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1 Proofs of the first half of Lemma 1 and Lemma 2

Before we prove lemmas, we again give the definition of estimate sequence and its basic properties.

Φ1(x) = f(x1) +
µ

2
‖x− x1‖2,

Φk+1(x) = (1−√
µη)Φk(x) +

√
µη(gIk(yk) + (vk, x− yk) +

µ

2
‖x− yk‖2

+h(xk+1) + (ξk, x− xk+1)), k ≥ 1.

We set

Φ∗

k = min
x∈Rd

Φk(x), zk = argmin
x∈Rd

Φk(x).

Since ∇2Φk(x) = µIn, it follows that for ∀x ∈ R
d

Φk(x) =
µ

2
‖x− zk‖2 +Φ∗

k. (1)

Now we give the proof of first half of Lemma 1.

Proof of the first half of Lemma 1. We see that (9) of Lemma 1 is true for k = 1, and we assume it
is true for k. From the definition of estimate sequence, we have

E [Φk+1(x)] = (1−√
µη)E [Φk(x)] +

√
µη E [gIk(yk) + (vk, x− yk)

+
µ

2
‖x− yk‖2 + h(xk+1) + (ξk, x− xk+1)]

≤ (1−√
µη)f(x) + (1−√

µη)k(Φ1 − f)(x)

+
√
µη E

[

g(yk) + (∇g(yk), x− yk) +
µ

2
‖x− yk‖2 + h(xk+1) + (ξk, x− xk+1)

]

≤ (1−√
µη)f(x) + (1−√

µη)k(Φ1 − f)(x) +
√
µη(g(x) + h(x))

= f(x) + (1−√
µη)k(Φ1 − f)(x),

where for the first inequality we used induction hypothesis, EIk [gIk(yk)] = E[g(yk)] and EIk [vk] =
E[∇g(yk)], for the last inequality we used the convexity of g and h. Hence, the first half of Lemma
(9) follows.

Next, we give the proof of Lemma 2.

1



Proof of Lemma 2. From the definition of estimate sequence and (1), we have that for k ≥ 1

µ

2
‖x− zk+1‖2 +Φ∗

k+1 = (1−√
µη)

(µ

2
‖x− zk‖2 +Φ∗

k

)

+
√
µη

(

gIk(yk) + (vk, x− yk)

+
µ

2
‖x− yk‖2 + h(xk+1) + (ξk, x− xk+1)

)

.

By differentiating at yk this equality, we obtain

µ(yk − zk+1) = (1−√
µη)µ(yk − zk) +

√
µη(vk + ξk).

Hence, we have

zk+1 = (1−√
µη)zk +

√
µηyk −

√

η

µ
(vk + ξk),

and that is exactly (11) of Lemma 2. Next, we prove (12) of Lemma 2 by induction. It is true for
k = 1. We assume it is true for k, then it follows from (11) of Lemma 2 that,

zk+1 − yk+1 = (1−√
µη)zk +

√
µηyk −

√

η

µ
(vk + ξk)− yk+1

=
1√
µη

(yk − η(vk + ξk))−
1−√

µη
√
µη

xk − yk+1

=
1√
µη

xk+1 −
1−√

µη
√
µη

xk − yk+1.

From the update rule of yk+1, we have

−1−√
µη

√
µη

xk =
1 +

√
µη

√
µη

(

yk+1 −
(

1 +
1−√

µη

1 +
√
µη

)

xk+1

)

=
1 +

√
µη

√
µη

yk+1 −
2√
µη

xk+1.

Hence, we get

zk+1 − yk+1 =
1√
µη

(yk+1 − xk+1).

2 Proof of Lemma 3

We prove Lemma 3.

Proof of Lemma 3. Averaging

(∇g(yk) + ξk, vk + ξk) = ‖∇g(yk) + ξk‖2 + (∇g(yk) + ξk, vk −∇g(yk))

and
(∇g(yk) + ξk, vk + ξk) = ‖vk + ξk‖2 + (vk + ξk,∇g(yk)− vk),

we get (13) of Lemma 3:

(∇g(yk) + ξk, vk + ξk) =
1

2

(

‖∇g(yk) + ξk‖2 + ‖vk + ξk‖2 − ‖∇g(yk)− vk‖2
)

.

