Supplementary information of “Bounding
errors of Expectation-Propagation”

A Improving on the Brascamp-Lieb bound

In this section, we detail our mathematical results concerning the extension of the Brascamp-Lieb
bound.

We will note LC'(z) = exp (—¢(z)) a log-concave distribution. We assume that ¢ is strongly
convex, and slowly changing, ie:

Va ¢ ()
vd € [3,4,5,6] |69(2)

Y

Bm (32)
Ky (33)

IN

A.1 The original Brascamp-Lieb theorem

Let ur.c = ELc (x) be the expected value of LC. The original Brascamp-Lieb result [1976]
concerns bounding fractional centered moments of LC by the corresponding fractional moments of
a Gaussian of variance 3.}, centered at yzc. Noting g(z) = N (x|uLc, B;Ll) that Gaussian, we
have:

Va>1Erc (lr — prel®) < Eg (| — prel®) 34)
However, we are not interested in their full result, but only in a restricted version of it which only
concerns even moments. This version simply reads:

Vk € Nmoy = Erc (|$ — MLC‘WC) (2]€ — 1) mgk_gﬂ;ll 35

Mo (2k — 1)1B,* (36)
where (2k — 1)!! is the double-factorial: the product of all odd terms between 1 and 2k — 1. Eq.
might be a new result. Note that equality only occurs when f(x) = 1 and LC is Gaussian.
Note also that the bounds on the higher derivatives of ¢ are not needed for this result, but only for
our extension.

<
<

We offer here a proof of eq. (from which eq. is a trivial consequence), which is slightly
different from Brascamp & Lieb’s original proof. We believe this proof to be original, though it is
still quite similar to the original proof.

Proof. Let’s decompose LC(x) into two parts:

e g(x) =N (z|prc, B;') the bounding Gaussian with same mean as LC

o f(z)= Lgcgig)ﬂ) the remainder

f is easily shown to be log-concave, which means that it is unimodal. We will note z* the mode of
f. f is increasing on ] — 0o, z*] and decreasing on [z*, co|. We thus know the sign of f (z):

sign (f/ (x)) = sign (z* — x) 37
Consider the integral: | j;o g(z)f (x)dx. By integration by parts (or by Stein’s lemma), we have:

+o0 , +oo
/ o(@)f (@)dz = / o) f ()@ — 1)

= Bm(/i*.u)
+oo
/ g(@)f (x)dz = 0 (38)
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We now split the integral at ;17 and x*, assuming without loss of generality that x* < upc:

= ’ HLo ’ o ’
/ af + / gf + / af 0
—o0 T* HLC

*

i / KrLC ’ e /
/ af + / af = - / af
—00 x* rLc

> 0 (39)

Now consider a statistic Si(z) = (v — p Lc)%*l. Again using integration by parts, we have the
following equality:

[o@)f @si@is = [ o) @) (nSela)(e ~ p) - Si(a)) do

[o@)f @ - me " do = [16@) (6@~ mue) - 2k 1) (@ - uuc)* )
= Bumar — (2k — 1)mag_2 (40

At this point, we only need to prove that [ gf 'S < 0 to finish our proof, from eq. @0). We will
actually prove a slightly stronger result: that even if we cut the integral at i1.¢, both halves are still

negative:
rLC ,
/ gf Sk, < 0 (41)
/ 9f Sk < 0 42)
rLC

Eq. @) is trivial. g is positive everywhere, while Sy (z) > 0 and f (z) < 0 for z > prc.

Eq. @) is slightly harder. From eq. @]}ff;o af + frre gf > 0, where the first term is posi-
tive, and the second negative. When we multiply the integrand by the decreasing positive function
—Sk(x) = —(x — ,uLC)%*l, the order in the terms is preserved. To say it in equations:

/woo gf (=Sk) > (* (z* — MLC)QkA) /; af

(* (z" — ﬂLC)Qk_1> ( /:c gf“)

HLC ,
> / af St 43)

*

%

from which we finally find eq. (@T)), which concludes our proof. Note that there is the equality
fgf/S;C = 0 IFF f’ (x) = 0, justifying our earlier comment about moy, = (2k — 1), may_o IFF
LC(x) = g(x). O

