A Proofs

In this section, we prove Theorem 2. This proof follows to some extend that of Theorem 3, so we
underline the main differences. Because of missing links, we introduce new techniques to compare
the restricted and unrestricted maximum likelihood estimators. We also need to establish the strong
consistency of the maximum likelihood estimator for the conditional SBM (in the full observation
setting, this result is a direct consequence of [8]). Similarly, the proof of Theorem 3 relies heavily
on the fact that the likelihood function at the parameters and the profile likelihood function at the
parameters are asymptotically equivalent, which is a direct consequence of Lemma 3 [7]. This
result does not hold under missing observations, and we develop new arguments to prove the strong
consistency of the variational estimate of the labels.

A.1 Proof of Theorem 2

~Var
To prove Theorem 2, we first show that PP ( IX ® A, aver, Q ), i.e. the posterior distribution of

.. . ~ ~Var . N
z at the variational estimator (av‘", Q ), concentrates around ¢/, the dirac distribution at some
label function 2z’ such that 2’ ~ z* :

P(2IX A6, E)V‘"> =1-0,(1). (1)
Then, we show that it implies the concentration of the estimator ZVar .
P (V" =2 |X 0 A) =1-o0,(1). (12)
Since P (2" = 2/| X ® A) is bounded, this also implies that it converges to 1 in expectation :
PV =2") =1 (13)
Finally, we show that with probability going to one,
P(z~2z")— 1. (14)

Combing Equations (12) and (14), we prove the first part of Theorem 2 :
P(z~z"4) > 1. (15)

To establish the second part of Theorem 2, we show that the maximum likelihood estimator defined
in (9) is equal to the restricted maximum estimator (4). Theorem 3 then follows from Theorem 1.

Define ¢pin = ming, Q, , and ¢pee = max,, Q; ;. Theorem 1 implies that for some absolute
constant C' > 0,

P (HQ* — (:)THz < C(Cmaz/Cmin)* (k2 + nlog(kz))) — 1,

where the restricted maximum likelihood estimator (:)T is defined as
®i<j = Q?"(i)?"(j)v ©;=0
(Q,z") e arg max ZEX(Aij7Qz(i)z(j))'

QE[Cmin/2720mam]§an-’f;Zezn,k i£]

Now, Equation (15) implies that with probability going to one, the variational estimator of the
A

~

R ~
probabilities of connections ® is equal to the maximum likelihood estimator ® given by

~ o~ ~

®i<j = Qz(qz)g(j)7 0, =0

for (@,2) € argmin Z’C(Aiijz(i)z(j))'
QEQ,ZEZn,k 7(;&']

Thus, it is enough to show that ® = 0 with large probability to prove the second part of Theorem 3.

To do so, we show that
P(Q(Z) € [emin/2, 2¢mas]"*") — 1. (16)
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Equation (16) implies that with probability going to 1, the maximum likelihood estimator of the
probabilities of connections between nodes coincides ® with the restricted maximum likelihood
estimator ® . This concludes the proof of Theorem 3.

Proof of Equation (11)

Forany z € Z,, , and (o, Q) € Q, let 'y (A,2;0,Q) = <H az(i)> exp (Lx(A;z,Q)) be the

i<n

profile likelihood of the parameters (z, Q). Then,

Ix (A, z0,Q) < supexp (Ix (A; 7,0, Q)) < Ix (450, Q). an
TET
VAR
Let 2/ = argmax,., . 'y (A7 zaVAR Q ) By definition of I,
VA VA VA
Ix (@427 = Sl (4,547 Q) + S iy (450747 Q) as)
z~z! zobz!

~VAR
On the one hand, we bound the sum Y I’y (A, z;avAR Q ) using the following result, proven
in [37] :
Proposition 1 (Proposition 6.11 in [37]). For any (a, Q) € Q,

> Ux (A z0,Q)

z~z!

ot v (A, 7;0,Q)
ZS{(4,Z*;@*,Q*) #Sym(OZ’Q)z'Naz}ile(4,2*;04*,Q*) ( +0P( ))

where the o, (1) is uniform in (o, Q) and

Sym(a, Q) = {U € Sk (A0(@) gy = (a)asy and (Qa<a>7o<b>)a b (Qa7b>a,b§k}
for Sy, the set of permutations of [k].

