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This supplementary appendix provides additional details of the proofs of our results. Sections 1 and 2 prove
our main result on Robust PCA, Theorem 1 of the paper. Section 3 explores the implications of this analysis
for the related problem of low-rank matrix completion, and proves Theorem 2 of the paper.

For completeness, this supplement duplicates material appearing in the journal version of this paper
[9]. The reader is encouraged to consult that work for a more thorough exposition of our main results.

1 Analysis Framework

In this section, we begin our analysis of the semidefinite program
min [[All. + M| E[; subj A+ E=D. (1)

After introducing notation, we provide two sufficient conditions for a pair (4, E) to be the unique optimal
solution to (1). The first condition, given in Lemma 1.1 below, is stated in terms of the existence of a dual
vector W that certifies optimality of the pair (A, F). The existence (or non-existence) of such a dual vector is
itself a random convex programming feasibility problem, and so the condition in this Lemma is not directly
amenable to analysis. The next step, outlined in Lemma 1.3, is to show that if there exists some ¥ that does
not violate the constraints of this feasibility problem too badly, then it can be refined to produce a W, that
satisfies the constraints and certifies optimality of (A, E). The probabilistic analysis in the following Section
2 will then show that, with high probability, such a W), exists.

1.1 Notation

Foranyn € Z4, [n] ={1...n}. For M € R™*™ and I, J C [m], My ; will denote the submatrix of M
consisting of those rows indexed by I and those columns indexed by .J. We will use e as shorthand for the
entire index set: M7 o is the submatrix consisting of those rows indexed by I. M™* will denote the transpose
of M. For matrices P,Q € R™*", (P,Q) = trace[P*Q] will denote the (Frobenius) inner product. The
symbol I will denote the identity matrix or identity operator on matrices; the distinction will be clear from
context.

|| M]|,,q will denote the operator norm of the matrix M, as a linear map between ¢” and £7. Important special
cases are the spectral norm ||M||2,2, and the max row- and column norms,

[M]|2,00 = max [[M;ofl2  and HM||1,2=mjaXHM-,j||2’ (2)

and the max element norm
[ M]l1,00 = max | M. 3)

*For more information, see http://perception.csl.illinois.edu/matrix-rank/home.html. This
work was partially supported by NSF IIS 08-49292, NSF ECCS 07-01676, and ONR N00014-09-1-0230.



We will also often reason about linear operators on matrices. If £ : R™*"™ — R™*™ is a linear map, ||L||r,r
will denote its operator norm with respect to the Frobenius norm on matrices:
1£[M]||»

Mermxm\foy |MllF

IL]lFr = 4)

If S is a subspace, g will denote the projection operator onto that subspace. For U € R™*", iy will denote
the projection operator onto the range of U. Finally, if I C [m], 71 = > _,; e;e} will denote the projection
onto those coordinates indexed by I.

We will let

Q= {(6,5) | Eoi; # 0} (5)
denote the set of corrupted entries. By slight abuse of notation, we will identify  with subspace {M | M;; =
0V (4,7) € Q°}, so mq will denote the projection onto the corrupted elements. We will let ¥ € R™*™ be an
iid Rademacher (Bernoulli 1) matrix that defines the signs of the corrupted entries:

sign(Ey) = mq[X]. (6)
Expressing sign(FEy) in this way allows us to exploit independence between €2 and X.

The symbol ® will denote the Kronecker product between matrices. “vec” will denote the operator that
vectorizes a matrix by stacking the columns. For M € R™*™, this operator stacks the entries M;; in
lexicographic order. For = vec[M] € R™*™ we write &g as shorthand for x (), where L(Q) =

{jm +1i | (i,5) € Q} C [m?], and as further shorthand, we will occasionally use vecn[M] to denote
[vec[M]]q.

In both our analysis and optimization algorithm, we will make frequent use of the soft thresholding operator,

which we denote S:
0 lz] <~
S — .7 9 7
1= St -, [ 51 @
For matrices X, S.,[X] will denote the matrix obtained by applying S, to each element of X;;. Finally, we
often find it convenient to use the notation

59 [X] = mq1 [S,[X]) ®)
That is, ngc applies the soft threshold to X but only retains those elements not in €.

Throughout, we will use the symbol W) to refer to the Stiefel manifold of matrices U € R™*" with or-
thonormal columns: U*U = I,.,.. We will use SO(r) to refer to the special orthogonal group of r X r
matrices R such that R*R = RR* = I, 4, and det(R) = 1.

1.2 Optimality conditions for (A, Ey)

We begin with a simple sufficient condition for the pair (A, Eg) to be the unique optimal solution to (1).
These conditions are stated in terms of a dual vector, the existence of which certifies optimality. Our anal-
ysis will then show that under the stated circumstances, such a dual certificate can be produced with high
probability.

Lemma 1.1. Let (Ag, Ep) € R™*™ x R™*™ with
Q = supp(Ep) C [m] x [m]. )

Let Ay = USV™ denote the compact singular value decomposition of Ag, and © denote the subspace
generated by matrices with column space range(U) or row space range(V):

©={UM*|MecR™"}+{MV* | M e R™*"} C R™*™. (10)
Suppose that |Tome||r.r < 1 and there exists W € R™*™ such that

[UV* +W]i; = Xsign(Eo; ;) Vi, jeQ,
OV + Wiyl < X Vigeqr, ~
UW =0, WV=0, [[We<1

Y

Then the pair (Ao, Ey) is the unique optimal solution to (1).



Proof. We show that if a Lagrange multiplier vector Y = UV™* + W satisfying this system exists, then
any nonzero perturbation Ag — Ag + A, Ey — FEy — A respecting the constraint A + F = Ay + Ey
will increase the objective function. By convexity, we may restrict our interest to A satisfying ||A[l1,00 <
min; jyeq |Eo,j|. For such A,

MEo = Alln = MlEoll = =X ) sign(Boi)Ay + X Y Ayl = (Y, -A).
(1,5)€EQ (4,5)¢Q

with equality if and only if mq1 [A] = 0 (since on this set |Yj;| is strictly smaller than A). Similarly, since
Y =UV W ed| |,

[ 4o + All« > [[Ao|l« + (Y, A). (12)
Moreover, since ||Ap|l« = (UV*, Ag) = (Y, Ag), ||Aoll« + (Y, A) = (Y, Ag + A). Thus, by Lemma 1.2
below, if equality holds in (12), then A € ©. Summing the two subgradient bounds, we have

Ao + Allx + Al Eo — Alls > [|Aoll« + Al Eoll1,

with equality only if A € QN O. If ||rqmel|rr < 1, then @ N O = {0} and so either

[ Ao + Alls + Al Eo — Ally > [[Aoll« + Al Eoll,
or A =0. O
Lemma 1.2. Consider P € R™*™, with |Pll2,2 = 1 and opmin(P) < 1. Write the full singular value

decompositionof Pas P = Uy U, I 0 Vi Vo " where | 2s||lao < 1. Let Q € R™ ™ have
0 22 ’

reduced singular value decomposition Q = UEV™*. Then if (P, Q) = ||Q||«, U*Us = 0 and V*V, = 0.

