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A Proofs

A.1 Proof for Theorem 3.1

In this section, we will prove Theorem 3.1. The key idea behind the proof is that since µ̂ (let it be
µ̂NN or µ̂KR) and Kf are independent of Sconformal, the residuals (Ri) collected on Sconformal follow
the same distribution as a new test residual. Thus, re-weighting PX by Kf precisely fits into the
covariate-shift setting studied by [33] (further studied in [13]), which in turn implies that under the
new (localized) distribution for X , the coverage guarantee holds (Theorem 3.1).

We first introduce a few definitions following the same notation as in [13]. To begin, we de-
fine the score function as V (x, y) := |y − µ̂(x)|. Then, we write the localizer function as
H(x, x′) := Kf (x, x

′). For convenience, we also will rewrite subscripts of the data, so we have
Z ′1 = (X ′1, Y

′
1), . . . , Z

′
m+1 = (X ′m+1, Y

′
m+1), where Z ′i is just Zn+i for i ∈ [m] and Z ′m+1 is

ZN+1. For {Z ′i}
m+1
i=1 , both V and H would be considered fixed because the training did not use any

information from Sconformal. [13] allows for a more general form of H that can depend on Sconformal,
which is not needed in our setting.

We proceed to define the weighted residual distributions like in [13]:

F̂i :=
m+1∑
j=1

pHi,jδV (X′j ,Y
′
j )

(17)

where pHi,j :=
H(X ′i, X

′
j)∑m+1

k=1 H(X ′i, X
′
k)

(18)

Finally, F̂ is defined as pHm+1,m+1δ∞+
∑m
i=1 p

H
m+1,iδV (X′i,Y

′
i )

. V (X ′m+1, Y
′
m+1) can be considered

set to∞, because we don’t know the value of Y ′m+1 and want to be conservative.

Now, our construction of the PI could be rewritten in the following form:

ĈLVDα (X ′m+1) := {y : V (X ′m+1, y) ≤ Q(1− α, F̂)} (19)

This is precisely the setup of Theorem 5.1 in [13], and Theorem 3.1 follows from Theorem 5.1 in
[13].

A.2 Asymptotic Conditional Validity (Theorem 3.2)

Before we discuss the asymptotic property of ĈLVD, we formally define asymptotic conditional
validity (from [22]).

Definition 1. (Asymptotic Conditional Validity) Given training data (X1, Y1), . . . , (Xm, Ym), a PI
estimator Ĉm,α is asymptotically conditionally valid if

sup
x

[
P{Ym+1 6∈ Cm,α(x)|Xm+1 = x} − α

]
+

P→ 0 (20)

as m→∞, where the sup is taken over the support of PX .

Here, we add the subscript m to Ĉα to emphasize the dependence on the sample size. If a PI estimator
is asymptotically conditionally valid at level 1 − α, then given enough samples (as m → ∞), the
probability of Ĉm,α missing the next response Ym+1 converges to α in probability. Note that LVD
has an implicit assumption that the embedding function f (after some transformation) maps similar
data close together. But with Theorem 3.2 such an assumption is not critical as the size of the dataset
increases.

To facilitate the discussion, we add a subscript m and denote the PI given by LVD as ĈLVDm,α . With the
setup mentioned in Section A.1, we obtain a result similar to Theorem 5.1 (b) in [13] to for ĈLVDm,α as
well.

Assumptions: We need to make the following assumptions:
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(1) Denote W := f(X) as a new random variable in Rh. W is (assumed to be) on [0, 1]h with
marginal density bounded from two sides by two constants b1 < b2. In other words, 0 < b1 ≤
pW (w) ≤ b2 <∞.

(2) The conditional density of R (the residual) given W is Lipschitz in W . In other words, ∀w,w′,
‖pR|W (·|w)− pR|W (·|w′)‖∞ ≤ L‖w − w′‖.

As might be clear, (1) and (2) are standard regularity assumptions (as in [13, 22]), but stated for our
setting. For assumption (1), ifW does not fall in [0, 1]h, we can easily fix it by adding a normalization
layer to f . Compared with [13, 22], (2) is not any less likely to hold, as we usually only have one
linear layer after f in µ̂NN .

Bandwidth (h): To clearly state the theorem, we also need to decompose/unfold our transform matrix
A into two steps - projection and rescaling: A(w − w′) := 1

hA1(w − w′), where ‖A1‖2 = 1. Note
that in our learning, we are mostly learning A1, and h is in fact chosen. In our experiment, we
implicitly folded h into A, as changing h entails making an explicit decision on how “local” one
wants the coverage to be when the data is limited, and we do not have a strong prior on this. However,
for the sake of this discussion, as N → ∞, if we keep the same ratio between n = |Sembed| and
m = |Sconformal|, then:

• A1 would converge to some fixed unit-norm matrix in Rh×k, and
• we could let h→ 0 like in [13] and [22], because if we havem→∞, then the number of validation

residuals is large, so we could afford a much more “local” validity with few infinitely wide PIs.

With the assumptions stated above, we are in a position to state the following theorem regarding the
asymptotic conditional validity of ĈLVDm,α :
Theorem A.1. (Asymptotic Conditional Validity. Re-statement of Theorem 3.2): With assumptions
(1) and (2), and m→∞, if we also let h→ 0, then[

α− P{Y ′m+1 ∈ ĈLVDm,α (X ′m+1)}
]
+

P→ 0. (21)

The proof is essentially the same as that in [13], with the key difference that in [13], the Gaussian
kernel only has one bandwidth h, which goes to 0 asymptotically. This has been discussed in the
“Bandwidth (h)” section above. Note the key difference between Theorem A.1 and 3.1 is that the
response Y ′m+1 now belongs to X ′m+1, which is used to construct the PI.
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B Additional Experimental Details

B.1 Training Details

As noted in the paper, the DNN used for most datasets (except QM8 and QM9) has 2 layers, 100
hidden nodes, and uses ReLU for the activation function. This is the same architecture as in [1], but
with the difference that the activation is ReLU instead of tanh. We make this choice because the code
accompanying [1] uses ReLU, and tanh does not train for most of the datasets in our experiments.
Recall that the learnable matrix A reduces dimension from h to k. For QM8 and QM9, please refer
to [45] for a detailed description of the architecture and training protocols. We make the following
modifications in order to run some baselines:

• MADSplit: We train a second model after the model in [45] that has the same architecture and
training protocol, but tries to predict the absolute error of the first model.

• CQR: We replace the MSE loss with the “pinball” loss mentioned in [29] and simultaneously train
two quantiles for the same α. For different α, we re-train a model.

• DE: We replace the loss with the negative log-likelihood (NLL) loss as suggested in [20], and train
an ensemble of 5 models for each experiment.

For all experiments, h is given by the DNN, and we set k = 10. The training of the kernel follows
the following protocol: we first take embedding from the training data, compute and fix the mean µi
and standard deviation si for each dimension i ∈ [h]. Dimensions with standard deviation <1e-3
are ignored as they are most likely dead nodes (due to ReLU). The embeddings are then always
normalized using µi and si before passing through A.

A is implemented as a torch.nn.Linear layer using PyTorch[26] and follows the default initial-
ization. We restrict the kernel regression to use the top 3000 (or all) similar data points so the
computation can be fast (like in [42]). We use an Adam optimizer [17] implemented in PyTorch, with
a learning rate set to 1e-2, and batch size 100. We repeat the process for 1000 up to batches, and stop
early if the loss does not improve for 50 consecutive batches.

For each setup, we repeat the experiment 10 times by randomly re-splitting training, validation, and
test set with random seed from 0 to 9. For LVD, MADSplit, and CQR (which require a hold-out set
for conformal prediction), we use 60% for training, 20% for validation/hold-out set, and 20% for test.
For all other methods, we use 80% for training and 20% for testing.

