
Categories and Functional Units: An Infinite
Hierarchical Model for Brain Activations

Supplementary Materials

Danial Lashkari Ramesh Sridharan Polina Golland
Computer Science and Artificial Intelligence Laboratory

Massachusetts Institute of Technology
Cambridge, MA 02139

{danial, rameshvs, polina}@csail.mit.edu

In the Supplementary Materials, we derive the Gibbs free energy cost function for variational infer-
ence, and derive the update rules for inference using our variational approximation.

1 Joint Probability Distribution

Based on the generative model described in the paper, we can write the full joint distribution of all the
observed and unobserved variables. For each variable, we useω· to denote the natural parameters of
the distribution for that variable. For example, the variable ejih is associated with natural parameters
ωe,1

jh andωe,2
jh .

1.1 fMRI model

The fMRI response across different sessions within the samesubject can be highly variable. There-
fore, we model the variablesa, the activation height, andλ, the voxel-level noise parameter, indi-
vidually for each of the sessions in the experiment (due to space constraints in the original paper, we
omitted these implementation details there). We use the index m to denote sessionm, giving ajim

andλjim for m ∈ {1, . . . ,M}. We are also provided with binary indicatorsDjmt for each subject
j, which specifies whether time pointst belonged to sessionm. For notational convenience, we let
λjit =

∏

m λ
Djmt

jim , and similarly letajit =
∏

m a
Djmt

jim . Given the fMRI model parameters, we can
then write the likelihood of the observed datayjit:

p(y|x,a,λ,e) =
∏

j,i,t

√

λjit

2π
exp







−
λjit

2

(

yjit −
∑

h

ejihFht − ajit

∑

s

Gjstxjis

)2






(1)

For the nuisance parameterse, we have

p(ejih) = Normal(µe
jh, σe

jh) (2)

∝ exp
{

−ωe,2
jh e2

jih + ωe,1
jh ejih

}

, (3)

whereωe,2
jh = 1

2 (σe
jh)−1 andωe,1

jh = 1
2µe

h(σe
jh)−1.

For the noise precision variablesλ, we have:

p(λjim) = Gamma(κjm, θjm) (4)

∝ exp
{

ωλ,1
jm log(λjim) − ωλ,2

jmλjim

}

, (5)
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whereωλ,1
jm = κjm − 1 andωλ,2

jm = θjm.

The distribution over the activation heightsa is given by

p(ajim) = Normal+(µa
jm, σa

jm) (6)

∝ exp
{

−ωa,2
jma2

jim + ωa,1
jmajim

}

, ajim ≥ 0 (7)

We have thatωa,2
jm = 1

2 (σa
jm)−1 andωjm

a,1 = 1
2µa

jm

(

σa
jm

)−1
.

Note that the distributionw ∼ Normal+(ρ, η−1) is a member of the exponential family of distribu-
tions and has the following properties:

p(w) =
√

2λ
π

[

1 + erf
(
√

ρ
2η
)]−1

e−ρ(w−η)2/2, (8)

E[w] = η +
√

2
πλ

[

1 + erf
(
√

ρ
2η
)]−1

e−ρη2/2, (9)

E[w2] = η2 + ρ−1 + η
√

2
πλ

[

1 + erf
(
√

ρ
2η
)]−1

e−ρη2/2 (10)

1.2 Nonparametric Hierarchical Co-clustering Model

The voxel activationsxjis are binary, with prior probabilityφk,l given according to cluster member-
ships. We have thatφ ∼ Beta(ωφ,1, ωφ,2), giving us the joint density ofx andφ conditioned on the
cluster membershipsz andc:

p(x,φ|z, c) =
∏

j,k,l

[

Γ(ωφ,1 + ωφ,2)

Γ(ωφ,1)Γ(ωφ,2)
φ

ωφ,1−1+
P

i,s
xjisδ(zji,k)δ(cs,l)

k,l ·

(1 − φk,l)
ωφ,2−1+

P

i,s
(1−xjis)δ(zji,k)δ(cs,l)

]

Our model assumes a Dirichlet Process prior over the stimulus category memberships, using the
stick-breaking construction for the priorρ [1]:

p(c|ρ) =
∏

s

∏

l

ρ
δ(cs,l)
l (11)

ρl = ul

l−1
∏

l′=1

(1 − ul′) (12)

p(u) =
∏

l

(χ − 1)(1 − ul)
χ−1 (13)

We assume a hierarchical Dirichlet process prior over the functional unit memberships, with subject-
level weightsβ. We will use a collapsed variational inference scheme [2], and therefore marginalize
over these weights:

p(z|π, α) =

∫

β

p(z|β)p(β|π, α), (14)

=

J
∏

j=1

[

Γ(α)
Γ(α+Nj)

K
∏

k=1

Γ(απk+njk)
Γ(απk)

