Supplementary Material:
Robust Persistence Diagrams using Reproducing Kernels

A Proofs for Section 4

In what follows, given a metric space (X, o), L, (X, u) is the Banach space of functions of p*"-power
p-integrable functions with norm || - ||,,, where 1 is a Borel measure defined on X. For a fixed loss p,

we will use the notation £,(-) = £(-, g) = p (||®(-) — g||s, ) in order to emphasize the dependency
of the loss on the choice of g € G. Borrowing some notation from empirical process theory, we define
the empirical risk-functional in Eq. (1) as

and, similarly, the population risk functional j(g) is given by

7@ =Pt = [ p(I0e(@) - glu,) dPla).

A.1 Proof of Theorem 4.2

For € > 0, define the risk functional associated with IP5, to be

Tew(9) =Poly = (1= )T (9) + ep ([|2(®) — gll5,) ,

and let f57 = arginf, g Je «(g) be its minimizer. From the stability result of Proposition 2.2 we
have that

1
W (fo.os®) = lim =W (Dgm (f55) . Dem (£,,0)) < lim, -

e—0 €

_fp,oHoo

Using Propositions B.3 and B.5, we know that the sequence {Je,m} is equi-coercive, and
Je = I'—converges to 7 as ¢ — 0. From the fundamental theorem of I'-convergence [17, Theorem
7.8] we have that || /5% — f, 5|, — 0,and, consequently, from LemmaB.6, || f5:% — f, ||, — 0
as e — 0. Thus, ’
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Let the limit in the right hand side of Eq. (A.1) be denoted by fp - Although fp - does not admit a
closed-form solution, from [27, Theorem 8] we have that f, , satisfies V = af, , + B, where

V=0 (I120(@) = frallae, ) - (@) = foo).
0= [ o (19:@) = frals, ) ). and

- (so' (f(;;)_ —fp,a||m)<f,,(,, oY)~ fyo) a'<<1>g<y>fp,a>) aP(y).

foolla,

For brevity, we adopt the notation z(y) = (|24 (y) — fp.oll5, and u(-,y) = W € H,.
pyollac,
Then note that « € R and B € H,, are given by

o= [ o)),
B [ W) @) (foruln), ulo) )

o



Using the reverse triangle inequality we have
Vi, 2 al|fo,

We now look for an upper bound on || B||;_. By noting that

(Fporits)), (oo, (uCw)utw)), < o],

o

= I1Blls, - (A2)

we have

1813, = (B.B), < [[ @) c@)we ) ],

= e

Plugging this back into Eq. (A.2) we get
v L o) — =)0 (w) aPlo)
- pr’g x

Vs, 2 | oo

» C(2(y)) dP(y), (A3)
where {(z) = ¢(z) — z¢'(2). Similarly, by using the definition of ¢, it follows that
Vllse, =% (195(@) = foollsc, ) - 126(@) = frollye, = 2 (190(@) = foollac, ) -
Combining this with Eq. (A.3) we get
'(||<1>0<:c> ~ frollae,)
= e (190 0) — foo o, )aP(0)

1
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By noting that pr_y,, the result follows. W

’fp’o ¥,

and U(f, ;) < pr,g o

A.2 Proof for Theorem 4.4

Using the triangle inequality we can break our problem down as follows

1550 = Fllg < o = Fllog + 1 Fpe = ol oo
® ®

where, f, = [ Ko (-, x)dP(x) is the population level KDE. For term (@), for P € M(R?), it is
well known [15] that the approximation error for the KDE vanishes, i.e.,
Ifo = fllse =0

as o — 0. So, it remains to verify that (b) vanishes, i.e., || f,.o — foll.. — 0. With this in mind,
consider the map 7, : G — G given by

||q’ ) llsc,)
f<p ||<I> —9ll3,) dP()

D, (x)dP(x).

Our approach to verifying that @ vanishes is similar to Vandermeulen and Scott [39, Lemma 9],
where we show that the map T, is a contraction map when restricted to the subspace

Q, = By, (0,0v,) N D,,.

A key difference is that we work with ||-|| ._—norm, requiring us to obtain a sharper bound for the
Lipschitz constant associated with the contraction.



For brevity, we adopt the notation m(z, g) = ¢ (||® — 3llac, ). The authors in [27] show that
fo,o is afixed point of the map 7,,, i.e., T, (f,5) = f,, o and that f, is the image of 0 under 7, i.e.,
T,(0) = f,. Additionally, from Lemma B. 7, we know that || 5 ||4., < év, for some 0 < § <1
Thus, we can rewrite f, , — fo = T (fp,0) — T»(0).

Let g, h € Q.. Then we have that

/ T m(y, 9)dP(y) dIF’ / T m(v, h)dP(v) h dIP’ o (w)dP(u)
Re Rd Rd Rd
(/mazg z)dP(x —oz/muh ()dP(az))
- % € (A4)

where a = [, m(y, 9)dP(y) € R, 8 = [z m(v, h)dP(v) € R and the numerator £ € 3.
By Tonelli’s theorem

£B/mwg z)dP(x —a/muhcb()dP(w)

/m 2, 9)® (mmvhdﬂb ) P(x)
—/ (mmygdp ) P(x)

/ m(, gym(v, h) B, ()dP(v)dP(x) - / m(u, Bym(y, 9)®, (u)dP(y)dP(w)

Rd xRd R4 xRd
/ / m(y, h) — m(x, hym(y, g)] dP(z)dP(y). (A5)
R4 xR

Then by adding and subtracting m(x, h)m(y, k) to the term inside, we get

m(x, g)m(y, h) —m(x, h)m(y, g) = m(y, h) {m(zx,g) — m(x,h)}
+m(z, h) {m(y,h) —m(y,9)} -

Plugging this back into Eq. (A.5), we get £ = & + & where

6 = // z) {m(x, ) — m(x, h)} m(y, h)dP(y)dP(z)

R4 xR

- / (:W)2(y) [ @0(@) (m(z.9) - m(a. )} dP(e)

Rd

—B/K x){m(x,g) — m(x,h)}dP(x)

QB [o x (ml-r9) = m(- 1) S,

where (i) follows from the fact that the kernel K, (z,y) = v, (x — y) = o~ %)(||x — yl]2/0) is
translation invariant and f is the density associated with P.
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Similarly,

& = / / O, (@)m(@, h) {m(y, h) — m(y, g)} dP(x)dP(y)
R4 x R4

- / m(y, h) — m(y, 9)] dP(y) / B, (@), h)dP(x)

< lm(,h) —m(,9)llog - [0 * (M- 2)F())] -
The upper bound for ||£;| . is as follows
1€1lloe = B lIYo * ((m(-9) —m(-, 1)) F()ll oo
< Blvelly 1tm(-, 9) —m(-, h) f( )l
< Blmi.g) —mC )l e (A5)

where (i) follows from Young’s inequality [25, Theorem 20.18] and (ii) follows from the fact that
119llcc < I1Fllo lglloo- Similarly, for &, we have

