Appendix

A Auxiliary Results

Lemma 9 (VME and Functional Taylor Expansion). Let P, Q have densities p,q and let T(P) =
([ v(p)). Then the first order VME of T(Q) around P reduces to a functional Taylor expansion
around p:

T(Q) = T(P) + T'(Q — P P) + Ry = T(p) + & < / u<p>) [vwa-n+r a2

Proof. 1t is sufficient to show that the first order terms are equal.

oT((1 —atip +1Q) ‘tzo _ %d) (/ v((1—t)p+ tq)) |t:0

=4 (/y((l - t)p+tq)) /u’((l —t)p+tq)(a —p)|,_,

=¢ (/V(M) /V’(p)(q—p)

Lemma 10 (VME and Functional Taylor Expansion - Two Distributions). Let P;, Ps, Q1, Q2 be
distributions with densities p1, p2, q1,q2. Let T(Py, Py) = [ v(p1,p2). Then,

T'(Q—P;P)=

O

T(Q1,Q2) =T(P1, P2) + T{(Q1 — P1; P1, Po) + T5(Q2 — Po; P, P2) + Ro (13)

=T(P,P) +¢ (/ V(p)> (/w((ﬂ — p1)da+

Op1(x)
Iv(pi(z), p2(z))
/3}72—(@2@2 —Pz)dﬂf) + Ra

Proof. 1s similar to Lemma 9. 0

Lemma 11. Let f, g be two densities bounded above and below on a compact space. Then for all
a,b

1£“=g"ls € Of — gllb)
Proof. Follows from the expansion,

/ 1o — gt = / 19%(x) + a(f(z) — g(x))g2~ (&) — g*(2)|* < a®sup gtV ()| / If — gl

Here g.(x) takes an intermediate value between f(z) and g(x). In the second step we have used the
boundedness of f, g to bound f,. O

Finally, we will make use of the Efron Stein inequality stated below in our analysis.

Lemma 12 (Efron-Stein Inequality). Ler X1,...,X,, X1, ..., X, be independent random vari-
ables where X;, X! € Xi. Let Z = f(X1,...,X,) and ZW = f(X1,...,X},..., X,) where
f: X x---x X, = R Then,

n

> (Z2 - zW)

i=1

V(Z) < %E
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B Review: DS Estimator on a Single Distribution

This section is intended to be a review of the data split estimator used in [30]. The estima-
tor was originally analysed in the semiparametric setting. However, in order to be self contained
we provide an h analysis that directly uses the Von Mises Expansion. We state our main result below.

Theorem 13. Suppose f € X(s, L, B, B') and 1) satisfies Assumption 4. Then, E[(Tos—T(f))?)] is
O(nﬁ) when s < d/2 and O(n~') when s > d/2. Further, when s > d/2 and when ¢, 1, # 0,

~

Ths is asymptotically normal.

Vil = T(0) B (0.7, 105 (X L)l + eV, (Vi fl) (19

We begin the proof with a series of technical lemmas.

Lemma 14. The Influence Function has zero mean. i.e. Ep[)(X; P)] = 0.

Proof. 0 =T'(P — P; P) = [¢{(z; P)dP(z). O

Now we prove the following lemma on the preliminary estimator féé)

Lemma 15 (Conditional Bias and Variance). Let f () be a consistent estimator for f in the Lo
metric. Let T have bounded second derivatives and let sup,, (x; f) and V x.. ;10 (X; g) be bounded

forall g € M. Then, the bias of the preliminary estimator féi) (7) conditioned on XIL/Q is O(|| f —
FD3). The conditional variance is O(1/n).

Proof. First consider the conditional bias,

n

T(f(l))Jr% > X i) = T()IX

i=n/24+1
= T(fO) + By [6(X: fO)| = T(5) € 001D = FI3). (15)

The last step follows from the boundedness of the second derivative from which the first order
functional Taylor expansion (4) holds. The conditional variance is,

Exn [T\éé) - T(f)|X{l/2] =Ex

n
n/241 n/241

S w0 |1 | = 2 [w(x; )] € 0.

i=n/2+1

n
n/241 n/241

Vxn {féé) |XIL/2} =Vx

(16)
O

Lemma 16 (Asymptotic Normality). Suppose in addition to the conditions in the lemma above we
also have Assumption 4 and || fV) — f||2 € op(n='/*) and ) # 0. Then,

Vi(Tos = T(f)) 2 N(O.Vp(X: ).
Proof. We begin with the following expansion around f @,
T(H) = T(F )+ [ (s FO)fw)du(w) + O(1F — fI7). (7)

First consider féé)

Ja @ -1) =[5 (10 + 23 v - 1) a3

i=n/2+1

. We can write
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\[ > [ (Xi: fO) = p(Xis f) — (/wuf U)du—/ib(wf)f(u)duﬂ

i=n/2+1
S wah+ Vo (170 - 1),
i=n/2+1

In the second step we used the VME in (17). In the third step, we added and subtracted ) . ¥(X;; f)

and also added Ev)(-; f) = 0. Above, the third term is op (1) as || f(") — f||2 € op(n~'/%). The first
term which we shall denote by @,, can also be shown to be op(1) via Chebyshev’s inequality. It is

sufficient to show P(|@Q,| > e\Xn/2) — 0. First note that,

V[Qn|XI’/2]=V\f Z ( (Xi5 fO) = (X ) — (/wuﬂ U)du—/w(u;f)

i=n/2+1
=7 [ ) - o) - ([ wtas ) 0au = [t ) [x07]

< (0670 —wexin) | € 0150 - 7P o (19)

where the last step follows from Assumption 4. Now, P(|@Q,| > €/ X7) < V(Qn|X"/2)/e — 0.

