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Abstract
Learning a near optimal policy in a partially observable system remains an elusive
challenge in contemporary reinforcement learning. In this work, we consider
episodic reinforcement learning in a reward-mixing Markov decision process (MDP).
There, a reward function is drawn from one of multiple possible reward models
at the beginning of every episode, but the identity of the chosen reward model is
not revealed to the agent. Hence, the latent state space, for which the dynamics
are Markovian, is not given to the agent. We study the problem of learning a
near optimal policy for two reward-mixing MDPs. Unlike existing approaches
that rely on strong assumptions on the dynamics, we make no assumptions and
study the problem in full generality. Indeed, with no further assumptions, even
for two switching reward-models, the problem requires several new ideas beyond
existing algorithmic and analysis techniques for efficient exploration. We provide
the first polynomial-time algorithm that finds an -optimal policy after exploring
Õ(poly(H, −1 )·S 2 A2 ) episodes, where H is time-horizon and S, A are the number
of states and actions respectively. This is the first efficient algorithm that does not
require any assumptions in partially observed environments where the observation
space is smaller than the latent state space.

1

Introduction

In reinforcement learning (RL), an agent solves a sequential decision-making problem in an unknown
dynamic environment to maximize the long-term reward [46]. The agent interacts with the environment
by receiving feedback on its actions in the form of a state-dependent reward and observation.
One of the key challenges in RL is exploration: in the absence of auto-exploratory properties such as
ergodicity of the system, the agent has to devise a clever scheme to collect data from under-explored
parts of the system. In a long line of work, efficient exploration in RL has been extensively studied for
fully observable environments, i.e., under the framework of Markov decision process (MDP) with a
number of polynomial-time algorithms proposed [34, 27, 43, 40, 18]. For instance, in tabular MDPs,
i.e., environments with a finite number of states and actions, we can achieve sample-optimality or
minimax regret without any assumptions on system dynamics [3, 50].
In contrast to fully observable environments, very little is known about the exploration in partially
observable MDPs (POMDPs). In general, RL in POMDPs may require an exponential number of
samples (without simplifying structural assumptions) [35, 31]. Therefore, it is important to consider
natural sub-classes of POMDPs which admit tractable solutions. Previous studies focus on a special
class of POMDPs where observation spaces are large enough such that a single observation provides
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sufficient information on the underlying state [22, 35, 4, 12, 16, 30]. However, there are many
applications in robotics, topic modeling and beyond, where the observations space is smaller than
the latent state space. This “small observation space” setting is critical, as most prior work does not
apply. Our work seeks to provide one of the first results to tackle a class of problems in this space.
In particular, we tackle a sub-class of POMDPs inspired by latent variable or mixture problems.
Specifically, we consider reward-mixing MDPs (RM-MDPs). In RM-MDPs, the transition kernel
and initial state distribution are defined as in standard MDPs, while the reward function is randomly
chosen from one of M -reward models at the beginning of every episode (see the formal definition
1). RM-MDPs are important in their own right. Consider, for instance, a user-interaction model in a
dynamical web system, where reward models vary across users with different characteristics [38, 23].
A similar setting has been considered in a number of recent papers [8, 6, 23, 45, 7], and most recently,
and most directly related to our setting, [36].
Even for M = 2, the RM-MDP setting shares some of the key challenges of general POMDPs. This
is because the best policy for the RM-MDP problem should account for not just the current state,
but also an entire sequence of previous observations since some previous events might be correlated
with a reward of the current action. And in the small observation space setting, prior work as in
[22, 35, 4, 12, 16, 30] cannot be applied. The work in [36] develops an algorithmic framework for
solving the RM-MDP problem in this small observation setting, but requires strong assumptions
without which the algorithm falls apart. We discuss this in more detail below. Indeed, no work to
date, has been able to address the RM-MDP problem, even for M = 2, without significant further
assumptions. This is precisely the problem we tackle in this paper.
Main Results and Contributions We focus on the problem of learning near-optimal policies in