Proof. Let r denote the rank of Q).
. I 0 UsUu

Let Y, Z € R™*" denote the matrices Y =

orthonormal columns. Then, after the above rotation
(P.Q) = Y oi(P)Y 0j(@Q)Zi;Yi; = Y 05(Q)D_ 0:(P) Zi; Yy (13)
i=1 j=1 j=1 i=1

Forall j, >, 05(P)Zi;Yij < ||[6 5 | Ze ]|, [Ye,sll2 < 1, with equality if and only if 04(P) < 1 =
Z;j = 0and Z, j = Y, ;. Since whenever (P, Q) = ||Q||. each of the >_!" | 0;(P)Z;;Y;; must be one, this
implies that U5 U and V5V are both zero. O

Thus, we can guarantee that (Ag, Ey) is optimal with high probability by asserting that a certain random
convex feasibility problem is satisfiable with high probability. While there are potentially many W satisfying
these constraints, most of them lack an explicit expression. As has proven fruitful in a variety of related
problems, we will instead consider a putative dual vector W) that does have an explicit expression: the
minimum Frobenius norm solution to the equality constraints in (11). We will see that this vector already
satisfies the operator norm constraint with high probability. However, the box constraint due to sign(Ep)
is likely to be violated. We then describe an iterative procedure that, with high probability, fixes the box
constraint, while respecting the equality and operator norm constraints. The output of this iteration is the
desired certifying dual vector.

1.3 Iterative construction of the dual certificate

In constructing the dual certificate, we will use the fact that the violations of the inequality constraints, viewed
as a matrix, often have sparse rows and sparse columns. To formalize this, fix a small constant ¢ € [0, 1], and
define

U, = {M e R™ ™ | || Majllo < emVij, || Miello < emVi, mo[M] = O}. (14)



We will show that such matrices are near the nullspace of the equality constraints in (11). The equality
constraints in (11) can be expressed as

WQ[W] = WQ[)\Sign(Eo) — UV*] and W@[W} =0.

We will let I' denote the orthogonal complement of the nullspace of these constraints:

=0+ (15)
Let &, denote the operator norm of 7, with respect to the Frobenius norm on R™*™ restricted to W .:
M
gz sup ImMlr gy (16)

mew {0} IM]lF

In Section 2.3, we establish a useful probabilistic upper bound for this quantity. Before investigating these
properties, we show that if £, and W, are well-controlled, we can find a dual vector certifying optimality of
(Ao, Ep).

Lemma 1.3 (Iterative construction of a dual certificate). Suppose for some ¢ € (0,1) and € > 0, there exists
Wy satisfying me[Wy] = 0 and mo[Wo| = mq [)\ sign(Eo) — UV™|, such that

|0V + Wollo + = S0V +W0)HF < (A —e)em, 17)
JUV* + Wollz,o0 + 7= HS?jE(UV*+WO)HF < (A —e)/em, (18)
and
[Wo T HS UV +Wo)llr < 1. (19)
Then there exists W, satisfying the system (1 1).
Proof. We construct a convergent sequence Wy, Wy, ... whose limit satisfies (11). For each k, set
Wi = Wi1 —mpe S (UVF + Wi_1) . (20)

Notice that 7g[W}] = mo[Wi—1] and mo[Wi] = mo[Wk—1], so for all k, mg[Wy] = 0 and mo[Wy] =
ma[Asign(Ey) — UV*]. We will further show by induction that the sequence (W},) satisfies the following
properties:

k—1
v + Wollua + || STV + W) HF;&’ @1
k—1
[0V + Wallzoo < [UV* + Wollaoo + || S0V +W0) | Dl (22)
1=0
max {SQ; UV* + W,H)} | <em, (23)
% el
max {S?; (Uv* + Wk_l)} | <em, (24)
J LIVAIN
IS UV + Wi) | < XSS UV + Wo) |l r- (25)

For k = 0, (21), (22) and (25) hold trivially. The sparsity assertion (23) follows from the assumptions of the
lemma: for all 4,
* 2
IUV* + Wolially _ IUV"+ Wollis
S G S (er
The exact same reasoning applied to the columns gives (24). Now, suppose the statements (21)-(25) hold for
WO N Wk—1~ Then

cm.
7,0

H S _(UV* +WO)]

[UV*+ Wil < UV + Wi_all12+ HS?;(UV* + kal)HF

IN

JUV* + Wellho + |[SE. @V + W) | ek

IN

JUV* +Wollso + [ SE. 0V + W@HFS)I&;‘,
1=0



establishing (21) for k. The same reasoning applied to ||-||2,c establishes (22) for k. Bounding the summation
in (21) by ﬁ and applying assumption (17) of the lemma gives that [|[UV* + W7 5 < (A —)?cm. This
implies (23): the number of entries of each column of UV * + W), that exceed A —¢ in absolute value is at most
cm. The same chain of reasoning establishes that (24): the rows of Sf\l_s(U V* + Wy) are also cm-sparse.

Finally, notice that

IS OV + Wole = S (UV + Wit = me SOV + Wi) )|

- H SQiE(Uv* + Wiet = SOV + Wiy) + me S UV + Wk—l)) HF

Since the entries of UV™* + Wj_1 — S?jE(UV* + Wy_1) have magnitude < X\ — g, ’ﬂ'FS)(\Zig(UV* +
Wi—_1) dominates S _(UV* + W) elementwise in absolute value. Hence, ||S¥°_(UV* + Wy)|r <
7SS (UV*+Wi—1)|lr < E|ISE (UV* +Wi_1)|| F» where we have used that S _(UV* +Wj_1) €
W.. Thus each of the three statements holds for all k, and ||S§2i5(UV* + W)l F decreases geometrically.
For all k sufficiently large, |[UV* 4+ Wi|l1,00 < A

Meanwhile, notice that

Wil < [Witll22 + e S UV + Wi_1) 2,2
< Witz + S UV + Wis)||r
< Witz + IS UV + Wo)l|p.

By induction, it is easy to show that

k—1
Will22 < [[Wolla,2 + IS (UV* + Wo)llr Y &L
i=0
By the second assumption of the lemma, this quantity is bounded by 1 for all k. O

2 Probabilistic Analysis of the Initial Dual Vector

In this section, we analyze the minimum Frobenius norm solution to the equality constraints in the optimality
condition (11). We show that with high probability, this initial dual vector satisfies the operator norm con-
straint, and that the violations of the box constraint are small enough that the iteration described in (20) will
succeed in producing a dual certificate. The analysis is organized as follows: in Section 2.1, we introduce
several tools and preliminary results. Section 2.2 then shows that with overwhelming probability the operator
norm of the initial dual vector is bounded by a constant that can be made arbitrarily small by assuming the
error probability ps and rank r are both low enough. Section 2.3 then shows that the restricted operator norm
&, is also bounded by a small constant, establishing that all row- and column- sparse matrices are nearly
orthogonal to the subspace spanned by the equality constraints in (11). Section 2.4 analyzes the violations of
the box constraint. Finally, Section 2.5 combines these results with the results of Section 1 to prove our main
result, Theorem 1.

2.1 Tools and preliminaries

In this section, we will often need to refer to the following subspaces

v = {UM"|MeR™™m},
v = {MV*|MeR™"}
= {UMV*| M eR™"}.

Notice that m1¢ = 7z, + 7=,, — 75, and that 7z, = 7=, 75, = 7=, T, -

(11 [1]

Euv

In the Bernoulli support model, the number of errors in each row and column concentrates about ps;m. For
each j € [m], let

I ={i] (i,5) € Q}, (26)
i.e., I; contains the indices of the errors in the j-th column. Similarly, for i € [m], set
Ji={j|(,j) € Q}. (27)



In terms of these quantities, for each 7 > 0, define the event

Ea(n) « max|I;| < (14 n)ps and max [J;| < (1 +1)ps.
J 7

Much of our analysis hinges on the operator norm of mome. We will see that on the above event Eq (7)), this
quantity can be controlled by bounding norms of submatrices of the singular vectors U and V. This results
in a number of bounds involving the following function of the rank and error probability:

(r/m, py) = 2%- (28)

Where 7 is used as shorthand, it should be understood as 7(r /m, ps). We will repeatedly refer to the following
good events:

Eav ¢ |lmamz,llpr < T(r/m,ps),
Eav ¢ marzy, |lpr < 7(r/m,ps),
Eao : |mamellrr <27 (r/m,ps).