Hence we have .
\/Z@éé’ —T(f)) = \/z > w(Xiif) +op(1)

i=n/2+1
We can similarly show

ﬂ@?-m»—ﬁ ST (X f) +op(1)

i=n/2+1

Therefore, by the CLT and Slutzky’s theorem,

Vil = T() = - (\ﬁ @D _1(f) + \/f 7 _ T(f)))
=02 (X f) +op(1) D N(0, V(X5 f)

O

We are now ready to prove Theorem 13. Note that the brunt of the work for the DS estimator was in
analysing the preliminary estimator 7p.

Proof of Theorem 13. We first note that in a Holder class, with n samples the KDE achieves the rate
Tos ~
E|p — p||* € O(n?+4). Then the bias of Ty is,

EyneBxy, [T = TIXT?] = Bz [0 (1f = FVIP)] € 0 (n557)

It immediately follows that E [fDS —-T(f )] €0 (nﬁ) For the variance, we use Theorem 15

and the Law of total variance for ﬁ(,?

Vxn[ éé)} *]E w/?Vf W(X o A)} ++V, n/z []EXL

eO( )+ By [0 (17 = 7))

€0 (n*1 + nﬁ)

[Tos —T(HIXT]

/241

12
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In the second step we used the fact that VZ < EZ2. Further, Ene2Vy [w(X; f(l))] is bounded

since v is bounded. The variance of fDS can be bounded using the Cauchy Schwarz Inequality,

A1) L A)
- 4T, 1/~ - ) A
v [TDS} —V % -3 (VTéQ + VT + 2<cov(T]§é>,T]§§>))

< max (Vﬁ%),Vﬁ(fs)) €0 (7”f1 + n%fd>
Finally for asymptotic normality, when s > d/2, E||f(1) — f|l, € O(n¥F+2) € o (n~1/4). O

C Analysis of LOO Estimator

Proof of Theorem 5. First note that we can bound the mean squared error via the bias and variance
terms.
E[(Tio0 — T(f))?] < |ETr00 — T()? + E[(Tioo — ETL00)?]

The bias is bounded via a straightforward conditioning argument.

E|Tio0 — T(f)| = E[T(f-:) + (Xi; f-i) = T()) = Ex_, |Ex,[T(f-s) + ¥(Xi; f-i) — T(f)]}
=Ex_, [O(If=i - fI?)] < Cinta 20)

for some constant C'. The last step follows by observing that the KDE achieves the rate nTHa in

integrated squared error.

To bound the variance we use the Efron-Stein inequality. For this consider two sets of samples
XP = {X1,Xa,...,X,} and X} = {X], Xo,...,X,,} which are the same except for the first
point. Denote the estimators obtamed usmg X7 and X7 by TLOO and T}, respectively. To apply
Efron-Stein we shall bound E[(T}.00 — T/ )?]. Note that,

~ ~ 1 R R 1 . R
‘TLOO - Trioo| < EW’(XM f—l) - ¢(X{, f—l)‘ + % ; ‘T(f—z) - T(f/—z)‘
1 5 R
=D (X fo) — (X £L)] @1
i#l

The first term can be bounded by 2||9)||./n using the boundedness of ). Each term inside the
summation in the second term in (21) can be bounded via,

Iﬂﬁa—ﬂﬂmSLg/MﬁU—MﬂMSLﬂw/Mﬁ—ﬂA 22)

1 X|—u x| - 1K oo Lo Ly
< L,L, —’K - K ’d < I8 lloobg b
= /nhd ( h > < ) n

The substitution (X; — u)/h = z for integration eliminates the 1/h?. Here Ly, L, are the Lip-
schitz constants of ¢, v. To apply Efron-Stein we need to bound the expectation of the LHS over
X1, X1, Xa,. .., X,. Since the first two terms in (21) are bounded pointwise by O(1/n?) they are
also bounded in expectation. By Jensen’s inequality we can write,

20¢l% | SIEISLELS |
O S S [ K f) e s Pl @)
i#£1

|fLOO -1

For the third, such a pointwise bound does not hold so we will directly bound the expectation.

> B[ ) = (X Pl (X fg) = (X5 1)) 24)

12,5
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‘We then have,

E[(Y(Xy; f-i) — ¥(Xi5 /1)) <Ex, x; {C/ |foi — fl_iz}

1 T, — U 2, —u\\?
2 1 1

20B%| K%
g L N LS

n2

I the first step we have used Assumption 4 and in the last step the substitutions (1 — z;)/h = u and
(1 — ;)/h = v removes the 1/h? twice. Then, by applying Cauchy Schwarz each term inside the
summation in (24) is O(1/n?).

Since each term inside equation (24) is O(1/n?) and there are (n — 1)? terms it is O(1). Combining
all these results with equation (23) we get,

~

El(Tuoo - Tloo)? € 0 (5 )

n2

Now, by applylng the Efron- Steln inequality we get V/( LOO) < % Therefore the mean squared
error E[(T — TLOO) ] € On~ wia 4o 1) which completes the proof. O

D Proofs of Results on Functionals of Two Distributions

D.1 DS Estimator

We generalise the results in Appendix B to analyse the DS estimator for two distributions. As
before we begin with a series of lemmas.

Lemma 17. The influence functions have zero mean. Le.

