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1 Notation
For 0 = (11, ju2) € R?*4, define

1 1
po(z) = §f(95;M17021) + §f(x;u2,021)7

where f(-; u, ) is the density of N (i, X), 0 > 0 is a fixed constant. Let Py denote the probability
measure corresponding to pg. We consider two classes © of parameters:

O = {(p1, p2) : 1 — pell = A}
Oxs = {(p1, p2)  lla = p2ll Z A, i1 — p2flo < s} € O
Throughout this document, ¢ and ¢ denote the standard normal density and distribution functions.

For a mixture with parameter 6, the Bayes optimal classification, that is, assignment of a point
x € R? to the correct mixture component, is given by the function

Fy(x) = argmax f(z; i, 0°I).
ie{1,2}

Given any other candidate assignment function F' : R? — {1,2}, we define the loss incurred by F'
as

Lo(F) = min Py({ : Fy(x) # n(F())})
where the minimum is over all permutations 7 : {1,2} — {1,2}.

For X4,..., X, i1 Py, let f1,, and f]" be the mean and covariance of the corresponding empirical
distribution.

Also, for a matrix B, v;(B) and \;(B) are the ’th eigenvector and eigenvalue of B (assuming B is
symmetric), arranged so that \;(B) > \;+1(B), and || B||2 is the spectral norm.

2 Upper bounds

2.1 Standard concentration bounds

2.1.1 Concentration bounds for estimating the mean

Proposition 1. Let X ~ x?2. Then for any € > 0,

P(X > (1+¢€)d) < exp{—;l (e —log(1 —l—e))}.



Ife < 1, then
P(X < (1—-¢€)d) <exp {;l(e + log(1 — e))} .

Proof. Since Ee!X = (1 —2t)% for0 < t < 1,
P(X > (1+ €)d) = P(e!X > t1+9)4)
< e tHId( _9p)~

d
2

d
= —t(1 d+ =1 .
cxp[ (1+¢) +20g1_2t]

To minimize the right hand side, we differentiate the exponent with respect to ¢ to obtain the equation

=0

—(1 d
(1+e)d+ T %
141re) < 3 (it is easy to verify that this is a global

minimum). Using this value for ¢, the first bound follows.

which can be satisfied by setting ¢t = % (1 —

Also, fort > Oande < 1,
P(X < (1 —e€)d) = P(e™ X > ¢7t179)4)
< 6t(175)d(1+2t)7

[SIi-9

N Q.

= exp [t(l —€)d — = log(1 + 2t)]

and setting ¢t = % ( Lo 1),

P(X < (1—-¢€)d) <exp {Z(e +log(1 — e))} .

O
Proposition 2. Let 71,..., Z, s N(0, I). Then for any € > 0,
1< 1+e)d d
IP’( ﬁ;zl > (—;e)) §exp{—2(e—log(1+e))}.
Proof. Using Proposition [I]
1 & (1+€)d 1 <
(=S 2| > —P||==S"2| > +ed
=P(X > (1+¢)d)
d
Sexp{—2(e—log(1—|—e))}
where X ~ x2. O

2.1.2 Concentration bounds for estimating principal direction

Proposition 3. Let 74, ..., Z, Hid N(0, 1) and § > 0. If n > d then with probability at least 1 — 36,

~ 2log 4 d 2log + d
[En —Lall2 <3 {1+ 2085 \/7max 1,11+ 083 z
d n d n

8log & 8log & d

+ 11+ og‘smax 1, %85 —

d d n

where X, is the empirical covariance of Z;.




Proof. Let Z, = 3" | Z;. Then

~ 1 — —_ _r
So=Lilla=11=> 227 —1,- 7,7
| all2 Hn; i — g n

1 n
< E;ZZZ?—M

2

+11Za]

It is well known that for any €; > 0,

]p( Z3(1+61)\/zmax<1,(1+61)\/g>> gzexp{_d2

Using this along with Proposition 2] we have for any e, > 0,

2

1 n
= Z ZZF — I,
n =1

P (Iin —Igll2 >3 (14 €) \/gmax <1, (1+ el)\/z> n (1+e)d

< 2€Xp{—d§} +exp{_;’ (e — log(1 +62))}.

Setting ¢; = Qlodg%,
~ 2log & d 2log & d 1 d
P15, = L > 3 1+\/Tga \fmax L1y /2ees) Jd)  Otea)d
d n d n n
d
< 20 + exp —3 (e2 — log(1 + €2))

d
< 20 + exp {862 min(1, 62)}

. 8log + 8log 1
and, setting 62—\/05“ max (1, Odgé

), with probability at least 1 — 30,

. 2log 1 d 21og L
12, — La]l2 <3 [ 1+ dg 0 \/7rnax 1,11+ &5
n

d
d n
8log L 8log+\ \ d
+ |1+ Og‘smax 1, %85 —.
d d n
O]
Proposition 4. Let X1,Y1,...., X,,, Y, i'ifl'N(O, 1). Then for any € > 0,

1 n
5;)%

10

in(1
]P’( >;> SQeXp{—nUmn( ’6)}.
iid.

