R (1, ck) = (r = k)o(|[K2 — A = 2rad(Z) ) + (n — 7)(N). (49)
For a partition of kind (7), under the previous assumptions, we have
Ry(ér,. k) < (r = k)o(rad(Z)) + 6(1) + (n = r)o(A), (50)

and since ¢(rad(Z)) + ¢(1) < ¢(\) we have the upper bound
Ry (E1,...,6) < (r = k)p(rad(Z)) + ¢(1) + (n = r)p(A)

< (r=k)o(A) + (n —r)p(A) (51)
= (n = k)o(A).
As K5 — o0, the clustering risk R}, (¢, ..., c}) is at least equal to (n — r)¢p(\) since

Ry (ch, ..o ¢,) = (r = k)¢(||K2 — A| = 2rad(Z)|) + (n — r)¢(A)

oo (52)
2 (0~ ko),
and finally, due to (51), we arrived at a contradiction; R/ (c},...,c},) is greater than
R (é1,...,¢). Now, by (d) the difference between yj, and u € F' can be made arbitrarily
large and the claim of the theorem follows.
O

A.6 Proof of Corollary 2

Proof. The function g is continuous (by definition), increasing in [0, c0) (since Vg(z) = x—h(x) >
0, Yz > 0), and unbounded (lim,_,~, Vg(z) — o00). The continuity of ey, , along with Lemma 1
and expressions (16)-(17), give a description of the epigraph of e, in [0, 00) in terms of g; recall
that according to Lemma 1, ey, (x) C « — Py, (z). In [0, A), e, shares the same epigraph with
g up to an additive constant b. At the point x = A, the epigraph of e, has an inward corner point;
at this point, the graph of g(-) + b intersects the graph of the constant function g(\) + b; the slope
with which g(-) 4 b intersects with g(A) +batz = XNis A — Py, (A) = A — h(A). Forx > A, ey, is
constant and equal to g(\) + b. Finally, we note that the slope with which the graph of the constant
function g(\) + b intersects the graph of g(-) +batz = Ais A\ — Py, (\) = A— X = O since g(\) +b
is constant. Hence, the function ey, (z) is expressed as

€fa (z) = min{g(|z[), g(A\)},
which, due to the monotonicity of g, is equivalent to g(min{|z|, A}). O
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A.7 Proof of Theorem 2

Proof. Let A'(X™) = {A},...,A}} be the output clustering of robust k-means with centers
{c},...,c}} that minimize R/, i.e., ¢; = arg min cp, ExeAg e, (llz—c|l2), and R} (¢, ..., ¢c}) <
R, (c],...,c}) forall ¢ # c|. Denote as ¢/ (x) the center from {cj, ..., ¢}, } to which z is closest.
For l < k, let b; represent the center of the ball B; and D; represent a ball of radius % — r centered
at by, i.e., By = B(b;,r) and D; = B(b;, 5 — r). Note that, the assumption on v implies 5 — 7 > 7.

The following proof is given by means of a contradiction and closely follows Lemma 2 in [2]. We
define the families of sets D1, D5, and D3 as

e Dy = {Dy|D; does not contain any c; },
e Dy = {D;|D; contains more that one ¢ }, and,

e D3 = {D;|D; contains exactly one c’ }.

Since D; are pairwise disjoint, |D1| > |D2|. We claim that every D; covers exactly one center
cj, j € {1,...,k}. Assume in search for a contradiction that D; # (). Consider all z € D; (and
x € Z) with D; € Dy; then, we have ||z — ¢/(z)||2 > 5 — 2r. To see this, note that if D; € D, then

v cc B v
HC;_bZH2>§—Tg||cg—bl—x+x||2>§_r<:>

v v
lef = s - 1Iby — s > 2 — 7 <= llef ~2llo > & — 2,
where the last inequality follows from ||z — b;||o < r when z € B;.

