A Detailed Proofs in Sections 2 and 3

A.1 Proof of Lemma 1
Proof. We only need to show

d
]E(VTY) =3+ (-3 vl (A.D)
=1

Note due to the following well-known expansion [9]

(Z xi)‘l _ me + 4Zx?mj + 62x?m§ + 12 Zx?lxi2xi3 + 242;31.1%2%3%4.

where the summations above iterate through all monomial terms. Plugging in z; = v;Y; and taking
expectations, we conclude that under Assumption 1

E(v'Y)* Z#E (V) +6 Y. o}viE (V) E(Y))
i=1 1<i<j<d

—¢Zv + 6 Z 22?
1<i<j<d

Note that from the constraint of our optimization problem Eq. (2.2), we have
2

d
1=|v|*= (Zﬁ) Zv +2 > vl (A.3)
=1

1<i<j<d
Combining both Eqgs. (A.2) and (A.3) we conclude Eq. (A.1) and hence the lemma. |

(A2)

A.2 Proof of Proposition 1

Proof. Let F,, = U(u(”/) : n' < n) be the o-field filtration generated by the iteration u™ | viewed
as a stochastic process. From the recursion equation in Eq. (2.3) we have a Markov transition kernel
p(u, S) such that for each Borel set A C S?~!

P (u(") €Al fn_l) = p(u(”_l),A).

Therefore it is a time-homogeneous Markov chain. The strong Markov property holds directly from
Markov property, see [16] as a reference. This proves Proposition 1.
|

A.3 Proof of Theorem 1

We first use the standard one-step analysis and conclude the following proposition, whose proof is

deferred to Subsection C.1.

Proposition 3. For brevity let v = v(® and Y = Y (1), separately. Under Assumption 1, when
B?3 < 2/3, (A4)

foreach k =1,2,...,d and n > 0 we have the following:

(i) There exists a random variable Ry, that depends solely on v, Y with |Ry| < 9B*/3? almost
1) _ (0)

surely, such that the increment v,, can be represented as
v,il) — v,(co) =p ((VTY) Y. — vg (VTY) ) + Ryg; (A.5)
(i) The increment of vy on coordinate k has the following bound
‘v}j) _ v,(f)‘ < 8B28: (A.6)

(iii) There exists a deterministic function Ey(v) with supycga—1 |Ej(v)| < 9B*32, such that the

conditional expectation of the increment v(l) v,(CO) is

E[v]gn v v = } Bl — 3| <vk ZU>+Ek(V). (A7)
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In Proposition 3, (i) characterizes the relationship between the increment on vy, and the online sample,
and (ii) bounds such increment. From (iii) we can compute the infinitesimal mean and variance for
SGD for tensor method and conclude that as the stepsize 3 — 07, the iterates generated by Eq. (2.3),
under the time scaling that speeds up the algorithm by a factor 37, can be globally approximated by
the solution to the following ODE system in Eq. (3.2) as

dv;, N
T =y =3[ Vi Vk—ZVi , k=1,....d
=1

To characterize such approximation we use theory of weak convergence to diffusions [17, 40]. We
remind the readers of the definition of weak convergence Z” = Z in stochastic processes: for any
0<t; <ty <---<t, the following convergence in distribution occurs as 3 — 0%

d
To highlight the dependence on 3 we add it in the superscipts of iterates v/ (") = v(),

Proof of Theorem 1. Let Vk‘3 (t) = v,f (871, Proposition 3 implies for coordinate & VkB (t) satisfies
VEB) - VE0)=B8((vTY)*Yy — (v Y)*) + Ry,
where |R;| < 9B*32. Eq. (A.7) implies that if the infinitesimal mean is [17]

d — 67'E [V,f(ﬁ) — o | VA(0) = v}

—EV/(t)
=4 — 3| vy (%: - va) +O(B*B).