Ep 11 (X;P1; )] =0 VP, e M Ep,[o(Y; P1; P2)] =0 YPLeM  (25)

Proof. 0 =T/(P; — P;; P1; P2) = [ i(u; Py, Py)dP;(u) fori = 1,2. O

Lemma 18 (Bias & Variance of (9)). Let f(l) . V) be consistent estimators for f, g in the Ly sense.
Let T have bounded second derivatives and let sup, V¢ (z; f, g), sup, ¥q(z; f,9), V(X5 ', 9'),

Vobg (X5 f',g") be bounded for all f,f',g,9' € M. Then the bias of Téé) conditioned on
XYY s T - BT (X2 V) € O = FOIP + llg = §M1P). The conditional
variance is V[Téé) \X?/Q, Ylm/z] €Ot +m™1).

Proof. First consider the bias conditioned on X /2 Ym/ 2

=E T(f<1>,g<”>+g Z Y (Xi O, 50) + Z g (V5 0, 9M) = T(f,9)|X
n i=n/2+1 j =m/2+1
= T(fO, M) / (e O 50) f(2)dpu() + / (s fO, g0 g(@)dp(z) — (. 9)

T(fv, "
=0 (Il = FOIP +1lg = 311

14
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The last step follows from the boundedness of the second derivatives from which the first order
functional Taylor expansion (6) holds. The conditional variance is,

2n 2m
(1) vn/2 < m/2 1 A1) n/2 1 A1) m/2
v [TRx 2 v = v niglwf<xi;f<l>,g<1>)\xl/ +V mj_,znil%(yﬁf(l)’gm)‘n /

m

L ; 1 : 11
= 29 [ (3 0, 60)] 4 v, [y (v: O, 50)] € 0 ( ; )
n m n
The last step follows from the boundedness of the variance of the influence functions. O

The following lemma characterises conditions for asymptotic normality.

Lemma 19 (Asymptotic Normality). Suppose, in addition to the conditions in Theorem 18 above
and the regularity assumption 4 we also have ||f — f|| € op(n="/*),||g — g|| € op(m~*) and
Yy, g # 0. Then we have asymptotic Normality for Ty,

¢N@EsTUﬂﬁ)BhV<&§VfWAXhﬂm]+ VgW@Oﬁﬁgﬂ> 6)

b
1-¢
Proof. We begin with the following expansions around (f(1), (1),
T(f,9) =T(fY.9") + / wr (s fO, 50 f(w)du + / W (s fO, 1) g (u)du +
O (If = I+ g - g™

Consider ﬁ? We can write

ﬁ (T = T(1)) @7

SN FTINCINE RS SIS R SRR eI

i=n/2+1 ] =m/2+1

N[2 & A1) 2« 1) - O
= \/2<n D X fD g+ = (X fY, g0 — By [w(X;f(”,g(”)}
i=n/2+1 j=m/2+1

—EJMXJm@mﬂ>+VWO@f—ﬂWF+M—¢Wﬂ

Z\/%n‘”z > <¢f(Xi§f(1)ag(1))—¢f(Xi§fvg)_(E.f¢f(X§f(l)7§(l))+Ef1/’f(X§fa9)))+

i=n/2+1
ON = 5
2N (g5 Y 50) = 0y (Vi £ 9) = gy (V3 D 9D) + Egy (V3 £.9))) +
j=m/2+1
2N a 2N %
Voo Y wr(Xafig) w2y g (Vi fog)+
i=n/2+1 g=m/2+1

VNO (I = 2 +1lg - 3V12)

The fifth term is op (1) by the assumptions. The first and second terms are also op (1) . To see this,
denote the first term by @Q,,.

n

V]QuxT2 Y] = Svp | S0 (X 70,60 — (X3 F0) — By (X 0, 60) 4 g (X £,9)))

i=n/2+1

%Ef [(wf(Xﬁf(l)vg(l)) - wf(Xi%ﬁg)ﬂ =0

IN
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where we have used the regularity assumption 4. Further, P(|Q,| > ¢X7/2,¥7"/?) <

V[QﬂX{l/?7 Ylm/2] e — 0, hence the first term is op(1). The proof for the second term is sim-
ilar. Therefore we have,

N ~ N n N m
5(Té§)—T(f))=\/27n‘1/2 > ¢f(X¢;f79)+\/%m_l/2 ST wy(Yiif.g) + op(1)
i=n/2+1 j=m/2+1

Using a similar argument on ﬁ(jz) we get,

n/2 m/2
N - N N
\/ g(Téﬁ) —T(f)) = \/7 27”71/2 > vr(Xiif.9) + \/Zm”2 > 1g(Yis £,9) + op(1)
i=1 j=1

Therefore,

VN 1) = V3 [ |22 (X frg) + ([ m ™2 S (Vi fr9) | + op(1)
i=1 j=1

2n 2m
N _ N
=\ oY (X fog) + [ —mT2 Y w(Yii f9) + op(1)
i=1 j=1
By the CLT and Slutzky’s theorem this converges weakly to the RHS of (26). O

We are now ready to prove the rates of convergence for the DS estimator in the Holder class.

Proof of Theorem 13. . We first note that in a Holder class, with n samples the KDE achieves the

rate E|[p — p||* € O(n% ). Then the bias for the preliminary estimator 7Y s,

E[TS — T, 0IX1 Y] = Eyrn yonra [0 (15 = FOIR + g = 9012)]
€O (n% + m%)
The same could be said about f]:(é) It therefore follows that

ETos— 7| =B B (T2 = 7(n) + % == T(f))} e 0 (n¥¥ 4 m7a)

For the variance, we use Theorem 18 and the Law of total variance to first control Vﬁ%),

e B A e R e | L A R G|
+V [E[Tioo — T(f.9)1X7 1]
€05+ ) +E[0 (17 =7 +la-501)]

€O (n71 +m~! Jrnﬁ +mm)

In the second step we used the fact that VZ < EZZ. Further, E, .2V [wf(X;f(l),g(l)) ,
1
Eylm/ng {wg(Y; f M), g<1>)] are bounded since 1), 1), are bounded. Then by applying the Cauchy

Schwarz inequality as before we get VI € O (n_l +m~ 4 o 4 m%)

Finally when s > d/2, we have the required op(n~1/4), 0p(m~1/4) rates on || f — f| and ||§ — g||
which gives us asymptotic normality. O
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D.2 LOO Estimator

Proof of Theorem 7. Assume w.l.o.g that n > m. As before, the bias follows via conditioning.

