A Preliminaries

This section contains some standard linear-algebra results used in the proofs. It shares terminology
with Section 2. The Frobenius, or entry-wise Lo, norm of a matrix A is

Al F o= /205 ;1A
Theorem 5. (Singular value decomposition [Bhal3]) For all A € R¥*™,
1. Avi(A) = 0;(A)ui(A) and ATu;(A) = 0;(A)v;(A), Vi
2. [|All = 1(A).
3. (Courant-Fischer Theorem for Singular Values):

o;(A) = min max ||Av||= max min || Av]].
S:dim(S)=m—i+1 veS:||v||=1 S:dim(S)=i veS:||v||=1

The singular values of a submatrix are smaller than those of the original matrix. In particular, the

same holds for their spectral norms.

Theorem 6. (Interlacing property of Singular Values [Que87]) Forany A € R¥*™, I C [k], J C [m],
and i < min(k, m),

0i(Arxg) < 0i(A).

Singular values are subadditive.

Theorem 7. (Weyl’s Inequality for Singular Values [Bhal3]) For all A, A’ € RF*™ andi,j > 1 s.t.
i+ 7 — 1 < min(k,m),

irj-1(A+ A') < 0i(A) +0;(A).

B Pseudo Code for the Algorithm

Algorithm 1 CURATED-SVD
Input : Matrix X, r, W, and 7
Qutput : Matrix M
L I" ¢
2: while true do
3 U+ R(X, @) {Recall R(X,w) = D™ % (wf) - X - D~ (")}

4:  Perform rank 2r truncated SVD on U to get Y(*") = Z?;l oju;v;T
500 I« I,

6: forj e [2r] do

7: ROW DELETION(0; - uj, @/, I;, 872, We,) {to update I, }

8: end for

9: if I9¢ == I, then

10: Break;

11:  endif

12: end while )
13: M D= (0f) -U®) - D2 (w?) {Same as (2r,w)-SVD of X ¢ }
14: Return( M)
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Algorithm 2 ROW DELETION
Input: u=o0; - uj, w=wl, I;, V=82, W =W,
Output: Updated I,
1: while True do
2:  Use 0.5-approx Algorithm [SCGDS92] for 0-1 knapsack problem to find subset I C I7, with
total weight >, w(i) < W and
impact >, u(i)? > 0.5 max{d>,c, u(i)?®: I' CIg, Y. cp w(i) < W}

i) <
{Comment: Recall that impact H(R(X,w)ge ,1,7) = > ic; oFus (i) = e uli)® )

3 if Y,c u(i)? <V then
4: Return;
{Comment: "if" condition ensures maxyp ce.s>. |, w(i)<wen H(B(X, 0)1e, I j) <2v}
5.  endif .
6: I, < I, |JAnelement i € I where the probability of picking ¢ is proportional to 1;(8)

7: end while

C Analysis of Curated SVD algorithm

Subsection C.1 shows that w.h.p. Curated SVD achieves Objective (ii). Subsection C.2 shows that if
I, achieves both objectives then regularized Curated SVD recovers M 15,

C.1 Curated SVD achieves Objective (ii)

We first show that both the objectives can be achieved simultaneously.

Lemma 8. Assume that essential property (1) holds. There is a row-collection I, of weight
Zielhv W < O(k/navg), such that for any subset I C If, of weight -, w/ (i) < Wep,

[|[R(X,w)|| < 2T.

Implication of the above Lemma It is easy to see that for any subset I C [k], || R(X[, w)||? upper
bounds the impact R(X, w) can have on the SVD. Hence, if we let I, = I, then both the objectives
will be satisfied. However, the above lemma only shows the existence of I, with small weight, and it
does not give a computationally efficient way to find I;,,. We later show that w.h.p. Curated-SVD
finds I, efficiently, with weight at most a constant times that of I, .

In proving the above lemma, we use the following two auxiliary lemmas, which are stated for general
matrices. The proofs of these two lemmas appear in the Appendix G, along with the proof of other
Linear algebra results used in the paper.

