
Supplementary Material

1 Proofs for Section 3.1

Theorem 1. The estimator d̂ij for dij is unbiased. Further, for any ε > 0, if the graph is directed,
then

Pr
[∣∣∣d̂ij − dij∣∣∣ > ε

]
≤ 8e

− Sε2

32/T+8ε/3 , (1)

and if the graph is un-directed, then

Pr
[∣∣∣d̂ij − dij∣∣∣ > ε

]
≤ 8e

− Sε2

64/T+8ε/3 , (2)

where S is the size of the sampling neighborhood S, and 2T is the number of observations.

Proof. First, for given ui and uj , let us define the following two quantities

cij
def
=

∫ 1

0
w(x, ui)w(x, uj)dx,

rij
def
=

∫ 1

0
w(ui, y)w(uj , y)dy.

Consequently, we express dij as

dij
def
=

1

2

(∫ 1

0
(w(ui, y)− w(uj , y))2dy +

∫ 1

0
(w(x, ui)− w(x, uj))

2dx

)
=

1

2
[(rii − rij − rji + rjj) + (cii − cij − cji + cjj)] .

In order to study d̂ij (the estimator of dij), it is desired to express d̂ij in the same form of dij :

d̂ij =
1

S

∑
k∈S

{
1

2

[(
r̂kii − r̂kij − r̂kji + r̂kjj

)
+
(
ĉkii − ĉkij − ĉkji + ĉkjj

)]}
, (3)

where S = {1, . . . , n}\{i, j} is the sampling neighborhood, and S = |S|. In (3), individual compo-
nents are defined as

ĉkij =
1

T 2

 ∑
1≤t1≤T

Gt1 [k, i]

 ∑
T<t2≤2T

Gt2 [k, j]

 ,

r̂kij =
1

T 2

 ∑
1≤t1≤T

Gt1 [i, k]

 ∑
T<t2≤2T

Gt2 [j, k]

 .

Thus, if we can show that r̂kij and ĉkij are unbiased estimators of rij and cij , i.e., E[r̂kij ] = rij and

E[ĉkij ] = cij , then by linearity of expectation, d̂ij will be an unbiased estimator of dij .
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To this end, we consider the conditional expectation of Gt1 [i, k]Gt2 [j, k] given uk:

E[Gt1 [i, k]Gt2 [j, k] | uk] = 1 · Pr
[
Gt1 [i, k]Gt2 [j, k] = 1

∣∣∣ uk]+ 0 · Pr
[
Gt1 [i, k]Gt2 [j, k] = 1

∣∣∣ uk]
= Pr

[
Gt1 [i, k] = 1 and Gt2 [j, k] = 1

∣∣∣ uk]
= Pr[Gt1 [i, k] = 1 | uk] · Pr[Gt2 [j, k] = 1 | uk], because Gt1 [i, k] ⊥ Gt2 [j, k]

= w(ui, uk)w(uj , uk). (4)

Therefore,

E
[
r̂kij | uk

]
=

1

T 2

 2T∑
t2=T+1

T∑
t1=1

E
[
Gt1 [i, k]Gt2 [j, k] | uk

]
=

1

T 2

 2T∑
t2=T+1

T∑
t1=1

w(ui, uk)w(uj , uk)

 , by substituting (4)

= w(ui, uk)w(uj , uk). (5)

Then, by the law of iterated expectations, we have

E
[
r̂kij

]
= E

[
E
[
r̂kij | uk

]]
= E

[
w(ui, uk)w(uj , uk)

]
, by substituting (5)

=

∫ 1

0
w(ui, v)w(uj , v)dv, because uk ∼ Uniform(0, 1)

= rij . (6)

Therefore, r̂kij is an unbiased estimator of rij . The proof of ĉij can be similarly proved by switching

roles of Gt[i, k] to Gt[k, i]. Since r̂kij and ĉkij are both unbiased, d̂ij must be unbiased.

Now we proceed to prove the second part of the theorem. We first claim that

Var
[
r̂kij

]
≤ 2/T and Var

[
ĉkij

]
≤ 2/T. (7)

To prove this, we note that

Var
[
r̂kij

]
= Var

 2T∑
t2=T+1

T∑
t1=1

Gt1 [ik]Gt2 [jk]


=

2T∑
t2=T+1

T∑
t1=1

Var
[
Gt1 [ik]Gt2 [jk]

]

+
2T∑

τ2=T+1
τ2 6=t2

2T∑
t2=T+1

T∑
τ1=1
τ1 6=t1

T∑
t1=1

Cov
[
Gt1 [ik]Gt2 [jk], Gτ1 [ik]Gτ2 [jk]

]
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We consider three cases:

Case 1. First assume τ1 6= t1 and τ2 6= t2. (Occurs (T − 1)2T 2 times.)