€2l < (k) — m )l I # (- B FO)
2 mes k) = )l [Wolly I B F o
C 1) = (gl I W) |l - (A7)

From the proof of [39, Lemma 9, Page 20-22], for g, h € Q,, for fixed constants ¢, co > 0 we have
the following two bounds:

o, Bz , (A.8)

C1Vgs
and
[m(-, k) =m(, 9l < llg = hllg, c2vy %, (A.9)

where the last inequality follows from the Lipschitz property of ¢ and fact that p is strictly convex.
Additionally, for ¢ = [|p’|| ., < oo we have

m(z, 9) = ¢ (/@6 (x) — glls. )
0 (196 (2) = gllsc,)
1o () — gllg,
&S
T @6 (=) = gllg,

(“é) C3
1@ (®)llac, = 19ll5¢,
3

RO 10

where (iii) follows from reverse triangle inequality. Plugging the bounds in equations (A.8), (A.9)
and (A.10) back into equations (A.6) and (A.7) we get,

_ CaoC3 _
el + el < 151 Bean? o = Ml + 125505 =, )




Using this upper bound in Eq. (A.4) we get

HTa(g) - To(h)”

co

.

< 1&llo + ll€2ll
<l ®
C1C2 71 €203 -1
h =V, —h
1 (207 g =, + 20 g, )
Y 0wyt g = hly,

S Cyz;l Hg - h||go7

where in (iv) we use Eg. (A.8), in (v) we use the fact that whenever P € M(RY), we have || ||, < oo
and C' > 0 is a constant depending only on ¢y, ¢z, c3 and || f|| ... Additionally, (vi) holds through an
application of Lemma B.6to g — h € Q, C D,. This confirms that 7, is a contraction mapping. We

use this to show that (b) vanishes as o — 0. Since £, ,,0 € Q, and f, , — 0 € D, we have that
1£o.0 = folloe = 176 (fo.r) = T (0)ll
< CV(:l ||fp70 - OHEO
1
= Cvy ool -

Using the triangle inequality pr,UII% <|fpo — fa||§<> + IIfUHEO we get

Voo = foll < € (Mo = FollZ, + 151
= v, (ITo (fpo) = T )14, + 17112

<o (0 1 —012) "+ ||fa||§o>

3 _3
5 2

1 fpolls, + Coy I £lI2, (A.11)

by using the contraction mapping twice. Observe that

ool < vo lfoollse, < ov2,

where the first inequality follows from Lemma B.6 and the second inequality follows from the fact
that ||fp~,UHj{U < dv, since f,, € Q,. Furthermore, || foll o, = [[¥6 * flloo < [[Yollo £l < vo

from Young’s inequality. By noting that v, = 1, (0) = oc—%)(0), collecting these bounds back into
Eq. (A.11) we get

1fpo = Folloo < C28%05" + Cvg *\/4(0).
yielding that || f, o — fo|l,, — 0as o — 0, thereby verifying that @ vanishes as o — 0. |

A.3 Proof of Theorem 4.5

The proof proceeds in two steps: We first establish the uniform consistency for the ro-
bust KDE and then use the bottleneck stability to show consistency of the robust persis-
tence diagrams in W,,. From the stablllty theorem for persistence diagrams [12, 16], we
have that W, (ng( ), 0gm (fo0)) < ||f7s = fooll,,. Thus, it suffices to show that

5o = fooll 2 0asn — oco. Inorder to prove the latter, we adapt the argmax consistency
theorem [38, Theorem 5.7] for minimizers of a risk function.



Lemma A.1 (Theorem 5.7, [38]). Given a metric space (G, d), let 7,, be random functions and 7
be a fixed function of g € G such that for every e > 0,

oy inf) J(g) > T (g0), and

g:d(g,90)>€

() sup|Tn(g9) — T(9)| & 0.

Y

Then any sequence g,, satisfying J,, (gn) < Jn(g0) + O, (1) satisfies d(gn, go) = 0.
For G = H, N D,,and d(f}',, fp.o) = || fio — fo.o|| . in Order to establish uniform consistency
of the robust KDE, as per Lemma A.1, we need to verify that conditions (1) and (2) are satisfied.

Condition (1) follows from the strict convexity of 7 (¢) in Proposition B.1. Specifically, [27] establish
that assumptions (A1) — (A3) guarantee the existence and uniqueness of f, , = arginf .5 J(g).
Then, forany g € G such that [[g — f,, »[|5, > 0, we have that 7 (g) > T (fy,0)-

We now turn to verifying condition (2). Observe that sup,cg [7n(g) — J (g)| can be rewritten as the
supremum of an empirical process, i.e.,

sup [Tn(g) — T (9)| = sup |Pnly — Ply| = ||Pn, — Plz,
9€9 Ly€F

where F = {{,: g € G}, and £,(x) = p (@5 () — gllsc, ). Verifying condition (2) reduces to
showing that 7 is a Glivenko-Cantelli class. Define 7)(-) = [|®,(-) — g||§ca andlet 7 = {n, : g € G}.
For the continuous map € : [0, 00) — [0, o) given by £(t) = p(v/t), we have that

EoF ={(f): feFt={¢on():9€G}={p(|®s(-) —glly,) : g €G} = F.

By the preservation theorem for Glivenko-Cantelli classes [37, Theorem 3], it holds that if F is

a Glivenko-Cantelli class, then F is also a Glivenko-Cantelli class. So verifying condition (2)
reduces to verifying that F is a Glivenko-Cantelli class. To this end, we first show that F'(x;.,,) =
F(z1, @2, .., @n) = supyeg [Pung — Pyl = [|Pn — P|| - satisfies the self-bounded property for
McDiarmid’s mequallty, i.e.,

1 2
sup |P(@1.,) = (et < - sup sup ([0, (@l + 19 )l +2lo(@)]+2la(a)]).
T Fx) n x; @) geG

Observe that H‘I’o(m)Hi{U = K,(z,z) < ||Kq| . and [g(x)] < [|g]l, < [[K]l by Lemma B.6.
Thus, we have that

6| K,
sup |Fnm) — F(@,)] < el

From [3, Theorem 9], we have that with probability greater than 1 — e ¢,

36 || Ky
B~ Bl < 293, () + 1 2Rl (a12)

where R, (F) is the Rademacher complexity of F given by,

)

R, (F E. | sup |[— € ||Po(xi) — g 2
) (sap 1St ol
> el o (@5,

1
<E|sup<|—
9€6 (| i3
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Note that E. (f(€1.n,Z1.n)) = E(f(€1:n,T1.n)|T1.0) iS the conditional expectation of the

Rademacher random variables €1, €, . . . , €,, keeping «1, x-, . . ., x,, fixed. First, we have that,
1 & 9 i) |1 &
D =E. <sup Zei o () l5¢, ) = E, EZQK (z;,x;)
i=1 =1
(i) 1 & :
S ]Ee - ZEiKU(w’Law’L)
n
i=1
1
< |E. e €i€; Ko(xi, ) Ky (2, ;)
i,J
(111) 1 H ”
\/>

where (i) follows from the absence of g inside the expectation, (ii) follows from Jensen’s inequality
and (iii) follows from the fact that ¢; L ¢; for ¢ # j. For the second term, we have