Lemma 9. For any matrix A and weight vectors w! and w® with positive entries

A A I s e T || Ai 1 M
1072 (wh)-A-D (W>|<\/mf‘x wl (@) " )

Applying the lemma for A = X and weights w/ = @/ and w® = @’ we get:

. [ X1 [ X5l
[[R(X,w)|| < \/mTaX ID;(Z) X m?XT(JJ) < Nayg. (2)

Next, we state the second auxiliary lemma required in proving Lemma 8
Lemma 10. Let A be a k x m matrix such that 01(A) < a and 0,+1(A) < B. Then the number of

2
disjoint row subsets I C [k] such that ||A;|| > 25 is at most (%) .

Using the above two auxiliary lemmas, we prove Lemma 8.
Proof of Lemma 8. Using Weyl’s inequality 7
0r 1 (ROX,0)ge.) < 0yt (R(OM, @) g ) + o1 (R(X — M, w) g, )
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(@)
< o1 (R(N, w)pg ) = [[R(N, @) [| <, 3)

here (a) uses X — M = N, and the fact that M has rank r.
From equation (2) and Theorem 6,

o1(R(X, 71’)18,1) < 01 (R(X,w)) < Nayg- 4
Applying Lemma 10 for A = R(X, w) 1¢,» and using (3) and (4) shows that the number of disjoint
subsets I C IS, such that ||R(X,w)|| > 27 is at most (%)2

such that || R(X,w)|| > 27 and weight w/ (I) <
2. Since every such subset I has weight wf (I) < Wep, the combined total

Therefore, the number of disjoint subsets [ C I,
Wen, is also at most (=)

weight of all such disjoint subsets is < W, - (%)2

Let Iy C [k] be the subset formed by combining all these disjoint subsets, and I,. It is clear from
the construction of I, that, for every subset I C I, with weight i (I) < Wen,

I1R(X1, w)|| <27

Finally, noting that the total weight of subset I, is at most Wy, - (%)2 + Vi, @ (1) <

Wen - (@)2 + Wen, and using Wey = O(k/(rnavg)?) and 7 = O(,/Tiavg log(rnay,)) completes the
proof. ]

The next lemma bounds the expected weight of I,;, the set of rows zeroed out by Curated SVD, by
showing that it is at most twice the weight of I.

Lemma 11. Assume that essential property (1) holds. When Curated SVD terminates, the total
weight of the final set of rows I, satisfy,

E[mf (Izr)} < O(k/Nag)-

Proof. Recall that the rows get added to I, one by one. Let Z; denotes the weight of the tth row that
gets added to I,. Let indicator random variable 1;(I,y) = 1, if the tth that gets added in I, belongs

to Iny and similarly indicator random variable 1,(IS,) = 1, if the tth that gets added in I, doesn’t
belongs to Iy,. Clearly Z, = Z; - 1,(Iny) + Z; - 1,(If,). We first show that for any ¢,

E[Z; - 1:(Iy)] < E[Z: - 1e(Iny)]-
Let I; C I3, denote the row subset from which tth row added to I, was chosen, probabilistically, by
Row-Deletion (Line 6 in Row-Deletion procedure). Since Row-Deletion chooses rows only from the

row subsets that have weight < W, and impact > 872 on one of the components of SVD, therefore,
wf (I;) < W, and some j € [2r], and its impact

H(R(X, @), I, j) > 87°.
We decompose H(R(X, W) , It, j) in two parts as
H(R(X, 0)pe , It, j) = H(R(X, w) e, It O Iny, J) + H(R(X, @) e, It \ Iny).
Since, the weight of I; is < Wy, the weight of I; \ Iy is also < W,,. Lemma 8 implies that
H(R(X, @), It \ Tny, ) < 47°.
Combining the last three equation gives,
H(R(X, @), It N Iny, j) > 477
Next, note that

H(R(X7 w)[gln Z,j) ) ’LT}f(Z)
w! (7)

E(Z; - 1(In)] = Y Pr[i" rowis picked ]| - @/ (i) oc

€I NIy, i€IN Iy
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= H(R(X7 w)[gra It N Ihvvj)7

where we used the fact that the probability of adding row ¢ to I, by Row-Deletion procedure is
. o2u(i)  HR(X,w)c ,i.5)
proportional to —L f](i) = —7 (i)zr

A similar calculation implies that
E[Z, - 1,(15,)] o< H(R(X, @) 1e, Lo \ T, J)-
Combining the last four equations show,
E[Z; - 1.(15,)] < E[Z; - 1e(In)]-
Let random variable ¢ denote the total number of rows that are added to I, before algorithm stops.