Proof. Let Z = XY where X, Y < N(0,1). Then for any ¢ such that || < 1,

1
Eet? = .
V1 —t2

[OV)



SoforO <t <1,

P (711 iXiYi > e) =P (exp {itXin} > exp(net))

=1 i=1

E (exp {z”: tXiYi}> exp(—net)

= (Eexp(tX;Y;))" exp(—net)
=(1- tg)_% exp(—net)

= exp {—g (2et + log(1 — tg))} .

IN

The bound is minimized by ¢ = i (\/1 + 4e? — 1) < 1,s0
1 n
P (n ;Xiy; > e> < exp {—gh@e)}

where

h(u) = (\/1+u2 - 1) +log (1 - % (\/1+u2 - 1)2> .

1 2
P (nZXiYi > e) < eXp{—Z; min(1,26)}

i=1

and the proof is complete by noting that the distribution of X,Y; is symmetric. O

2.2 Davis—-Kahan
Lemma 1. Let A, E € R¥*? be symmetric matrices, and v € R~ such that
U; = V41 (A)TEUl (A)

If)\l(A) — )\Q(A) > 0 and
A1(4) — A (4)

1B, < A2

then

V1= (i(A)T0 (A+ B < A(A;HIUIMA)

(Corollary 8.1.11 of|Golub and Van Loan|(1996)).
2.3 Bounding error in estimating the mean

Proposition 5. Let 0 = (g — i, pto + ) for some pg, i € R and Xy, ..., X, H Py. For any
0 >0,

P ( o - finll > o <34,

2max(d, 8log +) 2log &
\/6 + [l :
n n



Proof. Let Zy, ..., Z, " N'(0,1) and Y1,
Then for any €1, €5 > 0,

Y, ii.d. such that P(Y;

—~ 1+4+€)d
P (H#o il 2 oy LT ||u||e2>

1
=P _Z Z Y,
(Mo n;(a + po + 1Y)
P 122‘
7 ni:l '

1
n_

d
. %
i=1

d

1+¢€)d
dra)d, ||N||62>
n

> gy UM +u||62>
ZY > o[, ||€2>
mnel)d>+IP’<iZYi 262>

d 2
< exp {—2 (e1 — log(1 + 61))} + 2exp {—HEQ}
where the last step is using Hoeffding’s inequality and Proposition Setting € = 4/ 2 hf 2
~ (1+e)d 2log §
lio = finll > o4/ ==+ ||ul 2
n n
d

2
< exp {—2 (e1 — log(1 + 61))} + 26.

ZZ + p— ZY

IN

+ el

P

Since €; — log(1 +€1) > < min(1, €;),
d d .
exp {—2 (e1 —log(1 + 61))} < exp {—861 min(1, 61)}
Setting
€1 = \/SI(Zlg‘lS max (1, 81(2;;[15),
we have

5 d 8log +
P | o = finll 2 o | ~ 1+\/ 2

8log L
pi max (17 pi ‘5 +||p ||H
and the bound follows.

= 1) = B(%;



2.4 Bounding error in estimating principal direction

Proposition 6. Let 0 = (o — i, pio + 1) for some g, pn € R% and X,
for any 08,61 > 0, with probability at least 1 — 5 — 267,

iid.

vy X ~ Py, Ifn > d then
IS0 = (0 La + p") 15

2log L d 2log + d
1+ dg5 JEmax [ 1, [ 1+ 85
n

d n
1
+ 02 1+\/810g‘15max<1 810g5> g
d ’ n

d

8log & 8log +
+ do||y| 1+\/ C;g5max(1, C;g5>

where Y., is the empirical covariance of X;.

< 302

2 1
d , 2l log 5;

n
Proof. We can express X; as X; = oZ; + uY; + po where 21, ..., Z,, i‘ri'vd'./\/((), I;) and Y7,...,Y,
i.id. such that P(Y; = —1) = P(Y; = 1) = 1. Then
Sn = (021 + pp”) = 0*(SF — 1) — pp"Y
1 « —
NVYzZ-YZ|u"
+o <n ; i ) o

T
1 — —
N'v,z,-YZ

where if is the empirical covariance of Z; and Y and Z are the empirical means of Y; and Z;. So
a a —2
120 = (0% L+ pp") |2 < |27 = Lall2 + |ull?Y
1 n
+ 20| (H” ; Y,Z;
By Hoeffding’s inequality,

+ |Y|||Z||> :
_ 2 2]og +
P <|M|2Y2 > ”MH g 51> < 24,.
n

Since |Y| < 1 and since Y;Z; has the same distribution as Z;, by Proposition for any € > 0,
P <2UIIM (

1< S (1+e)d
—-> iz +|Y|||Z||> > doull )
n =1 "

< 2exp {2 (c — log(1 +e))} < 2exp {gemin(l,e)} .