two reward-mixing MDPs, i.e., RM-MDPs with two reward models M = 2. To the best of our
knowledge, no prior work has studied sample complexity of RL in RM-MDPs even for M = 2 without
any assumptions on system dynamics. Specifically, we provide the first polynomial-time algorithm
which learns an -optimal policy after exploring Õ(poly(H, −1 ) · S 2 A2 ) episodes. We also show
that Ω(S 2 A2 /2 ) number of episodes is necessary, and thus our result is tight in S, A. This is the first
efficient algorithm in a sub-class of partially observable domains with small observation spaces and
without any assumptions on system dynamics.
On the technical side, we must overcome several new challenges that are not present in fully observable
settings. One key hurdle relates to identifiability. In standard MDPs, an average of single observations
from a single state-action pair is sufficient to get unbiased estimators of transition and reward models
for the state-action. However, in RM-MDPs, the same quantity would only give an averaged reward
model, where the average is taken over the reward model distribution. However, an average reward
model alone is not sufficient to obtain the optimal policy which depends on a sequence of previous
rewards.
Our technique appeals to the idea of uncertainty in higher-order moments, bringing inspiration from
algorithms for learning a mixture of structured distributions [19, 9, 26, 15]. In such problems, the key
for efficient learning is to leverage information from higher-order moments. Following this spirit, we
consider estimating correlations of rewards at multiple different state-actions. A central challenge
we must overcome is that in finite-horizon MDPs, it may be not possible to estimate all higher-order
correlations with uniformly good accuracy. In fact, it may not be possible to estimate some correlations
at all when some pairs of state-actions are not reachable in the same episode. Therefore, we cannot
simply rely on existing techniques that require good estimations of all elements in higher-order
moment matrices. The main technical challenge is, therefore, to show that a near-optimal policy can
still be obtained from uncertain and partial correlations of state-actions. Our technical contributions
are thus two-fold: (1) design of an efficient exploration algorithm to estimate each correlation up
to some required accuracy, and (2) new technical tools to analyze errors from different levels of
uncertainties in estimated higher-order correlations.
Related Work Efficient exploration in fully observed environments has been extensively studied
in the framework of MDPs. In tabular MDPs, a long line of work has studied efficient exploration
algorithms and their sample complexity based on the principle of optimism [27, 43, 3, 18, 50, 47,
44] or posterior-sampling [1, 43, 40, 41]. Beyond tabular settings, recent work seeks for efficient
exploration in more challenging settings such as with large or continuous state spaces [28, 32, 17].
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All aforementioned work considers only fully observable environments where the complexity of
exploration is significantly lower as there is no need to consider observation histories.
Most previous study on exploration in POMDPs focuses on large observation spaces such that a set of
single observations is statistically sufficient to infer internal states, i.e., the observation matrix has
non-zero minimum singular value. Under such environments, previous work either considers a strong
assumption on the uniform ergodicity of the latent state transitions [25, 5, 22, 4] or the uniqueness of
underlying states for every observation [35, 12, 16]. The exception is a recent work by Jin et al. [30]
which studied efficient exploration without any assumptions on latent system dynamics.
One of the most closely related to problem to our work is a reinforcement learning problem with latent
contexts (also referred as multitask RL), which is considered in [6, 23, 36]. Previous approaches
relied on several strong assumptions such as very long time horizon [6, 23], revealed contexts in
hindsight or ergodic properties of system dynamics [36]. Our work takes a first step without such
assumptions by focusing on environments where only the reward model differs across different tasks.
RM-MDP might be also viewed as a special case of adversarial MDPs (e.g., [49, 39, 29]) with an
oblivious adversary who can only play within a finite set of reward models. However, our goal is
to find an optimal policy in a broader class of history-dependent policies, whereas in adversarial
MDP literature they compare only to the best Markovian policy in hindsight. RM-MDP can be also
considered as an instance of latent variable models (e.g., [14, 20, 13, 25, 24]), where sample reward
sequences are influenced by unobserved confounders. RM-MDP poses several new challenges as both
challenges from reinforcement learning and statistical inference are interlaced by latent contexts.