~VAR
Now, with probability going to one, (a"4% Q ) exhibits no symmetry, i.e.
~VAR
#Sym(QVAR Q ) = 1 (see Section B.11 in [37] for a proof of this result). Then,

Proposition 1 implies that

Soi (4@ Q) =iy (4,284, Q7 ) (14 0,(1))

zroz!

which in turn implies

~VAR ~VAR ~VAR
Sl (A,z;aVAR7Q ): U (A,z’;aVAR7Q )+1X (A;aVAR,Q )op(1).
) (19)
~VAR
On the other hand, we bound the term > Iy (A, zavAR Q ) by combining the two following

zobz!
propositions from [37] :

Proposition 2 (Proposition 6.8 in [37]). Let (t,,)nen be a positive sequence such that t,, — 0 and
pnty, /+/log(n) — 400. Then, on an event of probability going to I and for n large enough,

sup Z Ix (A z;0,Q) = 0, (Ix (A, 27;0%,Q))
(a,Q)EQZQS(z*,tn)

where S(z*,t,) = {2 € Z, 5 : 32’ ~ 2,)_ |zF — 2| < nt,}
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Proposition 3 (Proposition 6.10 in [37]). There exists a positive constant C' such that

sup Z s (A z;0,Q) = 0, (Ix (A, 2%;0",Q7)).
(a7Q)€QZ€S(z*,C),z76z*

Combining Propositions 2 and 3, we find that on a event of probability going to 1,

~VAR
Sl (A58 Q ) = Ik (A,270%,Q7) 0,(1).
zbz*
Now, we use the definition of the variational estimator and Equation (17), and find that

~VAR ~VAR
I's (A, 2% 0%,Q%) < supexp (Jx (A;7,0*, Q%)) < exp (jx (A;?VAR,&VAR,Q )) <lx (A;&VAR,Q ) .
TET

Thus,

Stk (4,maV R, @V“‘R) = ix (as;av4n, QVAR) 0,(1). 20)
zobz*
Combining Equations (18), (19) and (20), we find that

VAR VAR VAR
Ix (484 R,Q7) =iy (4,258 RQ ) +ix (45aVAR.Q ) 0,(1).
VAR
Dividing both sides by I x (A; avAr Q ), we find that

~VAR
1. 5VAR
Aavan g )

I (
~Var X
IP(z’|X®A,&VC”",Q ): =1+0,(1)

~VAR
Ix (a;avan,Q )
which proves Equation (11).

Proof of Equation (12)
By definition of Jx,

~VAR

~VAR
KL (P?VAR(-)HP (-\X ® A,GVAR Q

~VAR
)) :log (lX(A;aVAR,Q ))_jX(A;?VAR7aVAR7Q )
Equation (17) implies that

~VAR

Tx(A:7VAR GVAR QU > 0g (1 (4, 20747, Q"))

SO
~VA ~VA ~VA
KL (Pavan()[IP (1X © 4,a47,Q ")) < log (1x(4;a 42, Q")) —log (15 (4,256 42,.Q" ™).
Note that Equation (11) implies
~VA ~VA
log (Lx(4;a 4%, Q")) — log (1% (4,58 4%, ™)) = 0,(1).

Now, using Pinsker’s inequality, we see that

~VA
]P).,’:VAR(Z/) —-P (Z,|X O A7 aVAR7 QV )

)] = 0,(1).

We use Equation (11) and the definition of 2(Y'4%) to conclude the proof of Equation (12).