8log + 8log &
e:\/ Og5max<1, 0g5>
d
we have

d
1 n
P [ 20]|l] EZYiZi

i=1
< 26.

Setting

— = 8log &
+|Y|||Z||> > do|pl| 1+\/ pi .




Finally, by Proposition 3] with probability at least 1 — 34,

[21log & ) 21
2||EZ Ii|]2 <302 og5 \/7max 1, °8 —
d n
L 8log d
+o? |1+ d‘smax<1, 5) —

d
and we complete the proof by combining the three bounds
Proposition 7. Let 6 = (uo

=
QU

n

O
iid.

s fio + p) for some jug, p € R and X1, ..., X, "~ Py. If n >d > 1
then for any 0 < § < f and i € [2..d], with probability at least 1 — 70,
v;

(oI + pp ™) (2,

( 21+MMT))U1(U2I+HNT)‘
10log & 10log &
§021\/ Olog 5 max (1, Olog 5
2 n

210g 210g
L)+ olll L (02 + alul) o
Proof. Let Zy, W1, ..., Zp, Wy, =" N(0,1) and Y7,

.., Yy, i.i.d. such that P(Y;
It is easy to see that the quantity of interest is equal in distribution to

1
n

> (02— 0Z)(oWi — oW + ||ullY; — [|u|Y)
j=1

where Z, W, Y are the respective empirical means. Moreover.
n

1 _ _
nZ(UZ —0Z)(oWi — oW + ||pullYi — ||u[]Y)
j=1

<o n;Zsz + 02 |Z)|W| + o|ull
From Proposition 4 we have

- > zZYi|+olull|Z]|Y].
=1

P

using Hoeffding’s inequality,

1 [10logi 10log +
> \/ %5 max <1, Ogé)) < 26;
2 n n
_ 2log L
P([V] > 25 | <26,
n

and using the Gaussian tail bound, for 6 <

o

— 2log +

P2/ 22 ) <5
n

and the final result follows easily

Proposition 8. Let 0 = (ug — 1, o + 1) for some g, u € R and X,
andn > 4d. Forany 0 < § < 4

O
X, ~ Pywithd > 1
e if
( o o ) max(d, 8log }) 1
ax | o, < —
[l ]l n 160



then with probability at least 1 — 120 — 2 exp (—%),

= 2 101og 4 101og ¢
\/1 — (v1(o?I + pp™)Tv1(E,))? < 14max <U U) Vd %85 max (17 %82,
n n

el el

Proof. By Proposition |§I (with 07 = exp (f%)), Proposition [7| (with o = ﬁ), and Lemma

2
with probability at least 1 — 126 — 2exp (—35),

V1= @ + )T (5,2

4v/d -1 1 | 10log 42 10log 4L 2log 41 2log =L
o T max (1, ) ol | = (0% + o)

< — |o
[[lI? 2 n

and the result follows after some simplifications.

O

2.5 General result relating error in estimating mean and principal direction to clustering
loss

Proposition 9. Let 0 = (g — p, pio + 1) and let

o1 ifaTu > alv
F(z) = { 2  otherwise

for some xg,v € R, with ||’UH = 1. Define cos 8 = |[vT u|/|| |- If |(xo — po)Tv| < oer + || pllea
for some e > 0and 0 < e5 < < =, and if sin 8 < VL then

2
Le(ﬁ)ﬁeXp{;maX(O,w%l) HQ reltl s osus (2amslil 1))

Proof.

Lo(F) =min Py({a : Fy(x) # n(F(x))})
—min {Ppl{z ¢ ((x — o) ) (x — w0)"v) > 0},
Pylfe: (2 — o) )((x — 20)Tv) < 0}]}.

WLOG assume v?' ;i > 0 (otherwise we can simply replace v with —v, which does not affect the
bound). Then

Lo(F) = Pol{z : ((z — po)Tw)((x — o)) < 0}]
= Pyl{z: ((z — po)T1)((z — po)Tv — (20 — p10)Tw) < 0}]

=2 s (=) ) o= ) (o0 = o)) < 0}

W
Define M
p“zia
[l
& = (¢ — o) i
and r r
o A U TV — Qv
Yy=T—w) 77— 7 =T —Mo) ———7—
& = o)y =] = 7R "G p
so that

=Py [{z: & (ysinB+Zcos B — (zo — po)"v) < 0}]
= Py [{ : min(0, B()) < & < max(0, B(§))}]



where .

" (zo — po) v
B =

(#) Py

Since & and y are projections of x — o onto orthogonal unit vectors, and since & is exactly the

component of x — g that lies in the direction of 1, we can integrate out all other directions and

obtain

— g tanf.