B.2 Average PI Width

It is hard to compare efficiency because LVD achieves a much more demanding type of coverage,
MADSplit and CQR achieve marginal coverage, and the rest of the methods are not valid (thus not
comparable). We thus restrict the comparison to only valid methods (LVD, MADSplit, and CQR)
and the subset of data for which all PIs are finite in Table 5. We can see that, as expected, LVD tends
to give infinite PI for small datasets at 90% target level (“# finite” is low for a few datasets), because
it requires some weighted observation in a local neighborhood. (Note that the # of finite PIs could be
tuned by a bandwidth h as discussed in Section A.2.) However, despite providing a stronger coverage
guarantee, LVD still managed to be the most efficient on Bike and QM9.

The most efficient method seems to be CQR, but the results are not very stable (very wide PIs for
CQR in the Bike dataset, for example), and most of the time the difference in average width is not
significant. However, as noted earlier in the main text, the potential efficiency of CQR comes with a
huge cost: CQR requires re-training the model for each α. Moreover, there is no guarantee that the
estimate of the lower bound of the PI is actually lower than the upper bound (“quantile crossing”, see
[29]), nor that a mean estimate actually falls in the PI either. In our experiments, we had to take the
mean of the lower and upper bound as the mean estimator to ensure the mean estimator is always
within the PI.

We also include the average width of all baselines in Table 6 for reference, although it is not very
meaningful to compare valid and non-valid methods.
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Table 5: Average width of different conformal methods. Width significantly shorter than the
second-best at p = 0.05 are in bold.

50%-PI Width 90%-PI Width
Data (Count) # finite LVD MADSplit CQR # finite LVD MADSplit CQR

Yacht(62) 61.90±0.32 3.99±0.79 3.17±0.84 2.82±0.74 40.90±2.85 3.47±1.36 3.29±1.04 4.52±2.08
Housing(101) 98.30±3.06 6.70±0.97 6.02±1.23 4.98±0.72 69.00±19.11 15.94±2.62 16.81±7.44 13.70±1.84
Energy(154) 154.00±0.00 6.06±1.41 5.77±1.37 5.18±1.47 145.10±11.05 12.89±2.02 12.19±2.71 13.76±2.80
Bike(3476) 3475.20±1.23 0.06±0.05 0.07±0.05 5.62±4.41 3467.50±4.40 0.15±0.13 0.19±0.11 33.65±21.52
Kin8nm(1638) 1610.10±10.18 0.14±0.01 0.12±0.01 0.12±0.01 938.00±123.72 0.34±0.02 0.28±0.02 0.28±0.02
Concrete(206) 200.10±4.01 10.92±1.85 9.77±1.66 9.35±2.84 133.80±20.13 27.93±3.59 21.79±2.93 22.87±3.48
QM8*(4357) 4317.33±22.90 0.02±0.01 0.02±0.01 0.04±0.01 4041.63±136.85 0.05±0.03 0.05±0.03 0.11±0.03
QM9*(26744) 26616.72±39.77 5.12±13.17 5.75±14.78 37.32±65.01 26146.95±151.58 15.06±38.94 14.77±37.04 129.63±207.46

Table 6: Average width of all baselines methods, without restriction to the subsample for which
LVD gives finite PIs.

Width @ 50% MADSplit CQR DJ DE MCDP PBP

Yacht 3.18±0.82 2.83±0.72 19.10±1.26 5.26±0.78 14.34±0.71 2.16±0.31
Housing 6.06±1.22 5.00±0.71 11.50±1.41 10.23±1.50 30.58±0.33 0.74±0.08
Energy 5.77±1.37 5.18±1.47 9.83±1.39 10.52±1.59 30.14±0.24 0.78±0.04
Bike 0.07±0.05 5.62±4.41 0.14±0.07 13.62±6.61 115.47±0.84 0.84±0.27
Kin8nm 0.12±0.01 0.12±0.01 0.25±0.02 0.80±0.03 0.98±0.02 1.29±0.14
Concrete 9.84±1.70 9.39±2.82 47.98±84.01 18.33±2.96 47.82±0.30 0.78±0.06
QM8* 0.05±0.03 0.11±0.03 – 42.17±28.01 – –
QM9* 14.77±37.04 129.63±207.46 – 465.17±919.56 – –

Width @ 90% MADSplit CQR DJ DE MCDP PBP

Yacht 8.02±0.98 12.31±1.79 73.14±1.75 13.13±1.24 34.96±1.73 5.26±0.77
Housing 18.71±9.91 15.10±1.79 26.31±1.87 24.97±2.58 74.57±0.81 1.82±0.19
Energy 12.24±2.78 13.75±2.88 18.54±2.10 25.65±5.58 73.50±0.60 1.91±0.09
Bike 0.19±0.11 33.96±21.87 0.32±0.18 38.50±13.26 281.24±1.66 2.04±0.65
Kin8nm 0.31±0.02 0.32±0.01 0.48±0.03 1.89±0.15 2.39±0.06 3.15±0.35
Concrete 22.52±2.93 23.29±3.32 199.19±369.33 44.02±4.73 116.62±0.74 1.90±0.16
QM8* 0.05±0.03 0.11±0.03 – 42.17±28.01 – –
QM9* 14.77±37.04 129.63±207.46 – 465.17±919.56 – –

B.3 Additional Results of Different Variants of LVD

Although we consider MADSplit as a baseline, our method could be combined with it as well, by
simply replacing Ri with a normalized R′i :=

yn+i−ŷn+i

σ̂(xn+i)
like that in MADSplit. One key observation

is that using embedding given by a pre-trained DL model can simultaneously keep most of the
performance of the base model and combine it with many conformal methods with acceptable
overhead.

In this section, we will change different settings of LVD and compare the effects. Specifically, there
are 3 independent choices:

• Whether we use the kernel regression prediction ŷKR or the base DNN predictor µ̂NN (KR vs.
NN)

• Whether we apply the smoothness requirement as mentioned in Section 3.3 (No-smooth vs. Smooth)
• Whether we normalize the residuals by an extra prediction of MAD or not. We will denote the

version described in the main text as “base”. For the MAD-Normalized case (“MN”), similar to
MADSplit [21, 8], the non-conformity score, and the final PI construction, are replaced by

R′i :=
yn+i − ŷn+i
σ̂(xn+i)

(22)

ĈMN
α (XN+1 :=

{
y ∈ R : |y − ŷN+1| ≤

1

σ̂(XN+1)
Q

(
1− α,wN+1δ∞ +

m∑
i=1

wn+iδR′i

)}
(23)

This potentially can make the PI more discriminative by modeling the heteroscedasticity explicitly.
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As a reminder, all results shown in the main text are using µ̂NN , with smoothing, and not normalized
by MAD prediction (NN, Smooth, NM). Also, all choices will not break any theoretical guarantees,
including Theorem 3.1 and 3.2.

The results are presented in Table 7 and 8, with the version shown in the main text boxed. All methods
achieve target coverage rates as measured by MCR and TCR empirically. In general, we found that
using ŷKR tends to give higher AUROC, with similar or lower MAD. It should be noted that the
MAD prediction in “MN” requires a base classifier, which is ŷNN in our case. In other words, there
is a mismatch in the “MN” version with ŷKR. We conjecture that if the MAD predictor is properly
trained for ŷKR, the AUROC for this combination would be even higher (at no cost to other metrics).
We also include the average width and count of finite PIs in Table 9 and 10. For most experiments

Table 7: MCR and TCR for different variants of LVD.

ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

MCR MN base MN base MN base MN base

Yacht 96.6±4.5 97.4±2.0 95.2±4.6 95.5±2.3 96.1±4.9 97.9±1.7 94.7±5.0 96.8±2.2
Housing 96.8±3.4 97.1±2.8 96.0±3.9 95.7±3.5 97.3±2.2 97.8±2.1 96.1±2.6 96.8±2.9
Energy 92.8±2.7 92.4±2.9 92.5±2.6 92.4±2.9 94.0±1.7 94.1±1.6 93.9±1.7 94.0±1.6
Bike 91.6±1.2 93.8±0.8 91.6±1.2 94.1±0.8 90.6±0.5 90.5±0.8 90.4±0.6 90.4±0.8
Kin8nm 100.0±0.0 100.0±0.0 97.9±0.7 97.9±0.8 100.0±0.0 100.0±0.0 97.9±0.6 98.0±0.6
Concrete 99.6±0.7 99.6±0.8 96.7±2.3 97.0±1.1 99.7±0.6 99.6±0.7 97.0±2.1 97.4±1.3
QM8* 94.9±1.4 95.3±1.3 92.3±0.8 92.9±0.9 94.7±1.5 95.1±1.4 92.0±0.9 92.6±0.9
QM9* 94.0±1.7 94.1±1.6 90.6±0.4 90.4±0.5 93.5±1.5 93.7±1.5 90.3±0.4 90.3±0.6

TCR

Yacht 96.9±4.0 96.9±5.4 93.1±7.6 94.6±5.2 95.4±7.4 99.2±2.4 93.8±7.1 98.5±3.2
Housing 95.7±4.2 96.2±4.4 93.3±9.3 91.4±8.3 98.1±3.3 97.1±4.0 98.1±2.5 96.2±4.4
Energy 86.8±6.2 83.5±9.7 85.8±6.1 83.2±10.2 88.1±4.8 87.1±5.9 87.7±4.8 86.8±5.8
Bike 91.8±1.0 91.9±2.1 90.9±1.6 91.6±2.7 92.0±1.3 90.8±1.5 91.6±1.3 90.2±1.7
Kin8nm 100.0±0.0 100.0±0.0 95.7±1.6 95.0±2.1 100.0±0.0 100.0±0.0 97.1±1.5 97.2±1.6
Concrete 99.0±2.1 99.3±1.6 93.9±4.5 94.4±3.6 99.5±1.0 99.5±1.5 96.8±3.8 97.1±3.4
QM8* 94.6±2.1 95.6±2.4 90.4±2.0 91.4±2.6 94.9±1.9 94.8±2.2 91.2±1.7 90.8±1.9
QM9* 94.4±4.4 94.3±4.5 88.5±3.7 88.0±3.7 94.9±3.1 94.8±3.4 90.1±2.3 89.7±2.5

Table 8: AUROC and MAD for different variants of LVD. Best AUROCs are in bold, and all are
significantly higher than 50 (at p = 0.05). For MAD, the best for each task, if significantly better
than the second-best (at p = 0.05), are in bold.

ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

AUROC MN base MN base MN base MN base

Yacht 71.1±7.1 74.2±3.5 61.5±12.4 67.5±7.1 81.0±6.1 83.8±5.4 80.9±6.1 83.5±5.8
Housing 58.7±7.1 62.0±6.6 61.4±6.7 64.4±5.6 62.6±7.9 60.0±7.0 62.1±9.0 59.2±8.5
Energy 61.8±5.0 60.8±2.9 63.3±5.3 62.9±4.6 74.3±7.2 73.5±6.3 74.3±7.2 73.5±6.3
Bike 73.5±7.8 86.6±3.6 73.7±7.5 87.5±3.2 72.3±8.5 68.1±11.1 72.4±8.5 68.2±11.0
Kin8nm 55.7±1.8 55.9±2.1 60.5±1.9 61.8±1.6 57.1±2.4 56.8±2.4 61.6±1.6 60.3±1.1
Concrete 60.4±3.5 60.1±3.4 62.8±4.6 61.8±5.0 62.7±8.4 62.4±8.4 65.4±6.1 64.0±6.1
QM8* 73.2±9.6 72.8±11.9 75.9±9.0 75.2±11.9 72.9±7.7 71.3±9.5 74.1±6.9 71.3±9.4
QM9* 68.2±7.6 67.3±8.9 66.5±3.5 66.4±5.4 66.2±3.5 64.1±3.7 66.3±3.5 62.7±3.6

MAD

Yacht 0.79±0.09 0.79±0.09 1.14±0.13 1.14±0.13 1.90±0.48 1.90±0.48 1.90±0.48 1.90±0.48
Housing 2.86±0.31 2.86±0.31 3.00±0.32 3.00±0.32 3.31±0.53 3.31±0.53 3.31±0.53 3.31±0.53
Energy 2.34±0.07 2.34±0.07 2.35±0.08 2.35±0.08 2.99±0.75 2.99±0.75 2.99±0.75 2.99±0.75
Bike 2.47±0.72 2.47±0.72 3.79±0.49 3.79±0.49 0.04±0.03 0.04±0.03 0.04±0.03 0.04±0.03
Kin8nm 0.06±0.00 0.06±0.00 0.07±0.00 0.07±0.00 0.07±0.00 0.07±0.00 0.07±0.00 0.07±0.00
Concrete 4.76±0.26 4.76±0.26 5.20±0.29 5.20±0.29 5.44±0.53 5.44±0.53 5.44±0.53 5.44±0.53
QM8* 0.01±0.01 0.01±0.01 0.01±0.01 0.01±0.01 0.01±0.01 0.01±0.01 0.01±0.01 0.01±0.01
QM9* 3.58±9.71 3.58±9.71 4.92±11.39 4.92±11.39 3.69±9.09 3.69±9.09 3.69±9.09 3.69±9.09

adding smoothness requirement and using ŷKR seems to achieve narrow PI, high AUROC, and low
MAD. As noted earlier, training a separate model to model the residual of ŷKR might give additional
discrimination (and possibly narrower PIs as well).
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Table 9: Counts of finite PIs and average width for different variants of LVD (restricted to the
subset for which all PIs are finite), with α = 0.5. In the count table, the size of the test set
is included in the parenthesis, and the lowest count (which is used for width computation) is
underscored.

ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

# finite @ 50% MN base MN base MN base MN base

Yacht(62) 60.7±1.9 60.7±1.9 61.9±0.3 61.9±0.3 60.7±1.9 60.7±1.9 61.9±0.3 61.9±0.3
Housing(101) 93.5±5.7 93.5±5.7 98.3±3.1 98.3±3.1 93.5±5.7 93.5±5.7 98.3±3.1 98.3±3.1
Energy(154) 154.0±0.0 154.0±0.0 154.0±0.0 154.0±0.0 154.0±0.0 154.0±0.0 154.0±0.0 154.0±0.0
Bike(3476) 3473.0±2.8 3473.0±2.8 3475.2±1.2 3475.2±1.2 3473.0±2.8 3473.0±2.8 3475.2±1.2 3475.2±1.2
Kin8nm(1638) 844.3±181.0 844.3±181.0 1610.1±10.2 1610.1±10.2 844.3±181.0 844.3±181.0 1610.1±10.2 1610.1±10.2
Concrete(206) 176.5±21.7 176.5±21.7 200.1±4.0 200.1±4.0 176.5±21.7 176.5±21.7 200.1±4.0 200.1±4.0
QM8*(4357) 4002.4±210.2 4002.4±210.2 4317.3±22.9 4317.3±22.9 4002.4±210.2 4002.4±210.2 4317.3±22.9 4317.3±22.9
QM9*(26744) 25376.7±792.3 25376.7±792.3 26616.7±39.8 26616.7±39.8 25376.7±792.3 25376.7±792.3 26616.7±39.8 26616.7±39.8

Width @ 50%

Yacht 1.8±0.5 1.7±0.5 2.2±0.5 2.1±0.4 4.5±0.9 4.4±0.9 4.1±0.9 3.8±0.9
Housing 5.9±0.6 5.7±0.8 5.5±0.6 5.3±0.7 7.2±1.1 7.0±1.1 6.7±1.3 6.4±1.0
Energy 4.3±0.5 4.3±0.3 4.3±0.4 4.3±0.3 6.2±1.5 6.1±1.4 6.2±1.5 6.1±1.4
Bike 5.4±1.5 4.8±1.3 8.3±1.4 7.3±0.9 0.1±0.1 0.1±0.0 0.1±0.1 0.1±0.0
Kin8nm 0.2±0.0 0.2±0.0 0.1±0.0 0.1±0.0 0.2±0.0 0.2±0.0 0.1±0.0 0.1±0.0
Concrete 11.5±1.2 11.2±1.1 10.1±1.1 9.8±1.1 13.1±2.1 12.8±2.2 10.8±1.8 10.5±1.8
QM8* 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
QM9* 6.1±17.3 5.5±15.6 7.6±18.6 6.8±16.7 6.3±15.8 5.6±14.2 5.7±14.7 5.0±12.9

Table 10: Same as Table 9, but with α = 0.1.

ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

# finite @ 90% MN base MN base MN base MN base

Yacht(62) 35.1±5.8 35.1±5.8 40.9±2.8 40.9±2.8 35.1±5.8 35.1±5.8 40.9±2.8 40.9±2.8
Housing(101) 54.5±22.1 54.5±22.1 69.0±19.1 69.0±19.1 54.5±22.1 54.5±22.1 69.0±19.1 69.0±19.1
Energy(154) 145.1±11.0 145.1±11.0 145.1±11.0 145.1±11.0 145.1±11.0 145.1±11.0 145.1±11.0 145.1±11.0
Bike(3476) 3458.5±11.4 3458.5±11.4 3467.5±4.4 3467.5±4.4 3458.5±11.4 3458.5±11.4 3467.5±4.4 3467.5±4.4
Kin8nm(1638) 0.4±1.0 0.4±1.0 938.0±123.7 938.0±123.7 0.4±1.0 0.4±1.0 938.0±123.7 938.0±123.7
Concrete(206) 28.8±24.8 28.8±24.8 133.8±20.1 133.8±20.1 28.8±24.8 28.8±24.8 133.8±20.1 133.8±20.1
QM8*(4357) 2936.9±587.9 2936.9±587.9 4041.6±136.8 4041.6±136.8 2936.9±587.9 2936.9±587.9 4041.6±136.8 4041.6±136.8
QM9*(26744) 21347.5±2850.8 21347.5±2850.8 26147.0±151.6 26147.0±151.6 21347.5±2850.8 21347.5±2850.8 26147.0±151.6 26147.0±151.6

Width @ 90%

Yacht 5.69±2.98 2.21±0.58 7.68±5.57 2.33±0.41 5.82±3.29 3.03±1.40 4.85±2.08 2.97±1.41
Housing 32.33±34.63 14.14±2.09 22.67±21.69 13.29±1.85 43.46±56.19 15.50±2.89 25.76±20.69 14.48±2.64
Energy 14.61±7.54 12.47±1.48 15.07±8.52 12.49±1.47 15.94±10.07 12.91±2.03 15.92±10.08 12.89±2.02
Bike 21.46±11.96 8.33±2.43 35.62±21.29 11.78±1.72 0.19±0.11 0.15±0.13 0.19±0.12 0.15±0.13
Kin8nm 0.44±0.03 0.36±0.02 0.27±0.12 0.25±0.03 0.39±0.08 0.37±0.02 0.25±0.11 0.24±0.02
Concrete 27.25±4.77 26.30±4.71 20.55±4.06 21.76±2.67 28.79±6.79 28.25±5.16 21.56±4.00 23.41±3.50
QM8* 0.05±0.03 0.04±0.02 0.04±0.02 0.04±0.02 0.05±0.03 0.04±0.02 0.04±0.02 0.04±0.02
QM9* 14.87±41.31 15.01±42.57 17.86±43.59 17.20±43.19 14.84±38.27 15.22±40.44 13.65±35.71 14.04±37.44

B.4 Additional Results on QM8/QM9 sub-tasks

Table 12 and 11 show the metrics for validity and discrimination, respectively, of different variants of
LVD, and the two valid baselines. Table 13 shows the number of widths of PIs by different methods
on the QM subtasks. Table 14 shows the coverage rates for a list of functional groups from the
OPENSMILES project8. We keep only the subset of data whose original SMILES representation
contains the corresponding functional group’s SMILES representation, and compute the average
coverage rate for each of the twelve targets of QM9 dataset9. If LVD is actually conditionally valid,
then the conditional coverage rate should not be significantly lower than the target (90%). Again, it is
worth noting that LVD is only approximately conditionally valid, and the raw SMILES functional
groups were not used anywhere in the entire pipeline. However, LVD is still almost always valid
empirically.

8http://opensmiles.org/opensmiles.html
9We only did this for QM9 because the size of QM8 is not enough for this task.
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Table 11: AUROC and MAD for QM8 and QM9 sub-tasks. The best AUROCs are in bold, and
AUROCs not significantly higher than 50 at p = 0.05 are underscored. For MAD, the best MADs,
if significantly better than the second baseline at p = 0.05, are in bold.

LVD Conformal Baselines
ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

AUROC MN base MN base MN base MN base MADSplit CQR

QM8(E1-CC2) 64.3±1.4 61.8±1.5 67.9±0.9 64.9±1.0 66.2±1.0 63.2±1.2 68.2±0.9 62.9±1.4 67.7±0.8 57.9±3.8
QM8(E2-CC2) 62.5±1.5 60.2±1.3 66.7±0.8 63.2±1.2 64.3±1.2 61.1±1.2 66.8±1.1 61.7±1.2 66.2±1.0 56.8±3.9
QM8(f1-CC2) 83.8±2.1 85.7±2.5 85.7±1.0 87.9±0.8 80.2±1.0 80.5±1.2 80.5±1.2 80.1±1.4 80.0±1.0 70.5±2.9
QM8(f2-CC2) 81.4±2.6 82.9±2.2 84.3±1.3 86.0±0.7 81.7±1.0 82.1±0.7 82.1±0.8 82.3±0.5 80.9±1.1 78.5±5.7
QM8(E1-PBE0) 64.7±1.6 61.8±1.6 67.6±0.8 63.9±1.6 66.2±1.1 62.6±1.1 68.3±0.9 62.6±1.1 67.6±0.9 55.2±5.0
QM8(E2-PBE0) 63.9±1.4 60.2±1.2 66.0±1.0 61.8±1.2 65.1±1.3 61.3±1.4 66.6±1.2 61.2±1.5 66.3±1.2 55.9±2.2
QM8(f1-PBE0) 83.8±2.2 86.0±2.0 85.2±1.4 87.8±0.7 79.0±1.1 78.8±1.0 79.1±1.1 78.1±1.7 79.0±1.0 67.2±2.7
QM8(f2-PBE0) 80.1±2.3 82.1±2.8 82.8±1.1 85.2±0.9 80.8±0.9 81.0±0.8 81.2±1.2 81.1±1.1 80.3±1.0 79.9±3.1
QM8(E1-PBE0.1) 64.8±1.6 61.8±1.6 67.6±0.9 63.9±1.6 66.3±1.4 62.6±1.1 68.2±0.7 62.4±0.8 67.4±0.8 56.9±2.5
QM8(E2-PBE0.1) 63.8±1.4 60.2±1.2 65.8±1.0 61.8±1.2 64.6±1.3 60.8±1.5 66.1±0.9 60.8±1.5 66.0±1.1 55.2±2.3
QM8(f1-PBE0.1) 83.8±2.2 86.0±2.0 85.1±1.4 87.8±0.7 79.5±1.5 79.3±1.2 79.7±1.4 78.7±1.8 79.4±1.3 68.1±3.8
QM8(f2-PBE0.1) 80.1±2.3 82.1±2.8 82.9±1.1 85.2±0.9 81.1±0.7 81.3±0.8 81.6±1.0 81.4±1.1 80.6±0.9 76.7±6.9
QM8(E1-CAM) 63.4±1.6 61.4±1.2 67.7±1.1 64.8±1.0 65.4±1.2 62.2±1.0 68.2±1.0 63.2±0.7 67.4±1.0 58.0±3.9
QM8(E2-CAM) 63.9±2.2 61.2±1.7 66.6±0.8 63.3±1.8 65.1±2.1 61.7±1.6 66.9±1.4 62.4±2.1 66.5±1.5 56.8±3.3
QM8(f1-CAM) 85.8±1.5 87.7±1.5 87.2±1.0 89.5±0.5 78.7±1.2 79.2±1.2 78.7±1.3 78.8±1.2 78.4±1.2 73.1±2.0
QM8(f2-CAM) 81.5±2.1 83.0±2.2 84.8±1.0 86.8±0.8 82.7±1.1 82.9±1.0 83.2±1.0 83.3±1.1 82.1±1.0 81.4±2.3
QM9(mu) 71.7±0.6 67.6±0.5 71.8±1.0 66.6±1.7 72.6±1.1 68.2±0.5 73.9±0.7 68.0±1.1 73.7±0.7 57.4±3.4
QM9(alpha) 61.6±1.2 60.3±1.3 66.2±1.3 65.9±1.9 65.3±0.8 63.2±0.9 65.3±0.6 61.3±1.4 64.0±0.5 45.9±7.7
QM9(homo) 61.2±0.9 58.3±0.5 61.9±0.5 58.4±0.8 62.2±0.4 58.6±0.5 62.9±0.3 58.1±0.9 62.6±0.4 38.7±20.8
QM9(lumo) 60.6±0.7 58.6±0.7 61.5±0.7 59.3±0.7 61.2±0.8 58.5±0.4 62.4±0.4 58.1±0.4 62.2±0.4 58.4±20.1
QM9(gap) 62.3±1.0 60.4±1.0 62.8±0.5 60.5±0.8 62.8±0.9 60.1±0.7 63.5±0.5 59.6±0.6 63.1±0.5 60.2±25.0
QM9(r2) 67.8±1.1 64.1±1.1 68.5±1.2 65.0±1.0 69.3±0.7 64.7±0.6 69.8±0.5 63.1±0.9 69.5±0.5 63.8±0.9
QM9(zpve) 60.5±1.7 60.7±1.7 65.4±0.9 65.6±1.4 62.7±0.5 61.8±0.7 61.3±0.3 58.8±0.6 60.4±0.4 67.5±19.1
QM9(u0) 77.6±3.4 79.2±2.7 68.9±2.4 72.9±1.6 68.3±0.5 67.7±0.4 67.8±0.6 66.1±1.0 64.6±0.9 54.9±2.0
QM9(u298) 77.6±3.3 79.1±2.6 68.8±2.5 72.9±1.7 68.4±0.6 67.9±0.6 67.9±0.8 66.0±1.2 64.7±1.0 55.8±2.2
QM9(h298) 77.5±3.2 79.1±2.6 68.9±2.5 72.9±1.6 68.4±0.7 67.9±0.7 67.9±0.8 66.2±1.2 64.7±0.9 55.7±2.0
QM9(g298) 77.6±3.3 79.2±2.7 68.9±2.4 72.9±1.7 68.6±0.7 68.0±0.7 68.0±0.8 66.1±1.1 64.8±0.9 54.5±1.8
QM9(cv) 62.6±1.0 60.8±0.9 65.0±1.1 64.0±0.9 64.6±1.1 62.3±0.8 65.3±0.7 60.9±0.8 64.6±0.7 47.5±9.1