Proof of Equation (14)
For z € Z,, j, define
A(z) = mazgeolx(A;z,Q)— Lx(A;2*,Q") and
A(z) = mazgeoE [EX (A4;2,Q) — Lx(A;z",Q") z*} .
Moreover, for z € Z,, , and (a, Q), define

2= 2llvo = _min_||' = ="lo

where ||z — z*||o is the Hamming distance between the label functions 2’ and z*.

To prove Equation (14), we will use the following results.
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Proposition 4 (Equation (B.1) in [37]). There exists a constant ¢ > 0 such that on an event of

probability going to one, for all positive sequence (t,)ncn such that t, — 0 and pnt, /\/log(n) —
+oo, Vz ¢ S(z*,t,),

~ 3cpn?t,6(Q)
A< ———=~
() < 2P
where  and  (Q) = ming o maxe KL (Q oy Qure) and — S(z*,ty) =

{z € Znk iz =2 < ntn}.

Proposition 5 (Proposition 6.7 in [37]). There exists a constant C'g > 0 depending on Q such that
for any sequence (€, )nen with €, < Co and €, > k?/(v/8n),

sup (A(z) - i&(z)) = Op(enn?).
2€2n K
We choose €, = 36(Q™)log(n)/(8n). Then, Proposition 5 implies that there exists a constant
C' > 0 such that with probability going to 1, sup.cz, , (A(z) — A(z)) < Ce,n?. Moreover, we

choose t,, = 2C'log(n)/(cnp) and note that under the assumption p > log(n)/n, t, — 0. Then,
Propositions 4 and 5 imply that with probability going to one

sup  A(z) < sup  A(z)+ sup (A(z)—K(z))

2¢S(2%,tn) 2¢S(2*,tn) 2¢S(z*,tn)

30pn*t,0(Q") N 3CPn2t,0(Q*)

- 4 8
~ 3Cnlog(n)é(Q")

= 3 .

This implies in particular that

P sup A(z) <0 | — 1. (1)

2&S(z* ,ty)

We show a similar result for label functions z that are close to z*. To do so, we use the following
result.

Proposition 6 (Proposition 6.5 in [37]). There exists a positive constant C' such that on an event of
probability going to 1, for all z € S(z*,C),
3epn®3(Q") 12— ="l

1 :

A(z) <

We use Proposition 4, where we choose €, = k2 /n. Then, there exists a constant C’ > 0 such that
with probability going to 1, sup,cz (A(z) - K(z)) < C’nk?. Now, Proposition 6 implies that
with probability going to 1,

sup Alz) < sup A(z) + sup (A(z) - 7\(2))
z€8(z*,C),z0bz* z€8(2*,C),zobz* z€8(z*,C),z0bz*
o B@)
3epnd(Q™)
2
< nk (C/ — 2 )
Since pn — +00, this implies that
P sup Alz)<0] =1 (22)
z€8(z*,C),z0bz*
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Finally, since ¢,, — 0, for n large enough 2, ;, = S(z*,C) U S(z*,t,). Thus, Equations (21) and
(22) imply that

P <sup A(z) < 0) — 1. (23)

Zohz*
Now, A(z*) = 0. Thus, with probability going to 1, argmax A(z) ~ z*,s0 Z ~ z*.

Proof of Equation (16)

To prove Equation (16), we use Bernstein’s inequality, which we recall here for sake of completeness

Theorem 4 (Bernstein’s inequality). Let X1, ..., X,, be independent centered random variables.
Assume that for any i € [n)], | X;| < M almost surely, then

2M
P> Xi|> [2t Y E X2+—t < 2e7t
1<i<n 1<i<n

For z € Z, . and (a,b) € [k]?, define
OO
nab(z) = { (=) 1 (a)] x (I(

nog(z) = > Xij
iEz‘l(a‘)#,j_Ez_l (b)

~1(b)] ifa#b
“Ha)| —1) otherwise

and

the number of entries and of observed entries of the adjacency matrix between nodes of the communi-

ties a and b, and Q(z) = (Q(2)ap) such that Q(z)ap = > Xiinj) /nX (2). With
i€z~ (a),j€z~1(b)

these notations, we note that Q = Q(3).