Consider the following set of centers: {c{,...,c;}. If D; € D3 and ¢; € Dy, then we set ¢’ = ¢,
else we set ¢/ = b; (this is the case where D; € Dy or D; € D). For this set of centers, we have

R(¢f,.oq) =Y ep(llz="@)ll) + Y eplllz =" (@)l]2)

€L z€EX\T
= Z Zefx(\lx—C’(x)llz)Jr Z Zefx(Hm_blHﬁ
D;eD3 zeB; D eDs zeB;
+ 3 S enlllz=bll)+ D enllz—c"@)]]2)
DeD; z€B, zex™\T
<R, (ch,...,cp)+ Z Z(efx(llw*bzllz)*efx(llw%’(w)llz))
DDy xeB;
+ Z Z(efx(llw—bzlh)—efx(llw—C’(x)IIQ))
D,eD, x€B;
+ > en(llz = (@)ll2)
rEXT\T
<R (cy,--,¢h) + Z Zl(esy (Il = bill2) — ey (lz = ¢ (2)]]2))
DD,
+ Z IZles, (||z — bifl2) + Z ey ([lz =" (2)][|2)
DieD2 z€X\T
< R, (c), .o ¢h) + pu|Dul|Z] (egy (|2 = bill2) — e, (|2 — ¢ (2)]]2))
<0
/!
+ p2|Da||Zley, (|| — bill2) + Z efy([lz = "(2)]|2)
zEX\T

v
< R (A, o) + DT (o1 + p2)g(0) = prg (5 — 20)
+[AM\Zlg(N)  (since |D1] > (D)
< R (c),....c,) (by the choice of ).
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This forms a contradiction since we assumed that {c/, ..., ¢} } are optimal. Hence, the set D; is
empty, which implies that Dy is empty, and every D; covers exactly one center ¢;. For all [ # j
and for all x € B; we have ||z — ¢j|[» < § < ||z — c]]|2 and therefore the output of (RKM) when

restricted on the inlier samples is A’ (X™)|Z = { By, ..., Bx} U{0}. The proof is now finished. [

A.8 Proof of Theorem 3

The complete proof of the theorem is a typical consistency proof for an estimator defined by opti-
mization of a random criterion function. First, one forces the optimal solution, in our case C*, to
lie into a restricted (often compact) region. That is usually the hardest part of the proof. Otherwise,
one should assume that p is supported on a closed ball of radius M centered at the origin (this
assumption is also known as the ‘peak power’ constraint). Fortunately, the hardest part has been
done; Pollard [15] shows that when ¢ is a general, lower semicontinuous, and non-decreasing func-
tion, like the Moreau envelopes we work with, the optimal population set of centers C* lies inside a
compact ball B(M) C RP with radius M > 0 centered at the origin (it turns out that the empirical

optimal set C lies also in B (M)). Then, an appeal to a uniform strong law over the restricted region
gives the desired results. In what follows, assuming that C and C* lie in B(M) and are unique, we
make slight modifications to the non-asymptotic consistency result in ([11], Theorem 3) and show
that it holds also for bounded ¢ like the Moreau envelopes associated with unbiased proximal maps.

Proof. The main probabilistic tool for proving the loss consistency of robust k-means, i.e.,

lim,, o R'(C) — R'(C*), is the statement of uniform convergence of the empirical to the true
measure. This can be easily seen by the so called VC (Vapnik-Chervonenkis) inequality (Lemma
8.2in [4]),

R'(C)-R(C*)=R(C)— inf Rl'(ci,...,cx)
=R'(C)—R,(C)+R,(C)— inf R(ci,...,cx)

(53)
IR (c1y. .. cx) — R (c1y. .. cp)]

..... k

<2 sup [Rl(cr,..cp) — Rer, . cp)l.

C1l,..+,Ck

For the passage to the first inequality note that,

R;(CA)—Cinf%R’(cl,...,ck):R;(CA)—l— sup —R'(c1,...,ck)
15--45C Cl,.--,Ck
— sup { inf R’n(bl,...,bk)—R’(cl,...,ck)}
Cl,---5Ck b17~~; k
< sup {R;(Cl,...,ck)—R'(cl,...,ck)}.
C1l,..+,Ck

Therefore the empirical risk is (on any bounded set of cluster centers) a continuous function of the

cluster centers. Thus, an upper bound for sup,,, ., |R;, — R’'| provides a bound for R'(C) — R'(C*).

