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1 Proof of Theorem 1

Theorem 1. Suppose xi can be approximated by its neighbors as follows

xi =
1

Dii

∑

j∼i

Wijxj + ei, (1)

where ei ∈ R
p represents an approximation error. Then, the same adjacency matrix reconstructs

the output yi ∈ R with the following error:

yi −
1

Dii

∑

j∼i

Wijyj = Jei +O(‖δτ i‖
2
2) +O(εx + εy), (2)

where J = ∂h(τ i)
∂τ⊤

(

∂g(τ i)
∂τ⊤

)+

with superscript + indicates pseudoinverse, and δτ i = maxj(‖τ i −

τ j‖
2
2).

Proof. Let βj = Wij/Dii (Note that then
∑

j∼i βj = 1). Assuming that g is smooth enough, we

obtain the following first-order Taylor expansion at τ i for the right hand side of (1).

xi =
∑

j∼i

βj

(

g(τ i) +
∂g(τ i)

∂τ⊤
(τ j − τ i) +O(‖τ j − τ i‖

2
2)

)

+ ei +O(εx),

Arranging this equation, we obtain

∂g(τ i)

∂τ⊤

∑

j∼i

βj(τ j − τ i) = −ei +O(‖δτ i‖
2
2) +O(εx).

If the Jacobian matrix
∂g(τ i)
∂τ⊤ has full column rank, we obtain

∑

j∼i

βj(τ j − τ i) =−

(

∂g(τ i)

∂τ⊤

)+

ei +O(‖δτ i‖
2
2)

+O(εx). (3)
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On the other hand, we can see

∑

j∼i

βjyj =
∑

j∼i

βj

(

h(τ i) +
∂h(τ i)

∂τ⊤
(τ j − τ i)

+O(‖τ j − τ i‖
2
2)
)

+O(εy)

=yi +
∂h(τ i)

∂τ⊤

∑

j∼i

βj(τ j − τ i)

+O(‖δτ i‖
2
2) +O(εy) (4)

Substituting (3) into (4), we obtain

yi −
∑

j∼i

βjyj =
∂h(τ i)

∂τ⊤

(

∂g(τ i)

∂τ⊤

)+

ei

+O(‖δτ i‖
2
2) +O(εx + εy).

2 Theorem 1 for Normalized Laplacian

Theorem 2. Suppose that xi can be approximated by its neighbors as follows

xi =
∑

j∼i

Wij
√

DiiDjj

xj + ei, (5)

where ei ∈ R
p represents an approximation error. Then, the same adjacency matrix reconstructs

the output yi ∈ R with the following error:

yi −
∑

j∼i

Wij
√

DiiDjj

yj =(1−
∑

j∼i

γj)(h(τ i) + Jg(τ i))

+ Jei +O(‖δτ i‖
2
2) +O(εx+εy), (6)

where

γj =
Wij

√

DiiDjj

.

Proof. The proof is almost the same as Theorem 1. However, the sum of the coefficients γj (corre-
sponding to βj in Theorem 1) cannot be 1. Applying the same Taylor expansion to the right hand
side of (5), we obtain

∂g(τ i)

∂τ⊤

∑

j∼i

γj(τ j − τ i) =− ei + (1−
∑

j∼i

γj)g(τ i)

+O(‖δτ i‖
2
2) +O(εx).

On the other hand, applying Taylor expansion to yi −
∑

j∼i γjyj , we obtain

yi −
∑

j∼i

γjyj =(1−
∑

j∼i

γj)h(τ i)−
∂h(τ i)

∂τ⊤

∑

j∼i

γj(τ j − τ i)

+O(‖δτ i‖
2
2) +O(εy)

Using the above two equations, we obtain (6).
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