Note that |(2*)~!(a)| is a sum of n independent Bernoulli random variables with mean «,. Using
Bernstein’s inequality 4, we find that for any a,

P (na, — |(z*) " (a)| > 0.5na,) < 2e"a/16,

Thus,
P (min |(z*)"(a)] < 0.5n min aa) < 2ke ™M Mina @a/16,

Therefore, the event 2 = {ming, nq,(2*) > n? ming(e,)?/5} holds with probability going to 1.
Similarly, note that conditionally on 2*, nX (2*) is a sum of n4;,(2*) independent Bernoulli variables
with parameter p. Then, for any two ( b) € [k]?, Bernstein’s inequality 4 implies that

P (\pnab(z ) — ( ) > 0.5pngs(z |z ) < e Pnab(7)/16

Thus,
P (minnﬁ(z*) < 0.5pminng(z*)
a,b avb

Z*> < ke~ P ming p nab(z*)/lﬁ.
This implies that

. X 2 . 2 —pn2 min, a, /80
]P(Izllglnab(z*) <0.1n pngnaa’Q) < Qke P ming o / .

Since p > log(n)/n, the event ' = {V(a,b) € [k]?,nX(2*) > 0.1n*pmin, a2} holds with
probability going to 1.
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Now, we show that on the event §2/, with large probability, Q(z*) € [Cimin/2, 2Cmaz]"**. Recall that
for any a, b, conditionally on z* and X, nX (2*)Q(2*)ap is a sum of n% (2*) independent Bernoulli
random variables with mean Q,. Then, Bernstein’s inequality implies that for any ¢ > 0

2t
P (|naXb(Z*)Q(Z*)ab — 25 () Q| > /2t (2*)Q0, + 3 Z*vX) < 27"

Choosing t = nX (2*)Q%, /16 yields
P (|n(=)Q(=")as — (=) Q| = 05035 (=) Q%
On the event €, this implies that
P (1Q(")a — Qi = 0.5Q5|
A union bound yields
P (Q(=") ¢ [emin/2, 26mar] "
Since P (') — 1, this shows that

P (Q(z*) € [Cmm/2,20max]ka) — 1.
Now, Equation (14) shows that with probability going to 1, 2 ~ z*. Thus,

P (Q(E) € [cmm/272cmm]mk) — 1.

2", X) < 2e b (Z)QL/16,

) < 26—n2Q:b(mina aa)2/160.

Q/) < 2k2e—n2 min, , Q% (ming ag)?/160

A.2 Proof of Theorem 3

In the case of fully observed network, we alleviate notations and write

L(A;2,Q) = ZAij log (Qz(i)g(j)) + (1 - Ayj)log (1 - Qz(i),z(j)) ;
i#

1(A;0,Q) = Z (Haz “) ) exp (L(A;2,Q)),

2E2n K 7

log (I (A;,Q)) = KL (P () [[P(-|A, o, Q)).

Forany z € Z,, ; and (o, Q) € Q, we denote

and J (A; 7,0, Q)

l (A Z5 Oé,Q Haz( eXp (szaQ))

i<n

the likelihood of the parameters («, @) and the label function z. Then, the likelihood of the stochastic

block model with parameters (o, Q) is givenby [ (4; o, Q) = > ' (A, z; o, Q). Note that the
2€EZn &

likelihood functions ! (A; «, Q) and I’ (A, z; o, Q) provide lower and upper bounds on the variational

objective function J (A; 7, a, Q) : for any parameter (o, Q) and any label function z € Z,, 1,

I'(A,z70,Q) < supexp (J (A;7,0,Q)) < 1(4;0,Q). (24)
TET

~ ~Vary . C
To prove Proposition 3, we first show that P ( |A, 2" Q ), i.e. the posterior distribution of z

.. . ar AVar . N
at the variational estimator (aV‘” ,@Q ), concentrates around 4./, the dirac distribution at the label
. / / ~vAr AVAR
function 2’ = argmax,., ..l | A, 2; Q& ,Q :