2

Problem Setup

We define the problem of episodic reinforcement learning problem with time-horizon H in rewardmixing Markov decision processes (RM-MDPs) defined as follows:
Definition 1 (Reward-Mixing Markov Decision Process (RM-MDP)) Let M be a tuple
M
(S, A, T, ν, {wm }M
m=1 , {Rm }m=1 ) be a RM-MDP on a state space S and action space A
where T : S × A × S → [0, 1] is a common transition probability measures that maps a state-action
pair and a next state to a probability, and ν is a common initial state distribution. Let S = |S| and
A = |A|. w1 , ..., wM are the mixing weights such that at the beginning of every episode, one reward
model Rm is randomly chosen with probability wm . A reward model Rm : S × A × {0, 1} → [0, 1] is
a probability measure for rewards that maps a state-action pair and a binary reward to a probability
for m ∈ [M ].
In this work, we focus on a special case of RM-MDPs when M = 2, i.e., 2RM-MDPs. For the
ease of presentation, we assume all random rewards take values from {0, 1}, i.e., rewards are binary
random variables. In this work, we assume a uniform-prior over each latent context such that w1 = w
and w2 = 1 − w with w = 1/2. Detailed discussions on these simplifying assumptions can be
found in Section 5. We consider a policy class Π which contains all history-dependent policies
π : (S, A, {0, 1})∗ × S → A. The goal of the problem is to find a near optimal
hPpolicyiπ ∈ Π that has
PM
H
∗
π
π
near optimal value w.r.t. the optimal one, VM := maxπ∈Π m=1 wm Em
t=1 rt , where Em [·]
is expectation taken over the mth MDP with a policy π. More formally, we wish our algorithm to
return an (, η) provably-approximately-correct (PAC) optimal policy, which we also refer as a near
optimal policy, defined as follows:
Definition 2 ((, η)-PAC optimal policy) An algorithm is (, η)-PAC if it returns a policy π̂ s.t.
∗
π̂
P(VM
− VM
≤ ) ≥ 1 − η.

2.1

Notation

We often denote a state-action pair (s, a) as one symbol x = (s, a) ∈ S × A. For any sequence
(y1 , y2 , ..., yt ) of length t, we often simplify the notation as (y)1:t for any symbol y. We denote
lP
1 sum of any function f over a random variable X conditioned on an event E as kf (X|E)k1 =
X∈X |f (X|E)|, where X is a support of X. 1 {E} is an indicator function for any event E and
3

Algorithm 1 Learning Two Reward-Mixture MDPs
1: Run pure-exploration (Algorithm 2) to estimate second-order correlations
2: Estimate 2RM-MDP parameters M̂ from the collected data (Algorithm 3)
3: Return π̂, the (approximately) optimal policy of M̂

P(E) is a probability of any event E measured without contexts. If we use P without any subscript, it
PM
is a probability of an event measured outside of the context, i.e., P(·) = m=1 wm Pm (·). We refer
Pm the probability of any event measured in the mth context (or in mth MDP). If probability of an
π
event depends on a policy π, we add superscript π to P. We denote VM
as an expected long-term
ˆ
reward forNmodel M with policy π. We use · to denote empirical counterparts. For any set A and
d ∈ N, A d is a d-ary Cartesian product over A. We use a ∨ b to refer max(a, b) and a ∧ b to mean
min(a, b) for a, b ∈ R.
Specifically for M = 2: We use shorthand pm (x) := Rm (r = 1|x) for m = 1, 2. Let an expected
averaged reward p+ (x) := 12 (p1 (x) + p2 (x)), differences in rewards p− (x) := 12 (p1 (x) − p2 (x))
and ∆(x) := |p− (x)|.

3

Algorithms

Before developing a learning algorithm for 2RM-MDP, let us provide intuition behind our algorithm.
At a high-level, our approach lies on the following observation:
The latent reward model of 2RM-MDP can be recovered from reward correlations and the averaged
reward.
Consider a simpler interaction model, in which we have a perfect and exact access N
to correlations
of the reward function. That is, suppose we can query for any (xi , xj ) ∈ (S × A) 2 the reward
correlation function
1
µ(xi , xj ) := E [ri · rj |xi , xj ] = · (p1 (xi )p1 (xj ) + p2 (xi )p2 (xj )).
(1)
2
Assume we can also query the exact expected average reward p+ (x) for all x ∈ S × A. Suppose we
can construct a matrix B ∈ RSA×SA indexed by state-actions x ∈ S × A, such that at its (i, j) entry
is given by:
Bi,j = µ(xi , xj ) − p+ (xi )p+ (xj ).
Simple algebra shows that B = qq > where q ∈ RSA is a vector indexed by x ∈ S × A such that
qi = p− (xi ). Hence, we can compute the top principal component of B, from which we can recover
p− (x) for all x ∈ S × A. Through the access to p− (x) (ignore sign ambiguity issue for now) and
p+ (x) we can recover the probabilities conditioned on the latent contexts via
R1 (r = 1|x) = p+ (x) + p− (x) and R2 (r = 1|x) = p+ (x) − p− (x).