1
@=E. sup =E. [ sup gl |- D e
9€g nzfl

>

n

1 2
> eillgli,

=1

oo !

where (iv) follows from the fact that ||g||§cd < ||[Ks|| - Lastly, we have

1 « (v) 1 &
@=2Ee sup|— > €ig(xi)| | = 2E. SUP <9» fiKa('vmi)>
(vi) 1 n
< 2E. SUPHQH}(U 7261'[{0("331')
9€9 [ 9
= 2sup ||g(l4, Ee ZEZEJ (4, ;)
IS4

(vid) ||Ko'||%
< olfalle

Ee 1 'Ka iy g
o Ze € Ko (i, ;)

0,J
(v 7.21)
\/>

where (v) follows from the reproducing property, (vi) is obtained from Cauchy-Schwarz inequality,
(vii) follows from Jensen’s inequality, and (viii) follows from the fact that ¢; L €; for i # j.
Collecting these three inequalities, we have

F=0+@+®< %HKJHOO

Plugging this into Eq. (A.12), we have with probability greater than 1 — e—°

1Ko lloe

811500 /301 Kollo
[Pn — Pl 7 < :
NG n
which implies that ||IP,, — P|| » — 0 as n — oo, implying that F is a Glivenko-Cantelli class. The
result, therefore, follows from Lemma A.1. |



A.4 Proof of Theorem 4.7

For g € G define the random fluctuation w.r.t. f, , as

A (X, g) = (((X) = £y, (X)) = (T(9) = T(fo.r)) -

The fluctuation process is an empirical process defined as
An(g) = IEDnA(*X7 g) = (jn(g) - jn(fp,o)) - (._7(9) - j(fp,o)) ,
= ]P)"’ (69 - gfﬂ,rf) -P (69 - pr,a) .

We first show that the behaviour of ||/, — f,, UH is controlled by the tail behaviour of the
supremum of the fluctuation process. To this end, for 5 >0, let

Gs = {9€G: 19— fralloe, <3} =B, (Fpr9)ND

Suppose [}, is such that || /7', — fy.0||,, > 0, then, for sufficiently small A € (0,1) such that
g9=Mp's+ (1= fpo € Gs, we have that

In(9) = Tn(fp.0) ¢ AT () + (1= N T foo) = Tn(foo)
(id)
=\ (Tulfpo) = Tulfpw)) <0, (A.13)

where (i) follows from the strict convexity of .7,, (Proposition B.1), and (ii) follows from the fact that
s = arginf g J,(g). From Proposition B.1, we also know that 7 is strongly convex such that

T(@) = T (foe) = 5 9= Frallse, (A14)
Combining equations (A.13) and (A.14) we have
Ellg = fooliie, < T0) = T(fpo),

=~ {(Tal9) = Talfoo)) = (T(9) = TFpo)) } + (Talg) = Tulfy))
< *An(g

) < sup [A(g)].
9€Gs
By taking the supremum of the left hand side in the above inequality over all g € G5 we have
sup [An(g)] > £02 (A15)
9€Gs 2

This implies that whenever || /', — f,5||,, > ¢ holds, then the condition in Eq. (A.15) holds.
Therefore, ’

n n K
Pe {Xm:Hf — fouolls, >5}<IP>® {Xln:qsgam (9 )|>252}. (A.16)

We now study the behaviour of the r.h.s. in Eq. (A.16) using tools from empirical process theory. First,
we show that F'(x1.,) = F(x1,T2,...,%,) = sup |A,(g)| satisfies the self-bounding property.

9€Gs
sup |F(z1.) — F(x,)| = sup |sup [An(g)] — sup [An(g)]],
T #x z;#x) ' g€Ts 9€Gs
< sup sup |An(g) — AL(9)|,
z;#x), g€Gs
1
=~ sup sup|(6y(@:) — €5, , @) = (¢g(a@)) = £y,., @D).
xz;#x!, g€Gs
1
< = sup sup |(G(@s) — £, , (@)| + | (6 (@) — £y, (@),
z;£x), g€Ts
@) 1 2M§
S — sup 2M g — f o N
n S lg = Frollac, = —



where (i) follows from Proposition B.1 that ¢, is M-Lipschitz w.rt. |-||;. . Therefore, from
McDiarmid’s inequality [40, Theorem 2.9.1] we have

2
PO X A E sup |A < __e ). A17
{ Lin ;ggl n(9)| > gsggpél n(g)|+6}_exp< 2M252) (A17)

Next, we find an upper bound for the expected supremum of the fluctuation process. In order to
do so, we first show that A, (g) has sub-Gaussian increments. For fixed g,h € G we have that
E(A(X,g9) — A(X,h)) =0and

AX,9) ~ AXh)| <

£4(X) — 6a(X)| = |T(9) = T(R)| < 22 llg = By,

Since ‘A(X,g) — A(X, h)’ is bounded, it is, therefore, sub-Gaussian and from Vershynin [40,
Example 2.5.8], we have that the sub-Gaussian norm || A(X, g) — A(X, )|, < 2¢M [lg — hl4,

for ¢ > 1/+/log 2. Consequently, the fluctuation process has sub-Gaussian increments with respect to
the metric |lg — All4_, i.e.,

1 | 9 M
— < = . _ . < _ .
1A(g) = An(R)],, < nJ ;:1 IA(X:, 9) — AX;, B, < NG lg = Blla,

From the generalized entropy integral [33, Lemma A.3], for a fixed constant v > 12/+/log 2 we have

. M [
E sup [An(g)] < inf {2a+ %/a \/log/\f(% [Nl 76)d6}7 (A.18)

9€Gs
where NV (Gs, d, €) is the e-covering number of the class Gs with respect to metric d.