In establishing that these events are overwhelmingly likely, the following result on singular values of Gaussian
matrices will prove useful:

Fact2.1. Let M € R™*™, m > n and suppose that the elements of M are independent identically distributed
N(0,1) random variables. Then

P [0maz(M) > Vm ++/n+t] < exp (]5;) ;

Plomn(M) < V- vi-] < ew(-5).

This result is widely used in the literature, with various estimates of the error exponent. The form stated here
can be obtained by via the bounds E (0,4, (M)] < v/m++/nand E [0,,:, (M )] > \/m—+/n, in conjunction
with [6] Proposition 2.18, Equation (2.35), and the observation that the singular values are 1-Lipschitz.

Lemma 2.2. Fix any n € (0,1/16). Consider (U,V,Q) drawn from the random orthogonal model of rank
r < m with error probability ps > 0. Then there exists t*(r /m, ps) > 0 such that

t*2 2.2
]P)U,V,Q [59(77) NEau N€qy N SQ@] >1—4mexp <m2 > — 4dmexp (77257n> . 29)
In particular, if for all m larger than some mgy € Z, r/m < p, < 1, then
Puv.ala(n) Néau NEav NEas] > 1 —exp (—Cm + O(log(m))) . 30)

Proof. Each of the random variables |I;| is a sum of m independent Bernoulli(p,) random variables
X1,4,X2j,... X ;. The partial sum Zle Xk — psk is a Martingale whose differences are all bounded
by 1. So by Azuma’s inequality, we have P [|I;| — psm > t] < exp (—%) The same calculation clearly
holds for the J;, and so setting ¢t = npsm,

2 2
P[Ea(n)] < 2P| > po(1+m)m] < 2mexp (—”’;m) (1)

So, with high probability each row and column of Ej is (1 + 7)psm-sparse. We next show that such sparse

vectors are nearly orthogonal to the random subspace range(U). The matrix U is uniformly distributed on
W and can be realized by orthogonalizing a Gaussian matrix. Let Z € R™*" be an iid N (0, %) matrix;

then U is equal in distribution to Z(Z*Z)~'/2. For each I,

121, ell2,2

* —1/2
HZI]"'(Z 2) ! H22 = Omin(Z)



where 0,,:,(Z) denotes the r-th singular value of the m x r matrix Z. Now, for any ¢ > 0
2

P {amm(Z) <1-— \/7"/7m— t} < exp (_t;n) ) (32)

Meanwhile, on the event £q (7)),

/ t?m
]sz |:||Z]j7.||272 > r/m+ Ij|/m+t} < exp <2> . (33)

Hence,
Vr/m+yT+n/ps+t
P U7, ell2,2 >
1—/r/m—t
Vr/m+vVT+n/ps +1t
< Poiy, (10l > YD 1) < (4 mpum| + B[] (15 a)pum

< 2exp <le52> + exp (772p2§m) .
Set t* < min (3 — 31/Z,/7ps). By the assumption of the lemma, /T +7 + /7 < 4/3, and
VTmATFE+ it (IFi+ i) Vo
-t S (i om)
r/m+ 3/Ps
3 (1-vim)

So, (applying a symmetric argument to the V,), then, for the event £; defined below,

2,2) S T(’I"/m, ps)a (34)

< 7(r/m, ps).

&1 : max (m?XHUI,-,- |2,2,miax||VJi7.|

t*z 2 2
Puval&iNéa(n)] >1—4mexp (— m2 > — 4mexp <_77/;sm) ) (35)

If for all m > my, r/m < p, < 1, then ¢* is bounded away from zero. We next show that &, implies Eqr,
Eav, and Eqe. We can express 7o [M] in terms of its action on the columns of M: mo[M] = Zj 71, M, je
So,

*
-

mz,molM] =1y Y 7, M, je, (36)
J
and |rz,meM]|F = Y llmum, Mglls = D |U m, Ma )3
J J
2

< S elBal Mgl < (a0 ele ) 101

J
and so on &1, ||mamz, |lpr = T2y mallpr < 7(r/m,ps); and so & = Equ. A symmetric argument

establishes that £ = Eqy-. Now, notice that since
rone|M] = mars, [M] + mq [ty M7y], 37)

if we choose a basis B € R™™" for the orthogonal complement of range(U) and define =y, =
{BQV* | Q € R™~"*"} C R™*™, then

Imemollpp < Imamz, lpp + Imom=, . || p - (38)
Since
||7TQ7TEUJ—V||F,F - Me:ilﬁ)/\{O}HWQ[M]”F
< sup |m[M]llp = [lrar=, |Fr,
MeEyv\{0}
& = &Eqe and the proof is complete. O



We will need to understand concentration of Lipschitz functions of matrices that are uniformly distributed
(according to the Haar measure) on two manifolds of interest: the Stiefel manifold W™ and the group of r X r
orthogonal matrices with determinant one, SO(r). This is governed by the concentration function on these
spaces:

Definition 2.3. [6] Let (X, d) be a metric space. For a given measure p on X, the concentration
function is defined as

ax,au(t) =sup {1 —p(A) | AC X, pu(A) > 3}, (39)
where Ay = {x | d(x, A) < t} is a t-neighborhood of A.

The concentration functions for W) and SO(r) are well known:

Fact 2.4 ([7] Theorems 6.5.1 and 6.7.1). For r < m the manifold W7, with distance d(X,Y) =
|X — Y||r, the Haar measure p has concentration function

2
aw,a,u(t) < \/gexp <—%) . (40)

Similarly, on SO(r) with §(X,Y) = || X — Y||r, and v the Haar measure,

™ rt?
asory,ew(t) < \/ g &P (—?) . 41

Propositions 1.3 and 1.8 of [6] then imply that Lipschitz functions on these spaces concentrate about their
medians and expectations:

Corollary 2.5. Suppose r < m, and let f : R™*" — R with Lipschitz norm

. /(X)) — F(Y)
ip = SUp ——————. (42)
Hf”lzp X;ﬁ%)/ ||X_YHF
Then if U is distributed according to the Haar measure on W}, and median( f) denotes any median,
. mit2
P[f(U) > median(f) +t] <exp | —=57m5— | - 43)
8||le1p
Similarly, if g : R™*" — R™ with Lipschitz norm
: l9(X) —g(Y)]
ip = SUp —————. (44)
Hngp X#I})’ ||X—Y||F
Then if R is distributed according to the Haar measure on SO(r), g satisfies the following tail bound:
8 rt?
P |[g(R) — E[g(R)]| > Hngip\/ Tt < 2exp _W . (45)
lip

Proof. The concentration result (43) is a restatement of [6] Proposition 1.3. For (45), notice first that [6]
Proposition 1.3 implies that

42
P[lg(R) — median(g)| > t] < 2exp <_8||rg||2> . (46)
lip

i 72 8
a = 2exp | —gi—o— | 4t = lglliip\/ — 47
| ( 8||g||%ip> A

then [6] Proposition 1.8 gives

If we set

2
Pllg(R) — Elg]| > a+1t] <2exp <_8||Tg||12> . (48)
ip



2.2 Bounding the operator norm

In this section, we begin our analysis of the minimum Frobenius norm solution to the equality constraints
of the feasibility problem (11). We show that with overwhelming probability this matrix also has operator
norm bounded by a small constant. An important byproduct of this analysis is a simple proof for that, with
the same models studied here, the easier problem of matrix completion — filling missing entries in a low-rank
matrix — can be efficiently and exactly solved by convex optimization, even for cases when the rank of the
matrix grows in proportion to the dimensionality. Section 3 further elucidates connections to that problem.