(2)

Once we have the latent reward model we can use any approximate planning algorithm (e.g., pointbased value iteration) to find an -optimal policy.
However, when such exact oracle is not supplied, and the interaction with the 2RM-MDP is based on
trajectories and roll-in policies, getting a point-wise good estimate of B is not generally possible. For
example, some state-action pairs cannot be visited in the same episode, in which case we cannot get
any samples for the correlations of such pairs of state-actions: µ(xi , xj ) is completely unknown. In
such a case, recovery of the true model parameters is not possible in general even if we estimate all
reachable pairs without errors. Hence the main challenge is as follows: can we estimate a model from
a set of empirical second-order correlations such that the estimated model is close to the true model
in terms of the optimal policy, even if it is not close in model parameters?
For usual MDPs, states that cannot be reached pose no problems: we do not need to learn transition
or reward probabilities of these states, since no optimal policy will use that state. Indeed, with this
observation at hand, reward free exploration techniques [31, 33] can be utilized to learn a good
model w.r.t. all possible reward functions (given a fixed initial distribution). Our main conceptual
contribution is to show how these techniques can be leveraged for the RM-MDP problem.
4

Overview of our approach.

Our approach develops the following ideas.

1. Section 3.1: We define what we call a Second Order MDP, an augmented MDP whose states
are pairs of states of the original MDP. Borrowing technology from single MDPs, we show
that reward free exploration on the augmented MDP can be used to approximate second
order moments of the original MDP, along with confidence intervals, obtained by how often
a particular pair of states can be reached.
2. Section 3.2: We show how to find the parameters of a model whose second order moments
are in the confidence set obtained from the augmented MDP. To do this, we show that we
can use linear programming to select an element of the uncertainty set that corresponds to
valid second order moments for a model.
3. Section 3.3: The main contribution of the analysis, is then to show that for any model
whose true second order statistics lie in this set obtained, an approximate planning oracle
is guaranteed to return an -optimal solution to the true model. Theorem 3.2 shows that
sample complexity depends quadratically in (S · A). This is well-expected, given that our
algorithm must compute statistics on the augmented graph. We next give a matching lower
bound: Theorem 3.3 shows that this quadratic dependence is unavoidable.
3.1

Pure Exploration of Second-Order Correlations

Our first goal is to collect samples for pairs of state-actions through exploration. This will ultimately
allow us to estimate the correlations of the reward function, as well as the average reward per-state
p+ (x). The backbone of pure-exploration is adaptive reward-free exploration schemes studied in
standard MDP settings [33]. We first consider a surrogate model that helps to formulate data collection
process for correlations of pairs. Specifically, we first define the augmented MDP:
f is defined
Definition 3 (Augmented Second-Order MDPs) An augmented second-order MDP M
on a state-space Se and action-space Ae where
n
o
N
Se = (i, v, s)| i ∈ {1, 2, 3}, v : (v 1 , v 2 ) ∈ ((S × A) ∪ {null}) 2 , s ∈ S ,
Ae = {(a, z)| a ∈ A, z ∈ {0, 1}}.
f an augmented state (it , vt , st ) evolves under an action (at , zt ) as follows:
Then in M,
j
i1 = 1, v1 = (null, null), s1 ∼ ν(·), st+1 ∼ T (·|st , at ), vt+1
= vtj ∀j ∈ [2]/{it },

 it
vt
if zt = 0 or it = 3
i
if zt = 0 or it = 3
it
it+1 = t
, vt+1
=
.
it + 1 else
(st , at ) else

(3)

The second-order augmented MDP consists of an extended state space where the first two coordinates
i, v store previously selected state-actions followed by the coordinate s for the current state. The
action space is a product of original actions a and choice actions z, where z = 1 means that we select
the current state-action to be explored as a part of a pair in the episode. Specifically, when z = 1, by
design we increase the count i. If i reaches 3, it means we collected a sample of a pair (v 1 , v 2 ) in the
episode.
Initially the true model parameters are unknown and thus we are not aware of how to collect samples
for any pair of state-actions or how much samples we need for each pair. In order to resolve this, we
use ideas from reward free exploration for MDPs: we consider the upper confidence error bound
e that follows from the Bellman-equation for M
f with (pure) exploration bonus:
function Q




r
r
ι2
ιT
br (i, v, z) = 1 {i = 2 ∩ z = 1} · 1 ∧
,
b
(s,
a)
=
1
∧
,
T
n(v 0 )
n(s, a)

h
i

e t ((i, v, s), (a, z)) = 1 ∧ br (i, v, z) + E 0
et+1 (i0 , v 0 , s0 ) + bT (s, a) ,
Q
V
(4)
s ∼T̂ (·|s,a)
where 1 {i = 2 ∩ z = 1} is an indicator of whether to collect samples for correlations between stateactions in v 0 . Here, i0 and v 0 are first and second coordinates of the next state following the transition
rule (3), ι2 = O(log(K/η)), ιT = O(S log(K/η)) are properly set confidence interval parameters,
5