A.2 Extending the Brascamp-Lieb theorem

The original Brascamp-Lieb result tells us that the spread of LC(x) (as measured by its even mo-
ments) can’t be too important, but it doesn’t tell us whether such distributions are close to being
Gaussian, which is what EP requires. By constraining the higher derivatives of ¢(z), we are able to
constrain how far LC' is from a Gaussian distribution. This is the essence of our extension of the
Brascamp-Lieb theorem. We derived the following:

Theorem 2. Extension of the Brascamp-Lieb theorem

With LC a strongly log-concave distribution with slowly changing log-function (eqs. (32), ), we
have the following inequalities:
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< — 44
¢ (ne)| = 5 5. (44)
K
Mol < 923 (45)
mo m
17K
ms < s 3 (46)
mo "
which generalizes to:
Mok+1 K3
<C 47
Mo >~ Lg ﬁn+1 ( )
The following first order expansions of me, ms and my:
" K K
- < =344 48
et = diue)| < G+ gpt (48)
" K? K,y
¢ (pro)me —1| < 24— (49)
(e T
" ’ (3)(,L,LLC) ].7 K3K4 5 K5
’¢ (hrc)ms + <¢> (prc)ma + > m4> < S + Y (50)
" ].9 K§ 5 K4
Qb (,ULC)m4 — 3Imay < ?E 5@ (51)
which generalizes to:
2k+1
Mok 42 (Ni)mzk (52)
¢"(nLe)
" 7(k5+1)
~ (k1)1 |6 ()] (53)
And the following higher order relationships:
' o (pre) K3;K,  Ks
R LS4 54
¢ (prc) + 5 mz| < 335 T 3p2 (54)
(3) (4)
IR ¢ (urc) ms ¢ (urc) ma 17T K3Ks | Kg
— — — — — < = — 55

Note that we refer to eq. [@8)), (30) and (51) as first order expansions because you can read them as,
respectively:

my & (¢”(MLC))_1
- (415// (NLC)>_1 (QZ)/(NLC)W@ + Wﬂu)

"

3
2

my = 3<¢> (,uLC))_lmg

These relationships are not exhaustive, and one could find many such relationships for even higher
orders. The list presented here only concerns results which we will need for our bound on EP.

Proof. We will first give an outline of the proof, and then dive into all the equations of the full proof.
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The key component of the proof is Stein’s lemma (ie: integration by parts). For LC' = exp (—¢(x)),
it reads: for any statistic S(z) with at-most-polynomial growth:

Ere (¢/(@)S(@) - ' () =0 (56)

which we will only use for statistics of the form Sy (2) = (2 — purc)". This gives us the following
relationships:

ELC( x)) = 0 (57)
Ero (¢ @)@ —pre)) = 1 (58)
Bre (¢ @)@ —pee)?) = 0 (59)
Bro (¢ @)@ —puic)?) = 3mo (60)

and further relationships of the same form that we won’t need. The key intuition in understanding

why LC is almost Gaussian is the following: ¢ (z) ~ ¢ (purc)(x — ). The Stein relationships
for LC are thus almost the same relationships that would be obeyed by the Gaussian g,,, . () =

" -1
N <m|uLc, (gzb (,uLc)) > This is why LC is close to g, -

For all these relationships, we will perform a Taylor expansion around prc, which now gives us
self-consistency relationships between the different moments of LC. For example, just keeping the

first term in eq. gives us eq. (@4):

¢ () ~0

We need to be careful with how we deal with the remainder of the Taylor approximation. Using the
Taylor-Lagrange formula, we can bound the error that results from cutting off the Taylor series after
some term, with a term of the form C' x (z — )" for some constant C. The expected value under
LC of that term can then bounded from the Brascamp-Lieb theorem. For example, to perform the
cut-off of eq. we just did, we start from the Taylor-Lagrange expression:

’ ’ " ‘ K

¢ (x) — ¢ (pre) — ¢ (pre)(x —pre)| < 73 (z — pre)’ (61)

which, when we take the expected value, becomes:

’ ’ K K
[Bre (6'@)) = 6 (ure)| < Frma < 52° (©2)
m
where we have applied the Brascamp-Lieb theorem. This concludes the proof of eq. (4)), and our
introduction to the full proof.