2.2.1 General approach

We begin by showing that with high probability the minimum Frobenius norm solution is unique, and giv-
ing an explicit representation for the pseudoinverse operator in that case. This operator, denoted H, is
applied to the matrix A sign[Ey] — UV™* to give the initial dual vector. We separately bound the norm of the
two terms induced by || H sign[Fy]||2,2 and ||HT[UV*]||2 2, respectively. Both arguments follow in a fairly
straightforward manner by reducing to a net and then applying concentration inequalities. Throughout this
section, N will denote a %-net for S 1, By [6] Lemma 3.18, there is such a net with size at most exp(4m).
Moving from [|A[|2,2 = Sup,, ,cgm-1 €* Ay to our product of nets loses at most a constant factor in the esti-
mate: [|All22 < 4 sup, ey T* Ay (see e.g., [8] Proposition 2.6). We will argue that for our A of interest,

f(A) = x* Ay concentrates, and union bound over all exp(8m) pairs in N x N.

2.2.2 Representation and uniqueness of .

Lemma 2.6 (Representation of the pseudoinverse). Suppose that we have |romq||r,r < 1. Then the opera-
tor I — momeTq is invertible, and for any M the optimization problem

min |Wl|p subj we[W]=0, mo[W]=mrq[M] (49)
has unique solution
(oo}
. . A
W = mgimq(I—momeng) malM] = F@LWQZ(WQWQWQ) ma[M].
k=0

Proof. Choose matrices U+, V1 € R™*™~" whose columns form orthonormal bases for the orthogonal
complement of the ranges of U and V/, respectively. Let () denote the matrix

VL* ® U*

V*® UL*
Notice that the rows of @) are orthonormal, and that they form a basis for the subspace of vectors {vec[M] |
M € ©}. The equality constraint in (49) can therefore be expressed as

[ . }Vec(w) = [ vecn M) } ! (50)

)

Here, I is the m? x m?2 identity matrix, and Iq o is the submatrix of I consisting of those rows indexed by
€, taken in lexicographic order. The minimum Frobenius norm solution W is simply the minimum ¢? norm
solution to this system of equations. Define the matrix

P=QI,q.

Notice that for any matrix M,
Q" P I evec|M] = vec|[momaM].

Since @ and Iq o each have orthonormal rows, ||[Temq || r = ||Q*PIg.e|l2,2 = || Pll2,2- So, by the assump-

tion of the lemma || P||2,2 < 1, and the matrix is nonsingular. We therefore have the following

I P
P I
explicit expression for the unique minimum ¢2-norm solution to (50):

ved W] =[ Q" Ioq | { o Ifr { veoulM] } (51)



Applying the Schur complement formula (which is justified since I > P* P), the above is equal to

[ Q" Ieo ] [ _IP ] (I — P*P)"'vecq[M]

= (I-Q*Q)leq(I— P*P) '1Iq.vec[M]

(I-Q QLo (10,6Q Qe ) Ig evec[M]

k=0

= vecC ['IT@L'/TQ Z('/TQ']T@']TQ)I‘;']TQ[M}] 5
k=0

yielding the representation in the statement of the lemma. O

2.2.3 Effect of the singular vectors

We next analyze the part of the initial dual vector Wy induced by UV *. From the previous lemma we have

the expression
oo

HTH = ToLTQ Z(ﬂ'gﬂ'@ﬂ'g)kﬂ'g[-L (52)
k=0
whenever ||Tomel|F,F < 1. Analysis of H[UV*] is complicated by the fact that UV * and © are dependent
random variables. Notice, however, that mg depends only on the subspace spanned by the columns of U,
not on any choice of basis for that subspace. UV™, on the other hand, does depend on the choice of basis.
We will use this fact to decouple H' and UV*, and show that the ¢? operator norm of H'[UV*] is bounded
below a small constant with overwhelming probability.

Lemma 2.7. Let (U, V,Q) be sampled from the random orthogonal model of rank r with error probability
ps. Suppose that r and ps satisfy

7(r/m,ps) < 5. (53)
Then with probability at least 1 — exp (—Cm + O(logm)), the solution WYV to the optimization problem
min |W||p subj U'W =0, WV =0, nq[W] = —mo[UV*] (54)

is unique, and satisfies

Uv r 8 m 8 8m
W5Vl < 647 (1o0) (”3\/ m__l) e 43)

Proof. First consider the event
& ||7TQ[UV*]H2’2 < 64rT.

Fix ,y € N and write
wmo[UV]y = (Urraley™], V™).

On the event Eqp, ||U*ma[zy*]||F < 7. So, as a function of V, (V) = a&*nq[UV*]y is 7-Lipschitz. Since
the distribution of V' is invariant under the orthogonal transformation V' — —V, (V') is a symmetric random
variable and 0 is a median. Hence, on the event £q; the tail bound (43) implies that

t2
Pua (V) > <o (-7 ). 56)

Set t = 167. A union bound over the < exp(8m) elements of N x N shows that on Eq,

PV\U,Q |:||7TQ[UV*]H2;2 > 647':| < ]P)V‘U’Q |: sup x*ﬂ'Q[UV*]y > 167
xz,yeN XN
< exp(—24m),

and hence we can conclude that
Py,v,a 1] 1 —exp (—24m) — P[Eq/]

1—exp(—Cm+ O(logm)) .

ARV
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Now, consider the combined event &1 N Eqe. On this event, the representation in Lemma 2.6 is valid and

o0

WOUV = —TQLlTQ Z(WQ?T@?TQ)kWQ[UV*]. (57)
k=0

Forany M, g [M] = mgr M7y 1, ||mgr[M]||2,2 < ||M]|2,2, so

”WOUV”Z,Q < T™Q Z(TFQW@’ITQ)’C’/TQ[UV*]
k=0 2.2
< N [UV]llys + me@m [UV*] (58)
k=1 2,2

We have already addressed the first term. To bound the second, we expand our probability space as follows.
Consider U and V distributed according to the Haar measure on W _,. Identify U and V' with the first
columns of U/ and V/, respectively, and write U and V for the remaining m — 1 — r columns. Notice that U
and V are indeed distributed according to the random orthogonal model of rank 7, and that U and V follow

the random orthogonal model of rank m — r — 1 (although, of course, U and U now dependent random
variables). Write

00
Z 7TQ7T@7TQ UV ]
k=1

00
Z 7TQ7T@7TQ [ﬁf/* — UV*]
=1

2,2 2,2

s

oo

Z(T(Qﬂ'@ﬂ'g)k [Uf/*]

k=1

+
2,2

i 7TQ7T@7TQ {UV*}

2,2

We next show that with overwhelming probability each of these terms is well-controlled. Notice that if

R € SO (m — r — 1) is any orthogonal matrix, then the joint distribution U, U, and U is invariant under the
map

0 R

This follows from the right orthogonal invariance of the Haar measure on W _, (see e.g., [5] Sec-

tion 1.4.3). Since this map preserves U and V, it also preserves ©. Hence, the term of interest,

HZ,;";I(ﬂQweﬂQ)k [UV*} ‘ is equal in distribution to szo:l(ﬂ'gﬂ'@ﬂ'g)k [URV*} ’ . The orthogonal
2,2 2,2

matrix R is independent of all of the other terms in this expression. This independence allows us to esti-

mate the norm by first bounding the operator norm of the map Z;‘;l (ramemq)* and then applying measure
concentration on SO (m — r — 1). For fixed «,y € N, consider the quantity

z” (WQWGWQ)k [URV*] Yy = <U* (Z(WQWGWQ)k[ﬂ?y*]> V,R>

UHU[ 0} (59)

k=1 k=1
= (M,R).