Algorithm 2 Pure Exploration of Second-Order Correlations
e (·) (·) = Ve0 = 1, n(v) = 0 for all v ∈ (S × A)
1: Initialize Q

2
.
e
while V0 > pe do
Get an initial state s1 for the k th episode. Let v1 = (null, null), i = 1, rc = 1
for t = 1, 2, ..., H do
e t ((it , vt , st ), (a, z)).
Pick (at , zt ) = arg max(a,z)∈Ae Q
Play action at , observe next state st+1 and reward rt .
if it ≤ 2 and z = 1 then
rc ← rc · rt
end if
Update (it+1 , vt+1 , st+1 ) according to the choice of at and zt following the rule in (3)
end for
if iH+1 = 3 then
n(vH+1 ) ← n(vH+1 ) + 1, µ̂(vH+1 ) ← (1 − 1/n(vH+1 )) µ̂(vH+1 ) + rc
end if
e and Ve using (4), (5)
Update ν̂, T̂ , p̂+ from the trajectory (s, a, r)1:H , and then update Q
end while
N

2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

e H+1 (·) = 0. At every episode, we choose a
K is the total number of episodes to be explored and Q
e
greedy action with respect to Q and collect sufficient data for pairs of state-actions by pure exploration
on the augmented MDP. We repeat the pure-exploration process until Ve0 becomes less than the
threshold pe where
X
p
e t ((i, v, s), (a0 , z 0 )), Ve0 = ιν /K +
Vet (i, v, s) = max Q
ν̂(s) · Ve1 (1, v1 , s),
(5)
e
(a0 ,z 0 )∈A

s

and ιν = O(S log(K/η)) is a confidence interval parameter for initial states. The pure-exploration
procedure is summarized in Algorithm 2. The main purpose of Algorithm 2 is to balance the amount
of samples for correlations.
3.2

Recovery of Empirical Model with Uncertainty

Once we gather enough samples to estimate correlations of pairs of state-actions we are assured
that Ṽ0 ≤ pe . Given this, we describe an efficient algorithm to recover a good estimate of the true
2RM-MDP parameters. We formulate
the model recovery problem as a linear program (LP). Recall
N
that for any xi , xj ∈ (S × A) 2 , we can compute the multiplication of differences at two positions
xi , xj :
u(xi , xj ) := p− (xi )p− (xj ) = µ(xi , xj ) − p+ (xi )p+ (xj ).
(6)
Ideally with exact oracles for getting values of u(xi , xj ), we can recover p− (x) through LP: let
l(x) := log |p− (x)| for all x ∈ S × A. Then we first find a solution for the following LP:
l(xi ) + l(xj ) = log |µ(xi , xj ) − p+ (xi )p+ (xj )|, ∀xi , xj ∈ S × A.
After solving for l(x), we can find consistent assignments of signs sign(x) such that
p− (x) = sign(x) · exp(l(x)), which can be formulated as 2-Satisfiability problem [2].
However„ after the pure-exploration
p phase, we only have estimates of correlations µ̂(xi , xj ) and
confidence intervals b(xi , xj ) := ι2 /n(xi , xj )+20 where 0 = /H 2 is a small tolerance parameter
(as
p well as estimates of the expected average reward p̂+ (x) and its confidence interval b(x) :=
ι2 /n(x)). Note that n(xi , xj ) is the number of counts that a pair (xi , xj ) is counted during pureexploration phase. Let û(xi , xj ) := p̂− (xi )p̂− (xj ) be an empirical estimate of u(xi , xj ). We want
to recover p̂− (x) = sign(x) · exp(ˆl(x)) such that the following is satisfied:
|(µ̂(xi , xj ) + p̂+ (xi )p̂+ (xj )) − û(xi , xj )| ≤ b(xi , xj ), ∀xi , xj ∈ S × A.
(7)
We present in Appendix B.1 the LP formulation to recover ˆl(x) and sign(x). The outline of the
procedure is stated in Algorithm 3 and more details are presented in Algorithm 4. In order for
Algorithm 3 to succeed, we need the following lemma on the existence of feasible solutions in the LP
with high probability:
6

Algorithm 3 Reward Model Recovery from Second-Order Correlations
1:
2:
3:
4:
5:

Solve an LP for ˆl(x) and find sign(x) for all x ∈ S × A that satisfies (7).
Clip ˆl(x) within (−∞, û(x)] where û(x) = log (min(p̂+ (x), 1 − p̂+ (x)) for all x ∈ S × A.
Set p̂− (x) = sign(x) · exp(ˆl(x)) for all x ∈ S × A.
Let p̂1 (x) = p̂+ (x) + p̂− (x), p̂2 (x) = p̂+ (x) − p̂− (x) for all x ∈ S × A.
Return M̂ = (S, A, T̂ , ν̂, {R̂m }2m=1 ), an empirical 2RM-MDP model.

