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In the Supplementary Materials, we derive the Gibbs freeggneost function for variational infer-
ence, and derive the update rules for inference using oiati@ral approximation.

1 Joint Probability Distribution

Based on the generative model described in the paper, werdartlve full joint distribution of all the
observed and unobserved variables. For each variable,ave i3 denote the natural parameters of
the distribution for that variable. For example, the valeah;;, is associated with natural parameters

Wi, andw

1.1 fMRI model

The fMRI response across different sessions within the sargct can be highly variable. There-
fore, we model the variablas, the activation height, and, the voxel-level noise parameter, indi-
vidually for each of the sessions in the experiment (due a@sgonstraints in the original paper, we
omitted these implementation details there). We use thexindto denote sessiom, giving a;,
and\;;, form € {1,..., M}. We are also provided with binary indicatal;,,,; for each subject

4, which specifies whether time pointdelonged to sessiom. For notational convenience, we let
Njit =1, )\D;n"” and similarly leta;;; = aD”’” Given the fMRI model parameters, we can

jim

then write the likelihood of the observed d@yat
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For the nuisance parametersve have
p(ejin) = Normal(,u;fh, U]e‘h) (2
x exP{ ;h2 ?m + %h e“h} 3
wherew$;? = (0%,) 7! andw§; = 2u5(05,)
For the noise precision variabl@s we have:
P(Njim) = Gamma(K jm, 0jm) (4)
X exp {wj’\ni log(Ajim) — W;\,':i)\ji»,n} , (5)
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wherewjm =Kjm — 1 andw =0im

The distribution over the activation heighids given by
p(aj’bm) = Normal+ (y’?mm J;'lm) (6)
o exp{ —whiad,, + wj,iaﬂm} s Qjim >0 (7)

We have thaw!;? = $(0%,,)! andw!"} = $u2,, (02 )_1-

jm jm

Note that the distributiom ~ Normal, (p,n~1) is a member of the exponential family of distribu-
tions and has the following properties:

p(w) = \/g {1 + erf (@n)} B e*p(“’*”)Q/Q, 8
w]=n+ \/% [1 + erf (@n)} B e_p”2/2, 9)
Elw?|=n*+p ' +n 2 [1 + erf (\/gn)} - e’ /2 (10)

1.2 Nonparametric Hierarchical Co-clustering Model

The voxel activations ;;, are binary, with prior probability;, ; given according to cluster member-
ships. We have that ~ Beta(w®!,w??), giving us the joint density af and¢ conditioned on the
cluster memberships andc:

D(w?! + w??2) w1145, | 50.6(2)1,k)6(carl)
p(:v,¢|z,c) = H [ ' '
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Our model assumes a Dirichlet Process prior over the stisncéitlegory memberships, using the
stick-breaking construction for the pripr[1]:

plelp) = HHP‘;(C“’ g 1)

pL=w 1:[ (1 —uy) (12)

=1
pu) =[x = D)@ = w)* (13)
l

We assume a hierarchical Dirichlet process prior over thetfanal unit memberships, with subject-
level weights3. We will use a collapsed variational inference scheme |2, therefore marginalize
over these weights:

p(zlm, @) = /ﬁ p(218)p(B, ), (14)

K

T'(amp+n;k)
H [FMN ) o) | ° (15)
k=1

wheren;, = vazfl 0(zji, k) and K is the number of non-empty functional units in the configura-
tion. To provide conjugacy with the Dirichlet prior over tgeoup-level functional unit weights,

we prefer the terms in Equation (15) involving this weightafgpear as powers af, . However,
the current form of the conditional distribution makes thenputation of the posterior ovarhard.
Now, note that fob < r < n, we havey_,'_ [*]9" =T'(J + n)/I'(¥), where["] are unsigned Stir-
ling numbers of the first kind [3]. The collapsed variatioapproach uses this fact and the properties



of the Beta distribution to add an auxiliary variable= {r;;} to the model:

J K
p(z,r,| T a) x H H [::;j (amy)™* (16)
j=1k=1
wherer;, € {0,1,--- ,n;;}. If we marginalize the distribution (16) over the auxiliargriable, we

obtain the expression in (15).

2 Minimization of the Gibbs Free Energy

Leth = {x, z,¢c,a,e, A, r, ¢, p} denote the set of all unobserved variables. In the framewbrk
variational inference, we approximate the model postenoh given the observed dajdh|y) by
a distributiong(h). The approximation is performed through minimization & Gibbs free energy

function

Flg) = Eflog q(h)] — Eflog p(y, h)].
Here, and in the remainder of the papei;] andV[-] indicate expected value and variance with
respect to the distributiopn We assume a distributianof the form:

q(h) = q(r|z) [H Q('Uk)] [H q(uz)] {H q(m,z)] [H q(cs)] :
2 ! k.l s
11 (CI(aji)Q()‘ji)Q(Zji) lH Q(iﬂjis)] [H (J(eﬁh)D . (A7)
s h

Jrt
where we explicitly account for the dependency of the aamilivariables on the functional unit
memberships. Including this structure maintains the guafiapproximation despite the introduc-
tion of the auxiliary variables [4].