00 max(0,B(¥))
= [oum [ (00l luld + gonta = ) ) dsa
—oo min(0,B(¥))
where ¢, is the density of A'(0, o2). But,
max(0,B(y))
(50000 + el + 3006~ ) ) a

min(0,B(¥))
max(0,B(y)) max(0,B(¥))

1 1
I B C N LR R PP

min(0,B(Y)) min(0,B(Y))

% (q) <max(o,B(g)) - Iull) ® (min(&B(y)) + |Iu>)

g g

L (_q) (—maX(O,B(ﬁ)) + ||u||> P (—min(ovB(zj)) + ||M|))

2 o o

-3 (w (B (L1501

Since the above quantity is increasing in | B(%)|, and since |B(%)| < || tan 8 + r where

(o — MO)TU

T =
cos f3

)

we have that, replacing ¢ by x,

L) < | 7 L(2) [q) (nm ; x|gtan/3+r) e (|u| - |xatan/ar>] N

— 00

G () o (B

Z¢ o (=) o (20 oy ans )
()0 (=)

Since tan 3 < 1, we have that r < 2|(xg — o) v| < 20¢; + 2||p||e2 and

() +(5) oo 212

< (26 + 2e9 M”) (max <0, (1- 262)M - 61)> ,
o
and since €5 < i

o(8) -0 (2] oo )s fo0 ).




Defining A = ‘W ,

S () o (B i)

00 A cos B+(z+Asin 8) tan

/ / s@otydr =2 | / 6(2)6(y)dyda

0 A—ztanf —Asin 8 Acosp
< 2¢(Acos () tan 3 / (z + Asin 8)¢p(x)dx
—Asin 3

= 2¢(Acos ) tan 8 (Asin SP(Asin 8) + ¢(Asin f))
<2¢(A)tan S (Asin S+ 1)

w<m< (o

Oc o) o (L) o (B ) e
o o ) ()

So we have that

Lg(ﬁ) <2 (61 + €2|N|> 10) (max <O, % - 261>>
+ 2¢ <max( ||2N|| 2¢ )) anﬁ(<2w+2€1> sinﬁ—l—l)
<o (max ( H'uH — 261>) X
20

[261 +2€2||M|| sinﬁtan@M + 4eq sinﬁtanﬂ+2tan6]
o

2
1
gexp{—Qmax (O,'QMH—QQ) } [261+62||'u+ B<251 ”M” )} .
g g

2.6 Non-sparse upper bound

and

Theorem 1. Forany 0 € ©) and X1, ..., X, b Py, let

Blay={ 1 i u(En) 2 ln(E,)
2 otherwise,

and let n > max(68,4d), d > 1.
Then

4 dlog(nd
sup ELg(F) < 600max( - ,1> dlog(nd)
N A n

Furthermore, lf% > 2max(80, 14v/5d), then
~ )\2
ELy(F) < 17 ( ) 9 AN

10



Proof. Using Propositions |5| and |8 with § = ﬁ, Proposition EI, and the fact that (C' +
x) exp(—max(0,z — 4)%/8) < (C + 6) exp(— max(0,x — 4)?/10) for all C,z > 0,

ELg(F) < 600 max 107 1) [ doslnd)
By n

(it is easy to verify that the bounds are decreasing with ||u||, so we use [|u] = % to bound the
supremum). Note that the d = 1 case must be handled separately, but results in a bound that agrees
with the above.

Also, when % > 2max(80, 14v/5d), using 6 = exp (f%),

~ )\2
ELg(F) <17 exp (—3%) +9exp <— 02) .

2.7 Estimating the support in the sparse case

Proposition 10. Let O = (uo — p, pio + ) for some po, pp € R% and X1, ..., X, Lid. Py. For any

0<d< f such that Gl(f% < %, with probability at least 1 — 6d0,

N 6log + 521
Sl 1) = (0% + u(@)?)] < 0?28 + u/ (o + °g5

foralli € [d].

Proof. Consider any i € [d]. Let Zy, .. Zn“ASl N(0,1) and Y7, ..., Y, iid. such that P(Y; =

—1) =P(Y; = 1) = 1. Then £,,(s, ) is equal in distribution to
fz (0Z; 4+ p(i)Y; — 0Z — p(i)Y)?
where Z and Y are the respective empirical means, and

1O Iy — -
= E (0Zj+ u(i)Y; —oZ — p(i = E (0Z;j + u(@)Y;)? — (0 Z + p(i)Y)?
j=1 Jj=1

3
3

:aQ%ZZJ?Jru )2+ 20u(i) ZZY
j=1

0?7~ (i)Y — 20u(i)ZY

So, by Hoeffding’s inequality, a Gaussian tail bound, and Proposition [T} we have that for any 0 <
0 < f’ with probability at least 1 — 60,