Lemma 3.1 Suppose that we set the confidence parameters as ι1 = ι2 = O(log(SA/η)) and
ιν = ιT = O(S log(SA/η)). Then with probability at least 1 − η, Algorithm 3 returns a model M̂
that satisfies constraints (7) for all xi , xj ∈ S × A.
Given Lemma 3.1, Algorithm 3 is able to find at least one feasible solution, i.e., model M̂, in
polynomial-time. Via such a solution, we obtain p̂− ∈ RSA and can recover an estimate of the latent
model p1 (s, a) = R̂1 (r = 1|s, a) and p2 (s, a) = R̂2 (r = 1|s, a) for all state-action pairs by a plug-in
estimate (2). We refer to such a model as the empirical model. The proof of Lemma 3.1 is given in
Appendix B.2.
3.3

Main Theoretical Results

Upper Bound We first prove the correctness of our main algorithm (Algorithm 1) and compute
an upper bound on its sample complexity. Our upper bound has a quadratic dependence on S · A.
This is well-expected because we must estimate quantities related to the augmented second order
MDP. Our lower bound shows that this dependence is in fact tight. Additionally, our bounds exhibit
an interesting dependence on the error threshold, , that in fact depends on the minimum separation
in distinguishable state-actions:
δ =1∧

min

∆(x).

x∈S×A:∆(x)>0

(8)

where ∆(x) := |p− (x)|. This is reminiscent of similar results for mixture models (e.g., [10, 37]). We
state the following theorem on the sample-complexity of 2RM-MDPs.
Theorem 3.2 There exists a universal constant C > 0 such that if we run Algorithm 1 with pe =


H 3 · δ ∨ H 2 , then Algorithm 2 terminates after at most K episodes where,
K = C · H6 ·

 
−2
S2A
·
(H
+
A)
·
∨
δ
· log(HSA/η) · log2 (H/),
2
H2

with probability at least 1 − η. Furthermore, under the same high probabilistic event, Algorithm 1
returns an -optimal policy.
Theorem 3.2 shows thatwe can find a -optimal policy for any 2RM-MDP instance with at most
O poly(H, −1 ) · S 2 A2 episodes of exploration. We leave it as future work to investigate whether
dependency on  can be uniformly O(1/2 ) regardless of δ, as well as whether the dependency on H
can be tightened.
Lower Bound In Theorem 3.2, the sample complexity guaranteed by Algorithm 1 is Ω(S 2 A2 ). We
show that the dependency on S 2 A2 is also necessary for two reward-mixing MDPs:
Theorem 3.3 There exists a class of 2RM-MDPs such that in order to obtain -optimal policy, we
need at least Ω(S 2 A2 /2 ) episodes.
The proof of the lower bound can be found in Appendix C.
7

Computational Complexity Main bottlenecks of Algorithm 1 are in two parts: (1) solving the LP
in Algorithm 3 and (2) computing the optimal policy for M̂. For (1), with SA variables and O(S 2 A2 )
constraints, solving the LP in Algorithm 3 takes poly(S, A) times (see [11] and the references therein
for some known computational complexity results for solving LPs). For (2), point-based value-iteration
algorithm [42] runs in O(−2 H 5 SA) time to obtain -optimal policy for any specified 2RM-MDP
model. Therefore, the overall running time of Algorithm 1 is polynomial in all parameters.

4

Analysis Overview

For the ease of presentation, we assume that the true transition and initial state probabilities are known
in advance. In Appendix B, we complete the proof of Theorem 1 without assuming known transition
and initial probabilities but instead using ν̂ and T̂ estimated during the pure-exploration phase.
We first note that given any policy π ∈ Π, difference in expected rewards can be bounded by l1 statistical distance in trajectory distributions.
More specifically, consider the set of all possible
N
trajectories T = (S × A × {0, 1}) H , that is, any state-action-reward sequence of length H. Then,
X
π
π
|VM
− VM̂
| ≤ H · k(Pπ − P̂π )((x, r)1:H )k1 =
|Pπ (τ ) − P̂π (τ )|,
τ ∈T

where P̂π (·) is the probability of an event measured in the empirical model M̂ with policy π. Therefore,
P
for any policy π ∈ Π, our goal is to show that τ ∈T |Pπ (τ ) − P̂π (τ )| ≤ O(/H), i.e., the true and
empirical models are close in l1 -statistical distance in trajectory distributions.
The main challenge in the analysis is to bound the l1 distance when estimated first and second-order
moments are within the range of confidence intervals. We now show that when all pairs of state-actions
in τ were visited sufficient amount of times then we can bound the l1 difference. Let us first divide
a set of trajectories into several groups depending on the number of times that every pair in each
trajectory has been explored during the pure-exploration phase. We first define the following sets:
N