For every set of k centers C = {c1, ..., ¢} with ¢; € B(M) C R?, we define the function
= mi — . 4
e@) = min o(llz — all2) 54

Note that 0 < ¢¢(x) < ¢(A), since ¢ is upper-bounded (by construction) for all z € B(M) and
¢ € B(M). Exploiting the identity EY = fooo P{Y > t}dt, for any non-negative real random
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variable Y, we have (see also Lemma 29.1 in [4]))

sup |R,(c1,...,cx) — R'(c1,...,c1)| = sup

Cl,..+,Ck Cl,..+,Ck

3" (i) ~ Boe(a)
i=1

n

(N (1
/0 ( Z Lige(zi)>ty — P{oc(z) > t}) dt

= sup
Cl,y...,Ck n i=1
1 n
<60 s =D Lot — Ploe(@) > t}
=

(55
where A varies over the family of sets Fj, in R” defined as
Fr:={{z : ¢c(x) >t}, whereC ={cy,...,cr}, ¢ € B(M), andt > 0},
and p,, (A) = 237" | 1(,,c 4y is the empirical measure associated with XY™ = {z1,...,z,}. Next,

we recall the concept of shatter coefficient and VC dimension for a collection of measurable sets.

Definition 3 (shatter coefficient [4]). Ler A be a family of sets. For {x1,...,x,} C RP, let
Ny(x1,...,x,) be the number of different sets in

{{z1,...,zx} N A; A€ A}
The n-th shatter coefficient of A is

s(A,n) = max Ny(zy,...,2,).

L1yee3Tn

That is, the shatter coefficient is the maximal number of different subsets of n points that can be
picked out by sets belonging in A.

Definition 4 (VC dimension [4]). Let A be a collection of sets with |A| > 2. The largest integer
k > 1 for which s(A, k) = 2F is denoted by V4, and is called the VC dimension of the class A.

Regarding inequality (55), Vapnik-Chervonenkis’s Theorem 12.5 in [4] states that

Aegy gb()‘)

TLE2
< 8s(Fg,n)e 3267,

P{ s [Ri(crsa) = Rienoonsa)l > e < P sup o)~ n(a)] > 565 |
C1 (56)

The previous bound is meaningful only when Vz, is finite and does not increase too fast with n (see
also the last part of Theorem 4.3 in [11]). For example, if s(A4,n) is a polynomial of degree a with
respect to n i.e., s(A,n) = n®, which we show to be the case next, then lim,,_, o, n% =™ — 0.

The set F}, is described by the sets with points x for which

o(||lx —all2) > ¢, forall 1=1,...,k, (57)

and thus each A € Fy, is the intersection of k sets of the form {z : ¢(||z—¢||2) >t} forl =1,... k.
Let F denote the collection of all the latter sets, i.e.,

F :={z: ¢(||x — c||2) > t}, for some c € RP. (58)

From Theorem 13.5 in [4], we know that the n-th shatter coefficient of F, is upper bounded by
5(Fr,n) < s(F,n)* forall n,k>1. (59)
So, what remains is to find the shatter coefficient of the sets in (58).

Consider the set of points {(z,t) € R : ¢(||z — ¢|]2) > t}. Due to the monotonicity of
&(|| - —c||2), a point (zg,to) € RPT! with tq > 0 belongs to the latter set if and only if

||xo — cl[2 > a(to), (60)
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where a(t() denotes the smallest value of a for which ¢(a) > to. In view of the previous inequality,
we conclude that, from a collection of points {(x;, ;) }" ; in RPT!, only those points satisfying

sl 3 — 22 ¢ + |le|l3 — a(t:)? 2 0,

belong to {(z,t) € R : &(||x — c||2) > t}. Construct from {(z;,t;)}", the points z; =
(24, ||7:]|3 — a(t;)?). On RP*! define a vector space G of functions

G = {g :RP*1 5 R such that gs.- (2, t) = Ba +t + 5}, 61)

with parameters § € R? and 7, € R. From Theorem 13.9 in [4], the sets

{(@,1) : gg,4,6(2,t) > 0}

pick out only a polynomial number of subsets from {z; }?_; and more specially Vg < p + 2. Those

sets corresponding to functions in G with 3 = —2¢, v = 1, and 6 = ||c||3 pick out even fewer
subsets from {z;}"_;; fortunately, we arrive at the bound,
VF<Vg<p+2 (62)