ETvoo = T(f,9)l = EIT(f=is§-i) + 05 (X5 fois §i) + 6y (Yis foir §-0) = T(f. 9)]

=E [O(If=i - fI? + 113 - 9)] < Cr(n755 + m)
for some constant C1.

To bound the wvariance we use the Efron-Stein inequality. Consider the samples
{Xl,.. Xn,Yl,... Y.} and {X{,..., Xp, Y1,..., Y }and denote the estimates obtained by

TLOO and T ., respectively. Recall that we need to bound E[(T}.00 — TLOO) ]. Note that,
Tooo — Tlool < ﬁWf(Xl;f—l,@—l) —p(X1s o1, g-1)|+
;; T(Fiy i) = T(fLas g=i)| + [p (X Fiy i) — Uy (Xas £ G=0) | + [0g (Vi fmis 9=i) — g (Yas £ 5—0)]
i#1
The first term can be bounded by 2|1 ¢/ /7 using the boundedness of the influence function on

bounded densities. By using an argument similar to Equation (22) in the one distribution case, we
can also bound each term inside the summation of the second term via,

. L K| LsL,
T(Firgos) = T(F s )| < Il LoLy

n
Then, by Jensen’s inequality we have,

- 8[| 1% 4||K||§OLQL2 4 oo
|TLOO jﬂ’l()()‘2 || };H + n2 ¢ 72 ZW}” X’L?f—27g ) ’l/)f(Xﬂf/—wg—’LN
i#1
2
> g (Vs fmi i) — g (Vs £ 1 G-3)|

i#1
The third and fourth terms can be bound in expectation using a similar technique to bound the third
term in equation 22. Precisely, by using Assumption (4) and Cauchy Schwarz we get,

. N . 20B?||K||?
B0y (Kot o 0) — g (Kot PG (K3 o) — oy (X 7, 1) < 2O T e
I N . N 20B?|| K|,
E(l4g(Yis f-is G-i) = g (Yi; iy 9-i)llbg (V53 F—js G—5) — g (V55 FL 5, G-5)1] < #
This leads us to a O(1/n2) bound for E[(TLo0 — T/ )2],
- 8llvlI3 + AIKN3 LELY + 16C B2 || K||3,
E[(Tio0 = Tlo0)?] < — =

Now consider, the set of samples {X7, .. Xn, Yi,...,Yn}tand {Xy,...,X,,Y/,..., Y} and

denote the estimates obtained by 71,0 and TLOO respectively. Note that some of the Y instances
are repeated but each point occurs at most n/m times. The remaining argument is exactly the same
except that we need to account for this repetition. We have,

Tioo — Tiool < ——|wf(X1,f 19-1) = Up(X35 fongo0)] + %%ZOT(L,M—T(fii,g,i>|+
i#l

W6 (X3 Foin i) = 0 (Xis L goa)| + g (Vi i) = 00 (Vs L 3-0)l) - @8)
And hence,

5 ngll2

4
E[(Thoo — T'o0)? < + —4||K||2 LILY + (9( )
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where the last two terms of (28) are bounded by O(n*/m°®) after squaring and then taking the
expectation. We have been a bit sloppy by bounding the difference by n/m and not [n/m] but it is
clear that this doesn’t affect the rate.

Finally by the Efron Stein inequality we have

~ 1 4
V(Tioo) € O ( n ")

n m°

which is O(1/n+1/m) if n and m are of the same order. This is the case if for instance there exists
Cla Cu € (07 1) such that Cl < n/m < Cu

Therefore the mean squared error is E[(T — Ty.00)2] € O(n~ %t +m~ % +n~L +m~1) which
completes the proof. O

E Proof of Lower Bound (Theorem 8)

We will prove the lower bound in the bounded Hélder class X(s, L, B, B’) noting that the lower
bound also applies to X(s, L). Our main tool will be LeCam’s method where we reduce the estima-
tion problem to a testing problem. In the testing problem we construct a set of alternatives satisfying
certain separation properties from the null. For this we will use some technical results from Birgé
and Massart [3] and [12]. First we state LeCam’s method below adapted to our setting. We define
the squared Hellinger Divergence between two distributions P, () with densities p, g to be

H(P,Q) = / (V@) — V(@) de =2 -2 / p(z)q(z)dz

Theorem 20. Let T : M x M — R. Consider a parameter space © C M x M such that
(f,9) € ©®and (px,qx) € © for all \ in some index set A. Denote the distributions of f, g, px, qx by
F, G, Py, Q) respectively. Define P x ) = ITl\ Y onena P x QX If, there exists (f,g) € ©, v < 2
and 3 > 0 such that the following two conditions are satisfied

H*(F" x G™,Px Q) <~

T(pa,an) =2 T(f.9) +28 YA€A
then,

inf swp P (1T~ T(f,9)l > 8) 5 (1~ V3L /4) > 0.

T (f,9)€©

Proof. The proof is a straightforward modification of Theorem 2.2 of Tsybakov [35] which we
provide here for completeness.