Then using the optional stopping theorem for supermartingale (Z; - 1,(If,) — Z; - 1;(Iny)) implies
that when algorithm stops after putting ¢ rows in I,

V4
B> (2 L) — Ze - Lu(Tw))] < 0.

t=1

And since, the total weight of the rows in Iy, that gets added to I, is at-most the total weight of all
rows in Iy, using Lemma 8, we get

t(Iny) < O(k/nayg)-

HMN

Combining the above two equations bounds the expected total weight of rows that gets added to I,

4 14 4
E)> Z] Z 1,(15,)] Z (Iny)] < 2E] Z t(Iny)] < 20(k/Naye). B
t=1 t=1 t=1

~

Lemma 12. Assume that the essential property (1) holds. If Curated SVD is run O(log k) times,
then w.p. > 1 — k=W ar-least one of the runs finds I, s.t.,

0 (L) < O(k/Nang).-
Proof. From Markov’s inequality and the previous lemma, we get

Priwf (1) > b x (’)(k‘/navg))] < Mgﬂ(/m <1/5.

Therefore, w.p. > 4/5, Curated SVD finds I,, such that,
0 (Ie) <5 X O(k/Nayg)-

Hence, if we run Curated SVD for O(log k) times, with probability 1 — k=9 at-least one of the
runs will find 7, that satisfy the above equation and Objective (ii). |

C.2 Objectives (i) and (ii) implies recovery

Lemma 13. Assume that essential property (1) holds and let I, be any row subset satisfying
objectives (i) and (it) and let M be (2r,w)-SVD of Xyg , then

[ Mye, — My < O(k/Fiasg 108 (rnag)).

The rest of this subsection proves the lemma.

Let Z := R(X[¢ , w)(?"), be rank 27 truncated SVD of regularized matrix R(X 15> w). Then, from
the definition of (2r, w)-SVD,



Clearly, both Z and ]T/[\ have rank < 2r and their rows I, are all zero.

To bound the total loss in Lemma 13, using the triangle inequality, we first decompose the loss
incurred in estimating matrix M by M into three parts as follows.

[Myg, — M|y = [[Mig, — Mpg |1
< ||(M - M)(IcnUIzr)C”l + ||Mlzr\lcn||1 + HMIcn\IerL (5)

Lemma 14 bounds the contribution of the first term above on the right. Intuitively, the contribution of
the other two terms is small, since the weight of row subsets I,; and I, are small. And using this
observation we later bound the contribution of the last two terms.

Lemma 14. -
H(M - M)(IcnUIzr)CHI < O(k\/ TMavg IOg(Tnan))-

To prove Lemma 14, we use the following lemma which bounds the spectral distance between
Z(IcnUIZr)C and R(]W7 w)(lcnujzr)c is small.

Lemma 15. Let I, C [k] be a row subset that satisfy Objective-1, then
||Z(I(:nUIzr)C - R(M’ w)(fcnUIZr)C || S 97.

In proving the above Lemma, we need the following auxiliary lemmas, which is stated for general
matrices, and its proof appears in the Appendix G

Lemma 16. Let A = B+ C and A = ), 0;(A)u;v;7 be the SVD decomposition of A. And
or+1(B) < B and ||Cv;|| < 28 fori € [2r]. Then o2, (A) < 40.

Proof of Lemma 15. Using equation (3) and Theorem 6, we get,
Or 1 (R(X,0) (1equIp)e) < Orp1 (R(X, W)pe ) < 7 (6)
Observe that,
R(X,w)e. = R(X, D) (1equr)e + R(X, W) 165\ 1+
Let (R(X,w) ) = 23’":1 ojujv;T. Since I, satisfy Objective (i) and the weight of I, is
at-most @/ (Icn) < €k, therefore, the condition in Objective (i) implies that
|| R(X, W) e\ 1y - vi| < 4T
Then applying Lemma 16, for A = R(X, w) r¢, and using the above three equations gives
o2 (R(X, w) e ) < 8.
Since, for Z is rank-2r truncated SVD of R(X, o) 5, We have
IR(X, @) — ZI| = [|(R(X, ) — Z)s || < 8. )
Then,
(Z = R(M, ) (1equtyr)e |

(@)

< ||(Z - R(X7 w))(lcnUIzr)C” + ‘|(R(X71D) - R(Ma w))(Icnulzr)CH
(b)