P (214,87 @V”) —1—o,(1). (25)
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Then, we show that it implies the concentration of the estimator ZVar .
P (V" =2/|A) =1 —0,(1). (26)

Together (25) and (26) imply P (V%" ~ 2*|A) = 1 — o0,(1). Since the random variable
P (zVo" ~ 2*|A) is bounded, Equation (26) also implies that it converges to 1 in expectation.
Finally, we show that with probability going to one, the maximum likelihood estimator of the label
function is equal to the true label function (up to permutation):

P(Z~2")=1-0,(1) 27)
which concludes the proof of the first part of Theorem 3.

To prove the second part of Theorem 3, we show that the maximum likelihood estimator studied in
Proposition 3 is equal to the restricted maximum estimator studied in Theorem 1. More precisely,
define ¢in, = ming Qg,b and ¢pq, = Maxg Qgﬁb. Theorem 1 implies that for some absolute
constant C' > 0,

r

P (H@* )

2
9 S C(Cmam/cmin)zpn (kz + TLlOg(k))) — 17

. . . . T .
where the restricted maximum likelihood estimator ® is defined as

~T ~7 ~7T
Oic; =Qz(i)zr() @i =0
Q7" € arg min > K(Ai, Qi)

. kXxk .
i v/ 45 va s > Jk
Qe[cm7npn /Q-QCmazﬂn] ym 2EZy k i#]

One the other hand, Proposition 3 implies that with probability going to one, the variational estimator

~VAR ~
of the probabilities of connections is equal to the maximum likelihood estimator ® given by

~ o~ ~

Oic; = Qz3i)z(), ©ii =0

for (Q,%) € argmin ZIC(Aiijz(i)z(j))'
QEQ,z€2, 1, ]

‘We show that
P ((?) - @T) S, (28)

which concludes the proof of Theorem 3.

Proof of Equation (25)

The proof of Equation (25) relies on results proven in [7], which we recall for the sake of completeness.
For any two parameters (o, Q) and (o/,Q’) in Q, we say that (¢/, Q") € S, q if there exists a
permutation o of {1, ..., k} such that for any (a,b) € {1,...,k}2, Qf,(a)ﬁ(b) =Qupand oy ) = a.

Theorem 5 (Theorem 1 in [7]). Let (z*, A) be generated from a stochastic block model with

parameters (o, Q*) € Q such that Q" has no identical columns and p,, > log(n)/n. Then, for
any (o, Q) € Q,

1(A;0,Q) N I'(A,z5d,Q") . .
l(A,Oé*,Q*) - (O‘/vgzr})aesaﬁQl/ (A,Z*;Oé*,Q*) <1 Ten ((a 7Q ) 7k)) Ten ((a 7Q ) 7k)

where sup ., gyeo €n ((, Q) , k) = 0p(1).

Proposition 7 (Lemma 3 in [7]). Let (2*, A) be generated from a stochastic block model with

parameters (o, Q*) € Q such that Q° has no identical columns and p,, > log(n)/n. Then,
U'(Az50%,Q)

(A0 Q) =1+ o0p(1).
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VAR
Recall that 2/ = arg max i (A, 25 aVAR Q ) By definition of [ and I,

Zl/ (A’Z;aVAR7@VAR) _ (A;aVAR’@VAR) 7y (A,z’;aVAR, @VAR) '
z#z!
Thus
/ .~VAR AVAR) Cvan
Z;/l <A7Z,06 ,Q Z(A'a* Q*) l (A;@VAR,Q ) U (A,Z/;aVAR,

(A 208, Q) T U(A 0@ (Aen Q) V(A zan

Using Proposition 7, we have that

1(A;0%,Q")
B | 1). 30
F A zangy PO 0
Moreover, we note that
~VAR
max I'(Az5¢,Q") = max! (A,z;@VAR,Q )
(O/,Q/)GS&VAR,@\VAR zZrz*

~VAR
I /. ~VAR
= r(azamQ )

by the definition of z’. Then, applying Theorem 5, we get that

! (A; avAR, @VAR) v (A,z’; avAR, @VAR)
= 1 1 1). 31
(A0 Q) (A zan gy el G
Combining Equations (29), (30) and (31), we obtain that
R ~VAR
E/l’ (A, z;avAR Q ) / (A7 o aVAR, @VAR)
e - 0p(1) + 0, (1).
I'(A, 2% 0%, Q") (A z505,Q%) 7 ?