MAD

QM8(E1-CC2) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(E2-CC2) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(f1-CC2) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.03±0.00
QM8(f2-CC2) 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.03±0.00 0.06±0.01
QM8(E1-PBE0) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(E2-PBE0) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(f1-PBE0) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.03±0.00
QM8(f2-PBE0) 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.05±0.01
QM8(E1-PBE0.1) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(E2-PBE0.1) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(f1-PBE0.1) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.03±0.01
QM8(f2-PBE0.1) 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.05±0.01
QM8(E1-CAM) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.01
QM8(E2-CAM) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.02±0.00
QM8(f1-CAM) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.04±0.01
QM8(f2-CAM) 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.02±0.00 0.05±0.01
QM9(mu) 0.49±0.01 0.49±0.01 0.51±0.01 0.51±0.01 0.48±0.00 0.48±0.00 0.48±0.00 0.48±0.00 0.48±0.00 2.01±1.24
QM9(alpha) 0.69±0.03 0.69±0.03 1.10±0.07 1.10±0.07 0.70±0.01 0.70±0.01 0.70±0.01 0.70±0.01 0.70±0.01 9.79±0.83
QM9(homo) 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 2.13±2.01
QM9(lumo) 0.00±0.00 0.00±0.00 0.01±0.00 0.01±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 5.65±3.33
QM9(gap) 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 0.01±0.00 4.34±3.35
QM9(r2) 35.56±1.29 35.56±1.29 42.12±1.56 42.12±1.56 33.53±0.36 33.53±0.36 33.53±0.36 33.53±0.36 33.53±0.36 188.64±9.50
QM9(zpve) 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 4.42±3.93
QM9(u0) 1.46±0.18 1.46±0.18 3.69±0.33 3.69±0.33 2.29±0.07 2.29±0.07 2.29±0.07 2.29±0.07 2.29±0.07 40.85±3.49
QM9(u298) 1.46±0.18 1.46±0.18 3.69±0.33 3.69±0.33 2.29±0.06 2.29±0.06 2.29±0.06 2.29±0.06 2.29±0.06 40.64±3.81
QM9(h298) 1.45±0.18 1.45±0.18 3.69±0.33 3.69±0.33 2.29±0.06 2.29±0.06 2.29±0.06 2.29±0.06 2.29±0.06 40.84±3.03
QM9(g298) 1.46±0.18 1.46±0.18 3.70±0.33 3.70±0.33 2.29±0.07 2.29±0.07 2.29±0.07 2.29±0.07 2.29±0.07 41.02±3.81
QM9(cv) 0.34±0.01 0.34±0.01 0.47±0.02 0.47±0.02 0.33±0.01 0.33±0.01 0.33±0.01 0.33±0.01 0.33±0.01 5.03±1.55
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Table 12: MCR and TCR for QM8 and QM9, for 90% PI. Numbers not significantly lower than
90% are in bold. Like in the main text, MADSplit and CQR achieves 90% marginal coverage rate
empirically as expected, but fail to cover data with more extreme responses (in the tails). Variants
of LVD almost always cover empirically, measured by both MCR and TCR.