S . 6log & . 2log + L 52logt
Baid) = (0 pi))] £ o\ =258+ 20l = (o4 u@)P

(o + (D))

where we have used the fact that for € € (0,0.5],

2
max {—e+ log(l +¢), e+1log(l—¢)} < f%

and the result follows easily. [

11



Proposition 11. Let 0 = (p1g — 1, po + i) for some po, pp € R% and X1, ..., X, P, Define

S(0) = {i € [d] : u(i) # 0},
6log(nd) n 2log(nd)

n n
S(0) = {i € [d] : |u(i)| > 4o/},
~ 1+« EN
n m?elﬁzn(%l)v

and
Tt
)

) >
Assume thatn >1,d > 2, and o < i. Then S(6) C §n C S(0) with probability at least 1 — %

Proof. By Proposition with probability at least 1 — %,

& 5 [6log(nd) 2 log(nd) 2log(nd)
n

(i, 0) = (0® + p(@)*)| < o + (o + |n(@))*—

for all i € [d]. Assume the above event holds. If S(6) = [d], then of course S,, C S(6). Otherwise,
fori ¢ S(6),

+ 201 u(3)]

(1—a)o? < $,(i,i) < (1+a)s?
so it is clear that S, € S(6).

The remainder of the proof is trivial if 5(8) = @ or S(6) = (). Assume otherwise. For any i € 5(6),

£(ir1) > (1~ ) + (3)? — 20u) 1 2B iy 2B 522108 (nD)
> (=gt + (1= 2D i = valui))
By definition, |p(i)| > 40/a forall i € S(6), s

7(11_&02 o2 < (1—a)o* + (1 -

~

210%(nd>> 1(i)? = 2a0|1(3)] < Si, i)

n

~

and 1 € §n (we ignore strict equality above as a measure 0 event), i.e. S (9) C S, which concludes
the proof. O

2.8 Sparse upper bound

Theorem 2. For any 6 = (o — i, fto + i) € Oz s and X1, ..., X, B Py with n > max(68,4s)
and s > 1, define
6log(nd) n 2log(nd)
n n
~ 1+a . 4
=

and

Assume that d > 2, and o« < %. Let

7 (x)_{ 1 ifal m(zsn) zﬁg"m(i@l)
" 2 otherwzse

where [iz g, and EA are the empirical mean and covariance of X; for the dimensions in Sn, and 0
elsewhere. Then

1
~ 1 2 1 1 1
sup ELg(F) < 603max (197" 1) ,/218(n2) +2200f og(nd) \ "
QEGA,S )\ n n

12



Proof. Define
5(0) = {i € ld] : u(i) # 0}

N S(0) ={i € [d] : |u(i)| = 4oV},
Assume S(#) C S, C S(6) (by Propositlon this holds with probability at least 1 — &), If
S(0) = 0, then we simply have ELy(F,) < 1.

and

Assume S(6) # 0. Let R R
cos B = [v1(Xg )TUI(E)L

n

COSEZ |v1(2§ )TUl(E)h

n

and ~
cos B = |vl(2§n)Tvl(E§n)\
where ¥ = o2] + ,u,uT, and X 3, is the same as X in §n, and 0O elsewhere. Then
sinB < sianL sin 3.
Also
~ n—Hg
ang 8= b5l
[l
ll— N§(9)H
[l
_ dova/IS()] - 10|
B [l

S

<8
A

Using the same argument as the proof of Theorem |1} we have that as long as the above bound is
smaller than ﬁ,

~ 2 1
ELg(F) < 600 max 0—271 slog(ns) 4104V 3
(% —doy/sa) n A n

o? slog(ns) s
<603 16—,1 _— 104
< oo (107;.1) 2 X

However, when 8 ”‘/a > 7, the above bound is bigger than , which is a trivial upper bound on

the clustering error, hence the bound can be stated without further conditions. Finally, since o < i,
we must have W <1,soa < (V6+2)y/ log("d) , which completes the proof.

3 Lower bounds

3.1 Standard tools

Lemma 2. Let Py, P, ..., Py be probability measures satisfying
M
i > KL(P;, Py) < alog M
i=1
where 0 < a < 1/8 and M > 2. Then

f P, > 0.07
in nax (v #1)

(Tsybakov|(2009)).

13



Lemma 3. (Varshamov-Gilbert bound) Let Q0 = {0,1}™ for m > 8. Then there exists a subset
{wo, -y war } € Q such that wy = (0, ..., 0),

p(wmwj)zg, VO<i<j<M,

and
M > 2m/87
where p denotes the Hamming distance between two vectors (Tsybakov|(2009)).

Lemmad4. Let Q = {w € {0,1}™ : ||w|lo = s} for integers m > s > 1. Forany o, 8 € (0, 1) such
that s < afSm, there exists wy, ...,wpr €  such that for all 0 < i < j < M,

p(wi,w;) > 2(1 —a)s

and
m
> -
log(M + 1) > cslog ( . )
where
c=—2  _(“logB+B-1)
—log(ap)

In particular, setting o = 3/4 and § = 1/3, we have that p(w;,w;) > s/2, log(M + 1) >
£ log (%) as long as s < m/4 (Massart|(2007), Lemma 4.10).