Let’s now prove the second relationship of the theorem: eq. @3). We start from eq. (39). We

perform the expansion of ¢ (z) up to the ¢ (urc)(x — prc) term. From Taylor-Lagrange, the
error is:

¢ (x) — ¢'(nro) — ¢ (pre)(x — MLC)‘ < % (z — pre)’

¢ (@) (x — pre)? — ¢ (ure) (x — pre)’ — ¢ (pre) (@ — MLC)B‘ < % (z — pzc)'(63)

We now take the expected value:
& (urc)ma + 6" (e)ms - Brc (¢ (@))| < Sima (64)
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Finally, we divide by mo, take out the (b, (¢ term from the absolute value, use the bound on %
from eq. (33), and lower bound ¢" (11 ):

1"

ms K3 my
¢ (,ULC)‘
ma

2m

K3

%5, (3) +
2K
Brm
2K3
B2,

IN

¢ (MLC)‘
K3
267”

IA

AN

(65)

T (66)

ma

which gives us eq. (@3).

Now, let’s prove the bound on ms5 (eq. @[)). The demonstration is quite similar to the m3 bound.
We start from another Stein relationship:

Bre (' (2) (e = nic)') = 4ms

With the same Taylor-Lagrange expansion as in eq. (63) and after taking the expected value, we
have:

"

, K
‘4m3 — ¢ (hro)ma — ¢ (MLC)m5’ < 7377%6 (67)

Which we divide by ms and manipulate further:

" m m ’ m K m
e BT B O
mo msy msy 2 mo
_ 8Ky Ky 3 Kyls
T BL 2BmBm 2 P
17K,
= &
ms 17K3
68)
‘m2 B (

which gives us eq. (#6).

In order to show that any odd centered moment admits a similar bound (as we mention it the main
text), we proceed by induction. The Stein relationships:

E(¢>

give us the inductive step through steps identical to the preceeding equations, and we have already
have the initialization (from eq. [66). We can thus find similar bounds for any higher odd moment of
LC(x).

Now we will prove the first order expansions, starting with the one for ms (eq. @8))). We now start
from eq. (38), which is:

’

(z) (v — MLC)2k — 2k (x — ,ULC)Zk_l) =0

Bre (6'(2) (@ = nec)) =1

. . . (
First step, the Taylor-Lagrange expansion. We cut off the Taylor series at ¢
can bound the error with:

3)
7(2“0) (z — pre)’. We

) , " s ¥ (ure)

6 (2) (@ - poe) — & (ure) (@ — pre) — & (ure) (@ — ppe)’ — (& — po)?| < 2

- 3
(69)

14

(x — pre)t



which becomes, when we take the expected value:

1-0-¢ (urc)ms — %ma < %mzx
¢ (urc)me —1| < ‘d?(s [O%e; ‘ |m3| + %mz;
mzt = 6" (ue)| < ‘qb(‘"") e ‘m3 %%‘2‘ (70)

which proves eq. (@8), from which eq. @9) is a trivial consequence.
Now, the mg first order expansion (eq. (50)). We start from the Stein relationship from eq. (39)

(which we already used to prove the bound on Z—;’
Erc (¢/ (z) (x - /~LLC)2) =0

The difference between the ms bound and the ms first order expansion is that we take a higher-
order expansion of ¢ (z). This time, we stop at 3 () (z — prc)®. The Taylor-Lagrange error
is bounded by Iif (x—p LC)4~ This gives us the following bound once we take the expected value.

(3) (4)
) (uLc)m4+¢ (uLc)mr <

2 3! ol =

Ks
40

me (72)

‘¢/(NLC)m2 + ¢ (upo)ms +

In that equation, ms is an order of magnitude smaller than the other terms, and we take it out of the
absolute value:

i (3 oM (urc Ks
¢ (prc)ms — <_¢/(HLC)m2 - QS(;LC)WM) ‘ < |;|L)| |ms| + fms
K,17Ks Ks 15
= wa taa
17 K3 K. K
< KKy | SKs (73)

R
which proves eq. (50).