dt +=0
i=1

Using Eq. (A.6) we have the infinitesimal variance

SRV~ | =87 [VEB) —u) | Vi) = V]
<p 2B,

dt
which tends to 0 as 3 — 0. Let Vi (t) be the solution to ODE system Eq. (3.2) with initial values
Vi(0) = v,f (0, Applying standard infinitesimal generator argument [17, Corollary 4.2 in Sec. 7.4]
one can conclude that as 3 — 0T, the Markov process Vkﬁ (t) converges weakly to Vi (t).

t=0

A.4 Proof of Proposition 2

For simplicity we denote in the proofs that the initial value V;(0) = Vi, k = 1,...,d. Also,
throughout this subsection we assume without loss of generality that V;? is maximal among V2,
k=1,...,d, and furthermore

VE>2 max V2. (A.8)
Lemma 2. For V € S9! that satisfies Eq. (A.8), then we have for all ¢ > 0
(Vi(1))* > 2max (Vi(1))”. (A9)
Proof. We compare the coordinate between two distinct coordinates ¢, j and have by calculus that for
allk >1
d Vk(t) ? 2 2
—1 =21 =3 (Vi) —Vi@{)). A.10
1o (14 ) =210 -3l (V20 - Vi) (A.10)

So if initially Eq. (A.8) is valid then log (V}2(t)/V{(t)) is nondecreasing, which indicates for all

t>0
Vi () Vi \ 2 1

] <log [ X)) <log-=.

Og(‘/l(t)) =08 ) — %85

Rearranging the above display and taking maximum over k = 2, ..., d gives Eq. (A.9).
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We then establish a lemma that gives the lower bound of drift term related to V. To bound the bracket
term on the right hand of ODE, one has

d d
VE=Y VE=VE -V Y VSV - VD), (A11)
k=2
which gives us an upper bound. To obtain a lower bound estimate we first state a lemma stating that
the gap between the first and all other coordinates is nondecreasing.

Lemma 3. For V € S9! that satisfies Eq. (A. 8) we have

V21 -V2) > V2 - ka_ 14/1) (A12)

Proof. Note Holder’s inequality gives

DV < (m§XVk> (Z Vk2>7 (A.13)

k>1 k>1

where the equality in the above display holds when Vi# = - - - = V2. Using Eq. (A.8) and (A.13) one
has

d
- ; Vi = V-V - (I,glgf V;f) (1-v7)

(A.14)
1% V2
V=V - - (1) = - (1-77).
This completes the proof.
|
Lemma 4. For the ODE in Eq. (3.4) which is
d
=y (1-y), (A15)
with y(0) = 2/(d + 1). By letting T} be such that y(7j) = 1 — J, we have
Ty < d— 3+ 4log(26)~ . (A.16)

Proof. Let T} be the traverse time from 2/(d + 1) to 1/2, and T5 be from 1/2 to 1 — 4. We have for
y€0,1/2]

1 2 < dil/
— <
2V < g SV
Therefore by comparison theorem of ODE [23], Ty < Ty < 277 where y;(t) = 1}20 ; solves

dy;/dt = y2, y1(0) = 2/(d + 1). Letting y; (T}') = 1/2 we obtain T} = (d — 3)/2. For T» we note
fory € [1/2,1]

Comparing with y2(¢) = 1 — (1/2)e~" which solves the ODE dys /dt = 1 — yo with y2(0) = 1/2,
we have Ty = log(24) ! such that yo(T%) = 1 — §. To summarize we have

Ty < 2Ty + 4Ty = d — 3+ 4log(26)*

Proof of Proposition 2. From the ODE in Eq. (3.2) we have

dv2 d
5 =2l -8l (WZV?) :
=1

Combining both Lemmas 2 and 3 we have

4 2 d‘/l2 4 2
2 —3|Vp (1—V1)ZFZ|¢—3|V1 (1-v7).
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If the starting value of algorithm has V2 > 2maxy~1 V}? then V2 > 2/(d + 1). By comparison

theorem in ODE [23] we know V%(¢) runs the auxiliary ODE Eq. (3.4) at a nonconstant rate within
[|v — 3|, 2|t — 3|]. Therefore the time

1
Sl =37 < T < |y =377,

Combining with Lemma 4 we are done.