LVD Conformal Baselines
ŷKR ŷNN

No-smooth Smooth No-smooth Smooth

MCR MN base MN base MN base MN base MADSplit CQR

QM8(E1-CC2) 96.3±0.7 96.3±0.8 92.6±0.9 92.7±0.6 96.2±0.8 96.2±0.6 92.3±0.6 92.5±0.5 90.0±0.5 90.1±0.7
QM8(E2-CC2) 96.2±1.0 96.2±0.8 92.0±0.5 92.2±0.7 96.1±1.0 96.2±0.7 92.0±0.5 92.2±0.5 89.8±0.6 90.1±0.5
QM8(f1-CC2) 93.9±0.9 94.8±0.9 92.3±0.7 93.8±0.8 93.7±1.0 94.0±1.2 92.2±0.8 92.5±1.1 90.1±0.7 90.2±0.7
QM8(f2-CC2) 94.8±1.3 95.1±1.1 93.0±0.6 93.6±0.6 94.3±1.3 95.1±1.3 92.5±0.8 93.6±0.6 89.9±0.7 89.9±0.7
QM8(E1-PBE0) 95.9±0.5 96.0±0.6 92.3±0.7 92.7±0.6 95.7±0.7 95.9±0.6 91.9±0.8 92.5±0.6 89.7±0.5 90.2±0.5
QM8(E2-PBE0) 95.0±0.9 95.4±0.9 91.8±0.5 92.4±0.8 95.0±0.9 95.3±0.9 91.7±0.6 92.3±0.6 90.0±0.5 90.0±0.6
QM8(f1-PBE0) 93.7±1.1 94.3±1.2 92.4±1.0 93.1±1.0 93.4±1.2 93.9±1.4 91.8±1.3 92.4±1.2 90.3±0.8 90.2±0.9
QM8(f2-PBE0) 94.0±1.8 94.6±1.8 91.9±1.1 92.5±0.9 93.9±1.9 94.8±1.6 91.6±1.2 92.8±0.9 89.9±0.9 89.7±0.5
QM8(E1-PBE0.1) 95.8±0.6 96.0±0.6 92.2±0.6 92.7±0.6 95.6±0.7 95.9±0.5 91.9±0.8 92.5±0.7 89.8±0.5 89.8±0.6
QM8(E2-PBE0.1) 94.9±0.8 95.4±0.9 91.7±0.4 92.4±0.8 95.0±1.0 95.3±0.9 91.8±0.5 92.3±0.6 90.2±0.5 90.0±0.4
QM8(f1-PBE0.1) 93.6±1.0 94.3±1.2 92.3±0.9 93.1±1.0 93.1±1.4 93.9±1.3 91.6±1.3 92.3±1.4 89.9±1.0 90.0±0.4
QM8(f2-PBE0.1) 94.2±1.8 94.6±1.8 92.0±1.1 92.5±0.9 94.0±1.9 94.8±1.7 91.8±1.1 92.8±0.9 89.9±0.7 89.7±0.8
QM8(E1-CAM) 96.3±1.1 96.5±0.9 92.7±0.9 93.2±0.8 96.2±1.2 96.4±0.9 92.3±0.8 92.8±0.6 89.9±0.5 90.2±0.4
QM8(E2-CAM) 95.3±1.0 95.6±1.1 92.1±0.7 92.6±0.8 95.4±0.8 95.6±0.9 92.1±0.5 92.5±0.7 90.0±0.5 90.0±0.6
QM8(f1-CAM) 93.7±1.0 94.7±1.2 92.2±0.6 93.5±0.8 93.3±0.9 93.8±1.2 91.7±0.6 92.2±0.7 89.8±0.7 89.9±0.7
QM8(f2-CAM) 94.7±1.1 95.0±0.8 92.7±0.7 93.4±0.6 94.5±1.1 95.2±0.9 92.5±0.7 93.5±0.7 90.0±0.9 90.3±0.8
QM9(mu) 92.5±1.7 93.2±1.6 90.4±0.4 91.3±0.5 92.6±1.7 93.3±1.5 90.6±0.4 91.4±0.4 90.1±0.2 90.0±0.3
QM9(alpha) 94.7±1.5 94.6±1.6 90.5±0.4 89.7±0.4 94.5±1.5 94.6±1.6 90.1±0.3 89.7±0.4 90.0±0.2 89.9±0.2
QM9(homo) 92.3±0.6 92.5±0.7 90.4±0.4 90.4±0.2 92.4±0.6 92.6±0.7 90.6±0.3 90.7±0.3 90.0±0.3 89.9±0.3
QM9(lumo) 93.5±0.9 93.5±1.0 90.5±0.3 90.4±0.3 93.5±0.9 93.6±0.9 90.7±0.4 90.6±0.3 90.1±0.3 89.9±0.4
QM9(gap) 93.0±1.2 93.1±1.2 90.5±0.3 90.4±0.2 93.0±1.1 93.2±1.1 90.6±0.3 90.7±0.3 90.1±0.2 89.9±0.3
QM9(r2) 92.6±1.1 93.0±1.2 90.1±0.3 90.5±0.3 92.6±1.2 93.1±1.1 90.4±0.4 90.8±0.5 89.9±0.4 90.1±0.3
QM9(zpve) 95.3±1.2 95.4±1.2 90.5±0.1 90.1±0.3 95.2±1.3 95.3±1.4 90.3±0.2 89.9±0.2 90.0±0.2 90.0±0.2
QM9(u0) 94.9±1.5 94.8±1.6 90.9±0.5 90.6±0.5 93.3±1.3 93.4±1.3 90.1±0.2 90.0±0.3 89.9±0.2 90.1±0.2
QM9(u298) 95.1±1.8 95.0±1.9 90.9±0.5 90.6±0.5 93.6±1.7 93.7±1.8 90.0±0.2 89.9±0.3 89.9±0.2 90.1±0.2
QM9(h298) 95.0±1.6 94.9±1.7 90.9±0.5 90.6±0.5 93.5±1.4 93.6±1.4 90.1±0.2 90.0±0.3 89.9±0.2 90.1±0.2
QM9(g298) 94.9±1.5 94.8±1.6 90.8±0.5 90.6±0.5 93.3±1.4 93.4±1.3 90.0±0.2 89.9±0.3 89.9±0.2 90.1±0.2
QM9(cv) 94.3±1.4 94.4±1.5 90.4±0.3 89.9±0.5 94.2±1.5 94.4±1.5 90.4±0.4 90.1±0.4 90.0±0.2 90.0±0.4

TCR

QM8(E1-CC2) 94.4±1.2 94.3±1.4 89.6±1.9 89.3±0.9 95.2±0.9 94.3±1.5 91.3±1.2 90.2±1.3 88.1±1.5 83.5±6.4
QM8(E2-CC2) 95.5±1.5 94.9±1.7 89.6±1.2 88.6±1.4 95.8±1.6 95.6±1.5 90.7±1.7 90.1±1.7 87.4±2.2 84.4±4.4
QM8(f1-CC2) 94.5±2.2 97.0±1.7 90.4±1.5 93.6±1.4 94.9±1.3 94.1±2.0 91.4±1.2 90.5±1.8 85.0±1.8 80.1±2.8
QM8(f2-CC2) 95.6±2.5 96.2±2.7 91.8±1.6 92.3±1.7 95.7±2.6 95.2±2.9 92.4±1.6 91.4±1.5 84.9±2.1 73.3±4.8
QM8(E1-PBE0) 94.0±1.4 94.2±1.2 89.9±1.8 89.9±1.5 94.4±0.8 94.2±1.5 90.9±1.2 90.3±1.5 87.8±1.8 80.9±4.6
QM8(E2-PBE0) 94.1±1.6 93.8±2.0 90.0±1.6 89.7±2.0 94.8±1.4 94.2±1.9 90.9±1.7 90.5±2.0 87.5±1.8 82.1±5.8
QM8(f1-PBE0) 94.3±2.3 97.3±1.5 90.9±3.0 94.4±1.8 94.5±2.0 95.2±1.9 91.1±2.7 91.8±2.1 85.1±1.9 80.4±2.5
QM8(f2-PBE0) 94.5±3.4 95.6±3.4 90.1±2.4 90.9±1.5 95.1±3.2 95.1±3.6 90.9±2.4 90.2±1.8 84.4±2.6 74.6±6.2
QM8(E1-PBE0.1) 94.0±1.3 94.2±1.2 89.8±1.5 89.9±1.5 94.3±1.2 93.9±1.6 90.7±1.4 90.3±1.9 87.8±2.0 83.4±4.4
QM8(E2-PBE0.1) 94.2±1.4 93.8±2.0 90.1±1.6 89.7±2.0 94.9±1.5 94.3±2.1 91.0±1.5 90.4±2.2 87.9±1.8 82.0±5.5
QM8(f1-PBE0.1) 94.2±2.3 97.3±1.5 90.7±2.8 94.4±1.8 93.9±2.1 95.2±1.8 90.6±2.7 91.7±2.5 84.1±2.0 81.1±2.4
QM8(f2-PBE0.1) 94.7±3.2 95.6±3.4 90.0±2.1 90.9±1.5 95.0±3.2 95.0±3.7 90.8±2.3 90.3±1.9 84.2±2.4 73.3±3.8
QM8(E1-CAM) 94.0±1.7 94.1±1.7 89.1±2.4 90.0±1.3 94.3±1.5 93.8±1.9 90.2±1.4 89.8±1.7 86.5±1.4 81.4±5.8
QM8(E2-CAM) 95.1±1.4 95.0±1.8 90.7±1.2 90.4±1.5 95.4±1.4 95.4±1.9 91.8±1.0 91.1±1.5 88.1±1.7 83.5±5.0
QM8(f1-CAM) 95.3±2.3 98.8±1.2 92.1±1.4 96.2±0.7 95.1±1.6 95.9±1.4 92.3±0.8 93.0±1.3 86.7±1.1 81.9±3.3
QM8(f2-CAM) 95.7±1.7 96.8±1.8 91.5±0.9 92.8±0.9 95.9±1.7 96.0±1.9 91.7±1.5 91.2±1.5 85.0±2.0 73.5±4.6
QM9(mu) 83.2±4.7 82.9±4.6 77.4±1.5 77.1±1.7 87.0±3.5 86.0±3.4 83.1±1.5 81.9±1.1 79.8±1.5 64.7±4.2
QM9(alpha) 96.7±1.3 96.7±1.5 88.9±0.7 87.9±0.7 97.4±1.1 97.5±1.2 90.7±0.9 90.3±0.9 87.3±0.8 69.9±2.3
QM9(homo) 91.7±1.4 91.4±1.5 87.2±0.8 86.7±1.0 93.0±1.0 92.9±0.9 89.7±0.7 89.4±1.0 86.5±0.5 89.8±2.7
QM9(lumo) 93.4±1.3 93.5±1.2 88.2±0.8 88.1±0.7 94.7±0.7 94.7±0.8 91.1±0.9 90.7±1.0 89.7±0.9 87.5±1.9
QM9(gap) 92.0±1.8 91.9±2.0 87.6±0.6 86.9±0.9 93.7±1.4 93.6±1.5 90.3±0.8 90.0±1.0 87.9±0.8 88.1±1.3
QM9(r2) 94.1±2.1 93.7±2.0 88.2±0.8 88.0±1.2 95.3±1.7 95.0±1.7 90.9±0.7 90.6±1.2 87.6±0.8 67.0±4.3
QM9(zpve) 97.0±1.0 97.1±0.9 90.4±0.7 90.1±0.7 96.7±1.2 96.9±1.2 91.2±0.9 90.9±0.8 90.5±0.6 88.3±4.5
QM9(u0) 97.3±1.5 97.2±1.6 91.2±0.9 90.7±0.9 95.9±1.5 96.1±1.7 90.7±0.5 90.4±0.8 84.1±1.0 80.1±3.2
QM9(u298) 97.4±1.7 97.4±1.8 91.2±0.8 90.7±0.9 96.2±1.8 96.2±1.9 90.6±0.4 90.4±0.8 84.0±0.9 79.8±3.3
QM9(h298) 97.4±1.7 97.3±1.7 91.2±0.8 90.7±0.9 96.1±1.8 96.1±1.9 90.7±0.4 90.4±0.7 84.0±1.1 80.3±2.9
QM9(g298) 97.3±1.6 97.2±1.7 91.1±0.7 90.7±0.9 96.0±1.6 96.0±1.7 90.7±0.4 90.3±0.7 84.0±1.1 80.0±2.3
QM9(cv) 95.9±1.8 95.9±2.0 89.2±0.7 88.2±1.0 96.5±1.5 96.6±1.5 91.0±0.7 90.8±0.7 87.8±0.6 80.4±7.7
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Table 14: (On QM9) MCR conditioning on the presence of certain functional groups in the
original SMILES representation. The list of groups are taken from the OPENSMILES project, as
implemented in [32]. The (pooled) mean coverage rate are computed over 10 random re-splits of
the full QM9 dataset like in other parts of this paper. We keep only the functional groups with at
least 200 appearances in all ten randomly sampled test set. All numbers not significantly lower
than 90% at p = 0.05 are in bold.