Cov
[
Gt1 [ik]Gt2 [jk], Gτ1 [ik]Gτ2 [jk]

]
= E

[
(Gt1 [ik]Gt2 [jk]− E[Gt1 [ik]Gt2 [jk]]) (Gτ1 [ik]Gτ2 [jk]− E[Gτ1 [ik]Gτ2 [jk]])

]
= E

[
(Gt1 [ik]Gt2 [jk]− wikwjk) (Gτ1 [ik]Gτ2 [jk]− wikwjk)

]
= E

[
Gt1 [ik]Gt2 [jk]Gτ1 [ik]Gτ2 [jk]

]
− E

[
Gτ1 [ik]Gτ2 [jk]

]
wikwjk − E

[
Gt1 [ik]Gt2 [jk]

]
wikwjk + w2

ikw
2
jk

= E
[
Gt1 [ik]Gt2 [jk]Gτ1 [ik]Gτ2 [jk]

]
− w2

ikw
2
jk (8)

The first term in (8) is E
[
Gt1 [ik]Gt2 [jk]Gτ1 [ik]Gτ2 [jk]

]
= w2

ikw
2
jk because Gt1 [ik], Gt2 [jk], Gτ1 [ik]

and Gτ2 [jk] are all independent. Therefore, the overall sum in (8) is 0.

Case 2. Next assume that τ1 6= t1 but τ2 = t2. (Occurs (T − 1)T 2 times.) In this case,

E
[
Gt1 [ik]Gt2 [jk]Gτ1 [ik]Gτ2 [jk]

]
= E

[
Gt1 [ik]

]
E
[
Gτ1 [ik]

]
E
[
Gt2 [jk]Gτ2 [jk]

]
= wikwikE

[
Gt2 [jk]2

]
= w2

ikwjk.

Substituting this result into (8) yields the covariance

Cov
[
Gt1 [ik]Gt2 [jk], Gτ1 [ik]Gτ2 [jk]

]
= w2

ikwjk − w2
ikw

2
jk = w2

ikwjk(1− wjk) ≤ 1.

Case 3. Assume τ1 = t1 but τ2 6= t2. (Occurs (T − 1)T 2 times.) In this case,

E
[
Gt1 [ik]Gt2 [jk]Gτ1 [ik]Gτ2 [jk]

]
= wikw

2
jk,

and so the covariance becomes

Cov
[
Gt1 [ik]Gt2 [jk], Gτ1 [ik]Gτ2 [jk]

]
= wikw

2
jk(1− wik) ≤ 1.

Combining all 3 cases, we have the following bound:

Var[r̂kij ] =
1

T 4
Var

[∑
t1

∑
t2

Gt1 [ik]Gt2 [jk]

]

=
1

T 4

[∑
t1

∑
t2

Var
[
Gt1 [ik]Gt2 [jk]

]
+ (T − 1)T 2w2

ikwjk(1− wjk) + (T − 1)T 2wikw
2
jk(1− wik)

]

=
1

T 4

[
T 2wikwjk(1− wikwjk) + (T − 1)T 2w2

ikwjk(1− wjk) + (T − 1)T 2wikw
2
jk(1− wik)

]
≤ 1

T 4

[
T 2 + 2(T − 1)T 2

]
=

2T − 1

T 2
≤ 2

T
.
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The bound for Var
[
ĉkij

]
can be proved similarly.

Next, we observe that Gt (for any t) is a directed graph. So the random variables Gt1 [i, k] and
Gt1 [k, i] are independent. Similarly, Gt2 [j, k] and Gt2 [k, j] are independent. Therefore, the product
variables Gt1 [i, k]Gt2 [j, k] and Gt1 [k, i]Gt2 [k, j] must be independent for any fixed ui, uj and uk,
where i 6= j and k = {1, . . . , n}\{i, j}. Consequently, r̂kij and ĉkij are independent, and hence

E[r̂kij ĉ
k
ij ] = E

[
r̂kij

]
· E
[
ĉkij

]
= rijcij ,

which implies that r̂kij and ĉkij are uncorrelated: E
[
(r̂kij − rij)(ĉkij − cij)

]
= 0. Consequently,

Var

[
1

2

(
r̂kij + ĉkij

)]
=

1

4

(
Var

[
r̂kij

]
+ Var

[
ĉkij

])
≤ 1

T
.