Let ©g = {(p,q) € ©|T(p,q) < T(f,9)} and ©1 = {(p,q) € O|T(p,q) > T(f,g) + 2/3}. Hence
(f,9) € ©¢ and (px, q\) € O forall A € A. Given n samples from p’ and m samples from ¢’
consider the simple vs simple hypothesis testing problem of Hy : (p’,q’) € ©¢ vs Hy : (p',¢') €
©;. The probability of error p. of any test W test is lower bounded by

1 — —
pe >3 (1 —\JH (P x Gm PR Q)1 — H2(F7 x Gm P X Q))/4) .
See Lemma 2.1, Lemma 2.3 and Theorem 2.2 of Tsybakov [35]. Therefore,

1
inf sup Pe 2 = (1 -1 = 7/4))
Y (p',q")€O0,(p" q" ) €O 2

If we make an error in the testing problem the error in estimation is least 3 in the estimation problem
which completes the proof of the theorem. O

Consider the set I' = {—1,1}* and a set of densities p, = f(1 + ijl ~v,;v;) indexed by each
v € I'. Here f is itself a density and the v;’s are perturbations on f. We will also use the following
result from Birgé and Massart [3] which bounds the Hellinger divergence between the product

. . . . . . . EaT _ 1
distribution /" and the mixture product distribution P™ = (5 >er P
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Proposition 21. Let {R1,..., R} be a partition of [0, 1]%. Let p; is zero except on R; and satisfies
lojlloe <1, [ pjf =0and [ p5f = . Further, denote o = 3= ||pjloc, 5 = na®sup; P(R;)
and ¢ = nsup; «;. Then,

H?*(F",P") < a3,

n? &
3 =
We also use the following technical result from Krishnamurthy et al. [12] and adapt it to our setting.
Proposition 22 (Taken from [12]). Let Ry, ..., Ry be a partition of [0, 1] each having size /4,
There exists functions uy, . . ., ug such that,

sup (1)  {alBed Ry}, e, [u=o
st = [vow fu@ =0, 1Dl <07 s Yr <51

J

where B(x, €) denotes an Lo ball around x with radius €. Here € is any number between 0 and 1.

Proof. For this we use an orthonormal system of ¢ (> 4) functions on (0, 1)? satisfying ¢ = 1,
supp (¢;) C [e,1 — €] for any € > 0 and || D"¢;||c < J for some J < oco. Now for any given
functions 71, 72 we can find a function v such that v € span({¢;}), [v¢1 = [vn = [vn = 0.
Write v = 7, ¢j¢;. Then D"v = 37, ¢;D"¢; which implies | D"v[lc < K/g. Let v(-) =

%ﬁv(). Clearly, [ 2 is upper and lower bounded and || D"v|o < 1.

To construct the functions u;, we map (0, 1)? to R; by appropriately scaling it. Then, u;(x

x)
v(m*'/4(x—j)) where j is the point corresponding to 0 after mapping. Moreover let 7y be ¢4 (-; f,
constrained to R; (and scaled back to fit (0,1)9). Let 72 be the same with ;. Now, / R, ?

3 [v* € ©(1). Also, clearly || D"u || < m"/?. All 5 conditions above are satisfied.

IISH

O

We now have all necessary ingredients to prove the lower bound.

Proof of Theorem 8. To apply Theorem 20 we will need to construct the set of alternatives A which
contains tuples (py, gy) that satisfy the conditions of Theorem 20. First apply Proposition 22 with

¢ = {1 to obtain the index set I = {—1,1}* and the functions w1, ...,wus,. Apply it again with
¢ = {5 to obtain the index set A = {— 1 ,1}*2 and the functions vy, ... ,wz. Define I', A be the
following set of functions which are perturbed around f and g respectively,

= {pa, =f+ K f:vjujh € f‘}

J=1

£2
A= {q5 — g+ KoY Suld € A}
j=1
Since the perturbations in Proposition 22 are condensed into the small R;’s it invariably violates the
Holder assumption. The scaling Ky and K, are necessary to shrink the perturbation and ensure that
D~ 45 € Y (s, L). By following essentially an identical argument to [12] (Section E.2) we have that

Py € X(s,L)if K < El_s/d and ¢s € X(s, L) if K < E;S/d. We will set 1 and ¢5 later on to obtain

the required rates. For future reference denote P* = 7 3-_ . Py and Q™ = ( NPT Q’”)
Now our set of alternatives are formed by the product of I" and A
A=TxA={(py,q)lpy €T,q5 € A}

First note that for any (px, gx) = (p,¢s) € A, by the second order functional Taylor expansion we
have,

T(pr.an) =T(f.9) + /wf(af;f,g)m + /wg(m;f, 9)ar + R
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By Lemma 17 and the construction the first order terms vanish since,

/wf(l’;f,g) FHELY iu, =K1ZVJ‘/¢f($;f7g)UJ—
J J
The same is true for f Yg(z; f, g). The second order term can be upper bounded by

Ry =" (/V(f*7g*)> (/ 82V(f*(l”),g*(ﬂﬁ))(pA _f)2+/321/(J“‘(x),9*(56))(qA St

df2(x) 992 (2)
> [ N —9)
> Gin (22 = FI° + llax = 9lI?) = oin (KT + K3)

For the second step note that (f*, g*) lies in line segment between (py, ¢x) and (f, g) and is therefore
both upper and lower bounded. Therefore, the Hessian evaluated at (f*, g*) is strictly positive
definite with some minimum eigenvalue o,,;,. For the third step we have used that (py — f,g) —
g) = (K1 25.1:1 i, Ko Zﬁil d;v;) and that the u;’s are orthonormal and |ju;|l; = 1. This
establishes the 23 separation between the null and the alternative as required by Theorem 20 with
B = omin(K? + K2)/2. Precisely,