3.2 A reduction to hypothesis testing without a general triangle inequality

Proposition 12. Let 6y, ...,00 € Oy (or Oy ), M > 2,0 < o < 1/8, andy > 0. If

log M
max KL(Py,, Py,) < 22
i€[M]

and for all 0 < i # j < M and clusterings F,
Ly, (ﬁ) < vy implies Ly, (ﬁ) >,
then

inf Ey. Ly (E,,) > 0.07~.
11% ien[[(l)%ﬂ s 0"( )_ v

Proof. Using Markov’s inequality,

inf max By Lo (F,) > ~inf ma P",(Lﬁn> )
inf meax, Eo. 0, ( )_7153” e B, 0, (Fn) >y

Define w*(ﬁn) = argmin Lgi(ﬁn). By assumption, Ly, (ﬁn) < +y implies ng(ﬁn) > ~ for any
1€[0..M]
j # 1,50 Ly, (F,,) < ~ only when ¢* (F},) = i. Hence,

Py (w*(ﬁn) - z) > Py (Lgi(ﬁn) < ’y)

and
inf Py (Lo (Fa) 2 ) = Py (v7(Fa) #1)
inf_max Fs, 0.(Fn) = = Dnax B (¥ (Fn) # i
> inf max P} (A )
2 inf max B Un #1
> 0.07
where the last step is by Lemma 2] [
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3.3 Properties of the clustering error

Proposition 13. For any 6,0' € ©,, and any clustering F, if

KL(Py, Py)

Lo(Fy/) + Lo(F) + 5

1
< o
-2
then

KL(Py, Py) . - KL(Py, Py)

Lo(Fyr) — Lo(F) — 5 < Lo/(F) < Lo(Fyr) + Lo(F) + 9

Proof. WLOG assume Fy, Fy/, and F are such that, using simplified notation,
Lo(Fy) = Py(Fy # Fp)

e Lo(F) = Py(Fy # F).
Then
Py(Fp # F) = Py ((Fg = Fp) N (Fy # F)U (Fy # Fy) N (Fy = ﬁ))
=P ((Fe — Fy) N (Fy # ﬁ)) o ((Fg £ Fy) N (Fy = ﬁ)) .
Since
0< Py ((Fg = Fp)N (Fy # ﬁ)) <P, (Fg ” ﬁ) = Lo(F),
Py ((Fe # Fo ) N (Fy = ﬁ)) < Py (Fo # Fo) = Lo(For),
and

Lo(Fy) = Lo(F) = Py (Fy # For) = Pa(Fy # F) < Py ((Fo # Fo) 0 (Fy = F) ),
we have that
Lo(Fy) — Lo(F) < Py(Fp # F) < Lo(Fp) + Lo(F)
and

Lo(Fy) — Lg(F) — TV(Py, Po') < Py (Fy # F) < Lg(Fy') + Lo(F) + TV(Ps, Py).

It is easy to see that if Lo(Fy') + Lg(F) + TV (P, Py) < %, then the above bound implies
Lo(Fy) — Lo(F) — TV(Py, Py') < Lo/ (F) < Lg(Fy) + Lo(F) + TV(Py, Py).

The final step is to use the fact that TV (Py, Py:) < 4/ W.

Proposition 14. For some fig, p, i’ € R such that ||u|| = |||, let
1 u
o= o o)
fo = 55 ko 1 5
and
' '
A Ry,
(Mo 5 1 Ho + 5 )
Then
e i 5 cos 1
2¢ sin Becos f < Lyg(Fypr) < —tan
20 T
where cos 8 = ‘ﬁZﬁ;' and g(x) = ¢(x)(Pp(x) — z®(—x)).

15



Proof. 1t is easy to see that
1 /1
Le(Fef)Z*/fd)(E) P M+ |2] tan 8 _® Nl Jtan B de.
2) o' \o 20 o 20 o
R

Define £ = % With a change of variables, we have

/(;5 D (E+ |z|tan B) — @ (€ — |x| tan 8)) dx

= /d)(:r:)(q)(f + ztan B) — (£ — ztan f))dx

For any a < b, ®(b) — ®(a) < 222, s0

< [ ¢(z)(®(xtan §) — ®(—z tan §))
<tan6\/2/x¢(x)dx

Also,

/¢ D¢ +xztanB) — ®(§ — xtan fB))dx
0

o0

22tanﬂ/az¢ o(€ 4+ z tan B)dx

7 2 2
—2tan5\/12?/m\1ﬁexp{—x +(£+2xtanﬁ) }dm
0

2
SRR Y tan / 1 (o + hents) ;
= npAh—ex - S 2
V2 P 2 1+tan Vo . Pl e
0 (1/1+tan26>
1 £2 (:U—i—fsinﬁcosﬁ)2
> > _
2tanﬁ\/7 { 5 } { 50?3 dx