Xl = {(xi , xj ) ∈ (S × A) 2 | n(xi , xj ) ≥ nl },
El = {x1:H ∈ T | ∀t1 , t2 ∈ [H], t1 6= t2 s.t. (xt1 , xt2 ) ∈ Xl },

(9)

ι2 δl−2 −2
l

where nl = C ·
for some absolute constant C > 0, 0 = /H 2 and l = 2l−1 for l ≥ 1.
δl = max(δ, l ) is a threshold for distinguishable state-actions x such that ∆(x) ≥ δl . In a nut-shell,
El is a set of sequences of state-actions in which every pair of state-actions has been explored at least
c
nl times. Then we split a set of trajectories into disjoint sets E00 = E0 and El0 = El−1
∩ El and for
l ∈ [L + 1], i.e., a set of trajectories with all pairs visited more than nl and at least one pair visited
less than nl−1 , where we let L = O(log(H/)) be the largest integer such that nL ≥ C · ι2 . Let
nL+1 = 0 and L+1 = 1.
Recall that our goal is to control the l1 -statistical distance between distributions of trajectories for any
history-dependent policies that resulted from true and empirical models. With above machinery, we
can, instead, bound the l1 statistical distance between all trajectories as the following:
k(Pπ − P̂π )(τ )k1 =

L+1
X

X

|Pπ (τ ) − P̂π (τ )| ≤

l=0 τ :x1:H ∈El0

L+1
X
l=0

sup Pπ (x1:H ∈ El0 ) · O(Hl ), (10)

π∈Π

where Pπ (x1:H ∈ El0 ), is the probability that the random trajectory τ observed when following a
policy π is contained within the set El0 . The following lemma is critical in bounding the above inner
sum for each fixed l:
Lemma 4.1 (Eventwise Total Variance Discrepancy) For any l ∈ {0, 1, ..., L+1} and any historydependent policy π ∈ Π, we have:
X
|Pπ (τ ) − P̂π (τ )| ≤ sup Pπ (x1:H ∈ El0 ) · O(Hl ).
(11)
τ :x1:H ∈El0

π∈Π

The second key connection is the relation between supπ∈Π Pπ (El0 ) and the data collected in pureexploration phase. The following lemma connects them:
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Lemma 4.2 (Event Probability Bound by Pure Exploration) With probability at least 1 − η Algorithm 2 terminates after at most K episodes where
K ≥ C · S 2 A(H + A)−2
pe log(HSA/(pe η)),
with some absolute constant C > 0. Furthermore, for every l ∈ [L + 1] we have

sup Pπ (x1:H ∈ El0 ) ≤ O Hpe δl−1 −1
.
l

(12)

(13)

π∈Π

Given the above two lemmas, we set pe = δ0 /H 3 L. We then apply Lemma 4.2 and (10) to bound a
difference in expected value of true and empirical models:

π
π
|VM
− VM̂
| ≤ H · k(Pπ − P̂π )(τ )k1 ≤ Õ H 3 pe δ0−1 ≤ O().
Finally, plugging pe = δ0 /H 3 L into the required number of episodes (12) gives a sample-complexity
bound presented in Theorem 3.2. Full proof of Lemma 4.2 is given in Appendix B.3.
4.1

