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ABSTRACT 

In the present paper we survey and utilize results from the qualitative theory of large 
scale interconnected dynamical systems in order to develop a qualitative theory for the 
Hopfield model of neural networks. In our approach we view such networks as an inter­
connection of many single neurons. Our results are phrased in terms of the qualitative 
properties of the individual neurons and in terms of the properties of the interconnecting 
structure of the neural networks. Aspects of neural networks which we address include 
asymptotic stability, exponential stability, and instability of an equilibrium; estimates 
of trajectory bounds; estimates of the domain of attraction of an asymptotically stable 
equilibrium; and stability of neural networks under structural perturbations. 

INTRODUCTION 

In recent years, neural networks have attracted considerable attention as candidates 
for novel computational systemsl- 3 . These types of large-scale dynamical systems, in 
analogy to biological structures, take advantage of distributed information processing 
and their inherent potential for parallel computation4,5. Clearly, the design of such 
neural-network-based computational systems entails a detailed understanding of the 
dynamics of large-scale dynamical systems. In particular, the stability and instability 
properties of the various equilibrium points in such networks are of interest, as well 
as the extent of associated domains of attraction (basins of attraction) and trajectory 
bounds. 

In the present paper, we apply and survey results from the qualitative theory oflarge 
scale interconnected dynamical systems6 - 9 in order to develop a qualitative theory for 
neural networks. We will concentrate here on the popular Hopfield model3 , however, 
this type of analysis may also be applied to other models. In particular, we will address 
the following problems: (i) determine the stability properties of a given equilibrium 
point; (ii) given that a specific equilibrium point of a neural network is asymptotically 
stable, establish an estimate for its domain of attraction; (iii) given a set of initial condi­
tions and external inputs, establish estimates for corresponding trajectory bounds; (iv) 
give conditions for the instability of a given equilibrium point; (v) investigate stability 
properties under structural perturbations. The present paper contains local results. A 
more detailed treatment of local stability results can be found in Ref. 10, whereas global 
results are contained in Ref. 1l. 

In arriving at the results of the present paper, we make use of the method of anal­
ysis advanced in Ref. 6. Specifically, we view high dimensional neural network as an 
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interconnection of individual subsystems (neurons). This interconnected systems view­
point makes our results distinct from others derived in the literature1,12. Our results 
are phrased in terms of the qualitative properties of the free subsystems (individual 
neurons, disconnected from the network) and in terms of the properties of the intercon­
necting structure of the neural network. As such, these results may constitute useful 
design tools. This approach makes possible the systematic analysis of high dimensional 
complex systems and it frequently enables one to circumvent difficulties encountered in 
the analysis of such systems by conventional methods. 

The structure of this paper is as follows. We start out by defining the Hopfield 
model and we then introduce the interconnected systems viewpoint. We then present 
representative stability results, including estimates of trajectory bounds and of domains 
of attraction, results for instability, and conditions for stability under structural pertur­
bations. Finally, we present concluding remarks. 

THE HOPFIELD MODEL FOR NEURAL NETWORKS 

In the present paper we consider neural networks of the Hopfield type3 • Such systems 
can be represented by equations of the form 

N 

Ui = ..... biUi + I:Aij Gj(Uj) + Ui(t), for i = 1, ... ,N, 
j=1 

(1) 

where Aij = *"Ui(t) = l~g) and bi = *.. As usual, Ci > O,Tij i:;,RijfR = 

(-00,00),':. = ~ +E.f=IITiil, Ri > O,Ii: R+ = [0,00) ~ R,Ii is continuous, 
Ui = ~,Gi : R ~ (-1,1), Gi is continuously differentiable and strictly monotoni­
cally increasing (Le., Gi( uD > Gi( u~') if and only if u~ > u~'), UiGi( Ui) > 0 for all Ui ::j; 0, 
and Gi(O) = O. In (1), Ci denotes capacitance, Rij denotes resistance (possibly includ­
ing a sign inversion due to an inverter), Gi (·) denotes an amplifier nonlinearity, and Ii(') 
denotes an external input. 

In the literature it is frequently assumed that Tij = Tji for all i,j = 1, ... , N and 
that Tii = 0 for all i = 1, ... , N. We will make these assumptions only when explicitly 
stated. 

We are interested in the qualitative behavior of solutions of (1) near equilibrium 
points (rest positions where Ui == 0, for i = 1, ... , N). By setting the external inputs 
Ui(t), i = 1, ... , N, equal to zero, we define U* = [ui, ... , u"NV fRN to be an equilibrium 
for (1) provided that -biui' + E.f=l Aij Gj(uj) = 0, for i = 1, ... ,N. The locations 
of such equilibria in RN are determined by the interconnection pattern of the neural 
network (i.e., by the parameters Aij, i,j = 1,. ", N) as well as by the parameters bi and 
the nature of the nonlinearities Gi(')' i = 1, ... ,N. 