B Detailed Proofs in Section 4
B.1 Proof of Theorem 2

ﬂ—l/Qvf«,(Ltﬁ_lJ)

Proof. Proposition 3 implies for U, ,f (t) = , under the conditions in Theorem 2 the

one-step increment on coordinate k is

_ _ 3 4 _
U2B) = U2(0) = B2 (o0 = o) = 57128 (vIY) Vi — 0y (vIY)) + B2 Ry
Eq. (A.7) implies that the infinitesimal mean is

d
—EUP (¢
dt k( )

- =FTEUB) - UL [ VP(0) = v, UP(0) = v

d
—ﬂ161”~mw—3ka€—§jﬁ>+ﬁ]ﬂ1”~an

i=1
= — | — 3] uk + o(1).
Using Eq. (A.6) we have the infinitesimal variance

SEUAW - V2O =8E [(UF8) - UL 0)? |VP©0) =]
=B72E {(vf’(l) - vf’(o))z | VA (0) = V:|

dt
=E(Y?Yi)? + o(1) = 96 + o(1).
In addition |U ,f (t) — U,f (0)‘ < CB?%B. Applying standard infinitesimal generator argument [17,

t=0

Sec. 7.4] one can conclude that as 3 — 07, the Markov process U,f (t) converges weakly to Uy (t)
the solution to Eq. (4.1).

B.2 Proof of Theorem 3

We first prove an auxillary lemma on moment calculations. Proof is deferred to Subsection C.2
Lemma B.1. We have foreach k£ = 1, ..., d the following moment expressions:

d 6
E (Z Yi> Y2 = g +16(d—1)1ps +15(d—1)2h3 +60(d —1)(d —2)tps +30(d—1)(d—2)(d —3),
and -

d 8
E (Z 1@-) = dips+28d(d—1)bg+35d(d—1)(1+12(d—1)(d—2)) o +105d(d—1)(d—2)(d—3).

Proof of Theorem 3. Note from the definition in Eq. (4.3) we have for distinct coordinate pair k, &/,
BY2 W = log (v%) — log (v,%,) . B.1)

By symmetry we without loss of generality that v,(fo), U,(f) > 0 and hence

(1) (1)
— v - vy,
W&mw@@wlm%aﬁ>w“%g<%)
k

Upr
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However Proposition 3 indicates that

| Ul(cl) B U](Cl) _ U}(Co) o5 — Ty Y;, Ty 4 o2
A INON BN © +0(B*) =B(v'Y) o Bv'Y) 4+ 0O(87),
k k

and analogously for &’. For infinitesimal mean

SRV (1)~ W5 (0)

t=0

= BB [Wii, (8) = Wik, (0) | Wi (0) = Wi |
— B .28V {5 (VTY)3 (fk _ Yk') n O(ﬁ2)}
k

Since E [(VTY)S (Yk/vk)} — 3+ (¢ — 3)v2, and analogously for k', and also (v)"(”)2 — 1, we
conclude from Eq. (B.1) that

Vg

1/2 (B2 _ (,8:(0)y2 12 1 AN
200 =352 (00 = 00)) =200 =372 5 log | Sy |+ 0(8)
kl
LAy

For infinitesimal variance

d B 2
GEOVE0 - WE P =57 | (Wh(0) - Wh0) W0 = W
t=0
) L@ N AN
= 467K | | log % —log % ’ Wi (0) = Wi
Uy, Uy
% 3 Yk « 3 Yk/ 2
Note the second-order term
6
v\ 2 d
E|(vY)° (’“) W, (0) = W,W] =447 2.E (Z Y) Y2 =4d7%Q;,
Uk i—1

and similarly for index &’. For the cross term in the expectation we have

GE Yk}’