This is a || M || p-Lipschitz function of R. Since for any w € S™~!, Rw is uniformly distributed on S™~1,
Ele; Rw] = 0 for all i. So, E[R] = 0 and E5; (M, R) = 0. On the event £ge,

[mrememalFF 472 4t
: * < < —. 60
T fmaromalrr "0 17 = Tog =30

M|l <) (mamema)Flay*] <
k=1

Hence, on £qe by (45)

9(m —r — 1)t
P M,R t 2 - 61
wiar [V, 8) > () ] < 2 oxp (-2 = 0, 1)
where y(m) = 141 M’ps oy < 4,/-2T—. For compactness of notation, set 3(m,r) =
m=r—1 Then, settlng t = W’ union bounding over the < exp(8m) pairs in N x N, and then moving

11



from N x N to S™~! x §™~! (losing at most a factor of 4) gives

c - 256 T
R‘U V.Q Z ﬂ-Qﬂ—@ﬂ_Q |:URV jl > W + 4’7(m) < 2 exp (—24m) . (62)
k= )
And so,
- - 256 7
Pove Z TOTeTQ) [ Vv } > Bonr) + 4y(m)
k=1 2,2 ’
- - 256 T
= R|U V,Q Z TQTOTQ) [URV } > W + 47y(m)
k= 2,2 ’

< 2exp(—24m) +P[EGe] < exp(—Cm + O(logm)).

An identical argument, this time randomizing over R = [ (I) 103 } shows that

S 256 T n
3B(m, )

2,2

Py va 4y(m)| < exp(—Cm+ O(logm)). (63)

iﬂgﬂ@ﬂg [ V*}
k—1

Combining terms yields the bound. O

2.2.4 Effect of the error signs

We next consider the effect of the error signs. As in the previous proposition, we handle the £k = 0 and
k =1...00 parts of the representation in Lemma 2.6 separately.

Lemma 2.8. There exists a function ¢(ps) satisfying lim, ~ o0 ¢(ps) = 0, such that if Eqy is distributed
according to the Bernoulli sign and support model with error probability p.

Po.s | lsin(Eo) [ > 6(ps)v/m| < exp(~Cm). (64)

Proof. We first provide a bound on the moment-generating-function for the iid random variables Y;; =
sign(Ey;;) of the form E[exp(tY)] < exp(at?). The moments of Y are
1 k=0,
E[Y¥]={ 0 kodd,
ps k>0, keven,

so Elexp(tY)] =14 7, (2k . Since exp(at?) = 14 >_p2; @I—, it suffices to choose « such that
2k)!
ps < (ﬂa’“ VE=1,2,....
k!
1
Since ( )' > k* o > maxg_;o, %p;f suffices. Consider the function v : [1,00) X [0,1] — R defined

by U(x, y) = %yi. Y(l,y) = y, and for all y lim,_,~, ¥(z,y) = 0. The only stationary point occurs at
= log(1/y), and hence for y > 0 its maximum on [1, 00) is ¥(z*(y), y) = max (y, mylom‘l) )
Notice that lim,~ o ¢ (z*(y),y) = 0, and that

Elexp(tY)] < exp((a*(ps), ps)t*). (65)
Now, for any fixed pair ¢,y € N, let Z = x* sign(FEy) y. Then

Elexp(tZ)] HE exp(tz;y;Yi;)]
ij

< HeXP $), ps)t* (wiy7)?) = exp((a* (ps), ps)t°).

12



Applying a Chernoff bound (and optimizing the exponent) gives

2
Plz* sign(Eo)y > t] < exp (—W) . (66)

Union bounding (and recognizing that moving from N x N to S™~! loses at most a factor of 4) gives

2
P [[lsign(Eo)|2,2 = 4tv/m] < exp <8m — mW) ) (67)

If we set, e.g., t(ps) = 8¢'/2(x*(ps), ps), the probability of failure will be bounded by exp(—8m). Further
setting ¢(ps) = 4t(ps) gives the statement of the lemma. O

The above lemma goes part of the way to controlling the component of the initial dual vector induced by the
errors, H'[Asign(Fy)]. A straightforward Martingale argument, detailed in the following lemma, completes
the proof.

Lemma 2.9. Consider (U,V, ), X) drawn from the random orthogonal model of rank r < m with Bernoulli
error probability ps and random signs, and suppose that r and ps satisfy

T(r/m,ps) < i. (63)

Then with probability at least 1 —exp(—Cm~+0O(logm)) in (U, V, Q, X), the solution WE to the optimization
problem
min |[W||p subj U*W =0, WV =0, mq[W] = —mq[Asign(Ey)] (69)
is unique, and satisfies
1287(r/m, ps)
Wl < ooy + 2Tm00)

where ¢(+) is the function defined in Lemma 2.8.

(70)

Proof. On event £g, the minimizer is unique, and can be expressed as

Wi =rermq Y _(mamema)rmalAsign(Ep)].
k=0
Since g is a contraction in the (2, 2) norm,
(o)
HW(ﬂ 22 < ||7a Z(Wnﬂeﬂg)kﬂ'g[/\ sign(Ep)]
k=0 2,2
oo
< [[ma[Asign[Eo]lly 0 + Z Tamema) o \sign(Ep)]

2,2

Lemma 2.8 controls the first term below ¢(ps) with overwhelming probability. For the second term, it is
convenient to treat sign(FEp) as the projection of an m X m iid Rademacher matrix 3 onto 2: sign(Ey) =
7o[X]. Fix @,y € N, and notice that

z” Z TQTETa) WQ[Asign(Eo)}y
k=1

<>\ > (rarema)*xy™], 2> .
k=1
= (M,%).

On the event £qg, M € R™>™ has Frobenius norm at most m 147;2 < 3%. Order the indices
(1,7) 1 <14,j < m arbitrarily, and consider the Martingale Z defined by Zy = 0, Zy, = Z_1+M;, ;. Zi, j.-
The k-th Martingale difference is bounded by |M;, , |, and the overall squared ¢2-norm of the differences is

bounded by || M ||%. Hence, by Azuma’s inequality,

2
P[(M,X) >t] < exp (—?;2) . (71)
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Set t = 22 A union bound over the < exp(8m) elements in N' x N shows that on the event £ge,

128
> TT < exp (—24m) . (72)

2,2

Z TOTOTQ) kra [Asign(Ep)]
k—1

Privva

Hence, Py v.a 5 [HZZOZI(WQNGWQ)’“WQ[)\ sign(Ep)] H2 ) 1287} is bounded by

exp (—24m) + P[ESe] < exp (—Cm + O(logm)) .

2.3 Controlled feedback for sparse matrices

We next bound the operator norm of the projection 71, restricted to row- and column-sparse matrices V...