Since r̂ij = 1
S

∑
k∈S

r̂kij and ĉij = 1
S

∑
k∈S

ĉkij , by Bernstein’s inequality we have

Pr

[∣∣∣∣12 (r̂ij + ĉij)−
1

2
(rij + cij)

∣∣∣∣ > ε

]
= Pr

[∣∣∣∣∣ 1S∑
k∈S

1

2

(
r̂kij + ĉkij

)
− 1

2
(rij + cij)

∣∣∣∣∣ > ε

]

≤ 2e
− Sε2

2(Var[ 1
2(r̂kij+ĉk

ij)]+ε/3) ≤ 2e
− Sε2

2(1/T+ε/3) .

Finally, we note that

|d̂ij − dij | ≤
1

2
|r̂ii + ĉii − rii − cii|+

1

2
|r̂ij + ĉij − rij − cij |+

1

2
|r̂ji + ĉji − rji − cji|+

1

2
|r̂jj + ĉjj − rjj − cjj | .

Therefore by union bound we have

Pr[|d̂ij − dij | > ε]

≤ Pr
[1

2
|r̂ii + ĉii − rii − cii|+

1

2
|r̂ij + ĉij − rij − cij |+

+
1

2
|r̂ji + ĉji − rji − cji|+

1

2
|r̂jj + ĉjj − rjj − cjj | > ε

]
≤ Pr

[ ∣∣∣∣12 (r̂ii + ĉii)−
1

2
(rii + cii)

∣∣∣∣ > ε/4
]

+ Pr
[ ∣∣∣∣12 (r̂ij + ĉij)−

1

2
(rij + cij)

∣∣∣∣ > ε/4
]
+

+ Pr
[ ∣∣∣∣12 (r̂ji + ĉji)−

1

2
(rji + cji)

∣∣∣∣ > ε/4
]

+ Pr
[ ∣∣∣∣12 (r̂jj + ĉjj)−

1

2
(rjj + cjj)

∣∣∣∣ > ε/4
]

≤ 8e
− Sε2/16

2(1/T+ε/12) = 8e
− Sε2

32/T+8ε/3 .

If the graph is un-directed, then ckij = rkij and we can only have Var
[

1
2

(
rkij + ckij

)]
≤ 2

T instead

of Var
[

1
2

(
rkij + ckij

)]
≤ 1

T . In this case,

Pr[|d̂ij − dij | > ε] ≤ 8e
− Sε2

64/T+8ε/3 .
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2 Proofs for Section 3.2

Theorem 2. Let ∆ be the accuracy parameter and K be the number of blocks estimated by Algo-
rithm 1, then

Pr

[
K >

QL
√

2

∆

]
≤ 8n2e

− S∆4

128/T+16∆2/3 , (9)

where L is the Lipschitz constant and Q is the number of Lipschitz blocks in the ground truth w.

Proof. Recall that in defining the Lipschitz condition of w (Section 2.1), we defined a sequence of
non-overlapping intervals Ik = [αk, αk+1], where 0 = α0 < . . . < αQ = 1, and Q is the number of

Lipschitz blocks of w. For each of the interval Ik, we divide it into R
def
= L

√
2

∆ subintervals of equal
size 1/R. Thus, the distance between any two elements in the same subinterval is at most 1/R.
Also, the total number of subintervals over [0, 1] is QR.

Now, suppose that there are K > QR = QL
√

2
∆ blocks defined by the algorithm, and denote the

K pivots be p1, . . . , pK . By the pigeonhole principle, there must be at least two pivots pi and pj in
the same sub-interval. In this case, the distance dpi,pj must satisfy the following condition:

dpi,pj =
1

2

(∫ 1

0
(w(x, upi)− w(x, upj ))

2dx+

∫ 1

0
(w(upi , y)− w(upj , y))2dy

)
≤ L2(upi − upj )2

≤ L2 1

R2
=

∆2

2
.

However, from the algorithm it holds that d̂pi,pj ≥ ∆2. So, if K > QR, then d̂pi,pj − dpi,pj > ∆2

2 .

Let E be the following event:

E =

{
d̂pi,pj − dpi,pj >

∆2

2
for at least one pair of pi, pj

}
.

Then, since the event E is a consequence of the event {K > QR}, we have

Pr

[
K >

QL
√

2

∆

]
= Pr[K > QR] ≤ Pr[ E ].

To bound Pr[E ], we observe that

Pr

[
d̂pi,pj − dpi,pj >

∆2

2

∣∣∣ pi, pj] ≤ 8e
− S(∆2/2)2

32/T+8(∆2/2)/3 = 8e
− S∆4

128/T+16∆2/3 .