2.1 Auxiliary variables

Assuming that all the other components of the posteriare constant, we have:

Flg(r,| 2)] = E.

Z q(r|z) ( log q(r|z)+

™

+ const. (18)

-y { log [12+] + ;. Ellog(ar)] })
7,k

From this, we find that the optimal posterior on the auxilieayiables takes the form

¢ (rlz) = [[ T a(rixl2)- (19)
ik
Undergx, we have for the auxiliary variabbe
N Tar 1 7
a(riel=) = mEri ] @) (20)

This distribution corresponds to the probability mass fiomcfor a random variable that describes
the number of tables that;;, customers occupy in a Chinese Restaurant Process with gtnam
wjy, [3]. Here, the optimal value of the paramet€f, is given by
log @7, = Eflog(amy)] (21)
=loga + Ellogug] + >, o Ellog(1l — vy )].
Note that as a distribution parameterizedlbyw, , Equation (20) defines a member of the expo-
nential family of distributions. The expected value of th&tbution is therefore computed by:

(@7, +n5k)
Elrixlz] = oiogay, 108 ~p) (22)
= 05, U(@fy, + k) — 07 P (@]), (23)



where¥(w) = z—)% log'(w). This expression is useful when we need the expected vafuie o
auxiliary variabler;;, for updating the other components of the distribution:

Elrjr] = Ex[Errji|2]] = @5 B [Y(©0f, + njk) — ¥ (@])]- (24)
Underq(z), each variable:;, is the sum ofN; independent Bernoulli random variablég;;, k)
for 1 < ¢ < N; with the probability of succesgz;, = k). Therefore, as suggested in [2], we can

use the Central Limit Theorem and approximate this termgiai@aussian distribution far;;, > 0.
Due to the independence of these Bernoulli variables, we hav

Nj
Pr(ng, > 0) =1 - [ a(z # k), (25)
i=1
En;i] = Elnjk|njr > 0] Pr(nj, > 0), (26)
E[n?k] = E[n?k|njk > 0] Pr(n,; > 0), (27)

which we can use to easily compute [n;;] = E[njx|n;, > 0] andV " [n;x] = Vnjg|nj, > 0].
Now, we can calculat&|r;;] using Equation (24) by noting that:

EL[U(&]), +njk) — W(@],)] =~
+in o
mmﬂ>oﬂm@%+Eﬂ%dy4w@g+K%ﬁhﬂwﬂ+Eﬂ%m. (28)

Lastly, based on the auxiliary variabtewe find that the optimal posterior over the system weight
v,1 ~v,2

stick-breaking parameters is given by ~ Beta(w,’ ", @, “), with parameters as follows:
@yt =1+ Elr (29)
J
&)};72 =7 + Z E[’I”jk/] (30)
J.k'>k

2.2 fMRI model variables
The free energy terms corresponding:tare

Flate)) = | q<e><1ogq<e>+e§mw§h el — 3 Eid

Jsist,h

— €jintht <yjit — Z ejin' Fnre — Elaji] Z E[lﬂjis]stt>

h'#h

2 2
eiintpt

) +const. (31)

Recall that we assume a factored form §ge) = [[; ; , q(ejin). Minimizing with respect to this

distribution gives;(e;;,) o exp { gm“’]m + e],hw”h}, with the parameters given by

G5 =Wl 4+ Y MR (32)
t

(IJ;Z}ll + Z )\gthht (yﬂt — Z E e]zh’ h’t - ajzt Z E ‘r.]’LS Jst> (33)

h'#h

For the activation heights, we find

Flg(a)] = / q(a) <log q(a) + a3, w2 — ajimwin+

K /\ jim
Z % Z Djmi [a?im Z Elxjis®jis |Gt Gjere+
t

7,5,m s,s’

— Qjim Z GjstElzjis) (yjit - Z E[Bjih,]th>
s h

) + const.  (34)



Assuming factorizability, minimizing gives(a;;.,) exp{ ?lmwﬂm +aﬂmwﬂ}n} ,a > 0,
with parameters given by

&};l;?n = w]m + ZD]mt 5 Z GJStG]S'tE[‘TﬂSxJZS ] (35)

s,8’,t

~-¢]l”1n = + Z D]mf Z G] st x]m <y]7t Z E e]’Lh Fhf> (36)

The terms relating to the noise prems@nare computed as

FlgN)] = /A Q(A)llogq(k)—10g(Aﬁm)w?;i—Aﬁmw?;er

=3 Di ( o80ytn) 4 A

7,%,m,t

yJQ'it + (E[a?,m] Z E[$j¢s$jis’]stths/t)+

s,s’