< I(Z = R(X, @) || + [[(R(N, @) g, ||

©

<87 +T1 =09,
here (a) uses triangle inequality, (b) uses Theorem 6 and X — M = N, and finally (c) uses equation (7)
and essential condition (1). [ |

The next auxiliary lemma relates the L; norm and spectral norm. Its proof appears in the Appendix G.

kam

Lemma 17. For any rank-r matrix A € and weight vectors w! and w® with non-negative

entries
1D} (w') - A- Di(w ||1_\/wa Zwb 14])
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We will also need the following result.
Lemma 18. The total weight of all rows is at most Zie[k] w? (i) < 2k and similarly the total weight
of all columns is at most 3, w(j) < 2k.

Proof.

ol (k) =Y al(i)< Y 1+ || X5, [ 1 ks |1 X ]2 <o,

: : Navg Navg
1€ k] 1€ (k]
since n,y, is the average number of samples in each row. Similarly it can be shown for columns. W
Next, combining the above result we prove Lemma 14
Proof of Lemma 14. First note that,
1M = A)||y = ||M — D% (@) - Z- D*(a")||y = [|D= (0')(Z — R(M, w))D* ()|,

here we used R(M,w) = D=2 (wf) - M - D~z (w"). As noted earlier Z has the rank < 2r and M
has the rank < r, therefore the rank of (Z — R(M,w)) is at most 3r. Then, using Lemma 17 and
Lemma 15,

D2 (w!)(Z — R(M, w))(lmwzr)cpé (@[
< VB (e TS mote @) - 97
< V(5 e 80 (S @) - 97 < V37 - 26 -7,

here the last step uses Lemma 18. Combining the last two equations and using 7 =
O(/Travg 10g(114vg) ) complete the proof.

To bound the second term in (5), note that
M\ 1n = D? (@) - R(M, )\ 1, - D? (@) @®)
Applying Lemma 17,
M\ 1ol [t =I1D2 (@) - R(M, ) 1,0 1 - D? (@)1
<V (e 00D (Cie i () - IROL ) 1 1|
<V (e B O (Sier, @ (1)) - [|R(M, @) ||

<V2rky\J 0! (L) - [|R(M, @) g |- )

Next,
[R(M, w) g, | < [[R(N, @), || + [[R(X, @) g, |
<7+ HR(X,’[D)H < T + Nayg,
here we used essential property (1) and equation (4). Combining the last two equations we get
||Mlzr\1cn||1 <Ok - wf(jzr) (T + nHVg)) < O(\/Fk : (IOg(Tnan) + \/”an)) (10)
Finally, we bound the last term in (5). Recall that M = D (wf) - Z - D% (w®). Then
5 1, _r 1, _
| Mg\ 111 = [[(DZ (@) - Zgg\ 1, - D2 (@)1
Using the fact that Z is truncated SVD of R(X ¢ ,w) and equation (4) we get
Zrg |l < 1Z]] < [|R(X g, W)]| < Mavg.
Therefore,

HZIcn\Izr” < Nayg.
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Then applying Lemma 17,
1, _ 1, _ _ . _ .
1D} (@) - Zrg 1 - DH@) 1 < V2 (5 ey @) (it () e
< V2 21y @ (1)) - e

<24/ kW - Navg = O(k/\/;)v
here in the last step we used We, = O(k/(114y)?).

By combining equation (5), Lemma 14, equation (10) and the above equations we get

M1y — M|y < O(kiy/Firagg 10g(rnayg)) + O(kv/r - (10g(rnavg) + y/liavg)) + O (/)
< O(ky/TTiayg log(TNavg))-

This completes the proof of the lemma.

D Proof of Theorem 2

Theorem 2 follows immediately from the following theorem.

Theorem 19. Curated SVD runs in polynomial time, and for every k, r, ¢ > 0, M € R’ﬁXk, and
X ~ M, returns an estimate M (X) s.t. with probability > 1 — k=2,

Proof. Section 4 showed that Curated-SVD always achieves Objective (i). Using the spectral
concentration bound in Theorem 3 it also showed that the essential property required for Curated
SVD holds with probability > 1 — 6/k3.

Lemma 12 showed that if essential property hold and Curated SVD is repeated O(log k) times, on the
same samples, then w.p. > 1 — k*O(l), at-least one of the runs find I, that achieves Objective (ii).