Therefore, by union bound,

Pr
[
E
∣∣∣ p1, . . . , pK

]
≤
∑
pi,pj

Pr

[
d̂pi,pj − dpi,pj >

∆2

2

∣∣∣ pi, pj]

≤ 8n2e
− S∆4

128/T+16∆2/3 ,
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and hence,

Pr [ E ] =
∑

p1,...,pK

Pr [E | p1, . . . , pK ] Pr [p1, . . . , pK ]

≤
(

8n2e
− S∆4

128/T+16∆2/3

)
·
∑

p1,...,pK

Pr [p1, . . . , pK ]

= 8n2e
− S∆4

128/T+16∆2/3 .

This completes the proof.

3 Proofs for Section 3.3

Lemma 1. Let B̂i = {i1, i2, . . . , i|B̂i|} and B̂j = {j1, j2, . . . , j|B̂j |} be two clusters returned by the

Algorithm. Suppose that {ui1 , ui2 , . . . , ui|B̂i|} and {uj1 , uj2 , . . . , uj|B̂j |} are the ground truth labels of

the vertices in B̂i and B̂j, respectively. Let

wij =
1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

w(uix , ujx). (10)

Assume that the precision parameter satisfies ∆2 < δ2L
4 , where L is the Lipschitz constant and δ is

the size of the smallest Lipschitz interval. Then, for any iv ∈ B̂i and jv ∈ B̂j,

Pr
[
|wij − w(uiv ,jv)| > 8∆1/2L1/4

]
≤ 32|B̂i||B̂j |e

− S∆4

32/T+8∆2/3 . (11)

Proof. Let ip ∈ B̂i and jp ∈ B̂j be pivots of the clusters B̂i and B̂j , respectively. By definition of

pivots, it holds that |d̂ip,iv | ≤ ∆2 and |d̂jp,jv | ≤ ∆2 for any vertices iv ∈ B̂i and jv ∈ B̂j . Therefore,

0 ≤ −|d̂ip,iv |+ ∆2 ≤ −d̂ip,iv + ∆2

⇒ dip,iv ≤ dip,iv − d̂ip,iv + ∆2 ≤ |dip,iv − d̂ip,iv |+ ∆2,

which implies that

Pr
[
dip,iv > 2∆2

]
≤ Pr

[
|dip,iv − d̂ip,iv |+ ∆2 > 2∆2

]
= Pr

[
|dip,iv − d̂ip,iv | > ∆2

]
≤ 8e

− S∆4

32/T+8∆2/3 .

Similarly, we have Pr
[
djp,jv > 2∆2

]
≤ 8e

− S∆4

32/T+8∆2/3 . Thus,

Pr
[
dip,iv > 2∆2 ∪ djp,jv > 2∆2

]
≤ Pr

[
dip,iv > 2∆2

]
+ Pr

[
djp,jv > 2∆2

]
≤ 16e

− S∆4

32/T+8∆2/3 .
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Let dcij =
∫ 1

0 (w(x, ui)−w(x, uj))
2dx and drij =

∫ 1
0 (w(ui, y)−w(uj , y))2dy. By Lemma 5, it holds

that for any 0 < (ε/2)2 < 2δL, if dci,j ≤
(ε/2)4

8L = ε4

128L and dri,j ≤ ε4

128L , then

sup
x∈[0,1]

|w(x, ui)− w(x, uj)| ≤
ε

2
,

sup
y∈[0,1]

|w(ui, y)− w(uj , y)| ≤ ε

2
.

Therefore, if dcip,iv ≤
ε4

128L , drip,iv ≤
ε4

128L , dcjp,jv ≤
ε4

128L and drjp,jv ≤
ε4

128L , then for pivots ip ∈ B̂i,
jp ∈ B̂j , and vertex iv ∈ B̂i, jv ∈ B̂j :

|w(uiv , ujv)− w(uip , ujp)| ≤ |w(uiv , ujv)− w(uiv , ujp)|+ |w(uiv , ujp)− w(uip , ujp)|
≤ sup

x∈[0,1]
|w(x, ujv)− w(x, ujp)|+ sup

y∈[0,1]
|w(uiv , y)− w(ujp , y)|

=
ε

2
+
ε

2
= ε. (12)

Also, if dcip,ix ≤
ε4

128L , drip,ix ≤
ε4

128L , dcjp,jx ≤
ε4

128L and drjp,jx ≤
ε4

128L for vertex every ix ∈ B̂i, jx ∈ B̂j∣∣∣∣∣∣ 1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

w(uix , ujx)− w(uip , ujp)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣ 1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

w(uix , ujx)− 1

|B̂i|

∑
ix∈B̂i

w(uix , ujp)