Lemma 2.10 (Representation of iterates). Let ©,1",Q be defined as above. Suppose that | rome||rr < 1.
Then for all M € Q-+,

WF[M] = WQLW@Z(T(@WQ’/T@)]C’/T@[M]. (73)
k=0
Proof. For M € QF,
-1
vec[rrM] = [Q" | Is0] [ PI* IID } [ Ig. }Vec[M]

Q" | Ta.q] [ PI* ]ID }_1 [ QVGS[M] } .

Under the condition of the lemma, ||P|]22 < 1 so the above inverse is indeed well-defined, and can be
expressed via the Schur complement formula:

vec[rrM] = Q*(I— PP*)"'Qvec[M]— I, oP*(I1 — PP*)"'Qvec[M]
= 7TLQ*(I — PP*)"'Qvec[M]
(o)
= 71 Q") (PP*)FQvec[M].
k=0
Recognizing that
(o) oo
Q" Z (PP*) Qvec M] = vec |mo Z(?T@WQ?T@)kW@[M]
k=0 k=0
completes the proof. O

Lemma 2.11. Fix any ¢ € (0,1). Consider (U,V,Q) drawn from the random orthogonal model of rank
r < m, with Bernoulli error probability ps. Further suppose that r and ps satisfy

T (gops) < (74)
Then with probability at least 1 — exp (—Cm + O(log m)),

e < 2 (\m 4 veraVE@), (75)

where H (c) is the base-e binary entropy function.

=
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Proof. From the above representation, whenever ||mqme||rr < 1,

o0

& = sup TQLTO Z(ﬂ'@ﬂgﬁ@)kﬂ@[M]
Me VU, k=0 F
|M[lF <1
< D (remame)* sup  |[me[M]|p
k=0 rr MeV,
[M|r <1
1
< sup [me[M]| f -
1—|lremomellrr pf ey,
[M]lF <1
Now,
sup [me[M]|r < sup [mo M|z + [|M7v| g
M eV, Me v,
[M|r<1 [M]lFr <1
< sup [[Urell22+ sup [[Viel2:2-
[T|<cem |J|<em

Identify U with the orthogonalization Z(Z*Z)~'/2 of an m x r iid N'(0, 2 ) matrix Z. Then for any given

m

I C [m] of size em, || Uz e]|2,2 < % Now,
mt3
P[Umm(Z) > 1—\/r/m—t1} < exp - ) (76)
Meanwhile, for each I of size cm, again
mt3
IP’{HZI,. 29 > \/r/m-l—\/E—&-tz} < exp - ) 77

There are at most exp (mH (¢) + O(logm)) such subsets I, where H(-) denotes the base-e¢ binary entropy
function, so

P [ max 1Z1,ll2,2 > /r/m+Ve+ta| <exp(—m(t3/2 — H(c)) + O(logm)) . (78)

re(tm))
Choosing t1 = & — £,/=, and set t, = 2/ H (c) and combining bounds gives
Vr/m+ e+ 2y/H(c)
) (79)
(1 =47 (r/m, ps)?)(1 — /T/m)

Noticing that v/r/m < 7 and applying the bound 7 < 1/4 to the terms in the denominator completes the
proof. O

& <

2.4 Controlling the initial violations

In this section, we analyze the initial dual vector W given by the minimum Frobenius norm solution to the
equality constraints of the optimality condition (11), and show that for any constant (3, the probability that

HSG} [UV* 4+ Wol||» > 33 approaches zero. We will treat the parts of UV* + Wy = UV* + HI[-UV*] +

H [\ sign(Ey)] separately, and use the following simple lemma to combine the bounds:
Lemma 2.12. For all matrices A, B, and « € (0, 1),

IS [A+ Bllr < IS Al F + I1SG a0y, Bl - (80)
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Proof. Notice that for scalars x, |S,[z]| is a convex nonnegative function. Hence, for matrices X € R"*"™,
H8§lc [X]|| F is again convex (see, e.g, [1] Example 3.14), and so

IS# A+ Bllr = |89 [ad+(1—a):E]

‘ F

| Rl

= IS5 [AlllF + ISE 0y, Bl £

IA

o HSQ £

.

O

The strategy, then, is to bound the expectation of [|.S}’ /3[ ]Il for each of the three terms, using the following
lemma. It will turn out that for any prespecified p, we can choose Cy such if r < Cp -2 Tog , the expected Frobe-

nius norm of the violations is O(m~P); an application of the Markov inequality then bounds the probability
that the value deviates above any fixed constant (3.

Lemma 2.13. Let X be a symmetric random variable satisfying the (subgaussian) tail bound
P[X > t] < exp(—Ct?).
LetY = 8y(X). Then

E[Y? < %exp (-C+?). (81)

Proof. Since X is symmetric, Y is also symmetric, so

E[Y? = 4/ PY > t]dt < 4/ texp(—C(t +~)?)dt
OOO 0 oo
§4/ (s — ) exp( Cs)ds<4/ sexp(—Cs?)ds
¥ ¥
O
Lemma 2.14. Let X be a random variable satisfying a tail bound of the form
P[|X| > a+1] < Cyexp(—Cat?).
Suppose v > a and letY = S (X). Then
2 Cl 2
E[v?] < C—Qexp (=Ca(y—a)?). (82)
Proof.
E[Y? = 2/ PY| > t]d 2/ tP[|X| > v + t]dt
0 0
= 2/ P X]| > slds < 201/ (s —v)exp (—=Ca(s — a)?) ds
¥ ¥
e C
= 20, / (q+a—7)exp(—Caq*)dg < é exp (—CQ('y — a)2) )
y—a
O

In the previous section, we were interested in controlling the quadratic products * Wy involving the initial
dual vector Wy and arbitrary unit vectors. Here, because the soft thresholding operator S, acts elementwise,
in this section, we require tighter control over e;Wye;. Because there are only m? pairs (e, e;), much
tighter control can be established, as is formalized in the following lemma:
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Lemma 2.15. Consider U,V drawn from the random orthogonal model of rank r. For any k > 0, define the

events
Eok) ¢ max|Usalle < 4/ —
N X 7.0 =~ 9
v i *1i2 klogm
1
: 1,0 S .
Evln) ¢ max Vil <4/
Then if r < 106;%?1) Sfor some Cy < ﬁ,
~1/2 _ 9 /T)2
Puv [Eu(k)NEy(K)] >1—2mexp | — (x 0)"m . (83)
’ 8logm
On these good events,
2
max ||7e|e; (84)
i,j

e < Jeigm

Proof. Notice that f(U) = ||U; |2 is a 1-Lipschitz function of U. Since Y., ||U; 4|3 = [|U||% = r., by
symmetry E[||U; o[|3] = L. By the Markov inequality, f has a median no larger than 2E[f] < 2,/E[f?] =
2,/ Invoking Lipschitz concentration on Wi and union bounding over the m choices of i,

2
1 1
P {max ||U; o|[2 > < m exp _m 1/ 9] . (85)
i ’ klogm 8 Kk logm m

An identical calculation applies to £y (x). Summing the two probabilities of failure completes the proof. [

Lemma 2.16. Ler (U, V) be distributed according to the random orthogonal model of rank v < m. For any
fixed Q C [m] x [m] and k > 0, on the good event Ey (k)

c 4 1 K
E S, [UvH < ———  mE 1), 86
ViU 3\}5[ ] LS \/Wm (86)