Conditional Coverage Rate alpha cv g298 gap h298 homo lumo mu r2 u0 u298 zpve

2-butyne 88.4±0.4 94.6±0.4 93.1±0.4 94.9±0.4 92.8±0.4 95.6±0.4 94.4±0.4 94.3±0.4 93.2±0.4 92.8±0.4 93.0±0.4 92.2±0.4
aldehyde 93.3±0.4 94.4±0.4 94.8±0.4 92.6±0.4 94.4±0.4 94.7±0.4 91.1±0.4 90.7±0.4 90.4±0.4 94.4±0.4 94.6±0.4 93.6±0.4
amide 89.7±0.3 89.7±0.3 90.0±0.3 91.1±0.3 90.6±0.3 92.2±0.3 89.9±0.3 88.0±0.3 91.4±0.3 90.3±0.3 90.2±0.3 90.3±0.3
carboxylic acid 91.9±0.4 93.2±0.4 90.0±0.4 91.4±0.4 89.7±0.4 92.3±0.4 92.4±0.4 92.7±0.4 91.8±0.4 90.0±0.4 90.0±0.4 91.1±0.4
cyclopropane 89.9±0.3 90.5±0.3 93.5±0.3 90.9±0.3 93.7±0.3 89.8±0.3 91.8±0.3 93.1±0.3 88.7±0.3 93.6±0.3 93.8±0.3 91.2±0.3
dimethyl ether 90.4±0.1 91.9±0.1 89.4±0.1 91.6±0.1 89.3±0.1 91.9±0.1 91.5±0.1 92.2±0.1 88.7±0.1 89.3±0.1 89.4±0.1 90.6±0.1
ester 92.5±0.6 94.0±0.6 90.8±0.6 90.2±0.6 90.2±0.6 91.5±0.6 91.4±0.6 91.9±0.6 92.3±0.6 90.3±0.6 90.6±0.6 92.3±0.6
ethanol 90.0±0.2 92.0±0.2 90.0±0.2 93.1±0.2 90.1±0.2 92.9±0.2 92.5±0.2 91.8±0.2 88.1±0.2 90.0±0.2 90.1±0.2 90.8±0.2
ethene 84.1±0.2 89.5±0.2 86.7±0.2 90.3±0.2 86.9±0.2 91.4±0.2 89.3±0.2 92.8±0.2 90.0±0.2 86.7±0.2 86.8±0.2 87.0±0.2
ether 90.4±0.1 91.9±0.1 89.4±0.1 91.6±0.1 89.3±0.1 91.9±0.1 91.5±0.1 92.2±0.1 88.7±0.1 89.3±0.1 89.4±0.1 90.6±0.1
formaldehyde 90.3±0.2 91.5±0.2 91.9±0.2 90.9±0.2 92.0±0.2 91.7±0.2 89.7±0.2 86.7±0.2 88.3±0.2 91.9±0.2 91.9±0.2 91.5±0.2
hydrogen cyanide 93.8±0.2 93.7±0.2 93.4±0.2 89.9±0.2 93.4±0.2 89.6±0.2 92.1±0.2 88.3±0.2 92.2±0.2 93.3±0.2 93.1±0.2 91.6±0.2
ketone 88.7±0.3 90.9±0.3 89.4±0.3 92.2±0.3 89.5±0.3 91.5±0.3 90.7±0.3 90.6±0.3 90.7±0.3 89.7±0.3 89.8±0.3 89.8±0.3
prop-1-ene 84.5±0.3 89.6±0.3 85.2±0.3 90.4±0.3 85.6±0.3 92.5±0.3 89.3±0.3 94.1±0.3 89.3±0.3 85.3±0.3 85.5±0.3 86.1±0.3
prop-1-yne 89.8±0.3 94.8±0.3 94.0±0.3 94.6±0.3 93.6±0.3 95.4±0.3 94.0±0.3 94.4±0.3 92.2±0.3 93.8±0.3 93.8±0.3 92.8±0.3

23



C Discussion on Discriminative Jackknife

Discriminative Jackknife (DJ) was recently proposed as a post-hoc method to construct prediction
intervals for regression deep learning models [1]. [1] claims that DJ is simultaneously marginally
valid and discriminative. Unfortunately, neither claim is true, and it has other practical issues, as we
will discuss in detail in this section.

C.1 Jackknife+ vs. DJ

Although it is out-of-scope for this paper, we would like to briefly explain where the finite-sample
coverage guarantee comes from, or rather should have come from. It is highly recommended that the
readers read the original work of Jackknife+, [4] which lays the theoretical foundation for [1] more
details.

Suppose we have training data {Zi}ni=1 where Zi = (Xi, Yi), and (X,Y ) ∼ P for some unknown
distribution P . Suppose we have an order-invariant algorithm A that trains a mean-estimator given
some data. We will denote the full estimator as µ̂, the leave-one-out (LOO) estimator as µ̂−i, and the
LOO residual as RLOOi , defined as:

µ̂ := A
(
{(Xj , Yj)}j∈[n]

)
(24)

µ̂−i := A
(
{(Xj , Yj)}j∈[n]\{i}

)
(25)

RLOOi := |Yi − µ̂−i(Xi)| (26)

We will also define q̂+n,β{vi} as the d(n+ 1)βe-th smallest (close to the β-th quantile) of v1, . . . , vn,
and q̂−n,β{vi} as the b(n+ 1)βc smallest value10.