2 2 in
— 2tan Bo(€) {C‘;}f exp {—5 82 ﬂ} — ¢in B cos? 5@(-5@&)}

= 2sin fcos () [¢(§ sin ) — E sin fO(—¢ sin )]
> 2sin fcos B () [#(€) — E@(=E)].-

16



3.4 A KL divergence bound of the necessary order

Proposition 15. For some jig, i, (' € R? such that ||p|| = |||, let

6 = (#o*gaﬂoJrg)

and ) )

0 = (uo — /”;7ﬂo+’;) .
Then

KL(Py, Pp) < &*(1 — cos )
where £ = ”"” and cos B = |“T“',‘

el 1

Proof. Since the KL divergence is invariant to affine transformations, it is easy to see that

KL(Py, Py) = / / p1 (@, y) log LY gy
p2(z,y)

where

Pi(9) = 5600+ E)0y +6) + 30T — E)0( — &),

Pa(9) = 50( + E)0y — ) + 30T — E)0( + &),
é, &, = &sin é

§o =085 5

Since
pi(z,y) _ d(@+ &)oY+ &) + oz — &)dly — &)
p2(7,y) (T + &)y — &) + bz — &)p(y + &)
_ exp(=2&e — y&y) + exp(xés + y&y)
exp(—x&, + y&y) + exp(ry — y&y)

we have

DY) _ 1o SO +95y)
p2(,y) cosh(v€; — &)

Furthermore,

cosh(z&, +y¢&,)
cosh(z&; — y&y)

cosh(—x&; — y&y)
cosh(—xz&, + y&y)

cosh(x&, + y&y)
cosh(z&, — y&y)

d(w + &) p(y + &) log dxdy

¢(—x + &) d(—y + &) log dxdy

DO =

B %L o
B W

o(x — &) p(y — &) log dxdy

N =

SO

cosh(z&; + y&y)
cosh(z&, — y&y)

cosh(z; + & +y&y + &
cosh(z&, + &2 — y&, —

KL(Py, Py/)

¢($ - gx)(b(y - fy) log dxdy

B A~
B F—

$(2)6(y) log ;d .

17



But for any x

- / 6(2)6(y) log cosh(z&, + €2 — y&, — €2)dy

R

_ / 0(2)6(—y) log cosh(zt, + € + y&, — £2)dy

R

_ / 6(2)6(y) log cosh(z&, + €2 + y&, — €2)dy,

R
thus,

cosh(z€, 4 &2 + y&y + &)

x&e + & +y&y — &)

h(z\ /€2 +E2+ 62+
4(2) g cosh(z y)d
cosh(z,/&2 §y+£2 55)
(
(

/
cosh(&z + €2 + 52)
R/ !

(
cosh( dedy

KL(Py, Pp) = / / #(2)6(y) log
R R

z

dz

8 Cosh §z2+82-62)

since &2 + 53 = £2. By the mean value theorem and the fact that tanh is monotonically increasing,

cosh(£z + &2 4 €2)
%8 cosh(éz + €2 — €2)

< 2¢2tanh(£2 + €2 + €2)

= 2{5 tanh(£z 4 £2)

for all z. Since tanh is an odd function,

KL(Py, Py) < 25?3 / #(2) tanh(€z + €2)dz

= 255 / #(2)(tanh(£z + £2) — tanh(£2))dz
R

Using the mean value theorem again,

tanh(éz + €2) —tanh(€2) < €2 max (1 — tanh?(z))
z€[€z,62+€2]

<&
for all z, so

KL(Py, Py) < 28%¢]

= 2¢%sin? g
= &1 = cos ).

3.5 Non-sparse lower bound

Theorem 3. Assume that d > 9 and % < 0.2. Then
. ~ 1 . [+log20% [d—1 1
f sup EgLg(F;,) > — — L=
11% e»b.gueg)A oLo(Fn) 2 500 mm{ 3 A2 n 4
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Proof. Let{ = 5, and define

min{\/log2 0?1 A }
€= —_— .

3 AN Vn4/d—1
Define \2 = A2 —(d—1)¢? LetQ—{O 13471 Forw = (w(1),...,w(d—1)) € Q,let puy, = Noeq+
S (2w(i) — 1)ee; (where {e;}2, is the standard basis for ]Rd) Letf,, = (—H42, b2) € ©,.

By Proposition[T3] for any w, v € €,
KL(Py,, Pp,) < &*(1 — cos fu,.)

where
wlp|
A2 A2

cos By, =
and p is the Hamming distance, so
KL(Py,, Ps,) < 54%(“;7’2”)6
< ¢t 2(d ;21)62
By Proposmonn since cos 3, > %

1
LGW (FGV) S - tanﬁw,u

T
1+/1+cospB,.