Vi U

E [(va)

d
Wi, (0) = Wkk,} =4d 2 -E (Z Y) Y.V = 4d2Q,.
=1
From standard polynomial manipulations we have
dQ1+d(d—1)Qs = dips+28d(d—1)1pg+35d(d—1)(1+12(d—1)(d—2))hs4+105d(d—1)(d—2)(d—3),
and
Q1 = g + 16(d — 1)thg + 15(d — 1)93 4 60(d — 1)(d — 2)1bs + 30(d — 1)(d — 2)(d — 3).

Therefore
d?Q1 — dQy — d(d — 1)Q,
Q- Q2= 2=
= 1)g + (16d — 28)1s + 15dep3 — 5(72d* — 228d + 175)4 + 15(2d — 7)(d — 2)(d — 3).
Summarize the above calculations we obtain as 3 — 0%
d

TEWEL (1) = Wi, (0))?

_ * T 3&_ * T 3&2
_4]E{(v Y) o (v 'Y) o +0(B)

=8d2(Q1 — Q2) + O(B).

Combining the last two displays concludes the theorem.

t=0
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C Proof of Auxillary Results
C.1 Proof of Proposition 3
For v(9) = v € S9! the update equation becomes
D= v+ (Y)Y (v TY) Y.

For the simplicity for discussion we prove under the condition @) > 3 (the case of 1) < 3 is analogous).
To prove Proposition 3 in the case of ¢ > 3, we first introduce

Lemma 5. For z € [0,1) we have

‘(1+x)_1/2—1+g'§2<§>2. (C.1)

Proof. Taylor expansion suggests for |z| < 1

o 1
- —5 1 3 5
1 1/2 — 2 n_1_-= 2p2_ 2
(1+x) n;o e 5% + 5" 7 6:0 +-
which is an alternating series for € [0, 1), whereas the absolute terms approach to 0 monotonically

_1 _1
2 xn—&-l < 2 .Z'" .
n+1 - n

1
‘(1+x)1/2 —1l+g

This indicates that for x € [0, 1)

<§ 2 <
e

NJM—\

which completes the proof of Lemma 5.
]

Proof of Proposition 3. When Eq. (A.4) is satisfied, and noting [v'Y|? < ||Y||? < B, we have
from Eq. (A.4)

1 1 4
BVIY) 4 5B VTY )Y < B2B + 5 BB < o BB < 1,

and hence from Eq. (C.1) in Lemma 5 there exists a Q1 (v,Y") with

v 2 (s0Tvy s LTy ) < 2
such that, with Q2(v,Y) = f%BQ(VTY)GHYHQ + Q1(v,Y), we have
v+ BETYPY | = (14280 TY) + B2 TY) Y |2)

=1 BTV’ —%ﬁz(VTY)GIIYHerQl(v,Y)
=1-B('Y)" +Qa(v,Y), (C.2)

where
Ioage | 32 0400 E 442
Qa(v,Y)| < BB + T BGY = B (C.3)
Using Eqgs. (C.2) and (C.3) we have
U — U = HV + ﬁ(VTY)gYH_l (Uk + 5 (VTY)3 Yk) — Vg
= (1 — ﬂ(VTY)4 + Qa(v, Y)) (vk + (VTY)3 Yk) — Vg
=B ((v'Y)PYe — (v Y)*) + Qs(v,Y), (C4)

where

Qs3(v,Y) = (’uk +B(TY)? Yk) Q2(v,Y) - B2V Y)Y, (C.5)
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which has the following estimate

Qs(v, V)| < Jor + B(VTY) Ve 1Qa(v. Y|+ 82| (vTY) Vi
(C.6)
(1+B2ﬁ) 3462 3462 S 934ﬂ2.
Denoting Q3(v,Y) by the random varlable Ry, Egs. (C.4), (C.5), (C.6) together concludes (i) of
Prop. 3.
For (ii), note Eq. (A.5) gives
1 _ (n)