The original Jackknife+ [4] does the following to construct a PI with finite-sample coverage guarantee
(at level 1− 2α, but empirically usually covers 1− α of the time):

• Step 1: Train the LOO estimator µ̂−i for i ∈ [n].
• Step 2: Collect the LOO residuals RLOOi for i ∈ [n].
• Step 3 (inference): For a new data point (Xn+1, Yn+1), the Jackknife+ PI would be

ĈJackknife+α (Xn+1) := [q̂−n,α{µ̂−i(Xn+1)−RLOOi }, q̂+n,1−α{µ̂−i(Xn+1) +RLOOi }] (27)

Assuming exchangeability of {Zi}n+1
i=1 , [4] proves that

P{Yn+1 ∈ ĈJackknife+α (Xn+1)} ≥ 1− 2α (28)

Here the probability is taken over all training samples and the test data.

DJ aims to apply the above for deep learning algorithm A. The only difference between DJ and
Jackknife+ is that replaces step 1 with step 1b below:

• Step 1b: replace µ̂−i with µ̂HOIF−i , which is estimated using µ̂ and higher-order influence function
(HOIF) without actually retraining the deep learning algorithm A.

C.2 Validity

Although using influence function (IF) to estimate µ̂−i is possible, in practice, there is almost no way
to do this. For the coverage guarantee (Theorem 1 in [4]) to hold, it is important that for µ̂−i, Zi and
Zn+1 are also “exchangeable”. In other words, µ̂−i cannot see Zi at all, which is crucial in Step 2 of
the proof of Theorem 1 (Section 6 in [4]). If µ̂−i actually “remember” Zi somehow, then the last step
of Step 2 in the proof breaks.

Unfortunately, µ̂HOIF−i does “remember” the Zi it saw. The original paper [18] also uses IF to
estimate the LOO models, but it only applies this to understand which training sample has more
influence on the model, or in some qualitative assessment settings (as the name of the paper suggests).
Even for such use case, [6] summarizes several issues with using IF in deep learning, one of which

10Note the + and − signs are used to distinguish the d·e and b·c operations.
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is the error in estimating just the ranking of the influences even with first order IF estimated with
exact inverse-Hessian vector product (HVP). In [1], the HOIFs are computed recursively, and every
IF is computed with approximate HVP, which means there is little understanding in the quality of
such estimates11. To actually achieve the theoretical guarantee in this setting, we need to eliminate
completely the influence of Zi on the model parameters of µ̂, which requires infinite-order exact IF
and is clearly unrealistic.

C.3 Discrimination

The short answer to this is DJ is actually not discriminative, or at least not in practice. This can
be found in our experiments in Section 4.2. [1] reports high AUPRC due to a code error12. It is
worth noting that the exact version of Jackknife+ does not show discrimination in the way claimed
in [1] either (See the comparison in Figure 3). The varying width of the PI is a by-product of the
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Figure 3: DJ, Jackknife+ and Split conformal on the synthetic dataset.

construction and proof, and is usually close to constant in practice. Intuitively, as n→∞, µ̂−i → µ̂,
and the variance of the PI width would→ 0. Here are two simple thought experiments:

1. As n→∞, µ̂−i → µ̂, and the variance of the PI width would→ 0.
2. Suppose X follows a uniform distribution from {−10,−9, . . . , 0, . . . , 9, 10}, and Y = |X|.

Suppose A is a linear regression algorithm without intercept. As long as n is big enough, the PI
for any input Xn+1 would be [−9, 9]. The error would however→ |Xn+1| (because µ̂(x)→ 0),
so there is not discrimination at all.

As a result, DJ, the approximated version, could only potentially be discriminative due to some
numerical instability and/or some effect that is orthogonal to the LOO procedure and the construction
of the PI, which requires more exploration and detailed explanation.

C.4 Other Considerations

Order-invariance for A is rarely satisfied for the deep learning model. This is because a deep
learning model usually uses some variants of stochastic gradient descent (SGD) instead of gradient
descent, which means permuting the input data would result in different µ̂. However, it is also
required for the proof in [4]. [1] did not mention this at all, which results in an incomplete proof even
if every stated above is fixed. That said, the proof [4] could easily be extended to training DNN with
SGD as well; however it is out of the scope of this discussion.

Scalability of the proposed method in DJ is not practical, even the employed approximations. At
training time, at least for the experiments in [1], directly performing the LOO procedure is faster than
actually computing influence functions and estimating µ̂−i. This of course depends on the number of
training data points vs. the number of parameters of the DNN. However, as we will discuss in Section
C.5, there is no strong argument for using DJ in any scenario. Moreover, if we do not store all the
LOO model weights (which has a large space requirement), we would need to compute the IFs on the
fly for each test data, which is prohibitively expensive.

Stability is another concern. In using the influence function, inverting Hessian is very expensive, so
DJ follows [18] in using a stochastic Hessian Vector Product (HVP) method. However, one would

11In fact, based on the experiment, the errors seem to build up, as we will discuss in Section C.3.
12https://github.com/ahmedmalaa/discriminative-jackknife/blob/
e012d0a359aa8dac16fe03a99fa586966cf86ffe/UCI_experiments.py#L82
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also need to get a good estimate of the eigenvalue of the Hessian13 for the HVP estimation process to
converge meaningfully. In our experiment (and in the code published by the authors of [1]), exact
Hessian with small NNs have to be used, instead of HVP, due to stability issues.

C.5 Conclusion

If we take a step back, Jackknife+ was proposed as an improved version of the classical Jackknife
with a finite-sample marginal coverage guarantee. The question it tries to address however is not just
concerning finite-sample marginal coverage, but also about data scarcity: As noted in the original
Jackknife+ paper [4], split conformal already has a finite-sample guarantee (at 1−α level as opposed
to 1 − 2α of Jackknife+), but the limitation is that it requires reserving a hold-out set. When the
model requires more data to train, this might result in a poor fit. Of course, it is desirable to use all
the data we have to train the base model. However, in many cases we only need a small portion of the
data as the validation/calibration set. If data is abundant, this is not a concern, so one could use split
conformal (or CQR, MADSplit, LVD, etc.). If the data is actually very scarce, then usually the model
cannot be too complicated, so directly performing the LOO cross-validation with Jackknife+ would
not be too expensive and will keep the theoretical guarantee. If we use DJ, we might spend more
time while breaking the theoretical guarantee.

13which can be very large and thus unstable to estimate according to [6]
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D Data

In this section, we will try our best to list the licenses of the public datasets we use and details about
how the consent was obtained.

• UCI Yacht Hydrodynamics (Yacht)[38]: We could not find the license for this dataset. The dataset
was created by “Ship Hydromechanics Laboratory, Maritime and Transport Technology Department,
Technical University of Delft”, and donated by “Dr Roberto Lopez” per [38].

• UCI Bikesharing (Bike) [35, 10]: The original data was provided according to the Capital Bikeshare
Data License Agreement https://www.capitalbikeshare.com/data-license-agreement.
We could not find details on how the data was obtained.

• UCI Energy Efficiency (Energy)[37, 34]: We could not find the license for this dataset. The dataset
was created by Angeliki Xifara (angxifara ’@’ gmail.com, Civil/Structural Engineer) and was
processed by Athanasios Tsanas (tsanasthanasis ’@’ gmail.com, Oxford Centre for Industrial and
Applied Mathematics, University of Oxford, UK).

• UCI Concrete Compressive Strength (Concrete)[36, 46]: We could not find the license for this
dataset. The dataset was original owned and donated by Prof. I-Cheng Yeh at Department of
Information Management at Chung-Hua University, Taiwan, R.O.C.

• Boston Housing (Housing)[9]: We could not find the license for this dataset. This dataset contains
information collected by the U.S Census Service concerning housing in the area of Boston Mass14.

• Kin8nm[16]: We could not find the license for this dataset. The original parent dataset (the “kin”
dataset) was contributed by Zoubin Ghahramani15.

• QM8 [28, 30] and QM9 [30, 27]: We could not find the original license for these datasets, but they
are discributed under CC By 4.0 16. They are obtained in [28] and [27].

14https://www.cs.toronto.edu/ delve/data/boston/bostonDetail.html
15https://www.cs.toronto.edu/ delve/data/kin/desc.html
16https://tdcommons.ai/single_pred_tasks/qm/
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