Finally, we prove the last first order expansion: eq. (51) concerning m4. We start from the last Stein
relationship: eq. (60):
Bro (¢'(@) (x = pre)’) = 3ma

We cut-off the Taylor series after % (x—p LC)Q. After taking the expected value, the error

is:
i 1 (3) K
'37712 — ¢ (pLc)ms — ¢ (prc)ma — %ﬂ% < Amg (74)

- 3

. . ’ (3) .
In this expression, ¢ (urc)ms and Mn% are both smaller by an order of magnitude, and we

remove them from the absolute value, to finally obtain:

Ky
\ |+7m6

IN

‘d? prc) |m3| +

’925” (HLo)ma — 3m2‘ ‘QS

K3 2K3 K317TK3 K, 15
< 7734‘7 T T o T
28m B 2 B 3! By,
_ WK 5K
T 285 283

(75)
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which proves eq. (Z1).

In order to find the first order developments of higher order even moments, one proceeds identically
to here but from the Stein relationships:

E(¢'(@) (@ = el = 2k +1) (@ - pre)™) (76)
from which, by the same approach as the proof of eq. [51] we have:
2k+1
umzk (77)

Mag42 = —7

and by induction, we prove that:

" _(k+1)
7@M2m@k+nup(mﬂﬂ (78)

which justifies our claim in the main text.

We are only left with proving the final two relationships. For eq. (54), this corresponds to doing a
further expansion of the first Stein relationship (eq. (57), from which we proved that ¢/ (urc) == 0):

Erc (qs’ (x)) —0

We stop the Taylor series after % (x—p LC)B. After taking the expected value, we get:
, 3) ) K
¢ () + ELED ng‘ < S (79)

We extract the mg term which is an order of magnitude smaller than the other ones, and obtain:

o (urc) e
¢\l ¢ \Krc)
2 3!

K 2K3s Ky 3

33, AR,

K3Ky Ks

< — 80
< 35 + 852 (80)

Ks

¢ (nre) + |ms| + T

IA

which proves eq. (54).

At last, we reach the proof of eq. (53). We start from the second Stein relationship (eq. (38), which
we already used to get the first order expansion of ms):

Bre (6'(2) (0 = nec)) =1

()
We stop the Taylor series after W (x—p LC)4~ After taking the expected value, we get:

P (urc) oW (urc) o (urc)
I T TR

Kg
< imﬁ (81)

’1 — ¢ (pLc)me —

We divide by ms, then extract the ms term and obtain:

mit — ¢ () 1 P ) ms 6D (rc) ma 0 (o) || ms| , Ksms
2 pre 2 mo 3' mo 4! mo 5' mo
Ks 17TKs  Kg 15
< 2 -6 77
- 4! g3 5! 32,
17 K3K, K
< et (82)
24 B, 8%
proving eq. (33) and concluding our proof. O
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B Quality of fixed-points of EP

In this section, we give a detailed proof of our bounds on the quality of the EP approximation.

We assume that all sites f; = exp (—¢;(x)) are f,,-strongly log-concave, with slowly changing
log-functions. That is:

Vi, 6;(8) 2 fm (83)
vde[3.4,5.6 [0 (@) < K (84)

The target distribution p(x) then inherits those properties from the sites. Noting ¢,(z) =
—log (p(z)) = >, ¢i(x), then ¢, is nB,,-strongly log-concave and for d € (3,4, 5, 6],

o4 (@) < nK, (85)

Let g; (z|r;, ;) be the site-approximations of a fixed-point of EP, ¢ (z|r = >, 7,8 =), 8;) be
the corresponding approximation of p(x) and h;(x) the corresponding hybrid distributions. From
our hypothesis on the sites, all hybrids are (3,, + 3—;)-strongly log-concave, with slowly varying
log-function (with constants K;). We can thus apply our results from section [A] to all hybrids and
the target distribution.

Some results to keep in mind on the hybrids: first of all,
_ Olog (hi(x))
ox

This expression is important as it is the one that appears in the Stein relationships.