> (Ele3nlFi+ > ElejinlElejin] FuiFure) +
B h'Zh

— Yjit ZE €jih th + E ajzm Z G]stE w]zs])"i'

(Z Elejin] th> <E[ajim] zs: sttE[xjiSD )

For a factorizableg(A) = [[;;,, ¢(Ajim), minimization with respect tay(A;;,) shows that

q(Njim) o< exp {log()\jim)&?i’; - )\ﬂmwﬂm} where the parameters are given by

+ const.  (37)

A2 A2 Djm
Wiim = Wim + Zt ]Tt
A1 Al
Wiim = Wim + (yjz'it + Z (Ele _]Lh JF7, + Z lejin) Elejin | FriFn )+
h h'%h
(E[a’?hn] Z E[Ijisxjis’]stths’t) +

s,s’

— Yjit ( Z Elejin)Frt + Elajim) Z sttE[!Ejis])-i-

h
( ; E[eﬁh]th> (E[ajim] g sttE[l'jis])> (38)

2.3 Voxel activation variables

The Gibbs free energy as a function only of the posterior @egel activation variables: can be
computed as below. For notational convenience, welet = >, ; Ellog(¢,1)]6(zji, k)d(cs, 1)

and®;;s = > kg Ellog(1 — ék,1)16 (i, k)d(cs, 1).

Fla(x)) = Y q(x) [logq@) -3 [(1 )byt

T Jjis

Ljis ( Jis + Z M Z Djthjet Yjit — Z ethFhf
h
Z E[)\“m “m] ZD_]mt ZG_]stG] stx_]zs )]] (39)

m

Minimization of this function with respect t@(x) yields



Q(mjis = ]-) X exp {(I)jis + Z E[)\jzm Z gmt |: a]im stt Yjit — Z e]thht)
m t

— %E[a?im] Jét + Z 2G]stG_75’t$]zs ):| } (40)
/#S

q(zjis = 0) o< exp {i)jis}
(41)

2.4 System membership and activation probabilities

First, note that with the optimal posterior over the auxjlisariablesq*, defined in Equation (19),
we have:

Ellog¢*(r|z) —logp(z,r | m,a)] = Z (logF(a + Nj) — logF(a))

+S E. [1og T(@h,) — log T(G@h, + njk)] . (42)
ik

The Gibbs free energy as a function of posterior over a singgenbership variable(z;;) then
becomes:

.7:[(] ij Zq Zﬂ - k) log q(zjl = k Z E. [IOgF(‘D;k + njk)} +
k

_ZQ(zji =k) Z [Q(l’jis = 1)q(cs = l)E[log ¢r1] +q(zjis = 0)q(cs = Z)E[log(l—m,l)]}

k l,s
(43)
We can simplify the second term on the right hand side of Hqu#43) as:
B, [10gT(@r,, + njx)| = Bz (251, k) log(@, + nji") +1og T(@5 + ;0" (44)

= q(zji = k) Ez-3ilog(@f + njl")] + By log T(@f, + )], (45)

wheren”l andz™7* indicate the exclusion of voxein subjectj and only the first term is a function
of q(zﬂ) Now, minimizing Equation (43) yields the following upddte membership variables:

q(zji = k) exp{Ezﬂji[10g<@§k + n;;ﬁl)]Jr
Z(q(xm = 1)g(cs = 1) Eflog dr.] + q(xis = 0)g(cs = 1) Eflog(1 — d)k,z)]) },
l,s

In order to compute the first term on the right hand side, ds thiid Equation (28), we use a Gaussian
approximation for the distribution of;;, to find:

Vil

Ez_‘ji[log(d;k + n;kjl)] ~ IOg( k: + E[ _‘”]) - 2(@ k+E[nﬁJl]) .
J

(46)

For the unit/category activation variables, we find

Fla(¢r)] = /Q(¢k,l) <IOgQ(¢k,1) > [{ PN gz = k)gles = Dglajis = 1)}10g¢k,z+

Jyi,s

{w2 43 alzi = K)ales = Da(wjis = 0) } log(1 - qm)} ) + coust.  (47)

Jsts8



The posterior distribution is thus found to bg, ~ Beta(@;, , @} 7), with parameters as described
by:

opl =wt ) qlz = k)gles = Dalajis = 1) (48)
7,%,8

Gpt =w? 4+ qlzji = k)qles = Dg(ajis = 0) (49)
7,%,8

The stimulus category memberships are given by

logq(cs =1) = Z {(J(l“jis = 1)q(zj; = k)E[log ¢r,1] + q(xjis = 0)q(25; = k) Eflog(1 — ¢k,l)]}

+ Ellog p] + const. (50)
Where p is given as in Equation (12), and the posterior over the difglaking weights is

u ~ Beta(@"',o"?):

Gt =14 qles=1) (51)
Gt =X+ Y ales =1 (52)
s,l'<l
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