Finally, when essential property holds, and Curated SVD achieves both the objectives then Lemma
13 showed

||M15n — M1 < O(ky/Tavg l0g(T7ayg))- (11
Note that e .

1M = M|y < [[Mgg, = M1 + |[Miey |]1-
Therefore, to prove the theorem the only thing remains is to bound the last term.
To bound the last term we use the following lemma. The proof of the Lemma appears in Section E.1.

The lemma upper bounds the sum of the absolute difference between the expected and observed
samples in each row of X.

Lemma 20. With probability > 1 — 3k~3,

ST Nl = Ok /i)
i J
Then
HMIanl = Z Z Mi;j

i€lcn jE[K]

<IN Xig | D > (M — X, )
i€lcn jE[K] i€lcn jE[K]

< Xl + D[ D0 Ny
1€lcn i€len | jE[K]
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< Z Navg * ’LT} + O(k\/nav )

i€lcn
< O(k\/nav )a

here the second last step uses || X; .|| < nave - @/ (4) and the previous Lemma and the last step uses
> iclen w? (i) < We,. Combining this with (11) and letting M (X) = M gives

HM B J\4cur()()||1 < O(kmlog(rna\/g)).

Finally, dividing the both sides by || /||, and using nay, = [|M]|]1 /k in the above equation completes
the proof. ]

Using || M||; = & - log® Z in the above theorem gives Theorem 2.

The next subsection gives the implication of the above result for collaborative filtering.

D.1 Collaborative filtering

For the same general bounded noise model [BCLS17] derived the mean square error ), ;(F; j —

F;.j)?/k? = O(r?/(pk)?/®). They assume that the mean matrix F is generated by a Llpschltz latent
variable model. Here we show that Curated SVD achieves a better accuracy, in a stronger norm, and
without the additional Lipschitz assumption on F'.

Note that since i < ivjfﬁ};7j| > |F;j— 7]|2 Therefore, L error ), ; |F; j — i_,j|/l<:2
upper bounds mean squared error.

Recall that in collaborative filtering model M; ; = pFj ;. Since the sampling probability p can
be estimated to very good accuracy hence without loose of generality assume that p is known.
Note that |[M||, = p||F|[y = pk*F}"}, where F;"F = ||F||/k* < 1as Vi, j, Fi; < 1. We let
Fo(X) = M™(X)/p.

Then using Theorem 19 for this model implies:

[[M = M)y _ plIF = F(X)|y kr 2 o
- : <0 1 E2FNe)
[1M]]x PREFTE T PREFE og(7 TPREE)

Therefore,
IF — For(X))]x rEE . r
e <0 b = log(r - pkFF) | <O o log(rpk) |.

We get the following Corollary.

Corollary 21. Curated SVD runs in polynomial time, and for every k, r, € > 0, sampling probability
p F € RF>F F, . €10,1)and X ~ pF, returns an estimate F°“ (X)) s.t. with probability > 1—k =2,

”F—iw <0 <\/p7klog(rpk)>-

Note that the above bound on the L error norm is strictly better than the previous bound on the mean
square error, and, as we showed, MSE is also a weaker error norm than L, for this setting.

E Properties of the Noise matrix

Here we give the proof of Theorem 3. We in fact prove a somewhat more general version of the
theorem. Accordingly, we define the generalisation of the weights w and w defined in the paper. For

any A > 0, define weights @, := (121{&, wY) such that,

@} (i) := max{1, M=lliy and 4 (j) := max{1, [Meally,
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And similarly define wa = (w}, @) such that,

’LTJ/{(Z) := max{1, 7“)(?‘\*”1 } and @4 (§) := max{1, 7||X*A‘j“1 }.

We obtain the results for the regularization weights ﬁ)l{(z) and u‘)l{ (). Note that the regularization
weights w and w, used in the main paper, are a special case of these regularization weights wji(z)
and wl{(z) for A = nyy,.

The next theorem is a generalisation of Theorem 3. This theorem bounds the spectral norm of the

noise matrix regularized by weights w,, and Theorem 3 can be obtained as a special case of this
theorem for A = ngy,.

Theorem 22. For X ~ M, any A > 0, e > 1 max (log’: k expfg) with probability > 1 — 6k =3,

there is a row subset I, C [k] of possibly contammated rows such that ), ; wl{( ) < ¢k and
IR(N,@a) e || < O(VA -log 2).