Throughout, we will assume that a given equilibrium u* being analyzed is an isolated 
equilibrium for (1), i.e., there exists an r > 0 such that in the neighborhood B( u*, r) = 
{( u - u*)fRN : lu - u*1 < r} no equilibrium for (1), other than u = u*, exists. 

When analyzing the stability properties of a given equilibrium point, we will be able 
to assume, without loss of generality, that this equilibrium is located at the origin u = 0 
of RN. If this is not the case, a trivial transformation can be employed which shifts the 
equilibrium point to the origin and which leaves the structure of (1) the same. 
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INTERCONNECTED SYSTEMS VIEWPOINT 

We will find it convenient to view system (1) as an interconnection of N free sub­
systems (or isolated sUbsystems) described by equations of the form 

Pi = -biPi + Aii Gi(Pi) + Ui(t). (2) 

Under this viewpoint, the interconnecting structure of the system (1) is given by 

N 

Gi(Xb" . ,xn ) ~ L AijGj(Xj), i = 1, ... ,N. (3) 

j=1 
ii:i 

Following the method of analysis advanced in6 , we will establish stability results 
which are phrased in terms of the qualitative properties of the free subsystems (2) and 
in terms of the properties of the interconnecting structure given in (3). This method 
of analysis makes it often possible to circumvent difficulties that arise in the analysis 
of complex high-dimensional systems. Furthermore, results obtained in this manner 
frequently yield insight into the dynamic behavior of systems in terms of system com-
ponents and interconnections. . 

GENERAL STABILITY CONDITIONS 

We demonstrate below an example of a result for exponential stability of an equi­
librium point. The principal Lyapunov stability results for such systems are presented, 
e.g., in Chapter 5 of Ref. 7. 

We will utilize the following hypotheses in our first result. 

(A-I) For system (1), the external inputs are all zero, i.e., 

Ui(t) == 0, i = 1, ... , N. 

(A-2) For system (1), the interconnections satisfy the estimate 

for all Ixil < ri, Ix;1 < rj, i,j = 1, ... , N, where the ail are real constants. 

(A-3) There exists an N-vector a> ° (i.e., aT = (al, ... ,aN) and ai > 0, for all ~ = 
1, ... ,N) such that the test matrix S = [Sij] 

is negative definite, where the bi are defined in (1) and the aij are given in (A-2). 
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We are now in a position to state and prove the following result. 

Theorem 1 The equilibrium x = 0 of the neural network (1) is exponentially stable 
if hypotheses (A-l), (A-2) and (A-3) are satisfied. 

Proof. For (1) we choose the Lyanpunov function 

(4) 

where the ai are given in (A-3). This function is clearly positive definite. The time 
deri vati ve of v along the solutions of (1) is given by 

N 1 N 
DV(1)(X) = 2: 2ai(2xd[-biXi + 2: Aij Gj(Xj)] 

i=1 j=1 

where (A-l) has been invoked. In view of (A-2) we have 

N N 

DV(1)( x) < 2: ai( -bix~ + Xi 2: aijX j) 
i=1 j=1 

for all IxI2 < r 

where r = mini(ri), IxI2 = (Ef:1 X~) 1/2, and the matrix R = [rij] is given by 

r;j = { ai( -bi + aii), t = J 
ai aij, i ::J j. 

But it follows that 

xT Rx = xT ( R ~ RT) X = xT Sx ::; )w(S) Ixl1 (5) 

where S is the matrix given in (A-3) and AM(S) denotes the largest eigenvalue of 
the real symmetric matrix S. Since S is by assumption negative definite, we have 
AM(S) < O. It follows from (4) and (5) that in some neighborhood of the origin x = 0, 
we have c1lxl~ ~ v(x) ~ c2lxl~ and DV(1)(X) ~ -c3Ixl~, where C1 = ! mini ai > 0, 
C2 = ! maxi ai > 0, and C3 = -AM(S) > O. Hence, the equilibrium x = ° of the neural 
network (1) is exponentially stable (c.f. Theorem 9.10 in Ref. 7). 