In view of (62) and Theorem 13.3 in [4], an upper bound for the shatter coefficient of the class Fj,
in (59) is

k(p+2)
ne

63
s(]—'k,n)< (p+2) (63)

Plugging the previous bound in (56), we get

ne \*®t2 .2
]P’{ sup |R§L(cl,...,0k)—R’(01,...,ck)|>e}<8< ) PR (64)
CLyeesCh p+2
which gives
5 ne \*®t? ne?

]P){R;z C)—-R'(C*) > 6} <8 < > e 1286(N)7 65
€ - R(c) - )

We conclude almost sure convergence of R, to R’ by noting that
> P{R;,(C) - R'(C*) > €} < 0,
n=0

5 n—oo

forall ¢ > 0 and thus R'(C) — R’'(C*) as.

Now, we sketch the proof for strong consistency of the cluster centers. From Proposition 5.2.1
in [23], we know that ¢ 5 C* if i) sup, |R.(C) — R'(C)] & 0 and ii) the map C — R'(C) is
continuous on R?. ° So what remains to conclude is the continuity of the map R’ which sends a
set of centers C to the values of the clustering risk R'(C). The continuity of R’, with respect to
Hausdorff metric, is also proved in [15]. O

A.9 Discussion of coordinate descent for (RKM)

Finding the true optimal partition for a fixed number of sets in a given p-dimensional space is known
to be an NP-hard problem [8] and so we rely on approximation algorithms to find a locally optimal
solution for (RKM). As a result, all current algorithms for robust k-means [5, 24] are nothing else
but the coordinate descent method or else alternating optimization [22]. Applying coordinate opti-
mization on (SRKM) (see proof of Lemma 1), at each iteration we:

1. Fix w;, ¢; and minimize with respect to o; i.e., set o; = Pp, (x; — ¢;) when z; € A;.

2. Fix 0; and minimize with respect to w;, ¢; i.e., we solve a k-means problem with z; replaced
by x; — P, (z; — ¢1).

3. Repeat the previous two steps until convergence of the centers.

The symbol £ denotes convergence in probability.
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Figure 5: The graph of % > e, cx ®(xi — c) for the point set X' = {—2,—1,1,2, 4} (red circles) in
Example 1 when & = ey |,. The z-axis represents the variable ¢ while, the y-axis represents the
values of the objective function ) x|, (% —c) as a function of c. The subgradient setat ¢ = 0
is empty (left cross mark) while at ¢ = 0.8 (right cross mark), it contains only the zero vector. The
two dashed line arrows constitute the non-convex tangent cone of the epigraph at 0, i.e., the tangent
cone consists of only those two elements.

If the computational complexity of the proximal map is low, then (RKM) retains the computational
simplicity of the classical quadratic k-means algorithm [12].

Recently, a lot of work has been done in understanding the convergence properties of coordinate
descent methods for the case of Lipschitz functions ® : R? — R, see [25] and references therein.
Does all proximal maps Py, guarantee the convergence of coordinate descent algorithms to a local
minimum or even a stationary point? The answer to the previous question is no and recalling one of
the basic assumptions on convergence of alternating optimization, i.e. every coordinate minimum
should be unique [22], it is not a surprise that the causes for this instability are multivaluedness of
Py, along with possible discontinuities.

Roughly speaking, two main assumptions must be met for convergence of coordinate descent to
a regular stationary point, i.e., a point x where the regular directional derivative ®'(x;d) :=
liminf;o(®(x + td) — ®(x))/t is non-negative. Either ® should be regular at every point z in
its domain, i.e., 9®(xz) = 0®(z), for all = in the domain of ®, or ¢ should have a unique mini-
mum along every coordinate [22]. For (RKM) and the class of proximal maps in (16), neither of
the previous two assumptions is met and so the price we have to pay for using coordinate descent
is the possible convergence to a non-stationary point, i.e., a point where the directional derivative as
previously defined is negative; see Example 1 below.