T(pr,qx) =2 T(f,9) + (f)(g;%/d + gzs/d)

Now we need to bound the Hellinger separation, between F'™ x G" and P x (). First note that by
our construction,

I g 2 P9 = 0] Pl

AEA yel’

<A|ZQ5> =rean

dEA

By the tensorization property of the Hellinger affinity we have,
- H?(F™, P™ H2(G™, Q™
H?*(F™ xGm,PxQ):2<1— (1—(2)) (1—(262)))
< H2(F7l7ﬁ) +H2(Gm7Q7m)
We now apply Proposition 21 to bound each Hellinger divergence. If we denote p;(-) =
Kyu;(-)/f(-) then we see that the p;’s satisfy the conditions of the proposition and further

py = f(1+>2;7;p;) allowing us to use the bound. Accordingly a; = [ rif < CK}/t for
some C. Hence,

% Cn’K? _4std
H?(F",P7) < Ezo@ < Leom?, *).
j=1
_4s+d 2 2
A similar argument yields H?(G™, Q’”) O(m?26, * ). If we pick ¢ = n¥td and by = mta

and hence K; = = =+ and Ko =m™ Tt , then we have that the Hellinger separation is bounded
by a constant.

H*(F" x G™, P x Q) < H*(F",P") + H*(G™,Q™) € O(1)

Further, the error is larger than 3 < Kj + K2 < n 74 4 i,

The first part of the lower bound for 7 = 8s/(4s + d) is concluded by Markov’s inequality,
E[(T -T(f,9)°] _
( —7/2 +m- 7/2)2 -

(|T T(f, )|>(n_7/2+m_7/2)) >

where we note that (n~"/2 +m~7/2)2 < n=" +m~". The n=! + m ™" lower bound is straight-
forward as as we cannot do better than the the parametric rate [2]. See [12] for an proof that uses a
contradiction argument in the setting n = m. [
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F An Illustrative Example - The Conditional Tsallis Divergence

In this section we present a step by step guide on applying our framework to estimating any desired
functional. We choose the Conditional Tsallis divergence because pedagogically it is a good example
in Table 1 to illustrate the technique. By following a similar procedure, one may derive an estimator
for any desired functional. The estimators are derived in Section F.1 and in Section F.2 we discuss
conditions for the theoretical guarantees and asymptotic normality.

The Conditional Tsallis- divergence (o # 0, 1) between X and Y conditioned on Z can be written
in terms of joint densities px z, py z-

1 —o
CEpxizlpvizivg) = Cllpxzova) = [ p2o) 2 ([ st s e iau—1) az

1 1

“1_a + a—1 /pgcz(uvz)péz(u,z)dudz

where we have taken § = 1 — a. We have samples V; = (X;, Z1;) ~ pxz,i = 1,...,n and
W; = (Y;,215) ~ pyz,j = 1,...,m We will assume pxz,pyz € X(s,L,B’, B). For brevity,
we will write p = (pxz,pyz) and p = (Pxz, Py z).

F.1 The Estimators

We first compute the influence functions of C’" and the use it to derive the DS/LOO estimators.

Proposition 23 (Influence Functions of C1). The influence functions of CL w.r.t px z, py 7 are

[e%

VYxz(X, Z15px2,0v2) = (pXZQI(X7 Z)py 2P (X, Z1) — /pXZapYZB> (29)

a—1
Yy z(Y, Z2ipx 2,0y z) = — <pXZa(Y; Z2)py 2 HY, Zs) — /pxzapyzﬁ)
Proof. Recall that we can derive the influence functions via ¥ xz (X, Z1;p) = C’:;’:/X 7(0x,2, —

pxz;p), Yy z(Y, Za;p) = C;‘C/yz(5X,Z2 — pyz;p) where C’g/XZ, C;‘CIYZ are the Gateaux deriva-
tives of Cg W.I.t px 7, Py z respectively. Hence,

1 0
X, 7)) = — [((Q—t t6x 2,) "y 2”
Vxz(X, Z1) o_ 101 (( pxz +1t0xz7,)"Pyz —o
_ @ a1y B(§y, —
= pxz® pyz’(0xz, —Px2z)
a—1

from which the result follows. Deriving 1y 7 is similar. Alternatively, we can directly show that
1¥x z, ¥y z in Equation (29) satisfy Definition 2. O
DS estimator: Use Vln/ 2, wy" /% to construct density estimates ﬁ(;)z, 1’)\(},1)2 for px 7, pyz. Then, use
v o Wm to add the sample means of the influence functions given in Theorem 23. This

n/2+1° m/2+1
results in our preliminary estimator,

n ~(1) a—l m ~(1) o
ara _ 1 + a 2 Z (pxz(Xia Zli)) 2 Z (pXZ(Yja Z2j)>
«
l=a a—=1n i=n/2+1 ﬁ;)z(Xm Z1i) M 241 ﬁ{x})z(yj’ Z2;)
(30)

The final estimate is CZ _, = (632 Wy o (2)) /2 where CX® is obtained by swapping the two

a,Ds
samples.