Consistent with the philosophy of viewing the neural network (1) as an intercon­
nection of N free subsystems (2), we think of the Lyapunov function (4) as consisting 
of a weighted sum of Lyapunov functions for each free subsystem (2) (with Ui(t) == 0) . 
The weighting vector a > 0 provides flexibility to emphasize the relative importance 
of the qualitative properties of the various individual subsystems. Hypothesis (A - 2) 
provides a measure of interaction between the various subsystems (3). Furthermore, it 
is emphasized that Theorem 1 does not require that the parameters Aij in (1) form a 
symmetric matrix. 
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WEAK COUPLING CONDITIONS 

The test matrix S given in hypothesis (A - 3) has off-diagonal terms which may be 
positive or nonpositive. For the special case where the off-diagonal terms of the test 
matrix S = [Sij] are non-negative, equivalent stability results may be obtained which are 
much easier to apply than Theorem 1. Such results are called weak-coupling conditions 
in the literature6,9. The conditions 8ij ~ 0 for all i ::J j may reflect properties of the 
system (1) or they may be the consequence of a majorization process. 

In the proof of the subsequent result, we will make use of some of the properties 
of M- matrices (see, for example, Chapter 2 in Ref. 6). In addition we will use the 
following assumptions. 

(A-4) For system (1), the nonlinearity Gi(Xi) satisfies the sector condition 

(A-S) The successive principal minors of the N X N test matrix D = [dij ] 

are all positive where, the bi and Aij are defined in (1) and Ui2 is defined in (A - 4). 

Theorem 2 The equilibrium x = 0 of the neural network (1) is asymptotically sta­
ble if hypotheses (A-1), (A-4) and (A-5) are true. 

Proof. The proof proceeds10 along lines similar to the one for Theorem 1, this time 
with the following Lyapunov function 

N 

v(x) = L: Qilxd· (6) 
i=l 

The above Lyapunov function again reflects the interconnected nature of the whole 
system. Note that this Lyapunov function may be viewed as a generalized Hamming 
distance of the state vector from the origin. 

ESTIMATES OF TRAJECTORY BOUNDS 

In general, one is not only interested in questions concerning the stability of an 
equilibrium of the system (1), but also in performance. One way of assessing the qual­
itative properties of the neural system (1) is by investigating solution bounds near an 
equilibrium of interest. We present here such a result by assuming that the hypotheses 
of Theorem 2 are satisfied. 

In the following, we will not require that the external inputs Ui(t), i = 1, ... , N be 
zero. However, we will need to make the additional assumptions enumerated below. 



(A-6) Assume that there exist .xi > 0, for i = 1, ... , N, and an ( > 0 such that 

N 

L: 
j=1 
i:/;j 

�(�~�~�)� IAjil > ( > 0, i = 1, ... ,N 

where bi and Aij are defined in (1) and (Ti2 is defined in (A-4). 

(A-7) Assume that for system (1), 

N 

L: .xiIUi(t)1 �~� k for all t �~� 0 
i=l 

for some constant k > 0 where the .xi, i = 1, ... , N are defined in (A-6). 
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In the proof of our next theorem, we will make use of a comparison result. We 
consider a scalar comparison equation of the form iJ = G(y) where y(R,G : B(r) - R 
for some r > 0, and G is continuous on B(r) = {XfR: Ixl < r}. We can then prove the 
following auxiliary theorem: Let p(t) denote the maximal solution of the comparison 
equation with p(to) = Yo(B(r), t �~� to > O. If r(t), t �~� to �~� 0 is a continuous 
function such that r(to) $ Yo, and if r(t) satisfies the differential inequality Dr(t) = 
limk-+O+ t sup[r(t + k) - r(t)] $ G(r(t)) almost everywhere, then r(t) $ p(t) for t �~� 
to �~� 0, for as long as both r(t) and p(t) exist. For the proof of this result, as well as 
other comparison theorems, see e.g., Refs. 6 and 7. 

For the next theorem, we adopt the following notation. We let 6 = mini (Til 
where (Til is defined in (A - 4), we let c = (6 , where ( is given in (A-6), and 
we let ¢(t,to,xo) = [¢I(t,to,xo)'''',</>N(t,to,xo)]T denote the solution of (1) with 
¢(to, to, xo) = Xo = (XlO,"" xNol for some to �~� O. 

We are now in a position to prove the following result, which provides bounds for 
the solution of(1). 

Theorem 3 Assume that hypotheses (A-6) and (A-7) are satisfied. Then 

�~� �~� I k) c(t t) k 11¢(t, to, xo)11 = L..." .xil¢i(t, to, xo) ::; (a - - e- - 0 + -, t �~� to �~� 0 
i=l C C 

provided that a > k/c and IIxoll = �E�~�l� .xilxiOI �~� a, where the .xi, i = 1,. ", N are 
given in (A-6) and k is given in (A-7). 

Proof. For (1) we choose the Lyapunov function 

N 

v(x) = L .xilxil· (7) 
i=l 