Example 1. Consider the non-convex ly (pseudo) norm, \|x|o = )‘721%#0 and the associated hard
thresholding proximal map (12). Note that Py,., () is discontinuous and multivalued at |z| = X

implying the existence of two minimizing arguments for (5b). Resorting to the definition, we see that
the Moreau envelope of the ly-norm is given by

1 .
exl-o(T) = imm{xz,)\z}.

Next, consider the set of points X = {—1,—2,1,2,4} and the problem,



where ® = ey, and A\ = 4. Coordinate descent for the previous problem takes the form of the
following update rule,
1
At — £ Z (zi — Py (zi — ).
T, €X

A common initialization method for k-means is sampling from data, i.e., k random points are sam-
pled uniformly from the dataset as initial centers. When the initial point is ¢° € {—2,—1} < 0, the
previous update scheme converges to ¢ = 0 and the objective function equals,

Z é‘b@ci —-0)= Z %6)\|~|0(-’L‘i —0) = 2.6.

T, €EX T, €X
When ¢ € {1,2,4} > 0 the solution is ¢ = 0.8 and,

1 1
> £ @i —0.8) = > =ealo (i — 0.8) = 2.28,
r; EX r; EX

which is the global minimum value; Figure 5 shows the graph sza:iEX %eAI-\o (z;—c). Although for
¢ =0, bothsets Y (2i — Pappy(z)) and Y, 5 Oex|.j, () include the 0 element (horizontal
dashed arrow in Figure 5), ¢ = 0 is not a local minimum. In fact, it is a saddle point in the general
sense, i.e., 0 € >y dex|.|, (i —0), but not in the regular sense, i.e., 0 & > dex|.| (i —0)

since, at that point the regular subgradient set is empty, 3, 36)\‘,‘0 (x; —0) = 0. It useful to
recall the definition of the generalized subgradient for a function g at a point x as the set of all
vectors u € Og(x) such that u's < 0, s € T(x), where T(x) is the general tangent cone of the
epigraph of g at x; in this example, the general tangent cone of ZwiGX ex-jo(®s —c)atc=0is
non-convex [19] (see explanation in Figure 5).

In Example 1, the epigraph of ey, at ¢ = 0 has an inward corner (Figure 5) indicating absence of

regularity at that point (with the notation of [19], the regular normal cone N (¢) and the generalized
normal cone N (c) of the epigraph of > . fero (@i — ¢) at ¢ = 0 are different). Next, we
repeat the previous example with a continuous, single valued, and monotone proximal map. An
immediate corollary of single-valuedness and continuity is convergence of coordinate descent to a
stationary center ¢, i.e., 0 € ZZ cx %Ve Allo (z; —c), since in this case the set of regular and general
subgradients coincides.

Example 2. Tukey’s non-convex penalty function [ 1, 20] comes from the literature of robust statistics
and has proximal map

Py, (z) =

An explicit representation for fy for the previous proximal map can be derived following the three-
step construction described in Section 3 in [20]. The Moreau envelope of Tukey’s penalty is

es, (@) = {ﬁ“ —(- (223, iflel <A,

A .
T otherwise,

{x —a(1=(5)??  iflal <A

z, otherwise.

and is known as the biweight function. Since Py, is continuous and single-valued, every vector
Py, (z; — c) is associated with a gradient vector V®(x; — c) and, therefore, we expect convergence
of coordinate descent to a stationary point in the regular sense (since we deal with the smooth case,
every generalized stationary point is also a regular stationary point). Consider the same set of points
X as in Example 1, k = 1, A = 4 and the same initialization method i.e., sampling from the dataset.
Iterating a scheme of the form

1
t+1 t t
R D M B NCEO))
x,€X
until there is no change in ct, no matter the initial point, the algorithm converges to ¢ = 0 that

happens to be the unique global minimum of

1
Z gefA (zi — o),

T, €X
see also Figure 6.
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Figure 6: The graph of %Z% cx €f (i — ¢) when fy is Tukey’s penalty for the point set
{-2,-1,1,2,4} (red circles) in Example 2.
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