]

, (15)

wherenjk =
∑Nj

i=1 δ(zji, k) andK is the number of non-empty functional units in the configura-
tion. To provide conjugacy with the Dirichlet prior over thegroup-level functional unit weightsπ,
we prefer the terms in Equation (15) involving this weight toappear as powers ofπk . However,
the current form of the conditional distribution makes the computation of the posterior overπ hard.
Now, note that for0 ≤ r ≤ n, we have

∑n
r=0 [nr]ϑ

r = Γ(ϑ + n)/Γ(ϑ), where[nr] are unsigned Stir-
ling numbers of the first kind [3]. The collapsed variationalapproach uses this fact and the properties
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of the Beta distribution to add an auxiliary variabler = {rji} to the model:

p(z, r, | π, α) ∝

J
∏

j=1

K
∏

k=1

[

njk

rjk

]

(απk)
rjk , (16)

whererjk ∈ {0, 1, · · · , nji}. If we marginalize the distribution (16) over the auxiliaryvariable, we
obtain the expression in (15).

2 Minimization of the Gibbs Free Energy

Let h = {x,z, c,a,e,λ, r,φ, π, ρ} denote the set of all unobserved variables. In the frameworkof
variational inference, we approximate the model posterioron h given the observed datap(h|y) by
a distributionq(h). The approximation is performed through minimization of the Gibbs free energy
function

F [q] = E[log q(h)] − E[log p(y,h)].

Here, and in the remainder of the paper,E[·] andV [·] indicate expected value and variance with
respect to the distributionq. We assume a distributionq of the form:

q(h) = q(r|z)

[

∏

k

q(vk)

][

∏

l

q(ul)

]





∏

k,l

q(φk,l)





[

∏

s

q(cs)

]

·

∏

j,i

(

q(aji)q(λji)q(zji)

[

∏

s

q(xjis)

][

∏

h

q(ejih)

])

. (17)

where we explicitly account for the dependency of the auxiliary variables on the functional unit
memberships. Including this structure maintains the quality of approximation despite the introduc-
tion of the auxiliary variables [4].

2.1 Auxiliary variables

Assuming that all the other components of the posteriorq are constant, we have:

F [q(r, | z)] = Ez

[

∑

r

q(r|z)

(

log q(r|z)+

−
∑

j,k

{

log
[

njk

rjk

]

+ rjk E[log(απk)]
}

)

]

+ const. (18)

From this, we find that the optimal posterior on the auxiliaryvariables takes the form

q∗(r|z) =
∏

j

∏

k

q(rjk|z). (19)

Underq∗, we have for the auxiliary variabler:

q(rjk|z) =
Γ(ω̃r

jk)

Γ(ω̃r
jk

+njk)

[

njk

rjk

]

(ω̃r
jk)rjk . (20)

This distribution corresponds to the probability mass function for a random variable that describes
the number of tables thatnjk customers occupy in a Chinese Restaurant Process with parameter
ω̃r

jk [3]. Here, the optimal value of the parameterω̃r
jk is given by

log ω̃r
jk = E[log(απk)] (21)

= log α + E[log vk] +
∑

k′<kE[log(1 − vk′)].

Note that as a distribution parameterized bylog ω̃r
jk, Equation (20) defines a member of the expo-

nential family of distributions. The expected value of the distribution is therefore computed by:

E[rjk|z] = ∂
∂ log ω̃r

jk

log
Γ(ω̃r

jk+njk)

Γ(ω̃r
jk

) (22)

= ω̃r
jkΨ(ω̃r

jk + njk) − ω̃r
jkΨ(ω̃r

jk), (23)
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whereΨ(ω) = ∂
∂ω log Γ(ω). This expression is useful when we need the expected values of the

auxiliary variablerjk for updating the other components of the distribution:

E[rjk] = Ez[Er[rjk|z]] = ω̃r
jkEz[Ψ(ω̃r

jk + njk) − Ψ(ω̃r
jk)]. (24)

Underq(z), each variablenjk is the sum ofNj independent Bernoulli random variablesδ(zji, k)
for 1 ≤ i ≤ Nj with the probability of successq(zji = k). Therefore, as suggested in [2], we can
use the Central Limit Theorem and approximate this term using a Gaussian distribution fornjk > 0.
Due to the independence of these Bernoulli variables, we have

Pr(njk > 0) = 1 −

Nj
∏

i=1

q(zji 6= k), (25)

E[njk] = E[njk|njk > 0] Pr(njk > 0), (26)

E[n2
jk] = E[n2

jk|njk > 0] Pr(njk > 0), (27)

which we can use to easily computeE+[njk] = E[njk|njk > 0] andV +[njk] = V [njk|njk > 0].
Now, we can calculateE[rjk] using Equation (24) by noting that:

Ez[Ψ(ω̃r
jk + njk) − Ψ(ω̃r

jk)] ≈

Pr(njk > 0)
[

Ψ(ω̃r
jk + E+[njk]) − Ψ(ω̃r

jk) +
V +[njk]

2 Ψ′′(ω̃r
jk + E+[njk])

]

. (28)

Lastly, based on the auxiliary variabler, we find that the optimal posterior over the system weight
stick-breaking parameters is given byvk ∼ Beta(ω̃v,1

k , ω̃v,2
k ), with parameters as follows:

ω̃v,1
k = 1 +

∑

j

E[rjk] (29)

ω̃v,2
k = γ +

∑

j,k′>k

E[rjk′ ] (30)

2.2 fMRI model variables

The free energy terms corresponding toe are

F [q(e)] =

∫

e

q(e)

(

log q(e) + e2
jihωe,2

jh − ejihωe,1
jh −

∑

j,i,t,h

E[λjit]

2

[

e2
jihF 2

ht+

− ejihFht

(

yjit −
∑

h′ 6=h

ejih′Fh′t − E[ajit]
∑

s

E[xjis]Gjst

)

])

+ const. (31)

Recall that we assume a factored form forq(e) =
∏

j,i,h q(ejih). Minimizing with respect to this

distribution givesq(ejih) ∝ exp
{

−e2
jihω̃e,2

jih + ejihω̃e,1
jih

}

, with the parameters given by

ω̃e,2
jih = ωe,2

jh +
∑

t

λjit

2 F 2
ht (32)

ω̃e,1
jih = ωe,1

jh +
∑

t

λjitFht

(

yjit −
∑

h′ 6=h

E[ejih′ ]Fh′t − E[ajit]
∑

s

E[xjis]Gjst

)

(33)

For the activation heightsa, we find

F [q(a)] =

∫

a

q(a)

(

log q(a) + a2
jimωa,2

jm − ajimωa,1
jm+

∑

j,i,m

E[λjim]

2

∑

t

Djmt

[

a2
jim

∑

s,s′

E[xjisxjis′ ]GjstGjs′t+

− ajim

∑

s

GjstE[xjis]

(

yjit −
∑

h

E[ejih]Fht

)

])

+ const. (34)
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Assuming factorizability, minimizing givesq(ajim) ∝ exp
{

−a2
jimω̃a,2

jim + ajimω̃a,1
jim

}

, a ≥ 0,

with parameters given by

ω̃a,2
jim = ωa,2

jm +
∑

t

Djmt
λjit

2

∑

s,s′,t

GjstGjs′tE[xjisxjis′ ] (35)

ω̃a,1
jim = ωa,1

jm +
∑

t

Djmt

∑

s

GjstE[xjis]

(

yjit −
∑

h

E[ejih]Fht

)

(36)

The terms relating to the noise precisionsλ are computed as

F [q(λ)] =

∫

λ

q(λ)

[

log q(λ) − log(λjim)ωλ,1
jm − λjimωλ,2

jm+

−
∑

j,i,m,t

Djmt

(

−
log(λjim)

2 +
λjim

2

[

y2
jit +

(

E[a2
jim]

∑

s,s′

E[xjisxjis′ ]GjstGjs′t

)

+

∑

h

(

E[e2
jih]F 2

ht +
∑

h′ 6=h

E[ejih]E[ejih′ ]FhtFh′t

)

+

− yjit

(

∑

h

E[ejih]Fht + E[ajim]
∑

s

GjstE[xjis]
)

+

(

∑

h

E[ejih]Fht

)(

E[ajim]
∑

s

GjstE[xjis]

)

])]

+ const. (37)

For a factorizableq(λ) =
∏

jim q(λjim), minimization with respect toq(λjim) shows that

q(λjim) ∝ exp
{

log(λjim)ω̃λ,1
jim − λjimω̃λ,2

jim

}

, where the parameters are given by

ω̃λ,2
jim = ωλ,2

jm +
∑

t
Djmt

2

ω̃λ,1
jim = ωλ,1

jm +

(

y2
jit +

∑

h

(

E[e2
jih]F 2

ht +
∑

h′ 6=h

E[ejih]E[ejih′ ]FhtFh′t

)

+

(

E[a2
jim]

∑

s,s′

E[xjisxjis′ ]GjstGjs′t

)

+

− yjit

(

∑

h

E[ejih]Fht + E[ajim]
∑

s

GjstE[xjis]
)

+

(

∑

h

E[ejih]Fht

)(

E[ajim]
∑

s

GjstE[xjis]

)

)

(38)

2.3 Voxel activation variables

The Gibbs free energy as a function only of the posterior overvoxel activation variablesx can be
computed as below. For notational convenience, we letΦjis =

∑

k,l E[log(φk,l)]δ(zji, k)δ(cs, l)

andΦ̄jis =
∑

k,l E[log(1 − φk,l)]δ(zji, k)δ(cs, l).