Key Ideas for Lemma 4.1

The core of analysis by which we establish Lemma 4.1 goes as follows. We split the state-action pairs
into two sets distinguishable and indistinguishable state-action pairs. Fix an l ∈ {0, 1, ...L + 1} and
consider then set El0 . We call a state-action pair x ∈ S × A δ-distinguishable if ∆(x) is larger then
some δ > 0. Then, by the definition of ∆(x), it implies that p1 (x) and p2 (x) are sufficiently different.
For a trajectory τ ∈ El0 , we say that a state-action x within τ is δl -distinguishable if ∆(x) ≥ δl .
States that are distinguishable have the following property. If pairwise correlations between three
distinguishable state-actions are well estimated, then we can recover individual reward probability for
each of the three state-actions as in the following lemma:
Lemma 4.3 Suppose that (x1 , x2 ), (x2 , x3 ), (x3 , x1 ) ∈ Xl and ∆(xi ) ≥ δl for all i ∈ {1, 2, 3}. Let
i∗ = arg maxi∈[3] ∆(xi ), and i∗2 = arg maxi∈[3],i6=i∗ ∆(xi ). Then we have
ˆ i ) − ∆(xi )| ≤ l /2, and ∆(x
ˆ i∗ ) − ∆(xi∗ ) ≤ ∆i∗ l /2.
∀i 6= i∗ , |∆(x
∆i∗2
If all reward parameters in a trajectory are relatively well-estimated, then we can bound the error
in the estimated and true probability of the trajectory. Thus, if a trajectory τ ∈ El0 contains more
than two distinguishable state-actions, we can rely on the closeness in reward parameters to bound
|Pπ (τ ) − P̂π (τ )|. On the other hand, if there are no such three distinguishable state-actions in τ ,
then we cannot guarantee the correctness of reward parameters in τ . In such case, we take a different
path to show the closeness in trajectory distributions. Full proof is given in Appendix A.

5

Discussions and Future Work

We developed the first efficient algorithm for RL in two reward-mixing MDPs without any assumptions
on system dynamics. We conclude this work with discussions on our assumptions and several future
directions.
Non-uniform/Unknown Mixing Weights. When the prior over contexts is not uniform, i.e., w 6=
1/2, parameter recovery procedure (Algorithm 3) may be more complicated due to the sign-ambiguity
issue in p− (x). When w = 1/2, the estimated model is identical whether we use p̂− (x) ≈ p− (x) or
p̂− (x) ≈ −p− (x). However, the model is no longer identical when we have correct signs of p− (x)
or not if w 6= 1/2. In Appendix E, we discuss the extension to non-uniform mixing weights in a great
detail. Once we can solve with any known w ∈ [0, 1], then one possible solution to handle unknown
mixing weight is to sweep all possible mixing weight for w from 0 to 1 with discretization level
O(/H), recover an empirical model obtained by solving an LP assuming known w for all discretized
weights and pick the best policy by testing each policy on the environment.
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Structured Reward Distributions. Our approach can be extended to structured reward distributions, e.g., distributions over finite supports. For instance, if a reward can take l different values in
P2
{q1 , q2 , ..., ql }, we redefine µ(x1 , x2 ) := 12 m=1 pm (x1 )pm (x2 )> as a l × l moment-matrix with
setting pm (x) = [Rm (r = q1 |x), Rm (r = q2 |x), ..., Rm (r = ql |x)]> . Then, we can extend an LP in
Algorithm 3 to find p̂m (x) to match µ(x1 , x2 ) within confidence intervals. This approach would also
pay extra poly(l)-factors both in sample and computational complexity. Then, once we can verify
that the recovered difference in reward models is close, i.e., kp̂− (x) − p− (x)k1 ≤ O(l ), then the
remaining proof for Theorem 3.2 would follow similar to the Bernoulli reward case. We leave a more
thorough investigation in this direction as future work.
Extensions to More Than Two Reward Models M > 2. As mentioned earlier, RM-MDP with
M reward models is an MDP analogy to learning a mixture of M product distributions over reward
distributions. If every higher-order correlation of interest between multiple state-actions can be
estimated, we may apply existing methods for learning a mixture of product distributions over a
binary field [20, 19, 26]. For instance, Jain and Oh [26] proposed a spectral method which requires all
off-diagonal elements of up to third order moments to learn parameters of M -mixtures of n-product
distributions. To apply their method, we may estimate correlations of all three different state-actions
as similarly in Algorithm 2, then reward model recovery of RM-MDP can be converted to learning a
mixture of n = SA-product reward distributions. However, as we have already seen in this paper, the
real challenge is in recovering the model from correlations of unevenly reachable sets of state-actions,
and then analyzing errors with different levels of uncertainty in correlations. We believe this is a very
interesting direction for future research.
In addition to the above mentioned issues, we believe there are a number of possible future directions.
While we specifically focused on RM-MDP problems, the more general problem of Latent MDP
[36] has not been resolved even for M = 2 without any assumptions. We believe that it would be an
interesting future direction to develop efficient algorithms for Latent MDPs with small M . We can also
consider more technical questions in RM-MDPs, e.g., what would be the optimal sample-complexity
dependency on H, , and whether we can develop a fully online algorithm to minimize regret. We
leave them as future work.
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