We now turn our attention to finding an upper bound for A/ (Gs, d, €). Note that if By, is a unit ball
in the RKHS, then

Log N (Gs: I, +€) = log N (Boc, N Do -lsc, - 5)
(3) )
< log NV (B%U nD,, ||.||w7(§) >

<log N (B}c,,, 1l 5 (;)2) )

where (i) follows from Lemma B.6 that ||g — h||§cv < |lg — h||..- When the entropy numbers
en (id : H, — Lo (X)) satisfy the assumption, from [35, Lemma 6.21] we have

€\ 2 Gy 02 2p
g7 (e el (5)) = ()

Plugging this into Eq. (A.18), we have that

Mag6% [°
E sup |A,(g)] < inf < 20+ IO | e 2de b = inf T(«),
9g€Gs a>0 \/ﬁ o a>0

where T'(«) is given by
Qa—&—'yM(S\/%log(g) ifp:%7
T(a) =
20 + o (6 —0%a! ™) ifo<p#g <l
At the value oy where T'(«g) = inf 0 T'(x), we have

%+ Mdlog(n) e 1
~vCag - % ifp=3,
T(ag) = 1 (A.19)
L MS§ Kpa2 MS§ ; 1
(1’)11217) n (15217) * hi/ip if 0 < p 7é 3 <1,



for some fixed constant C' > 3 — log(9a). Observe that when 0 < p < 1, the last term of Eq. (A.19)
is negative, and similarly when % < p < 1, the first term is negative. From this, we have that
T(ap) < Mo&(n, p) where

P
Yas

1
(aI-2p)  Vn

ifo<p<i,

£(n,p) = { 1Cal - BD) ifp =L

1

2
Ypags 1 e 1
Sy iy ifs <p<l

Plugging this into Eq. (A.17), we have that with probability greater than 1 — e~?,

sup [A,(g)] < Md&(n,p) + M(S\/f- (A.20)

9€Gs

From Eg. (A.16), this implies that

62
pen {le : Hf;l,a - fP»UHj{U > 6} < pen {Xlzn : sSup An(g) 2 M} :

9€Gs 2
Thus, in Eq. (A.20), by letting

52
= (Maan,p) + M&ﬁ) ,

we have that with probability greater than 1 — e,

2M 2
150 = follse, <= <£(n,p) + Tf) _

Observe that || 1, — fp.o|| . < IIKUII(%<> | frs = fooll, - FOr0 < a <1,by choosing 6, as

p,0
2M | K, éo 2log(1/cx

we have that
pen {Xl:n : an’a — fﬂsUHoo < §n} >1—q.
From the stability of persistence diagrams in Proposition 2.2, this implies that
P@n{le : Woo(ng ( ;J) ,Dgm (fpyg)) > 5n} < a,

yielding the desired result. |

B Supplementary Results

In this section, we establish some results which play a key role in the proofs presented in Section A.

B.1 Properties of the Risk Functional 7 (g)

We establish some important properties of the risk functional, given by

T@) = [ @ @)= [ p(190(@)~gly,) dPla)

Rd

The following result establishes that some important properties of the robust loss p carry forward to
J (g). (i) The Lipschitz property of p is inherited by 7 (g), (ii) the convexity of p is strengthened
to guarantee that [7(g) is strictly convex, and (iii) 7 (g) is strongly convex with respect to the
[|ll 3¢, —norm around its minimizer.

10



Proposition B.1 (Convexity and Lipchitz properties of 7). Under assumptions (A1) — (A3),
(i) The risk functionals J (g) and J,,(g) are M-Lipschitz w.rt. -5 .

(i) Furthermore, if p is convex, J (g) and 7, (g) are strictly convex.

(iii) Adgit'ionally, under assumption (_,44), for f,, = arginf g J(g), the risk functional
satisfies the strong convexity condition

j(g) - j(fp,o) > g pr,a _9“12}60 )

for ju = 2min {o (2015, 11%) " (2015,11%) .

Proof. Lipschitz property. Observe that,
g, () = Lo, ()] = |p (|1P6(2) = g1lls,) — p (1P (®) — g2l4 )|
< M|||@o(2) = g1llae, — [P0 (@) — gallae, |
<M |lg1 = g2ll5,

where the first inequality follows from the fact that p is M -Lipschitz and the last inequality follows
from reverse triangle inequality. This shows that the loss functions ¢, (-) are M-Lipschitz with respect
to g. For the risk functionals, we have that,

|7(91) = T (92)| = /(fgl () = Ly, ()) dP(x)

< []en @ ~ tos(@)|i7(@)
R

< Mllg1 — g2l »

where the first inequality follows from Jensen’s inequality. This verifies that 7 (g) is M-Lipchitz.
The proof for 7,,(g) is identical.

Strict Convexity. We begin by establishing that for translation invariant kernels ||, (x) — -[|4_is
strictly convex. Suppose ¢1,92 € H, N D, and A € (0,1),and let g = (1 — A)g1 + Ag2. Then

1€, (2) — gll3c. = [I(1 = N (@0 (2) — g1) + Mo () — g2)5.
= (1= N?[Po(z) — g115.
+ A2 (|0, () — g2l +2A(1 — )\)<<I>U(:c) g1, By () — 92>H . (B

o

From Cauchy-Schwarz inequality, we know that

(0o(@) =91, 00(@) —g2) < [€o(@) — gillse, |9(@) = g2l

o

In the following, we argue that for translation invariant kernels,

(@o(@) =010 (@) —g2) < |90(@) =gy, [0 (@) —gallse, . (B2

for g1 # go. On the contrary, suppose

(0o(@) = 91.05(@) = g2) = [®s(@) — gills, [(@) = g2 s,

o

holds. Then this implies that there is a function a(x), depending only on g; and go, such that
a(z) # 0 for z € R% and

Do (2) — 91 = a(z) (25(x) — g2) -

11



Rearranging the terms this implies that

o) = L0 (14 @) + i)

where b(xz) = —a(z)/(1 — a(x)) also does not vanish on x € R%. For z,y € R?, from the
reproducing property we have

K,(z,y) = <¢a(w)»‘1>a(y)>
= <91 +b(z)(g1 + 92), 91 + b(y) (91 + gz)>%

= b(@)b(y) g1 + 9215, + (b(@) +b(y) (91.91 + g2)sc, + llonll5e, -

Note that because the kernel is translation invariant, i.e., K, (z,z) = K,(y,y) = o~%)(0), this
must imply that

0= (b(x)* = b(¥)°) g1 + gall3c, +2(b(@) = b(y)){g1, 91 + g2}
= (o(@) = b(w)) (v(@) + b)) 91 + 23, + 291,91 + g2}, )

Since b(x) and b(y) are nonvanishing, the above equation is satisfied only when b(x) = b(y). This
implies that K, (x, y) is constant for all y, giving us a contradiction. Thus, we have that Eq. (B.2)
holds. Plugging this back in Eq. (B.1) we get that for A € (0,1) and g = (1 — X)g1 + Ag2,

[Po(2) = gllge, < (1 =A)[1Do(x) = g1llac, + A[Po(®) = g2lls, -
Since, p is strictly increasing and convex, this implies that
ly(z) < (1= MN)lg, () + Mg, ().

The map 4, (-) — P4, is a linear operator, and ¢, is strictly convex in g, this implies that 7 (g) is also
strictly convex in g. The same holds for 7, (g).