Thus,

~VAR ~VAR
Zl’ (A,z;aVAR,Q ) = max {l' (A, z%a%,Q%),l (A,z';&VAR,Q

z#z!

)} o). 32
~VAR

On the one hand, using Equation (24) and the definition of (7VA4% aVA% Q ), we find that

(A, z%5a",Q") < sugexp(j(A;T,a*,Q*))
TE

~VAR
< exp (7 (7Y van oY)

< i(aavan g "),

~VAR ~VAR
Also, by the definition of [ and I’, we have that I’ (A7 ZavAR Q ) < (A; avAR Q )

Thus, Equation (32) implies
S <A, 2 aVAR, @VAR) .y (A; avAR EQVAR) 0p(1). 33)
2z

Now, we can conclude the proof of Equation (25) by noticing that

U (A, 2 aVAR @VAR)

l (A; GVAR, @VAR)
51 (40047, Q")
2#£2!
l (A; avAR @VAR)

~Var
P(2laa".Q ") =

= 1—
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and using Equation (33).

Proof of Equation (26) By the definition of 7 (A; 7, a, Q), we have that

KL (Prvan (P (14,847, Q")) =108 (1 (4:0v 47, @) ) -7 (a;7v A avar @)

~

Equation (24) implies that 7 (A FVAR QVAR Q ) > log (l (A,z’;&VA @ ))

KL (Prvan (P (14,847, Q")) <1og (1 (4:074%, @""") ) —10g (1 (4, 256742, @)

Note that Equation (25) implies

log (1 (A;&VAR,@VAR)) ~1og (1(4, 7 AVAR,@VAR)) — 0,(1).

Now, using Pinsker’s inequality, we see that

~VAR
~VAR
P(~]4,aV%,Q

Povar(2') — )\ = 0,(1).

We use Equation (25) and the definition of Z(VAR) (o conclude the proof of Equation (26).

Proof of Equation (27)

Equation (27) is proven in [8]. In this work, the authors define the profile likelihood modularity

Q[]M (A, Z) of a label function z € Zn,k as
nab nab nab

Qrum(A, z) Znab (

for Oy, = > A;jand
i€z (a),j€z71(b)
M@l x ) ifa b
@7 |2 Ha)| x (Jz71(a)] — 1) otherwise
For 2™ = arg maxX,cz Qrm (A, z), the authors of [8] prove that under the assumptions of

Proposition 3, with probability going to 1, LM 2% Since maximizing Qs (4, 2) is equivalent

to maximizing maxg £ (A4; Q, z), this implies that Z ~ z* with probability going to 1.

Proof of Equation (28) To do so, we show that with large probability, Q(Z) €
[CminPn/2; 2Cmazpn]®>¥]. We define

Ny () = { |27 ()| x [~ (D) ifa#b

|27 (a)| x (]z"*(a)| = 1) otherwise

for z € Z, 1, and Q(2) = (Q(2)ap) such that Q(z)a = ( Aij> /Nap(2). With

i€z (a),j€z~1(b)
these notations, we note that Q@ = Q(%).