= ¢i(x) + B — 4 (86)

Also, because ¢(x) is a Gaussian distribution of mean and variance pgp,vgp and with natural
parameters 7, 3:

r = Buep 87)
B = vgp (88)

Finally, we have:

ZﬂfiﬂEP = ZBJ’NEP

i
= (n—1))_ Bjuer
J
= (n—1)Buep
= (n-1)r

= (nfl)er
= er

i, 71

> Blippp = Zm— (89)

B.1 Lower-bounding the 5;

Let’s show that we can lower bound the 3; at the fixed-point by 5,,.

Recall that 3; is obtained from the difference between the inverse variance of h;(x) and 8_;,
and h;(x) happens to be a (f3,, + 5_;)-strongly log-concave distribution. We can thus apply the
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Brascamp-Lieb inequality to the variance:

, 1
my < m (90)
(md) ™" > B+ B 1)

Thus, 3; = (m}) ~!' _ B_; > B, and we have the claimed lower bound

Thus all hybrids are actually at least n3,,-strongly log-concave (but could theoretically be stronger.
This is one way our bounds can be pessimistic).

B.2 Approximation of various moments by ¢(x) and the hybrids

In this section, we will show that some moments of p(z) are matched approximately by the moments
of g(z) and/or the moments of the hybrids h;(z).

We will note m}, the k'" centered moment of p(z) and m}, the moments of the hybrids. We will
use (4, v for the mean and variance of p(x) and pgp,vEp for the mean and variance of ¢(z) and all
h;(x) (recall that, at a fixed-point of EP, ¢(z) and all h;(x) share the same mean and variance). The
mean and variance have gained special notation due to their special status.

With these notations, the first three even moments of ¢ are respectively vgp, 31)% p and 151}% P>
while all odd moments are 0.

We will show that the following moments are matched:

Theorem 3. When all sites are strongly log-concave with slowly changing log, fixed-points of EP
provide a good approximation of several moments of p(x):

p = ppp+0(n7?)
vt = wpp+O(1)
mh = ng +0(n7?)
mh = 3vEp+0(n7?)
Vimi = mi+0(n7?)

Proof. Let’s first give an outline of the proof.

The logic for all these results is similar. Because all hybrids h;(x) are nj,,-strongly log-concave
with slowly changing-log, we can apply the results of section [A] on all those distributions, and
obtain inequalities that relate the moments of the h;(z) to one another. Since they all share the same
mean and variance, these become severely constrained. Since p(z) is also log-concave with slowly
changing log-function, its mean and variance obey very similar relationships to g p and vgp. From
the fact that the pair (i, v) and the pair (ugp,vEp) obey almost the same inequalities, we are able
to deduce that they are close to one another.

Let’s start with . From eq. (54)), i obeys the following simple relationship:

¢/ (lu,) + L(US)O’L),U annK4 ’I’LK5
» 2 3363, 8n?f2,
K3 K K
—1 34 5

< (S e)

Applying the same results to all hybrids h;(x), we get:

By the the same logic, if all sites are strongly log-concave, the dynamics of EP must always maintain
Bi > Brm. It is thus useless to initialize the EP algorithm at a lower value.

18



Vi |¢i(uep) + Bipep — i +

2 ~  3n3p3, +8n263n
K3K K
334 —92 5
< n 355 +n 852

which is slightly different than eq. (92). Let’s now sum the relationship obtained for each h;(z).

The B_;ugp — 7—; terms drop out (eq. (89)) and we get:

< n72K3K4 - Ks
3B, 862

(3) K3 K. K

93)

(3)
¢, (pEP) + %P)UEP

(94)

We have that 1 and pgp satisfy almost the same relationship from eq. (92) and (94). We can use
this to bound the distance between the two, as a function of the distance between v and vgp:

(3)
¢p(HEP) + % (SEP)UEP = ¢,(nEp) + #(U +vEp —v)
(3) (3) . (1)
¢p(1EP) + wa - (%(M) + pQ(H)U> ¢p (§1) + %2(62)01 (kEP — 1)
(3)
y o er) o) 95)

where &1, & € i, ppp] and we have used ﬁrst—order expansions at y of ¢;(uEp) and qbf’) (LEP).