He

Strong Convexity around the minimizer. \WWe now turn our attention to the strong convexity property.
For this, we first show that 7 (g) is twice Gateaux differentiable. Let g,» € G, then the second
Gateaux derivative of the loss £4(z) = p (|| ®+(x) — g, ) at g in the direction £ is given by,

2

8% U(x, g; h) = @f(m’g + ah) -
d2
= 0 (0o (@) —g—ahlls. )|

= 2 [0 (19 () — g — abllae,) (~(® () — g, hhac, + bl )] |,

= o (1®s(z) = glls,) Hh||§fg + (@, (x) — g, M3, ¢ (|12 () = gll5,)

1o () — gll5¢,
= ¢ (2(2,9)) [hllsc, + 1ll5c, (.9, h)2(x, 9)¢' (2(, 9)) (8.3)
where for a fixed g € G, in the interest of brevity, we define z(x, g) = [|®,(x) — gl|4._ and
(I)U(CL') -4 h 2
Mz, g,h) = , € 0,1].
([#0te) gl Tl 1. € OV

Observe that z¢'(z) = p”(2) — ¢(2), thus Eq. (B.3) becomes
5%, g;h) = |[R])5, (1=, g,h) ¢ (2(x,9)) + M=, 9, h)p" (2(,9))) -
From assumption (.44) we have that o and ¢ are nonincreasing, and

2w, 9) = [[®o(®) = glly, < 2[1Kol% -
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Thus, we have that
52 0(w, g:h) > c||hll3, . (B.4)
where
c=min{p (21K,12) 0" (205,1%) }.

We also note that 2¢(zx, g; h) is bounded above. To see this, note that from assumption (A4), " and
 are bounded and nonincreasing. Consequently, for A(x, g, k) € (0,1) and

C =max {p"(0), 0(0)} < oo,
from Eqg. (B.3) we have that
6* (@, g:h) < C||hll3, < oc.

The Géteaux derivative of 7 (g) is, then, given by

52j( h) — iz
g’ 7da2

d2
Rd

J (g + ah)

a=0

R4
= /526(:&9; h) dP(x).
Rd

The exchange of the derivative and integral in the second line follows from the dominated convergence
theorem since |62¢(x, g; h)| is bounded. This confirms the Géteaux differentiability of .7 (¢). From
Eq. (B.4) we have

$7(gih) = [ tw.g:h) dP(a) = c Al ®5)
Rd
For f, ., = arginf .5 J(g) and g € G, we proceed to show the strong-convexity guarantee. Let
h =g — f,,-. From the first-order Taylor approximation for 7 (g) we have,

T(9) =T (fpe) +0T (fp.o:h) + Ra(fpo 1),

where the first Gateaux derivative, 6.7 (f,,», h) = 0 for all h since f, . is the unique minimizer of
J (g) and the remainder term Ry (f, -, k) IS given by

1 1
Ro(fpo,h) = 5/ (1 —=1)8*T (fp.o +th;h) dt
0

1
C C
> Slnl, [ = tde=Snik,
0

where the inequality follows from Eq. (B.5). As aresult, forany g € G and . = § we have that

7

‘—7(9) - J(fp,ﬂ) > 5 ”g - fp,a”?}(g 5

yielding the desired result. n

We now turn to examining the behaviour of the risk functional 7 (¢) w.r.t. the underlying probability

measure P. For 0 < e < 1 and z € R?, let P, = (1 — ¢)P + d, be a perturbation curve, as defined
in Theorem 4.2. The risk functional associated with P, is given by

Tew(9) =Pgly = (1 —€)T(9) + ep (| o (@) — gllc, ) -
and f;;? = infyeg Je.x(g) is the minimizer. The convergence of f5Z to f, , can be studied by

o ;
examining the convergence of 7, , to J. Specifically, under conditions on J and 7 5, it can
be shown that || f5:% — f, ||, — 0ase — 0. The machinery we use here uses the notion of

I'—convergence, which is defined as follows.

13



Definition B.2 (T' convergence). Given a functional F : X — R U {+o0c} and a sequence of

functionals {F,, } F, L Fasn — oo when

neN?

(i) F(x) <liminf F,(x,) for all z € X and every {x,, },en such that d(x,,, ) — 0;
n— oo

(i) Forevery x € X, there exists {x,, } nen, d(@n, ) — 0such that F(x) > limsup F, (x,,).

n—oo

The following result shows that the sequence of functionals {7 .. } I'-converges to 7.
Proposition B.3 (I'-convergence of 7, 5 to 7). Under assumptions (A1)-(.A3),

Toalg) D T(g) as e—0.

Proof. Letg € G and {g.}., be asequence in G such that [|ge — g5, — 0ase — 0. Inorder to
verify I'-convergence we first show that the following holds

Tealge) = T(g)| = 0.
For € > 0, using the triangle inequality we have that

Tewl90) = T(9)] < |T(90) = T(9)| +

lim
e—0

jE,w(ge) - J(ge)

(i)
< Mge —gllge, +

Tex(ge) — T (ge)

(i4)
< Mg = gllyg, + € |7(9) = p (18o(@) = glsc,)
where (i) uses the fact that 7 (g) is M-Lipschitz from Proposition B.1, and (ii) uses the fact that

Tew(9) = (1 =€) T(9) +ep (|Po(2) = glla,) -
Since [|ge — gll5¢, — 0ase — 0 we have

)

=0.

i — < i — i . _ _
im|Jea(90) = T(9)| < M lim llge = gllsc, + lim e+ |T(9) = o (1@6() - lsc,)
Since J. o and J are continuous, using [17, Remark 4.8] it follows that 7. (g) EN J(g). |

Now, we examine the coercivity of the sequence { 7. . }.

Definition B.4 (Equi-coercivity). A sequence of functionals {F;, },, . : X — RU{=oo} is said to be
equi-coercive if for every t € R, there exists a compact set K; C X suchthat {x € X : F,, <t} C K;
for every n € N.

The following result shows that the sequence {7, .. } is equi-coercive.

Proposition B.5 (Equi-coercivity of 7. ;). Under assumptions (.A1)-(.43), the sequence of
functionals {7, » } is equi-coercive.

Proof. For0 < e < 1,z € R?and g € G, we have that

Jea(9) = (1= )T (9) +ep (IPo(®) = glls, ) -

From [17, Proposition 7.7] in order to show that the sequence of functionals { 7. » } is equi-coercive,
it suffices to show that there exists a lower semicontinuous, coercive functional F' : 3, — RU{%o0}
such that F' < 7 . for every e > 0. To this end consider the functional

F(g) =min {J(9),p (|®(2) —gllsc,) } -

As J. . is a convex combination of 7(-) and p (||®4 () — -l ). it implies that F < 7. ,, for every

e > 0. Additionally, because 7 (-) and p (||®,(x) — -l ) are both continuous, it follows that " is
also continuous, and, therefore, lower semicontinuous.

14



We now verify that F' is coercive. Since p is strictly increasing we have that
p (|95 (x) — QH}CO) — oo as |gllg, — o0,
verifying that p (|| ®, (z) — 'H:}f,,) is coercive. Next, from the reverse triangle inequality we have that
1@6(@) = gllac, > |10 (@)llac, = lgllse, | = | VE@2) = llglac,
Observe that K, (x, z) = || K ||, and because p is strictly increasing we have

p (151 =~ lgllac, |) < 0 (120(2) ~ gl )

Taking expectations on both sides w.r.t. P,

p (JIEI1Z ~ llglle, |) < / p (I1+(2) — glls, ) dP() = T (9).