Uk

BUY?+ (Y )?) +9B*5? < 8B%3,

so it is concluded.
For (iii), we set E(v) =E [Rk \ v = v} . Under Assumption | we take conditional expectation
on v(™) = v on both sides of Eq. (A.5) to obtain

E [Ul(cl) - UI(QO) ’V(O) = V} = pE {(VTY)?)Y;C — U (VTY>4 ’V(O) — V} +E [Rk | v — V}

=B —3) (”k Zv>+Ek

(C.7)
Similar to the proof of Lemma 1 in Subsection A.1 we quote another polynomial expansion [9]

(Z mi)g = Zx? + 321‘3%‘7 + 6in1xi2xi3.

where the summations above iterate through all monomial terms. Plugging in z; = v;Y; and taking
conditional expectations, we conclude that under Assumption 1

E[(vTY) Vi [v® =v] = olE (V') +3 Y v2u,E (V2) E (V)
itk (C.8)
= i +3(1 —vi)vp = 3vg + (¢ — 3)v}
In Eq. (A.1) we have

d
E {(VTY)?)YI@ — Vg (VTY)4 |v(0) = V} = v + (1/1 — 3)’02 — Vg <3 + (W — 3)2 ;1>

d
= (¢ — 3)vg (U,% - ZU?) .
(C9
Combining Egs. (C.7) and (C.9) completes the proof.

C.2 Proof of Lemma B.1
Proof. As in proof of Lemmas | and Proposition 3, we have the final polynomial expansions [9] that

6
(Z xz) = Z zf +15 Z mfx? +90 Z xfx?xﬁ + terms that has odd-order factors,
and using some combinatorics counting we have

8
(le> =Zm§+282x?x2»+702x +42021:mxk
+ 2520 Z i 23:%9512 + terms that has odd-order factors.
Therefore to show the first equality, note from Assumption | we can assume WLOG that £ = 1. Thus

d 6 d
E (Z n) Y12 — Z ]E}/i6Y12 +15 Z E}/i4§/}2Y12 +15 Z }E}/j{l}/iQYlQ
=1

i=1 1<i<j<d 1<i<j<d

+90 > EYRAYYRY?
1<i<j<k<d
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d
=EYP+15 Y EYY?+15 > EV'Y+90 > EV!YVPY2+ ) EYSY?

2<j<d 2<j<d 2<j<k<d p
b5 Y B es Y Bvien Y By
2<4<j<d 2<i<j<d 2<i<j<k<d

= s + 15(d — 1)¢og + 15(d — 1)¢3 4 90 (d; 1) Y4+ (d— 1)t

+15<d; 1>¢4+15<d; 1>w4+90<d; 1)

= 15+ 16(d — 1)tbg + 15(d — 1)3 + 60(d — 1)(d — 2)tbs + 30(d — 1)(d — 2)(d — 3).
Also

d 8 4
— 8 6 2 6 2 4 4
E(ZXQ) => EY?+28 > EYEY}+28 > EY'EY/+70 » EY/EY;
i=1 i=1 1<i<j<d 1<j<i<d 1<i<j<d

+420 ) EY/EYEY; +420 Y EY/EY/EY{

1<j<k J<i<k
+420 ) EY/EYJEY? +2520 »  EY?EY]EY?EY?,
j<k<i i<j<k<l

which is equal to

dips + 28 <;i> P + 28 (g) e + 70 (;l) Uy

+420(d — 1) (;l) g +420(d — 1) (;l) ¥y +420(d — 1) (g) Py + 2520 (Z)

= dipg + 28d(d — 1)tpg + 35d(d — 1)(1 4 12(d — 1)(d — 2))tp4 + 105(d — 1)(d — 2)(d — 3).
This completes the proof.
]
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