< 776’\/1 — €08 B
T coS Py ’

é\/d— le

T A

IN

and

Low (Feu) > 29(5) sin ﬁw,u Ccos 5w,v
> g(§) sin B,

> ﬁg(&)w

where g(z) = ¢(z)(¢(z) — ®(—x)). By Lemma 3] there exist wo, ...,wnrs € € such that M >
2(d=1)/8 and

d—1
p(wiij)ZT, VO<i<j<DM.

For simplicity of notation, let 6; = 6,,, for all ¢ € [0..M]. Then, for i # j € [0..M],

2(d — 1)e?
KL(Py,, Py;) < 54()\72)7
and
4 +/d—1le
Lo, (Fp,) < —
T A
and
1 vd—le
Lo, (Fp;) > 59(§) ——
2 A
Define
Vd— le
7= 0(6) - 269 Y



~

Then for any i # j € [0..M], and any F such that L, (F) < 7,

. [KL(P,, Py, 4
Lo, (F,) + Lo, (F) + | 220 T0) (

because, for £ < 0.1, by definition of ¢,

41 oo D\ Vd—Te Y/ 1
(3+ 160 -2e+¢) X L
So, by Proposition [I3]
~ . [KL(Py, Py,
Loj(F)ZLei(Fej)_Lei(F)_ %27

Also,

2e
max KL(Py,, Py,) < (d — 1)54ﬁ

i€[M]
< log M
In

because, by definition of e,

€2 log 2

42
¢ )\2 - n

So by Proposition and the fact that £ < 0.1,

inf Ey. Lo. (E,) > 0.07
ot sy o Lo (Fa) = 0,07y

= 0.073(g(€) — 26) Y1

1 . \/logQU /d— 11
> —— min — , =
500 3 A2 n 4

and to complete the proof we use the fact that

inf sup E¢Lg(F),) > inf max Eg, Ly, (F).
F, 0c0, F, i€[0..M]

3.6 Sparse lower bound
Theorem 4. Assume that > < 0.2, d > 17, and
d—1

Then

}

~ d—1
inf sup EgLg(F, lo ),
o 06@35 oLo(Fn) > {\/ )\2\/ g p—

Proof. For simplicity, we state this proof for ©) s41, assuming 4 < s < 3=,

define

. 8 o? Lo (2=1) 1A
=min g 4/ — [~ — |, ==
¢ Vs a\n s )25
Define A\2 = \2—se2. Let Q = {w € {0,1}97 ! : |wl|lo = s}. Forw = (w(1), ..

Lo = Xo€d + Zf;ll w(i)ee; (where {e;}%_ is the standard basis for R?). Let
O s

20

9

N =



By Proposition[T3]
KL(Py,, Pp,) < &*(1 — cos fu,.)
where

T
cos By, = |'u°;\'l;”| —

and p is the Hamming distance, so

KL(Py,, Py,)

By Proposition since cos B, > 1,

and

L9w (Fev) > 29(5) sin /Bw,u COs 5w,y
> g(§)sin B,
() Vi@ v)e
N X
where g(z) = ¢(z)(¢(z) — 2®(—z)). By Lemma[d] there exist wo,
1) > Zlog (d_l) and

S

VO<i<j<M.

S
p(wuwj) > 57

..ywpr € Q such that log(M +

For simplicity of notation, let §; = 0,,, for all ¢ € [0..M]. Then, fori # j € [0..M],

2

se
KL(Py,, Py;) < €' 55
and
24/2 \/se
Lo (Fy) < 225
T A
and
g(§) V/se
Lo (Fp ) > 222V~
0. (Fb;) 2 =57~
Define /5
1 s€
v =~(g(§) — V28—
4 A
Then for any i # j € [0..M], and any F such that Ly, (F) < v,
-~ KL(P@.,PQ,) 22/2 1 9 52 sS€ 1
Lo (Fy. Ly (F 7 - 2 = | <=
0. (o) + Lo (F) 4 2570 < (52 4 100(0) Va8 + o | M < 5
because, for ¢ < 0.1, by definition of e,
22 1 £ S€ se 1
22 V2 4 S | Y o Vo
<W+gﬁ>Jm+ﬁ>A_A_2
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So, by Proposition [[3]

Lo (F)>L9i(F97)7L97(F)7 2“ o>
Also,
max KL(Py,, P )<§4£
ie[l\flc b)) =5 32

IN
gl
3

—

]

o
VR
7 N\

S
@ ||
—_
~~
(o)
\

[

~_—

IN

because, by definition of ¢,
2
4 S€ s d—1
< —1 — .
22 = 90n 8 ( s )
So by Proposition[I2]and the fact that £ < 0.1,
inf max Eg,Lg, (F,) > 0.07y

F, i€[0..M]
> 0. 070 L \[E

_W{@ 3y 1)

and to complete the proof we use the fact that

inf sup Eng(ﬁn) n
F, €05, Fn i€[0..M]
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