Since

1
o (JIKIE = ligllae,|) = o0 a5 llgllse, = o,

it implies that 7 (g) is coercive as well. It follows from this that F' is coercive, and the sequence of
functionals {7, » } is equi-coercive. [ ]

Propositions B.3 and B.5 together imply, from the fundamental theorem of I"-convergence [17,
Theorem 7.8], that the sequence of minimizers associated with {.7. » } converge to the minimizer of
J, e,

/5% = fpollse, =0 ase—0.

B.2 Some Additional Results

Next, we note an important property of the hypothesis class, G = H, N D,. The elements of G can
be shown to have their ||| —norm related their ||-||,._—norm.

Lemma B.6 ([39, Lemma 6] and [34, Proposition 5.1]). For every g € H, N D,,

2 1
lgllse, < llgllee < o112 l19llsc, -

The following result, which is essentially the population analogue of [39, Lemma 7], guarantees
that for small enough o > 0, there exists 0 < 6 < 1 such that f, , is contained in the RKHS ball

By, (0,0v,), where for brevity we denote v, = || K, H}X/f. We provide the proof for completeness,
however, the proof uses exactly the same ideas from [39]. For notational convenience, we also define

Yol —ylly) = Ko(z,y) = o~ (| — yll, /o).

Lemma B.7. Let P € M(R%) and f, , be the robust KDE for o > 0. For sufficiently small & > 0,
there exists 0 < ¢ < 1 such that f, , € B(0,dv,).

Proof. For P € M(R%),and G = 3, N D, consider the map 7, : G — G given by
¢ (125(2) = glla, )

T,(g) = Ky,(-,x) dP(x) = Ky(-yx)wy(x)dP(x),
R4 fRd @ (||<I>g(y) - g”j-fc,) dP(y) R4
for each g € G. Observe that w, € L;(IP) is a non-negative function such that
/ wy(x)dP(x) = 1. (B.6)
]Rd

Let S, = Im(T5,) C G. It follows from [39, Page 11] that the robust KDE, f, , = arginf 5 J(g),
is the fixed point of the map 7, and therefore f, , € S,. Forasmall e > 0, from [39, Lemma 12;
Corollary 13] there exist 7, s > 0 such that P(B(x, 7)) < eand P(B(x,r + s) \ B(z,r)) < e forall

15



x € RY. This implies that P(B(z, r + s)¢) > 1 — 2¢. We point out that the constant e chosen here is

related to 1/9/10 used by [39] as v/1 — e = /9/10, which, as remarked by the authors, was chosen
simply for convenience. Define the sets B, = By, (0,v,1/1 — ¢€), and let

R, =S, N BE.

In what follows we will show that f, , does not lie in R,. To this end, let g = arginf, .z _J(h). It
suffices to show that 7 (g) > J(0) > J(f,). Since g € R,, it must follow that

(L= a)vz < lglz, < llgllc = 9(2), (B.7)

for some z € R?, where the second inequality follows from Lemma B.6. Since g € S, there exists a
non-negative function w, satisfying Eq. (B.6), such that g = [, w, () K, (-, z)dP(x). Therefore,

(1= 3 <g() = | Kolzw)wo(a)iP()

[ KEeu@de [ Ko@)
B(z,r)

B(z,r)°

—~

i)
< 2 we (x)dP(x (7 we (x)dP(x
2 @@ o) [ o)

<1

oy [ wn@)@) + o), (B.8)
B(z,r)

where (i) follows from the fact that supz(, ... Ko (2, ) = ¥, (r) and (ii) follows from Eq. (B.6).

From [39, Lemma 7], there exists o small enough such that v, (r) < §v2. Plugging this back in
Eq. (B.8) we get

/ w, (x)dP(x) > (1 - 36) . (B.9)
B(z,r) 2
Additionally,
awp g = sw ([ K@ou@de s [ Keouedee)
yEB(z,r+s)° yEB(z,r+s)°
(z,r) B(z,r)c
< sup sup K,(y,x) / we (x)dP(x)
YyEB(z,r+s)¢ x€B(z,r)
B(z,r)
+  sup sup K,(y,x) / Wy (x)dP(x)
yEB(z,r+s)¢ x€B(z,7) Bam)
z,r)°

< h(s) + 2 / we (@)dP(x).

B(z,r)c

For a choice of 7 > 0, there is o small enough satisfying ¢, (s) < 7 such that from Eq. (B.9)

sup  gly) <7+ w2 (B.10)
yEB(z,r+s)° 2
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Then we have that

T(g) = / o (180 () - gllsc. ) dP()

Rd

= [ elea@ -glo) @+ [ p(100@) - gl,) @)

B(z,r+5) B(z,r+s)°

> [ (2@ - gly,) dP()

B(z,7+8)°

= [ o(Vrr i 2w @, ) @
B(z,r+8)°

yeB(z,r+s)°

> / p <\/V§ +gll5, =2 sup g(y)> dP(x).
B(z,r+s)°
Plugging in Equations (B.10) and (B.7) we get
T(9) > (1—20)p (V@ —depZ —2r).
Since p is assumed to be strictly convex, this implies that p’ is strictly increasing. Additionally, from

(A2) we have that p’ is bounded. This implies that, forany 0 < a < ||p’|| ., there is 3 > 0 such that
p'(z) > ||p']l, — «forall z > j. Using [39, Eq. (11)], we have

(2—4e)v? —27
p( (2746)1/3*27): / o (2)dz
0
(2—4e)v2—271
Z/ p'(2)dz
B

(2—4e)v?—27
>/B (16l — o) dz

> (19l = @) (V@402 =27 - ).
Without loss of generality, we can assume ||o’|| ., = 1. Choosing «, 7 and o small enough we obtain
J(9) = Ve
Now we note that

70 = [ o (10:@ls) )
=p (Vo)
=00+ [
<P+ [ dz= v

Thus, we obtain that 7 (g) > J(0). We have g = arginf,.p_J(h) and f, , = arginf, 5 J(h),

and, additionally we know that f, , # 0. It follows that since J(f,,) < J(0) < J(g), then
foo &€ Ry aso — 0. Taking 6 = /1 — ¢, we get the desired result. |

C Supplementary Results for the Persistence Influence
In this section, we collect the proofs for the results on persistence influence established in Section 4.1.