F [q(x)] =
∑

x

q(x)

[

log q(x) −
∑

jis

[

(1 − xjis)Φ̄jis+

xjis

(

Φjis +
∑

m

E[λjim]E[ajim]
2

∑

t

DjmtGjst

(

yjit −
∑

h

ejihFht

)

+

∑

m

E[λjim]E[a2
jim]

2

∑

t

Djmt

∑

s′

GjstGj′stxjis′

)]]

(39)

Minimization of this function with respect toq(x) yields
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q(xjis = 1) ∝ exp

{

Φjis +
∑

m

E[λjim]
∑

t

Djmt

[

E[ajim]Gjst

(

yjit −
∑

h

ejihFht

)

+

− 1
2E[a2

jim]
(

G2
jst +

∑

s′ 6=s

2GjstGjs′txjis′

)

]

}

(40)

q(xjis = 0) ∝ exp
{

Φ̂jis

}

(41)

2.4 System membership and activation probabilities

First, note that with the optimal posterior over the auxiliary variablesq∗, defined in Equation (19),
we have:

E[log q∗(r|z) − log p(z, r | π, α)] =
∑

j

(

log Γ(α + Nj) − log Γ(α)

)

+
∑

jk

Ez

[

log Γ(ω̃r
jk) − log Γ(ω̃r

jk + njk)
]

. (42)

The Gibbs free energy as a function of posterior over a singlemembership variableq(zji) then
becomes:

F [q(zji)] =
∑

k

q(zji = k) log q(zji = k) −
∑

k

Ez

[

log Γ(ω̃r
jk + njk)

]

+

−
∑

k

q(zji = k)
∑

l,s

[

q(xjis = 1)q(cs = l)E[log φk,l]+q(xjis = 0)q(cs = l)E[log(1−φk,l)]

]

(43)

We can simplify the second term on the right hand side of Equation (43) as:

Ez

[

log Γ(ω̃rji
+ njk)

]

= Ez

[

δ(zji, k) log(ω̃r
jk + n¬ji

jk ) + log Γ(ω̃r
jk + n¬ji

jk )
]

, (44)

= q(zji = k)Ez¬ji [log(ω̃r
jk + n¬ji

jk )] + Ez¬ji [log Γ(ω̃r
jk + n¬ji

jk )], (45)

wheren¬ji
jk andz¬ji indicate the exclusion of voxeli in subjectj and only the first term is a function

of q(zji). Now, minimizing Equation (43) yields the following updatefor membership variables:

q(zji = k) ∝ exp
{

Ez¬ji [log(ω̃r
jk + n¬ji

jk )]+
∑

l,s

(

q(xjis = 1)q(cs = l)E[log φk,l] + q(xjis = 0)q(cs = l)E[log(1 − φk,l)]
)}

,

In order to compute the first term on the right hand side, as with the Equation (28), we use a Gaussian
approximation for the distribution ofnjk to find:

Ez¬ji [log(ω̃r
jk + n¬ji

jk )] ≈ log(ω̃r
jk + E[n¬ji

jk ]) −
V [n¬ji

jk
]

2(ω̃r
jk

+E[n¬ji

jk
])2

. (46)

For the unit/category activation variables, we find

F [q(φk,l)] =

∫

v

q(φk,l)

(

log q(φk,l)−
∑

k

[

{

ωφ,1+
∑

j,i,s

q(zji = k)q(cs = l)q(xjis = 1)
}

log φk,l+

{

ωφ,2 +
∑

j,i,s

q(zji = k)q(cs = l)q(xjis = 0)
}

log(1 − φk,l)

]

)

+ const. (47)
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The posterior distribution is thus found to beφk,l ∼ Beta(ω̃φ,1
k,l , ω̃φ,2

k,l ), with parameters as described
by:

ω̃φ,1
k,l = ωφ,1 +

∑

j,i,s

q(zji = k)q(cs = l)q(xjis = 1) (48)

ω̃φ,2
k,l = ωφ,2 +

∑

j,i,s

q(zji = k)q(cs = l)q(xjis = 0) (49)

The stimulus category memberships are given by

log q(cs = l) =
∑

i,k

[

q(xjis = 1)q(zji = k)E[log φk,l] + q(xjis = 0)q(zji = k)E[log(1 − φk,l)]
]

+ E[log ρ] + const. (50)

Where ρ is given as in Equation (12), and the posterior over the stick-breaking weights is
ul ∼ Beta(ω̃u,1

l , ω̃u,2
l ):

ω̃u,1
l = 1 +

∑

s

q(cs = l) (51)

ω̃u,1
l = χ +

∑

s,l′<l

q(cs = l′) (52)
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