∣∣∣∣∣∣+

∣∣∣∣∣∣ 1

|B̂i|

∑
ix∈B̂i

w(uix , ujp)− w(uip , ujp)

∣∣∣∣∣∣
≤ 1

|B̂i|
1

|B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

∣∣w(uix , ujx)− w(uix , ujp)
∣∣+

1

|B̂i|

∑
ix∈B̂i

∣∣w(uix , ujp)− w(uip , ujp)
∣∣

≤ 1

|B̂i|
1

|B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

ε

2
+

1

|B̂i|

∑
ix∈B̂i

ε

2
= ε. (13)

Combining (12) and (13) with triangle inequality yields∣∣∣∣∣∣ 1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

w(uix , ujx)− w(uiv , ujv)

∣∣∣∣∣∣ ≤ 2ε.

Consequently, by contrapositive this implies that

|wij − w(uiv , ujv)| > 2ε

⇒
⋃

ix∈B̂i,jx∈B̂j

(
dcip,ix >

ε4

128L
∪ drip,ix >

ε4

128L
∪ dcjp,jx >

ε4

128L
∪ drjp,jx >

ε4

128L

)

⇒
⋃

ix∈B̂i,jx∈B̂j

(
dip,ix >

ε4

128L
∪ djp,jx >

ε4

128L

)
.
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Therefore,

Pr [|wij − w(uiv , ujv)| > 2ε] ≤ Pr

 ⋃
ix∈B̂i,jx∈B̂j

(
dip,ix >

ε4

128L
∪ djp,jx >

ε4

128L

)
≤

∑
ix∈B̂i,jx∈B̂j

(
Pr

[
dip,ix >

ε4

128L

]
+ Pr

[
djp,jx >

ε4

128L

])
.

Assuming ∆ < δ
√
L/2 and setting ε = 4∆1/2L1/4, we have 0 < (ε/2)2 < 2δL and thus

Pr
[
|wij − w(uiv , ujv)| > 8∆1/2L1/4

]
≤

∑
ix∈B̂i,jx∈B̂j

(
Pr
[
dip,ix > 2∆2

]
+ Pr

[
djp,jx > 2∆2

])
≤ 32|B̂i||B̂j |e

− S∆4

32/T+8∆2/3 .

Lemma 2. Let B̂i = {i1, i2, . . . , i|B̂i|} and B̂j = {j1, j2, . . . , j|B̂j |} be two clusters returned by the

Algorithm. Suppose that {ui1 , ui2 , . . . , ui|B̂i|} and {uj1 , uj2 , . . . , uj|B̂j |} are the ground truth labels of

the vertices in B̂i and B̂j, respectively. Let

ŵij =
1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

(
G1[ix, jx] + . . .+G2T [ix, jx]

2T

)
,

wij =
1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

w(uix , ujx).

Then,

Pr
[
|ŵij − wij | > 8∆1/2L1/4

]
≤ 2e−256(T |B̂i| |B̂j |

√
L∆) + 32|B̂i|2|B̂j |2e

− S∆4

32/T+8∆2/3 .

Proof. There are two possible situations that we need to consider.

Case 1: For any vertex iv ∈ B̂i and jv ∈ B̂j , the estimate of the previous lemma wij (independent

of (iv, jv)) is close to the ground truth wij
def
= w(uiv , ujv). In other words, we want w(uiv , ujv) to

stay close for all iv ∈ B̂i and jv ∈ B̂j , so that the difference |wij −wij | remains small for all iv ∈ B̂i
and jv ∈ B̂j .

Case 2: Complement of case 1.

To encapsulate these two cases, we first define the event

E =
{
|wij − wij | ≤ 8∆1/2L1/4, ∀iv ∈ B̂i, jv ∈ B̂j

}
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and define E be the complement of E . Then,

Pr
[
|ŵij − wij | > 8∆1/2L1/4

]
= Pr

[
|ŵij − wij | > 8∆1/2L1/4

∣∣∣ E]Pr [E ]

+ Pr
[
|ŵij − wij | > 8∆1/2L1/4

∣∣∣ E]Pr
[
E
]

≤ Pr
[
|ŵij − wij | > 8∆1/2L1/4

∣∣∣ E]+ Pr
[
E
]
.

So it remains to bound the two probabilities.

Conditioning on E , it holds that

wij − ε ≤ wij ≤ w + ε.