(14) of Lemma 3 is shown as follows:

‖vk + ξk‖2 = ‖vk + ξk +∇g(yk) + ξk − (∇g(yk) + ξk)‖2

= ‖∇g(yk) + ξk‖2 + 2(∇g(yk) + ξk, vk −∇g(yk)) + ‖vk −∇g(yk)‖2

≤ 2(‖∇g(yk) + ξk‖2 + ‖vk −∇g(yk)‖2).
In the last inequality, we use

|(a, b)| ≤ ‖a‖2 + ‖b‖2
2

, for ∀a, ∀b ∈ R
d.

Inequality (15) of Lemma 3 can be proved in a similar way.
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3 Proof of Lemma 4

Lemma 4 is the key lemma which give a bound on the variance. Now we give the proof.

Proof of Lemma 4. We set v1j = ∇gj(yk)−∇gj(x̃) + ṽ. Since

vk =
1

b

∑

j∈Ik

v1j ,

conditional variance of vk is as follows (see [1, p.183])

EIk‖vk −∇g(yk)‖2 =
1

b

n− b

n− 1
Ej‖v1j −∇g(yk)‖2,

where expectation in right hand side is taken with respect to j ∈ {1, . . . , n}. Therefore, it suffices
to prove that

Ej‖v1j −∇g(yk)‖2 ≤ 2L2‖yk − xk‖2 + 8L(f(xk)− f(x∗) + f(x̃)− f(x∗)). (2)

For i ∈ {1, . . . , n}, we set

φi(x) = gi(x)− (gi(x∗) + (∇gi(x∗), x− x∗)).

We have that φi(x∗) = minx φi(x) since ∇φi(x∗) = 0 and convexity of φi. Since ∇φi is Lipschitz
continuous with L, it follows that (see [2, Theorem 2.1.5])

1

2L
‖∇φi(x)‖2 ≤ φi(x)− φi(x∗) = φi(x),

Thus,
‖∇gi(x)−∇gi(x∗)‖2 ≤ 2L(gi(x)− gi(x∗)− (∇gi(x∗), x− x∗)).

Averaging from i = 1 to n, we have

1

n

n
∑

i=1

‖∇gi(x)−∇gi(x∗)‖2 ≤ 2L(g(x)− g(x∗)− (∇g(x∗), x− x∗)).

By the optimality of x∗, −∇g(x∗) is a subgradient of h at x∗, so that

(−∇g(x∗), x− x∗) ≤ h(x)− h(x∗).

Hence we get

1

n

n
∑

i=1

‖∇gi(x)−∇gi(x∗)‖2 ≤ 2L(g(x)− g(x∗) + h(x)− h(x∗)) = 2L(f(x)− f(x∗)). (3)

We now bound left hand side of (2) as follows:

Ej‖v1j −∇g(yk)‖2

= Ej‖∇gj(yk)−∇gj(x̃)− (∇g(yk)−∇g(x̃))‖2

≤ Ej‖∇gj(yk)−∇gj(x̃)‖2

≤ 2Ej‖∇gj(yk)−∇gj(xk)‖2 + 4Ej‖∇gj(xk)−∇gj(x∗)‖2 + 4Ej‖∇gj(x∗)−∇gj(x̃)‖2

≤ 2L2‖yk − xk‖2 + 8L(f(xk)− f(x∗) + f(x̃)− f(x∗)),

where for the first inequality we used E‖ζ−Eζ‖2 ≤ E‖ζ‖2 for any random vector ζ, for the second
inequality, we used ‖a + b‖2 ≤ 2‖a‖2 + 2‖b‖2, and for the last inequality, we used L-Lipschitz
continuity and (3). This finishes the proof of lemma.
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