Proof. Fix U and consider [UV*]; : = U; 4V, as a ||U; ¢||2-Lipschitz function of V. On &;;(k), the Lips-
3J LN s p p

chitz constant is bounded by (xlogm)~'/2, and
. kt>mlogm
PV\U [[UV ]ij > t} < exp (8g) . (87)
By Lemma 2.13, on &y,
Evi | (S [0V ])2 <19 (=5 log(m) (88)
1 Iy < ——exp(—=— .
viv eV J kmlogm P\ Trg sl
Hence, summing over < m? pairs (i, j) € Q¢
p 2 16 5
Evu [HS‘% v } < m(1=72), (89)
3vm F klogm
Applying the Cauchy-Schwarz inequality completes the proof. O

Lemma 2.17. Fixany 3 > 0, k > 0. Consider (U,V,Q) drawn from the random orthogonal model of rank
r, with Bernoulli error probability ps, and suppose that r, ps satisfy

r <

(90)

N

m 1
Cologm, Cy < E’ T (TLn,ps) <
Then there exists mg, C1, Cy > 0 such that for all m > my,

1
Cim2~ 7048

Posio |85, b 0V, >8] < G

e + ]P’UyVyQ [5U(I$)c U 5v(li)c U 56(_)] .
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Proof. We use a similar splitting trick to that in Lemma 2.7. Again let U and V be uniformly distributed

on W _,. Identify U and V' with their first  columns, and let U and V denote the remaining m —r — 1
columns. Write

s petov, = o, o v -0
3m F 5vm F
< s [ o))+ flse [ [ov 1],
Gy/m F 6v/m 1ilg
We first address the second term. On the event £qe,
HSQr [HT {UV{HH = SQ; TeLTQ Z(WQW@WQ)kWQ [U'V*}
F s | — h
= SQi TOQLTeLTQ Z(TI‘QT(@WQ)kWQ [UV*}
ovm L k=0 F
= SQC1 TETO Z(WQT(@T(Q)k’fqg [0V*:|
ovm L k=0 F
Here, we have used that 7o T 1 o = T+ (I —mo)mq = —mq1memq. Now, since for any R € SO(m —
r — 1), the joint distribution of (U, V, () is invariant under the map
~ =1 I 0
U—U [ 0 R } . on

Moreover, this map preserves U and V, and therefore HT. Hence, if R is distributed accord-

5%, [HT[UV*]}

ing to the invariant measure on SO(m — r — 1),

is equal in distribution to
F

. Consider the 7, j element of this matrix,
F

Si [71'(_)71'9 Z;O:O(’]TQ’/T@’]TQ)ICTFQ [0RV*]:|
6v/m

B?W@’/TQ Z(WQW@TQ)kWQ[URV*]ej = <U* (Z(WQW@WQ)kWQW@[e €., ]) V R>

k=0 k=0
= (M,R).

This is a || M || m-Lipschitz function of R. On &y (k) N Ey (k) N Eqe,
4t 1 < 4
— 412 [klog(m) ~— 3vklogm

Let § = \/™==1 Since E [(M, R)] = 0, the tail bound (45) implies that

1M

*
ok <
—||7rmr97m||F,F”F@[eleJ]HF -1

9 kd%2m log(m)t?
Priv [(M,R) > q(m) +1t] < 2exp <_32g()> ; (92)
where
4 8T
) = 55\ emlogm &2
By Lemma 2.14, E g 0., [So_[(M, B)]?]
- 64 . _ Kd*log(m (94)
[ S _ | = — =
~ 9k6%2mlog(m) P 32 nlog

For compactness, let

52
C(T/mapsam)ilfi < \/ /ilog ) ©3)



Then summing over the < m? elements in 2 gives that on the event & (k) N Ev (k) N Eqe.

c 64
o Q T * ¢
Ero.v.0 U Ss 7 [H [URV H H } ~ 9k6? logmm ©6)
By the Markov inequality, on &y (k) N Ey (k) N Eqe,
¢/2
B 0 Tast [ oo s 16m
Pryi .o U % [nt [orV HHF > 2} < e/ ©7)
An identical calculation shows that if we set R = [ (I) Ig } € SO(m —1),on&y(k)NEy (k)N Eao
¢/2
o Qe t [7r B B 16m
Pryi .o U s% (mt [0RV HHF > 2} < ST (98)

So,
32ms/?

3B6\//@10g

Under the assumptions of the Lemma, § = \/ m-r=1 > \/ 1-

Pyv.a [Hs?ﬁ [H! [UV*]]HF > ﬂ} (k) N Ev ()] + PlEGe)-

— m~—1. Hence, 3ms > 0 such that for

10 g 7n

2
all m > mg, 6(m,r) > f andso( <1—- % (f — 16, /mogm> . Furthermore, for any x, 3m,, such that

for m > my, 16,/ Rlogm < 7. Form > max(mg,my), ¢ < 1— 1024 For such sufficiently large m, the

multiplier 32 < 32{ Choosmg this value for C and setting mo = max(mgs,m,) gives the statement of
the lemma ]

Lemma 2.18 (Box violations induced by error). Fixany o € (0,1). Let (U, V, 2, X) be distributed according
to the random orthogonal model of rank r and with error probability ps, with r and pg satisfying

7(r/m,ps) < 1/4. (99)
Then on the good event Ey (k) N Ey (k) N Eqe,
2

L mE, (100)
F klog(m)

Esjuve HS% [HT [Asign(Ep)]] H

Proof. We can exploit independence of 2 and ¥ by writing sign(Ey) = mo[X]. From the representation in
the previous lemma,

Hsf% [H! [ sign(E)]] HF -

S\/% |‘z:(7'f'@7'('g)]C [/\ Z}

k=1 F
The 7, j element of the matrix of interest is
* = _ - k * -
ey (roma)fA\Te; = <AZ(W@) we[eiej],z> = (M,%).
k=1 k=1

On EU( )ﬂgv(lﬁl), W@[eie;]ﬂp < ,/@. On &qe, Z;il(ﬂ'@’ﬂg)kHF,F < 13‘57_ < 1, and so

|M|| 7 < \/j The same Martingale argument as in Lemma 2.9 shows that

kmlogm

t? xmlog(m)t?

Py [(M, %) > ] < exp (-) = exp (- . (101
2| M1% 2
Then by Lemma 2.13,

2 2 aklog(m)
E (LM,E) <t _anlostm) ) 102
S|UV,Q |: Sﬁ [< >] :| = limlog(m) €xp ( 2 ( )
Summing over the < m? elements in Q¢ to bound E[|| - ||%] and then applying the Cauchy-Schwarz inequality
establishes the result. O
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The three lemmas in this section combine to yield the following bound on the Frobenius norm of the viola-
tions.

Corollary 2.19 (Control of box violations). Fix any 8 > 0, p > 0. There exist constants Co(p) > 0,
ps > 0, mg with the following property: if m > mg and (U, V,Q,X) are distributed according to the
random orthogonal model of rank

r < Co(p)——, (103)
logm
with Bernoulli error probability ps < p% and random signs, then
e C
PU,V,Q,E |:HSQE, [UV* + W()]H < 35] > 11— —=m7P.
6y F Jé]
Proof. By Lemma 2.12,
[s2_fove +wy|
6vm F
< |sE_wv| st wve|| + [ SE [ Asin(Eo)] |
3m F 3m F 6v/m F
We use the three previous lemmas to estimate each of these terms. Set k = 2048p + 1024, and Cy = ﬁ.
From Lemma 2.16 and the Markov inequality, for any €2, on &y,
e 4
Py {Hsgl ove| > ﬁ] < = pl/m1e
3vm F B+/klog(m)
and so
e 4
P HSﬂl uv* > } <~ /2R pres (k)] = o(mTP).
e |20V, 28] < oo E(r)] = o (m™)
From Lemma 2.18, Py v.o 5 [HSQCI [HT[Asign(Eo)]]|| > 6}
6/ F
2
————m!PT P L P[(Eu (k) N Ev (k)] +P[EGe] = o(m™P).
klog(m)
Finally, by Lemma 2.17 Py v,o.» [ ’sﬂ [HI[UVH]| = 5}
3Vm F
C
—— /2728 L P[(Ey (k) N Ev(K))] + P[EGe)
B+/klog(m)
Cim™P
= ——=+o (m_p) .
B/ K log(m)
Summing the three failure probabilities completes the proof. O

2.5 Pulling it all together

We close by fitting the probabilistic lemmas in the previous three sections together to give a proof of our main
result, Theorem 1.