Fix a vertex pair (iv, jv), we note that G1[iv, jv], . . . , G2T [iv, jv] are independent Bernoulli random
variable with common mean w(uiv , ujv). Denote

ŵij =
1

2T |B̂i||B̂j |

2T∑
t=1

∑
ix∈B̂i

∑
jx∈B̂j

Gt[ix, jx],

then by Hoeffding inequality we have

Pr
[
ŵij − wij > 2ε

∣∣∣ E] = Pr
[
ŵij > wij + 2ε

∣∣∣ E]
≤ Pr

[
ŵij > wij + ε

∣∣∣ E]
≤ e−2(2T |B̂i||B̂j |ε2),

and similarly Pr
[
ŵij − wij < −2ε

∣∣∣ E] ≤ e−2(2T |B̂i| |B̂j |ε2). Therefore,

Pr
[
|ŵij − wij | > 2ε

∣∣∣ E] ≤ 2e−2(2T |B̂i| |B̂j |ε2).

Substituting ε = 4∆1/2L1/4, we have

Pr
[
|ŵij − wij | > 8∆1/2L1/4

∣∣∣ E] ≤ 2e−128(|B̂i| |B̂j |(2T )
√
L∆).

The second probability is bounded as follows. Since E is the complement of E , it is bounded by
the probability where at least one (iv, jv) violates the condition. Therefore,

Pr
[
E
]

= Pr
[
at least one iv, jv s.t. |w(uiv , ujv)− wij | > 8∆1/2L1/4

]
≤
∑
iv∈B̂i

∑
jv∈B̂j

Pr
[
|w(uiv , ujv)− wij | > 8∆1/2L1/4

]

≤ 32|B̂i|2|B̂j |2e
− S∆4

32/T+8∆2/3 .

Finally, by combining the above results we have

Pr
[
|ŵij − wij | > 8∆1/2L1/4

]
≤ 2e−256(T |B̂i| |B̂j |

√
L∆) + 32|B̂i|2|B̂j |2e

− S∆4

32/T+8∆2/3 .
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Lemma 3. Let B̂i = {i1, i2, . . . , i|B̂i|} and B̂j = {j1, j2, . . . , j|B̂j |} be two clusters returned by the

Algorithm. Suppose that {ui1 , ui2 , . . . , ui|B̂i|} and {uj1 , uj2 , . . . , uj|B̂j |} are the ground truth labels of

the vertices in B̂i and B̂j, respectively. Let

ŵij =
1

|B̂i||B̂j |

∑
ix∈B̂i

∑
jx∈B̂j

(
G1[ix, jx] + . . .+G2T [ix, jx]

2T

)
.

Then,

Pr
[
|ŵij − wij | > 16∆1/2L1/4

]
≤ 2e−256(T |B̂i| |B̂j |

√
L∆) + 64n4e

− S∆4

32/T+8∆2/3 .

Proof. By Lemma 1 and Lemma 2, we have

Pr
[
|ŵij − wij | > 8∆1/2L1/4

]
≤ 2e−256(T |B̂i| |B̂j |

√
L∆) + 32|B̂i|2|B̂j |2e

− S∆4

32/T+8∆2/3

Pr
[
wij − wij > 8∆1/2L1/4

]
≤ 32|B̂i||B̂j |e

− S∆4

32/T+8∆2/3 .

Therefore, it follows that

Pr
[
|ŵij − wij | > 16∆1/2L1/4

]
≤ Pr

[
|ŵij − wij | > 8∆1/2L1/4

]
+ Pr

[
wij − wij > 8∆1/2L1/4

]
≤ 2e−256(T |B̂i| |B̂j |

√
L∆) + 32|B̂i|2|B̂j |2e

− S∆4

32/T+8∆2/3 + 32|B̂i||B̂j |e
− S∆4

32/T+8∆2/3

≤ 2e−256(T |B̂i| |B̂j |
√
L∆) + 64n4e

− S∆4

32/T+8∆2/3 .

Lemma 4. Let E be a subset of the edge set E0 = {(i, j) | i ∈ {1, . . . , n}, j ∈ {1, . . . , n}}. Then
under the above setup, there exists constants c0 and c1 such that

Pr

 1

|E|
∑

iv ,jv∈E
|w(uiv , ujv)− ŵij | > c0

√
∆

 ≤ ∑
iv ,jv∈E

2e−c1(T |B̂i| |B̂j |∆) +64|E|n4e
− S∆4

32/T+8∆2/3 . (14)

Proof. From Lemma 3, average over all pairs (iv, jv) ∈ E,

Pr

 1

|E|
∑

iv ,jv∈E
|w(uiv , ujv)− ŵij | > 16∆1/2L1/4

 ≤ 1

|E|
∑

iv ,jv∈E
Pr
[
|w(uiv , ujv)− ŵij > 16∆1/2L1/4|

]
≤

∑
iv ,jv∈E

2e−256(T |B̂i| |B̂j |
√
L∆) + 64|E|n4e

− S∆4

32/T+8∆2/3 .