LOO Estimator: Denote the density estimates of px z, py z without the ¢ sample by pxz _; and
Dy z,—i- Then the LOO estimator is,

P 1 1~ (Pxz—i(Xi, Z)\ ! pxz(Yi, Z2) \“
OF o= v O Ly (Pxzc X 20y (P (0 220 (3D
’ l—a a—1n— Py z(Xi, Z1i) Dy z,—i(Yi, Zai)
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F.2 Analysis and Asymptotic Confidence Intervals

We begin with a functional Taylor expansion of CT'(f, g) around (fo, go). Since o, 8 # 0,1, we
can bound the second order terms by O (|| f — fol|* + [lg — 90l|?)-

CI(.9) = CT(ogn) + =5 [ 55798 = [ 559l + O I = ol + g - o) 32

Precisely, the second order remainder is,

5(f — fo)? B/f”‘ i ﬁ/f“l (f — fo)g — 90)

where (f.,g«) is in the line segment between (f,¢g) and (fo,90). If f, g, fo,g0 are bounded
above and below so are f,, g, and f%g® where a,b are coefficients depending on . The first
two terms are respectively O (|| f — fol®), O (llg — gol|?). The cross term can be bounded via,

|J(f = fo)(g = 90)| < [max{|f — fol*,]g — g0l*} € Ol f = foll* + llg — 90l1*).

As mentioned earlier, the boundedness of the densities give us the required rates given in Theorems 7
for both estimators.

For the DS estimator, to show asymptotic normality, we need to verify the conditions in Theorem 19.
We state it formally below, but prove it at the end of this section.

Corollary 24. Letpxy,pxz € X(s, L, B, B'). Then C’?;DS is asymptotically normal when px 7 #
pyz and s > d/2.

Finally, to construct a confidence interval we need a consistent estimate of the asymptotic variance
: %VXZ [bxz(Vip)] + ﬁVYZ [y z(W;p)] where,

2 2
« — «
Vxz Wxz(X,Z1;pxz,0yz)] = (a — 1) (/pxz2a Ypy %8 — (/pXZ pyzﬁ> >

2
Vyz Wyz(Y, Zospxz,pyz)] = </pX22aPYZ2’81 - (/pXZapYZ'B> )

From our analysis above, we know that any functional of the form S(a,b) = [ pxz“py zba+b=
1,a,b # 0,1 can be estimated via a LOO estimate

g(a b) = l - aﬁg/z,*i(‘/i) bm(z’fi(wi)
| ns Prz(Vi) Pz (V)

where px z _;, Py z,—; are the density estimates from V_;, W_; respectively. n/N is a consistent
estimator for (. This gives the following estimator for the asymptotic variance,

N o? 5 N 4 _N(moz +n(a—1)?) 4

;mé’@a —1,26) + —5(20,28 - 1)

(v, B).

nm(a —1)32

The consistency of this estimator follows from the consistency of S(a,b) for S(a,b), Slutzky’s
theorem and the continuous mapping theorem.

Proof of Corollary 24. We now prove that the DS estimator satisfies the necessary conditions for
asymptotic normality. We begin by showing that C'.’s influence functions satisfy the regularity
condition 4. We will show this for ¢y z. The proof for ¢)x z is similar. Consider two pairs of
densities (f, g) (f',g") onthe (X Z,Y Z) spaces.

/WXZ(U; £r9) —xz(u; f'.g)° f

(o[-l
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2 2
a2t [ et o ([ [ )]

2
L [/ e N O AT f’“g’ﬂ

a2

i WP [t e [ -

1% [ =5 w1 [ - g'ﬁﬂ
cO(If ~ FIP) +0 (lg—dP)

where, in the second and fourth steps we have used Jensen’s inequality. The last step follows from
the boundedness of all our densities and estimates and by lemma 11.

The bounded variance condition of the influence functions also follows from the boundedness of the
densities.
2
« o
Voxz¥xz(Vipxz,pyz) < a_17 1)2prz [px 724X, Z1)py 222 (X, Z1)]

0&2

= m/pxzza_lpyzw < o0

We can bound V,,,, , 1y z similarly. For the fourth condition, note that when pxz = py z,

o _
vxz(X, Zy;pxz2,px2) = — (pxzaﬂi HX, Z1) - /pxz> =0,

and similarly vy z = 0. Otherwise, ¢ x 7 depends explicitly on X, Z and is nonzero. Therefore we
have asymptotic normality away from pxz = py z. O

G Addendum to Experiments

G.1 Details on Simulations

In our simulations, for the first figure comparing the Shannon Entropy in Fig 1 we generated data
from the following one dimensional density,

fi(t) = 0.5+ 0.5¢

For this, with probability 1/2 we sample from the uniform distribution U (0, 1) on (0, 1) and other-
wise sample 10 points from U(0, 1) and pick the maximum. For the third figure in Fig 1 comparing
the KL divergence, we generate data from the one dimensional density

0.5t19(1 — ¢)19
B(20, 20)

where B(-,-) is the Beta function. For this, with probability 1/2 we sample from U(0,1) and
otherwise sample from a Beta(20,20) distribution. The second and fourth figures of Fig 1 we
sampled from a 2 dimensional density where the first dimension was f; and the second was U (0, 1).
The fifth and sixth were from a 2 dimensional density where the first dimension was fy and the
second was U (0, 1). In all figures of Fig. 2, the first distribution was a 4-dimensional density where
all dimensions are fo. The latter was U (0, 1)%.

f2(t) =05+

Methods compared to: In addition to the plug-in, DS and LOO estimators we perform compar-
isons with several other estimators. For the Shannon Entropy we compare our method to the k-NN
estimator of Goria et al. [8], the method of Stowell and Plumbley [33] which uses K — D parti-
tioning, the method of Noughabi and Noughabi [23] based on Vasicek’s spacing method and that
of Learned-Miller and John [15] based on Voronoi tessellation. For the KL divergence we compare
against the £-NN method of Pérez-Cruz [26] and that of Ramirez et al. [29] based on the power
spectral density representation using Szego’s theorem. For Rényi-« , Tsallis-a and Hellinger diver-
gences we compared against the £-NN method of Pdczos et al. [28].
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Figure 3: (a) Some sample images from the three categories apples, cows and cups. (b) The affinity matrix
used in clustering.