Recall that |(2*)~!(a)| is a sum of n independent Bernoulli random variables with mean a?. Using
Bernstein’s inequality 4, we find that for any a,

P (nad — |(z*) "' (a)| > 0.5n0]) < 9e—n0 /16

Thus,
P (min|(z Y~ a)| <0. 5nm1na ) < 2ke " Mina @4 /16

Therefore, the event ) = {mina,b Na,p(2*) > n? min, (a2)?/ 5} holds with probability going to 1.
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Now, we show that on the event (2, with large probability, Q(2*) € [Cminpn /2, 2Cmazpn]"*F. Recall
that for any a, b, conditionally on 2*, ng(2*)Q(2*)4p is a sum of n,.(2*) independent Bernoulli

random variables with mean angb. Then, Bernstein’s inequality 4 implies that for any ¢t > 0

P (|nab(2*)Q(z*)ab - nab(Z*)angb’ > \ Qtnab(Z*)angb + Zt) <2e7".

Choosing t = 145(2*) pn QY /16 yields

P (|nas(2*)Q(")ab — nab(2)pnQap| = 0.5n41(2")pnQqp) < 2¢~mar(=1)PnQuy /16
On the event (2, this implies that
P (|nab (=) Q2" )ab — ab (") pn Q0| > 0.5n41(2")pn Q) < 267" Fn Quplmine 00)*/80,
A union bound yields
P (Q(2") ¢ [cminpn /2, 2emazpn] ) < 2k Prminias Quy (ming )/80
on the event §2. Since P (Q) — 1 and n?p,, — +oo0, this shows that
P(Q(z") € [cmmpn/Q,QCmazpn]ka) — 1.
Now, Equation (27) shows that with probability going to 1, Z ~ 2z*. Thus, Q(2) €
[minpn/2, 2Cmazpn]k><k with probability going to one, and the maximum likelihood estimator

of the probabilities of connections between nodes coincides with the restricted maximum likelihood
estimator. This concludes the proof of Equation (28).

B Further informations on the numerical experiments

B.1 Simulation protocol

In this section, we provide details on the simulation protocol for Section 4.1. The numerical
experiments where conducted using R version 4.0.3, the package softlmpute version 1.4.1, and the
package missSBM version 0.3.0.

Dense stochastic block model The parameters used for the simulations are the following :
qassort. = gdisassort. — (1/3 1/3 1/3), o™ = (0.1,0.3,0.6), and

05 02 0.2 ‘ 02 05 05 } 01 05 0.3
Q= 02 05 02 |, Q%= 05 02 05 |, Q™™ =[ 05 02 04 |.
02 02 05 0.5 0.5 0.2 03 04 0.6

For each model and each number of nodes, we simulate 100 networks. For each networks, entries of
the adjacency matrix are observed independently from one another with probability 1/2. Then, the
matrix of connection probabilities @™ is estimated using each method (variational approximation to
the maximum likelihood estimator, missSBM, and softImpute). The oracle estimator is obtained as

X
i€(z*) 1 (a),g€(z*) 71 (b)iF)

ijAij

Va < kandb <k, Q,, 2
i€(2*) "1 (a) JE(=") L (b) i

Sparse stochastic block model The parameters («, @) of the stochastic block model are given by
a=(1/3,1/3,1/3), and
0.5 02 0.2
Q=p| 02 05 0.2
0.2 02 0.5

for p ranging between 0.05 and 1. For each sparsity, we simulate 100 networks with 500 nodes. For
each networks, entries of the adjacency matrix are observed independently from one another with
probability 1/2. Then, the matrix of connection probabilities @™ is estimated using each method
(variational approximation to the maximum likelihood estimator, missSBM, softImpute, the oracle
estimator and the naive estimator).
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Stochastic block model with missing observations The parameters (a;, Q) of the stochastic block

model are given by
a=(1/3,1/3,1/3), and
0.5 02 0.2
Q= 02 05 02
0.2 02 0.5

The proportion of observed entries p varies between 0.02 and 1. For each p, we simulate 100 networks
with 500 nodes. For each networks, entries of the adjacency matrix are observed independently from
one another with probability p. Then, the matrix of connection probabilities @™ is estimated using
each method (variational approximation to the maximum likelihood estimator, missSBM, softimpute,
the oracle estimator and the naive estimator).