Choosing c0 = 16L1/4 and c1 = 256
√
L yields the desired result.
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Lemma 5. Let Ik = [αk−1, αk] for k = 1, . . . ,K be a sequence of intervals such that Ii ∩ Ij = ∅
and ∪Ii = [0, 1]. Suppose that w is piecewise Lipschitz continuous and differentiable in Ik. For any
ui, uj ∈ [0, 1], define

fij(x) = (w(x, ui)− w(x, uj))
2

gij(y) = (w(ui, y)− w(uj , y))2 ,

and

hij(x, y) =
1

2
[fij(x) + gij(y)] .

Let δ = min
k=1,...,K

|αk − αk−1|. If

dcij =

∫ 1

0
fij(x)dx ≤ ε2

8L
, and drij =

∫ 1

0
gij(y)dy ≤ ε2

8L
,

for some constant 0 < ε < 2δL, then

sup
x∈[0,1]

fij(x) ≤ ε, and sup
y∈[0,1]

gij(y) ≤ ε.

Hence, sup
(x,y)∈[0,1]2

hij(x, y) ≤ ε.

Proof. Since hij(x, y) is separable, it is sufficient to prove for fij(x).

Fix i and j, and let fsupij = sup
x∈[0,1]

fij(x). Let Ik = [αk−1, αk] be the interval such that fsupij

is attained, and let δk = |αk − αk−1| be the width of the interval. Consider a neighborhood
surrounding the center of Ik with radius δk/2− θ, where 0 < θ < δk/2. Then define

fsupij (θ) = sup
x∈[αk−1+θ,αk−θ]

fij(x).

It is clear that fsupij = lim
θ→0

fsupij (θ).

The set [αk−1 + θ, αk − θ] is compact, so there exists xmaxij (θ) ∈ [αk−1 + θ, αk − θ] such that
fsupij = fij(x

max
ij ). Assume, without lost of generality, that xmaxij (θ) + δk/2− θ (i.e., xmaxij is in the

lower half of the interval). For any 0 < ε0 <
ε

4L − θ ≤
δ
2 − θ ≤

δk
2 − θ,

hij(x
max
ij (θ))− hij(xmaxij (θ) + ε0)

ε0
=

(w(i, xmaxij )− w(j, xmaxij ))2 − (w(i, xmaxij (θ) + ε0)− w(j, xmaxij (θ) + ε0))2

ε0
≤

(w(i, xmaxij )− w(j, xmaxij ))2 − (w(i, xmaxij ) + Lε0 − w(j, xmaxij ) + Lε0)2

ε0
≤

4L(w(j, xmaxij )− w(i, xmaxij )) ≤ 4L⇒
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fij(x
max
ij (θ))− fij(xmaxij (θ) + ε0)

ε0
≤ 4L,

which implies that

fij(x
max
ij (θ))− 4Lε0 ≤ fij(xmaxij (θ) + ε0).

Integrating both sides with respect to ε0 with limits 0 and ε
4L − θ yields

fij(x
max
ij (θ))

( ε

4L
− θ
)
− 4L

2

( ε

4L
− θ
)2
≤
∫ ε

4L
−θ

0
fij(x

max
ij (θ) + ε0)dε0

≤
∫ 1

0
fij(x)dx = dcij .

Therefore,

fij(x
max
ij (θ)) ≤

dcij
ε

4L − θ
+ 2L

( ε

4L
− θ
)
,

and hence

fsupij = lim
θ→0

fsupij (θ) = lim
θ→0

fij(x
max
ij (θ)) ≤

4Ldcij
ε

+
ε

2
.

It then follows that if dcij ≤ ε2

8L , then f supij ≤ ε.

Definition 1. The mean squared error (MSE) and mean absolute error (MAE) are defined as

MSE(ŵ) =
1

n2

n∑
iv=1

n∑
jv=1

(w(uiv , ujv)− ŵiv ,jv)
2 (15)

MAE(ŵ) =
1

n2

n∑
iv=1

n∑
jv=1

|w(uiv , ujv)− ŵiv ,jv | . (16)

Theorem 3. If S ∈ Θ(n) and ∆n ∈ ω
((

log(n)
n

) 1
4

)
∩ o(1), then

lim
n→∞

E[MAE(ŵ)] = 0 and lim
n→∞

E[MSE(ŵ)] = 0. (17)

Proof. Suppose that the algorithm is executed for a set of observed graphs with n vertices using
parameters ∆n and S. Let K ′n be the number of blocks generated. Assume that, as n → ∞, the

parameters satisfy S ∈ Θ(n) and ∆n ∈ ω
((

log(n)
n

) 1
4

)
∩ o(1).