Proof. We show that Cjy and my can be selected such that with high probability the conditions of Lemma
1.3 are satisfied. Set e = ﬁ. Fix my large enough and ¢* > 0 small enough that on the good event from

Lemma 2.11, as long as Cy < 1,

£ < 32( ! +\/07+2\/H(c*)> < i (104)

9 log mg

We then must show that

c 5
[UV* + Wallua +2||$%_[0V: +Wol| < 2V, (105)

20



Notice that

UV +Woll12 < UV |l12 + [[Woll12 < m?X||V;,oH2+HWO||2,2' (106)

From Lemmas 2.7 and 2.9, for any choice of Cy, ||Wy||2,2 is with overwhelming probability bounded by a
linear function of 7. For any fixed Cy, lim,,,—. 7(r/m, ps) = 2,/ps. Hence, by choosing my large and p;
small, we can bound

)
[Woll2,2 < 178\/67 (107)
with overwhelming probability. Meanwhile, on the overwhelmingly likely good event £y,
5
WViella < 1gVer (108)

for m sufficiently large. Finally, fix 3 = 2x+/c* and choose Cyy small enough and my large enough that the
conditions of Corollary 2.19 are satisfied. Then, with probability at least 1 — Cm™P, (17) is satisfied. The
same calculations apply to (18).

Finally, on these good events,

1 c 5 5
W, S ‘ S% UV + W, H < Ve t2x e <1, 109
I 0||272+1_£c W[ + O]F_18 c+2x oeve (109)
so (19) holds. By Lemma 1.3, then, there exists a certifying dual vector, and the proof is complete. O

3 Implications on Low-Rank Matrix Completion

Our result has strong implications for the low-rank matrix completion problem studied in [3, 4, 2]. In matrix
completion, the goal is to recover a low rank matrix Ay from an observation consisting of a known subset
T = [m] x [m] \ Q of its entries.' [3] and [4] studied the following convex programming heuristic for the
matrix completion problem

Ay = argmin||A||. subj A(,j) = Ao(i,5) V (4,5) € T. (110)

Duality considerations in [3] give the following characterization of Ay that can be recovered by solving (110):

Lemma 3.1 ([3], Lemma 3.1). Let Ao € R™*™ be a rank-r matrix with reduced singular value
decomposition USV™. As above, let

© =span ({UM" | M e R™*"}U{MV" | M € R"*"}) C R™*™. (111)
Suppose that*
ON{M e R™™ | xx[M] = 0} = {0} (112)
and that there exists a matrix Y such that
{ﬂ@[Y] = UV*, WTL[Y] =0, ||7T@L[Y]H2’2 <1 } (113)
Then Ay is the unique solution to the semidefinite program

min ||A]« subj 7r[A] = 7y[Ao]. (114)

Candes and collaborators then consider the minimum Frobenius solution Y to the system of equations (113)
and show that if the number of observations | Y| is large enough, ||Yp||2,2 is bounded below one with high
probability. Recall that in Section 2, we analyzed the operator norm of the minimum Frobenius norm solution
to a similar system of equations. In fact, we will see that Y; is exactly equal to UV* + WYV, where W'V is
the part of the initial (RPCA) dual vector that was induced by the singular vectors of Ag. Using Lemma 2.7,
the operator norm of W}V can be bounded below one with overwhelming probability, even in a proportional
growth setting. This yields Theorem 2, which we formally prove below:

'In [3], 2 denotes this set.
2The first condition is equivalent to assuming that the sampling operator 7 is injective when restricted to the subspace
©. We thank Yaniv Plan of Caltech for pointing out that this condition was omitted from an early version of this work.

21



Proof. Notice that (113) is feasible if and only if the system
{me[W] =0, @yi[W] =y [-UV*], |[[W|22<1} (115)

is feasible in W = Y — UV*. Here, YT is the set of missing elements from the matrix to be completed;
we can identify this set with the set of corrupted entries €2 in the low-rank recovery problem that is the main
focus of this paper. This is again a random subset of [m] x [m] in which the inclusion of each pair (i, 7) is an
independent Bernoulli(p) random variable. Hence, if we can show that the matrix W}V defined in Lemma
2.7 as the minimum Frobenius norm solution to the equality constraints 7g[W] = 0, m7q[W] = mq[-UV]
has operator norm bounded below 1, we will have further established that Ay uniquely solves (110), and
hence can be efficiently recovered by nuclear norm minimization. Lemma 2.7 immediately implies Theorem
2 as follows.

First, notice that max(p;, ps) < % = 7(pr.ps) < %. Under this condition, with probability at least

1 — exp (Cm + O(log m)), the minimizer WV is uniquely defined and satisfies

2T

A= pm—1' (1o

1
uv 8 8
WY ||a.2 < 647(py, ps) <1 +3 1_p7__m_1) +3

Choose my large enough that the second term is < % and 1 + %, / ﬁ < 4. Then on the above good
event, |[W{V |l2,2 < 2567 (pr, ps) + 5. For py, p, sufficiently small, this is bounded below one: for example,
max(pr, ps) < 51gz Suffices.?

Under this condition, a dual vector Y satisfying (113) exists with high probability. By Lemma 2.2, the in-
jectivity condition (113) is also satisfied with overwhelming probability, and Ay is indeed the unique optimal
solution to the nuclear norm minimization problem (114). O

Thus, matrices A distributed according to the random orthogonal model of rank as large as » = C'm can
be recovered from incomplete subsets Y of size < (1 — p,)m?2. This is the first result to suggest that matrix
completion should succeed in such a proportional growth scenario. The previous best result for Aq distributed
according to the random orthogonal model, due to [4], showed that

IT| = Cmr log®(m) (117)

observations suffice. When r > #g(m), this result becomes empty, since in this case the prescribed number
of measurements exceeds m?.

The fact that our result holds in proportional growth may seem surprising in light of discussions in [4] — as
discussed there, if all one assumes is that the singular spaces of A, are incoherent with the standard basis,
then |Y| = O(mrlogm) measurements are necessary. It is important to note, though, that the singular
spaces of matrices A distributed according to the random orthogonal model satisfy rich regularity properties
in addition to incoherence. In particular, the submatrix norm considerations used in bounding ||memq| F
in our proof of Theorem 1 can be viewed as a kind of restricted isometry property for the singular vectors U
and V. Furthermore, our proofs make heavy use of the independence of U and V' in the random orthogonal
model. Independence and orthogonal invariance allow us to introduce an auxiliary randomization R over the
choice of basis for U, decoupling H' (which only depends on the subspace spanned by U and not on any
choice of basis for the space) from UV *, which very clearly does depend on the choice of basis. Finally, one
should also note that our Theorem 2 only supersedes (117) for relatively large rank r. For smaller (say fixed)
rank 7, (117) remains the strongest available result for matrix completion in the random orthogonal model.
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