G.2 Image Clustering Task

Here we demonstrate a simple image clustering task using a nonparametric divergence estimator. For
this we use images from the ETH-80 dataset. The objective here is not to champion our approach
for image clustering against all methods for image clustering out there. Rather, we just wish to
demonstrate that our estimators can be easily and intuitively applied to many Machine Learning
problems.

We use the three categories Apples, Cows and Cups and randomly select 50 images from each
category. Some sample images are shown in Fig 3(a). We convert the images to grey scale and
extract the SIFT features from each image. The SIFT features are 128-dimensional but we project
it to 4 dimensions via PCA. This is necessary because nonparametric methods work best in low
dimensions. Now we can treat each image as a collection of features, and hence a sample from a 4
dimensional distribution. We estimate the Hellinger divergence between these “distributions”. Then
we construct an affinity matrix A where the similarity metric between the i and 7" image is given
by A;; = exp(—H?(X;, X;)). Here X; and X denotes the projected SIFT samples from images

tand j and H(X;, X;) is the estimated Hellinger divergence between the distributions. Finally, we
run a spectral clustering algorithm on the matrix A.

Figure 3(b) depicts the affinity matrix A when the images were ordered according to their class
label. The affinity matrix exhibits block-diagonal structure which indicates that our Hellinger di-
vergence estimator can in fact identify patterns in the images. Our approach achieved a clustering
accuracy of 92.47%. When we used the k-NN based estimator of [28] we achieved an accuracy
of 90.04%. When we instead applied Spectral clustering naively, with A;; = exp(—Lz(P;, P;)?)
where Lo(P;, P;) is the squared Lo distance between the pixel intensities we achieved an accu-

racy of 70.18%. We also tried A;; = exp(—aH?(X;, X ;)) as the affinity for different choices of
« and found that our estimator still performed best. We also experimented with the Rényi-a and
Tsallis-a divergences and obtained similar results.

On the same note, one can imagine that these divergence estimators can also be used for a classifi-

cation task. For instance we can treat exp(—H2(X;, X 7)) as a similarity metric between the images
and use it in a classifier such as an SVM.
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H Estimators for Some Information Theoretic Quantities

In this section, we present estimators for several common Information Theoretic quantities. The
definitions and estimators are in Table 1. The table presents the LOO estimators.

For several functionals (e.g. conditional and unconditional Rényi-a divergence, conditional
Tsallis-ac mutual information and more) the estimators are not listed only because the expressions
are too long to fit into the table. Our software implements a total of 17 functionals which include all
the estimators in the table.

Fl.mctional LOO Estimator
Tilflz_la—% o e T X B - g ()
R?fyli_%gE rfn;%py 257 T Diaor log [P — P2 (Xo)+
Shannon Entro; —
et e
[(ox —pv)? 7 i Px—i(X0) = By (X0) = [ (Px—i = Pv)* + 2 2, Px (V) = B~ (V)
Hellinger Divergence 9_1 E A—1/2 ')ﬁly/Q(Xi) _ % ; A;/Q(Yj)A;},/?(Yj)

9 _ 2pr1/2pyl/2

Chi-Squared Dlvergence 14t Z PY(X ) 49l v Pv.i(¥y)

f (PX PY) _(X5) m ~j  px(Y;)
f- D1vergence 1 /o Bx,—i(X3) By, —;(Y;) px (V) px (Y;)
J (2 )py Wi ( Py (X0) ) o ( ( Px (V) ) A0 (ﬁy,fj&n))
Tsallis-« Divergence N Px,—s(X)\*L Px(Y5) \°
— ([pxpy'™*—1) ot et L ( py (X)) ) ~ w2 (5Y,—j(JYJ>)
KL divergence 1 Px,—i(X;) 1 px (Y;)
J pxlog 2X L2 X0 m Py~ %)
Conditional-Tsallis-c divergence 14 ey (ﬁxz,fi(vi))ail _iy ( Pxz(W;) )a
[z (fp%zp;g - 1) amtn P2V APy 2 (W)
Conditional-KL divergence 1413 log Pxz (Vi) _ 1 )y _Pxz(W;)
pr pr‘Zlog PY|Z n £ py z (Vi) m £~4j py z, _; (W)
Shannon Mutual Information ~ ~ ~
[ pxy log 2XY + 2 log pxy,—i(Xi, Yi) — log Px,—i(X:) — log py,—(Yi)
PXPY
1411 ( ﬁXYZ,—i(XiaYivzi)ﬁz(Zi> )Q_l
Conditional Tsallis-a MI 1o T tn ia yPxz,—i (X 2Py 7, i (Ve Z0)
f (f _ 1) -(1-a)g _11, Z (Zi)fﬁ(;(YZ,—i('v'th)pXZ,fi("Zi)
Pz 1 P Y\pr|zpy|z +air s 2 (1 - a)pxS 7, —i(Xi ,Zi)ﬁlzia(zi)ff’\(;(yz‘fi(Xiv‘»Zi)f’%;z(::i('vzi)
+ﬁ¥ >0 = a)pyz (Y5, Zi)f’%7] (Zi) fﬁ?{yz,—q‘,('a Yi, Zi)lp\;;za,i(w -)

Table 1: Definitions of functionals and the corresponding estimators. Here px|z,pxz etc. are
conditional and joint distributions. For the conditional divergences we take V; = (X;, Z1;), W, =
(Y3, Zgj) to be the samples from pxz, pyz respectively. For the mutual informations we have
samples (X;,Y;) ~ pxy and for the conditional versions we have (X;,Y;, Z;) ~ pxy z.
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