The proof is based on (4). The intuition is to that that the two terms
∑

iv ,jv∈E 2e−c1(T |B̂i| |B̂j |∆)

and 32|E|n4e
− S∆4

16/T+8∆2/3 vanish as n→∞. The latter is clear if S ∈ Θ(n) and ∆n ∈ ω
((

log(n)
n

) 1
4

)
∩

12



o(1). For the first term, it is necessary to consider the size |E|, which is the size of the cluster
generated. We show that the number of small clusters is asymptotically irrelevant. Most of the

error come from vertices whose cluster is large enough to make e
− S∆4

32/T+8∆2/3 vanish.

From Theorem 2, we have

Pr

[
K ′ >

QL
√

2

∆n

]
≤ 8n2e

− S∆4
n

128/T+16∆2
n/3 .

Let En be the event that K ′n ≤ QL
√

2/∆n. Then limn→∞ Pr[En] = 1.

Suppose En happens and define rn as the number of blocks with less than n∆2
n

QL
√

2
elements. Let

Vn be the union of these blocks, and define V n be the complement of Vn. Then,

|Vn| ≤ rn
n∆2

n

QL
√

2
≤ K ′n

n∆2
n

QL
√

2
≤ n∆n.

So, |Vn|/n ≤ ∆n.

Now, let’s consider MAE.

MAE =
1

n2

∑
iv∈V

∑
jv∈V

|w(uiv , ujv)− ŵiv ,jv |

=
1

n2

∑
iv∈Vn

∑
jv∈Vn

|w(uiv , ujv)− ŵiv ,jv |+
1

n2

∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |+

+
1

n2

∑
iv∈V n

∑
jv∈Vn

|w(uiv , ujv)− ŵiv ,jv |+
1

n2

∑
iv∈Vn

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |

≤ |Vn|
2

n2
+
|Vn|
n

|V n|
n

+
|V n|
n

|Vn|
n

+
1

n2

∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |

≤ 1

n2

∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |+ ∆2
n + 2∆n

≤ 1

n2

∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |+ 3∆n.

Similar result holds for MSE:

MSE =
1

n2

∑
iv∈V

∑
jv∈V

(w(uiv , ujv)− ŵiv ,jv)
2 ≤ 1

n2

∑
iv∈V n

∑
jv∈V n

(w(uiv , ujv)− ŵiv ,jv)
2 + 3∆n.
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Therefore, using Lemma 4 with E = V n:

Pr
[
MAE(ŵ) > c0

√
∆n + 3∆n

∣∣∣ E] ≤ Pr

 1

n2

∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv |+ 3∆n > c0

√
∆n + 3∆n

∣∣∣ E


≤ 1

Pr[E ]
Pr

 1

|V n|2
∑
iv∈V n

∑
jv∈V n

|w(uiv , ujv)− ŵiv ,jv | > c0

√
∆n

∣∣∣ E


≤ 1

Pr[E ]

 ∑
iv∈V n

∑
jv∈V n

2e−256(T |B̂i| |B̂j |
√
L∆) + 64|V n|n4e

− S∆4

32/T+8∆2/3

 .

and

Pr
[
MSE(ŵ) > c0

√
∆n + 3∆n

∣∣∣ E] ≤ 1

Pr[E ]

 ∑
iv∈V n

∑
jv∈V n

2e−256(T |B̂i| |B̂j |
√
L∆) + 64|V n|n4e

− S∆2

32/T+8∆/3

 .

So,

lim
n→∞

Pr
[
MAE(ŵ) > c0

√
∆n + 3∆n

∣∣∣ E]Pr [E ] = 0.

Since limn→∞∆n = 0 and limn→∞ Pr[En] = 1, it holds that for any ε > 0,

lim
n→∞

Pr[MAE(ŵ) > ε] = 0.

Finally, since ŵ is bounded in [0, 1],

E[MAE(ŵ)] ≤ εPr[MAE(ŵ) ≤ ε] + Pr[MAE(ŵ) > ε].

Sending ε→∞,

lim
n→∞

E[MAE(ŵ)] ≤ lim
n→∞

Pr[MAE(ŵ) > ε] = 0.

Same arguments hold for MSE.
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