The following result shows that when ¢ is nonincreasing, the persistence influence in Eq. (3) can be
written in a more succinct form.
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Proposition C.1. Under the conditions of Theorem 4.2, if ¢ is nonincreasing, then the persistence
influence of z € R¢ on Dgm (f,.,) satisfies

1
U (fooi @) < [|KollZ wo () [®o(®) = foolla, »
where w, is the measure of inlyingness from Eq. (2).

Proof. From Theorem 4.2 we have that the persistence influence satisfies
—1

¥ (i) < ol ! (19@) = ol ) ([ (1900 = ol )F®) . ()

where {(z) = ¢(z) — z¢'(z). When ¢ is nonincreasing, observe that z¢'(z) < 0 forall 0 < z < cc.
Consequently, ¢ can be bounded below by ¢, and the r.h.s. in Eq. (C.1) can be bounded above by

o (190 @) ~ Foolly,)
Jra @ (190) = Foloc, ) )
@ ypgh — 212~ ool
7 fa so(llfl%r(y) - fp,a||%0)d1p>(y)

1Ko |12, wo () |0 (2) = foollse, »

where (i) follows from the fact that {(z) > ¢(z), (ii) follows from the definition of ¢, i.e.,
p'(z) = zp(z), and (iii) follows from the definition of w, in Eq. (2), yielding the desired result. W

(1) 1
U (fpoiz) < || Ko|2

”(I)a(w) - fp,a“}(a

(zzz)

The following result establishes the bound for the distance-to-measure described in Eq. (4).

Proposition C.2. For P ¢ M(RR?), the persistence influence for the distance-to-measure function is
given by

2
. < — : <
VU (dpm;x) < > Sup {‘f(w) /Rd f(y)d]P’(y)‘ IVfllL,e@) < 1}
where ||V f||, ) is a modified, weighted Sobolev norm [31, 41].

Proof. From [10, Theorem 3.5] the following stability result holds:
1
||dIF’,m - dIP’;,mHOO S 7W2 (Pa P;) .

vm
From [31, Theorem 1] we have that
W2 (P,Pg) < 2(P—Pllg-1p)

where the weighted, homogeneous Sobolev norm ||| ;. ,,, for a signed measure » w.r.t. a positive
measure p is given by

Wi = s {| [ @)@ 1951, < 1

Observe that P — P§, = € (J,, — P) and since |- ;; ) defines a norm, we have that

1 1.1 )
gg%g“d]}”m d]P’E m|| <ﬁlg%€W2(P]P )
2

o1
< NG lim = [le (0 — Pl 1)

= <= 62 = Plssge
s {|r@ - [ o] 1970 <1}

From the stability for persistence diagrams, we have that

1
v (dﬂl’,m; ZB) S lg% g HdIP’,m - dP;7mHoo
and the result follows. [ |
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Persistence-Influence Experiment Points X,, are sampled from an annular region inside [—5, 5}2
along with some uniform noise in the ambient space, corresponding to the black points in Figure 6 (a).
X, has interesting 1°¢-order homological features. We compute the robust KDE f4 - and the KDE

f2 on the points X,, along with the corresponding persistence diagrams Dgm (f;fc,) and Dgm (f2).
Outliers Y, are added to the original points at a distance r from the origin, the number of points
roughly equal to . Figure 6 (a) depicts these outliers in orange when » = 20. The robust KDE

;ﬁj;m and f7*™ are now computed on the composite sample X,, U Y,,, along with the persistence

diagrams Dgm (f;jm) and Dgm (f2*™). The bandwidth o (k) is chosen as the median distance to

the kt"—nearest neighbour of each x; € X,,, for the Gaussian kernel with the Hampel loss and k& = 5.

For the KDE and robust KDE, we compute the L, influence of Y, i.e., | /"™ — f"|| . asshown in
Figure 6 (d). Additionally for each of the 0*"-order and 1%¢-order persistence diagrams, we compute
the persistence influence of Y,,, i.e., W, (Dgm (f™*™),Dgm (f™)) as shown in Figures 6 (b, e),
and the 1-Wasserstein influence, i.e., Wy (Dgm (f™*™), Dgm (f™)) as shown in Figures 6 (c, f). We
refer the reader to Eq. (E.1) in Appendix E for the definition of W, metric.

For each value of r, we generate 100 such samples and report the average in Figure 6. The results
indicate that the robust persistence diagrams, Dgm (f;}_a), are relatively unperturbed when the
outliers are added. It exhibits stability even as » become very large. The KDE persistence diagrams,
Dgm (), on the other hand, are unstable as the outlying noise becomes more extreme.

As discussed in the Remark 4.3(iii), the persistence influence for DTM has a much weaker bound
as the outliers become more extreme, and in general is not guaranteed to be bounded. In Figure
7 we illustrate the results from the same experiment when the persistence diagrams from DTM is
contrasted with the persistence diagrams from the KDE. This analysis is for the same data as that
used in Figure 3. We remark that even though DTM is highly sensitive to extreme outliers, DTM
based filtrations have other remarkable properties, as described in [13]. They are very useful for
analyzing persistent homology when one has access to just a single collection of points X,,. For DTM
the smoothing parameter is chosen as m(k) = k/n with k = 5.
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Figure 6: (a) An example of X,, in blue and the contamination Y,,, when » = 10. (d) The L. influence of Y,,,
on the KDE and robust KDE. (b, e) The bottleneck influence of Y,,. (c, f) The 1-Wasserstein influence of Y, as
the distance r increases.
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Figure 7: For the same data in Figure 6, (a, d) depicts the bottleneck influence for the DTM in contrast to the
KDE - the red line is the same as the one from Figure 6 (b, €). Similarly, in (c, ) we see the W persistence
influence of Y,,, for the DTM in contrast to the KDE. (b) shows the L., influence of Y,,, on the DTM. The
robust KDE lines were omitted from all plots as it appears to almost merge with the KDE at this scale.

D Additional Experiments with Robust Persistence Diagrams

In this section, we provide information on some additional experiments with the proposed robust
persistence diagrams. The experimental setup is the same as in Section 5.

Random Circles. The objective of this simulation is to evaluate the performance of persistence
diagrams in a supervised learning task. We select circles Si, So, . . ., Sn randomly in R? with centers
inside [0, 2]2, with the number of such circles, N uniformly sampled from {1,2,...,5}. Conditional
on N = N, X,, is sampled uniformly from S, ..., Sy with 50% noise in the enclosing square. Two
such point clouds are shown in Figure 8 (a, b). Persistence diagrams Dgm (f2') and Dgm ( ;)fg) are
constructed for bandwidth o (k) selected from k& = 5,7, and vectorized in the form of persistence
images Img (f2, h), and Img (f;;g, h) for varying bandwidths A [1]. With IN as the response and the
persistence images as the input, results from a support vector regression, averaged over 50 random
splits, is shown in Figure 8 (c, d). For a fixed & the robust persistence diagram seems to always
contain more predictive information, as observed in the envelope it forms in Figure 8 (c, d).
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Figure 8: (a, b) A realization X,, when N = 2 and N = 5. (c, d) The predicted mean-squared error vs. the
persistence image bandwidth for persistence diagrams in support vector regression.
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E Background on Persistent Homology

Given a set of a points X,, = {x1...x,} in a metric space (X, d) their topology is encoded in a
geometric object called a simplicial complex K C 2%,

Definition E.1. [24]. A simplicial complex K is a collection of simplices (o) i.e. points, lines,
triangles, tetrahedra and its higher dimensional analogues, such that

1. Vr<o,0e Kwehaver € K;

2. Vo,7 € K,wehavethatc N7 < o,70rc N7 = ¢.

For a given spatial resolution r > 0, the simplicial complex for X,,, given by K (X,,, ), can be
constructed in multiple ways. For example, the Vietoris-Rips complex is the simplicial complex

K,={cCX,: ﬂ B(z,r) # o},

xTeco
and the Cech complex is given by
Kr={0cCX,: max d(z;,z;) <r}.