B.2 Empirical strong consistency of the variational estimator

We illustrate the empirical strong consistency of the variational estimator. Using the parameters
chosen for simulating dense stochastic block models, we compute the number of misclassified nodes,

defined as
min {Z 1{z*(i) # z(z’)}} .

zvz

The total classification error for the assortative, dissasortartive and mixed models are presented in
Figure 2. These simulations confirm that the variational estimator achieves strong recovery of the
labels, even in unbalanced setting when neither assortative or disassortative behaviour are observed.

1
60
1

Error
20
1

T T T T T T T T T T T T T T T
50 100 200 500 1000 50 100 200 500 1000 50 100 200 500 1000

Number of nodes Number of nodes Number of nodes

(a) Assortative SBM. (b) Disassortative SBM. (c) Mixed SBM.

Figure 2: Number of nodes misclassified by the variational estimator in the assortative SBM with
balanced communities (left), in the disassortative SBM with balanced communities (middle), and
in the mixed SBM with unbalanced communities (right). The full lines indicate the median of the
number of misclassified nodes over 100 repetitions, while the dashed lines indicate its 25% and 75%
quantiles.

B.3 Prediction of interactions within an elementary school

To compare the errors in term of link prediction of the methods missSBM and softImpute with that
of our estimator, we plot the precision-recall curves of these estimators. More precisely, for any
estimator © of the matrix of connection probabilities @*, and all thresholds ¢ € [0, 1], one can define
the link-prediction estimator A as follows : A;; = 1 if and only if @;; > ¢, that is, we predict that
there exists a link between nodes 7 and j is the estimated probability that these nodes are connected is
larger than the threshold ¢. The recall-precision curves obtained by varying this threshold is presented
in Figure 3. We also represent the mean precision-recall curve of the baseline estimator obtained by
predicting edges independently at random with an increasing probability.

The three methods used for link prediction obtain quite similar precision-recall curves. No single
method is better across all sensitivity levels.
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Figure 3: Precision-recall curves for link prediction in the network of interactions within a
school: Precision-recall curves of the estimator obtained using missSBM (in red), of the estimator
obtained using softImpute (in green), and of the variational approximation to the maximum
likelihood estimator (in blue). The dotted black line represents the precision of the baseline estimator.

B.4 Prediction of collaboration in the co-authorship network

Similarly, we plot the precision-recall curves of the link-prediction methods obtained by using our
new estimator, missSBM and softlmpute. We also represent the mean precision-recall curve of
the baseline estimator obtained by predicting edges independently at random with an increasing
probability. The recall-precision curves is presented in Figure 4.
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Precision
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Figure 4: Precision-recall curves for link prediction in the network co-authorship: Precision-
recall curves of the estimator obtained using missSBM (in red), of the estimator obtained using
softImpute (in green), and of the variational approximation to the maximum likelihood estimator
(in blue). The dotted black line represents the precision of the baseline estimator.

The precision-recall curve of the variational approximation to the maximum likelihood estimator is
equivalent to or better than the other estimators across all sensitivity levels.
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C EM algorithm for the variational estimator

The expectation - maximization (EM) algorithm derived in [48] can be used to iteratively compute
the variational estimator. This algorithm alternates between the following two steps :

 Estimation Step: given parameters («, @), the variational parameter 7 maximizing
JIx (A;T,a,Q) is given by the fixed point equation :

J
. A, —A..\Tb . ..
7h = ciag H H (Qab“7 (1-Q,)" A”) where c; is a normalizing constant;
JAEX =1 b<k
» Maximization Step: given parameter 7, the parameters («, Q) maximizing Jx (A; T, o, Q)
are given by
; i -J
_2iTa Q. - Dinj XijTaTy Aij
= oy = 5
n Dizj XiiTaTh

Note that this algorithm is not guaranteed to converge to a global maximum. To circumvent this
problem, the authors of [48] suggest to initialize the weights 7 using a first clustering step.

o%}
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