52)

We can go from upper bounding [gf) (&) + ] (ugp — u) to upper bounding | — pgpl:

(4)
min < [asp (6 + 2% f”v] ) = por]

[nﬁm T 25 } | — pnepl (96)

(4)
‘ [425;(51) + 172(62)”] (EP — 1)

v

Y

We finally obtain a bound on the distance between p and ugp by combining eqs. (92), (94), (93)

and (96):

p (@ KsK, Ks K
l¢p(£1)+17;&)U] (NEP_M) < (n_1+n_2) 3363 +2n _1w+ =3 ‘U—UEP|
< O ) +0 ™) +0(n|v—vep|) 97)
= pep| < O(n7?)+0(jv—vpp|) (98)

Once we show that v = vgp + O (n™2), eq. (98) will give us indeed that t = pgp + O (n72).

Let’s now show that v ~ vgp. We start from the first order expansion of m., ! from our extension
of the Brascamp-Lieb theorem (eq. (@8)). For p(z), this gives us:

o] < LR 2
< ?23 g 99)
Again the corresponding relationship for the hybrids is not exactly what we want it to be:
A
< *2523 + *1% (100)

19



But again, we sum all those relationships:

_ " K2 K.
[mogh = 6y (uep) = (n =18 < n' B4 o2t (101)
which further simplifies, because 8 = UE}D, into:
P K2 K
—1 —1 3 4
‘UEP ~ 9 (MEP)’ <nTm tag (102)

Again, we find that the pairs (11, v) and (ugp,vpp) obey very similar relationships: eqs. (99) and

(T02). We have:

1"

b, (1) — d);(,UE‘P)‘ < K3 |p— pepl (103)

and this gives us that v™! ~ vy

_ o\ K2 K
[0 —vpp| < Kslp—pppl+ (140 1)B73+2ﬁ
vt —vgp] < O()+O(0|p—pepl) (104)

Our final equations for the size of | — pgp| and|v’1 — vgllj | seem to be caught in a loop: you need
to know how good one approximation is in order to know how good the second will be and so on.
This is not at all the case and it is very easy to cut this loop.

The easiest way is to remark that both p and pgp are O (nil away from the mode of p and so
they must be O (n’l) from one another (see main text, section . This gives v~ ! = UE}) +0(1)
(from eq. (T04).

Then, we remark that both v~ ! and UE}D are order n. The error for |[v — vgp| is then of order n~
and we have that © = ppp + O (n*2) , from eq. (94). This concludes the first part of our proof.

2

Let’s now look at the fourth moment of the target mY. We will show that is matched to by the fourth
moment m of any hybrid and by the fourth moment of the Gaussian approximation of p(z): 3v% p.

From our Brascamp-Lieb extension, the first order approximation of m is:

”" 19K2 5K
2 3 4
" -1
From which, intuitively: m} =~ 3v (qu (u)) ~ 30? ~ v p
Let’s now formalize this intuition by bounding explicitely each error term:
302 - 302, = 6(v—upp) (”zﬂ (106)
1
|3v? —3vgp| < (5|vaEp|m (107)
" -1 2 " -1
so(ap() -7 = 30 [(% W) - v} (108)
1" -1 12 -1 3
2
_ < _pl 2
3v (qu (,u)) 7| < ‘(gbp (u)) v B (109)

Which we can bound using preceding relationships (eq. (I04) and eq. @9)), and which gives us the
final bound:

2 3 (19 K3 4 3 4
mZ 3UEP| s n < 2 3o 2 B4 ) nBm lv—vep| nBm n262, [ B2 26,,1]
< O (n 3) (110)
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Let’s note that this final approximation isn’t any better of any worse, in terms of orders of magnitude,

" -1
than the original approximation m/ ~ 3v (qu (u)) .