T, x;co
More generally, if K is a simplicial complex constructed using an approximation of the space X
(e.g., triangulation, surface mesh, grid, etc.), and ¢ : X — R a filter function, ¢ induces the map
¢ : K — R. Then, K, = ¢~ ([0, r]) encodes the information in the sublevel set of ¢ at resolution r.
Similarly, K" encodes the information in the superlevel sets at resolution 7.

For 0 < k < d, the k*"-homology [24] of a simplicial complex K, given by H;, (K) is an alge-
braic object encoding its topology as a vector-space (over a fixed field). Using the Nerve lemma,
Hj, (K (X,,r)) is isomorphic to the homology of its union of r-balls, Hy (U}"_, B, (z:)). The
ordered sequence {K (X, )}, forms a filtration, encoding the evolution of topological features
over a spectrum of resolutions. For 0 < r < s, the simplicial complex K (X,,, r) is a sub-simplicial
complex of K (X,,, s). Their homology groups are associated with the inclusion maps
v Hy (K(Xp, 1)) = Hp (K(X,,,9)),

which in turn carry information on the number of non-trivial k-cycles. As the resolution r varies,
the evolution of the topology is captured in the filtration. Roughly speaking, new cycles (e.g.,
connected components, loops, voids and higher order analogues) can appear or existing cycles can
merge. Formally, a new k-cycle o, with homology class [«] is born at b € R if [a] ¢ Im(z,’bte’b)
forall e > 0 and [ay] € Im(ﬁgbw) for some 6 > 0. The same k-cycle born at b dies at d > b if
wpa_s ([aw]) € Im(ef_ 4_s)and if , ([ar]) € Im(ef_, ) foralle > 0and 0 < § < d—b. Persistent
homology, PH.(¢), is an algebraic module which tracks the persistence pairs (b, d) of births b and
deaths d across the entire filtration. By collecting all persistence pairs (b, d), the persistent homology
is represented as a persistence diagram

Dgm (K (X,,)) = {(b,d) eR*: 0< b < d < o0}.
The persistence diagram is a multiset of points on the space Q = {(z,y) : 0 <z < y < oo}, such
that each point (z, y) in the persistence diagram corresponds to a distinct topological feature which
existed in K£(X,,,r) for z < r < y. Given a persistence diagram D and 1 < p < oo the degree-p
total persistence of D is given by

pers,D) = > |d—b]
(b,d)eD
The space of persistence diagrams, given by D,, = {D : pers, (D) < oo}, is endowed with the family
of p-Wasserstein metrics W,. Given two persistence diagrams D, D, € D,, the p-Wasserstein
distance is given by

1

W, =i (@) :

» (D1,D2) <}YI€1fF Z B ’Y(Z)Hoo) ; (E.1)
zeDUA

where I' = {y:D; UA — Dy U A} is the set of all bijections from D, to D, including the

diagonal A = {(z,y) € R? : 0 < z = y < oo} with infinite multiplicity.
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Figure 9: Points are sampled from a circular region with adverse outlying noise in the enclosing region. The
persistence diagrams from sublevel and superlevel filtration from f' ; and d.. ... respectively are compared with
those from the DTM-filtration for p € {1, 2, co}. The connected components are shown in e and loops in A.

E.1 Weighted Rips Filtrations

For p > 1 and a weight function w : R¢ — R, the p"-power distance from x € X, at resolution

t > 0isgiven by ry ., p,(t) = (17 — w(m)”)%. Anai et al. [2] introduce the weighted-Rips filtration,
where the weighted-Rips complex at resolution ¢ > 0 is the simplicial complex

Kiwp = {a CXn: [ B@,rawp(t) # @} . (E2)
xEoT

The weighted-Rips filtration, {Kt .}, 1S uUsed to construct the persistence diagram

Dgm (X,,; w, p). On the computational front, the construction of Dgm (X,,; w, p) does not depend
on the dimension of the underlying space. As a result, weighted-Rips filtrations are very appealing
for applications in high dimensions. In addition, the weighted-Rips filtrations obtained by using
the distance-to-measure (DTM) as the weight function, i.e., Dgm (X,;; ds, n, p), have some very
appealing approximation properties [2, Theorems 15 & 20].

We highlight some key differences between our approach and that in Anai et al. [2]. First, as
remarked in [2, Section 5], many of the favourable properties of the DTM-filtrations follow from
the stability of DTM w.r.t. the Wasserstein Distance. However, it should be noted that stability
is inherently different from robustness, as we have described in our analysis using the persistence
influence in Section 4.1, and particularly, in Proposition C.2. In this context, Figure 9 demonstrates
the advantage of our proposed approach in the presence of adverse noise. Second, we note that that
our implementations of the robust persistence diagrams use the superlevel filtrations of the robust
KDE f,, (e.g., see Figure 10), in contrast to weighted-Rips filtrations. While latter is arguably better
in higher dimensions, it becomes infeasible for large sample sizes. Notwithstanding, the contributions
of [2] provide an interesting direction to pursue using the tools presented here to develop efficient
and robust persistence diagrams.
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(a) Birth at level r =~ 15 (b) Birth at level » ~ 12 (c) Birth at level » =~ 8
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(d) Death at level » ~ 7 (e) Death at level r =~ 5 (f) Connected component continues to » = 0

Figure 10: An example for the superlevel filtration of ¢ : R — R. (a) As the superlevel set enters » ~ 15, the
first connected component is born, corresponding to the blue dot on the highest peak of ¢. The superlevel set for
r = 15 is depicted in pink below. This is recorded as a birth in the corresponding orange dot enclosed in the pink
shaded region of the persistence diagram. (b) As the r enters » & 12, another connected component is born. This
is recorded as the second orange dot in the shaded region of the persistence diagram. (c) Again, at r ~ 8, a third
connected component is born at the lowest peak of ¢. The three connected components in the superlevel set are
shaded in pink below the function. The persistence diagram has three orange dots corresponding to these three
connected components. (d) As r enters the first valley of ¢, depicted by the red dot, two connected components
merge (i.e., one of the existing connected components die). By convention, the most recent persistent feature
is merged into the older one, i.e., the connected component from (c) merges into the one from (b), and thus, it
dies at this resolution. In the persistence diagram, this is noted by the fact that the orange dot born in (c) dies
at resolution r = 7. At this stage, there are only two orange dots in the pink shaded region of the persistence
diagram, corresponding to the two pink connected components in the superlevel set of ¢. () When r enters the
second valley of ¢, the connected component from (b) merges into the connected component from (a), and form
a single connected component. The orange dot in the persistence diagram records the death of this feature. (f)
The single connected component persists from then on, and eventually dies at » = 0.
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