Another approximation that is of similar quality, in terms of orders of magnitude, is for any hybrid
i: ml ~ m/. Indeed, from[51| (Brascamp-Lieb extension: my first order approximation), we have
that:

419 Iﬁ _39 Ky

’ [917;, (LEP) + ,B—i:| my — 3UEP‘ <n

and see that m} would obey a similar relationship to m} (eq. (I03)) if B_; ~ Zj i ¢;.’ (ugp). That
happens to be the case because we also have:

»2K3

K

a3 -1 14
_l’_

Bz,

261

}vi}a - [Qﬁ;/ (uEP) + Bﬂ} (112)

Thus, (;5;/ (Lgp) + B—; is approximately constant (in ¢), and approximately equal to vg}g, which is
an important result in its own right. If we combine egs. (ITI) and (T12), we thus have:

. 1’ —1
my = 3vgp [éf%; (kEP) + 6_1} +0(n™?)
= 31}129}; + 0O (n_4)
mh + O (n™?%) (113)

which concludes our proof that all fourth moments of the hybrids and ¢ and p are approximately
equal. Note that an absolute error of order n~2 translates into a relative error of order n .

Let’s now show how to approximate the third moment of the target m¥ from the third moments of
the hybrids mj. We start for the first-order approximation of m% (Brascamp-Lieb extension, eq.

G-

" : 3) 7K3K K.
¢p<u>m§+<¢ (o + £ ;mmi)‘ < 2(16 e 257;) (114)
" -1 ’ (3)
mh o~ —(6,() <¢ (o + & ;mm’i) (115)

For the hybrids, we have:

o\ (upp) 41T K3Ky | 35 K

#mzl S 6 /84 +n g @
(116)

Vi

<¢;/ (kEP) + 5—1‘) mj + <(¢;(MEP) + B_itep — T—i) vEp +

We will perform the following steps:

" I 0 (upp)
(Q% (eP) + ﬂ—i) (¢i(MEP) + B_itEep — ) vEp + fmfl (117)

m

Q

Q

‘ &\ (pp)
VEP (sbi(uEP) + B_ibpp — m—) vEp + %mi (118)

From which:

> ms
%

Q

(3)
UE‘PZ (( (kEP) + B—itpp —T— )'UEP + d)l(;EP)me (119)

X UEp <(¢;(NEP) + 0) vEp + ¢p (;Ep)mi> (120)
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from which we see that m} and ), m} obey very similar relationships (eq. (TT4) and eq. (T20)),
and can conclude that they are close.

More formally, starting from eq. (TT6), let’s replace ¢; (pp) + f_; with qb;)/ (LEp):

_ (3)
ml (¢;I(,LLEP) + ﬂ_i) ' <(¢;(NEP) + B_ippp — T—i) vEp + d)i(;EP)mi) +0(n)

(3)
= wpp ((@(MEP) + B-iftpp — T—i) vpp + gbi(;EP)mfi) +0 (n7*n7%) + O (nT19D)

Now, we replace m}, with mY. Since, mj = mf + O (n™?), we have:

(151('3) (NEP) D

mh = vgp <(¢;(NEP) + B ipep — 7‘71') vEp + 5 m4> +0(n ™) (122)

which we finally sum for i: the 5_;ugp — r—; sum to 0, leaving:

S i = : o) (uep) 3
3 =vep | ¢,(LEP)VEP + |+ O (n™?) (123)

77 -1 .
Because, u = pgp + O (n’Q) and v = (d)p (u)) + O (nfz) =vgp + O (n’z), >, mj and

m}, have identical first order expansions (which is of order n~2). More precisely:

(3) (3)

é,(nEP)VEP + ani = ¢,(uep)v+ wmi +0 (n7?) (124)
, (3)

= S+ 2 2(u) mi +0 (n7?) + O (|u — peplj125)

because: ’¢I(H)*¢/(#EP)’ < 0P |p—pep| and, similarly, ¢@(u) — ¢®(upp) =
O (n|w— pep|). And:

(v —vep) <¢;(uEp>vEp + Wmi) = O(lv—vpp) (OO (") + O () O (n"?))
= 0(n7?) (126)
Which gives us the final expression:
ms =Y mh+0(n7?) (127)

which concludes our proofs on the quality of the EP approximation.
In the main text, we have also used the following relationship, detailing the second order expansion
of UE}J:

m

_ " 3'[}2 _
vpp = & (1ep) + Z: [(bgg)(uEP)%EJ + oy (neP)gp >+ 0 (7)) (28)

For the inquisitive reader, this is obtained by starting from our Brascamp-Lieb extension, eq. 33,
applied to all hybrids. Then proceeding to approximate m} ~ 3v% and summing. O
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