To prove the above theorem we first establish the bound on /., — ¢> norm of submatrices of the
regularized noise matrix and use a known result, referred as Grothendieck-Pietsch factorization, to
relate this norm to spectral norm. Next we define ¢, — /2 norm and state Grothendieck-Pietsch
factorization.

The /oo — {5 norm of a matrix A € R¥*™ jg

A = max Avlls = max Avlls.
[Allcsz o= max (4]l = _max Aol

Since the vector v in this definition takes value in the finite set ({—1,1}™), standard probabilistic
techniques are better suited for bounding the ¢, — ¢5 norm than for bounding the spectral norm
directly. In turn, Grothendieck-Pietsch factorization helps us relate /o, — {5 and spectral norm.

Theorem 23. (Grothendieck-Pietsch factorization)
For any A € RF*™ there is a vector i = (u(1), ..., u(m)) with p(j) > 0 and > 1u(j) = 1 such

that
14- D ()| < \f Allosa.

The above result can be obtained by combining Little Grothendieck Theorem and Pietsch Factoriza-

tion, and has appeared in [LT13] (Proposition 15.11) and [LLV17] (Theorem 3.1).
To prove the above theorem, therefore, we first bound the £, — ¢2 norm of submatrices of D3 (w,{)

N. The proof of the lemma is based on standard use of the probabilistic methods Due to the symmetry,
a similar bound will hold on ¢, — ¢ norm of submatrices of (N - D~ (wA))T =D =(w b) - NT.

Lemma 24. ({, — (s concentration) With probability > 1 — 3k=3, for every
A
max(%, ke"%) <<k, andevery I,J C [k] of size ¢,

(D=3 (@]) - N) e slloose < O(v/Allog(ek/e)).

Proof.
(D=5 (@) - Nl = e (D72 (@) - N) s -l ?
Ni,j )2
= max [Z(Zijv(]))
B S ey \/ @k (i)
Z;(v)? -
= max Z;U) = max ZZi(U)Zv
ve{fl,l}( =7 wA(@) ve{—1,1}¢ el
where P
v) =Y Nijo(j) and Zi(v) = iv)
jer w! (i)
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For a fix v, Z;(v) is the sum of independent zero-mean random variables, the following bound follows
from Bernstein’s inequality, for any £ > 0

—t2/2 _t2/2
1(1Zi(v)] > 1) eXp<||Mi,*||1+t/3> P (Aw{(i)+t/3> "

Observe that
1Zi()] < INij| S AINiwllt S Xl + || M1 < (@4 () + 0 (4))A. (13)

jeJ

Based on the values of w A( 1) and w A( ) we divide the rows into two categories, and let random
variable T; denote the category of row i,

Let &; := 1y7,—1} be the indicator random variable corresponding to the event that row i is in the
first category. Hence, 5_1 =1-& = ]l{T.:Q}. Then

S Ziw)? = (& + &) Zi(v)

i€l el

Next, we bound the contribution of the rows in each categories to the above term.

@ (i
LT =1: ol (i) > %l )
To bound the contribution of the rows in category 1, we show for any given v, &;Z;(v) are

sub-Gaussian random variables with sub-Gaussian norm O(+v/A). Then we bound sum of their
squares, which are sub-exponential random variable, by applying Bernstien’s concentration bound.

We first prove that 512,»(11) are sub-Gaussian.

From equation (13) and the definition of category 1, we get
6 2:(0)] < 1 Zi(v)| < (@4 (0) + @ (D)A < (@} (1) + 20 (1)) A = 3w (D)A,
hence P
ali) 2 16200
e i)
|§121(U)| i2i10 < min 1 |y/AZ;(v)],
V@A (@) { V@ ()/2}

here we used the previous equation, the fact that §; < 1, and w A( i) >w ( )/2, which follows
from the definition of the category 1. Using equation (12) we get

7 o] (i 4
Pr(w >t) =Pr(|Z;(v)| >t wAQ(Z)) §2exp( ()/ — )
@} (0)/2 N (0) + § -/
ol
Fort < 3A /‘2(1) , the above equation gives the following bound

. 42 ~f ; 2

Pr('Z’(”)'>t)§2exp( A(0)/4 ) 2 ex p( i) (14)
4 (0)/2 AG{(0)+ A - 240 °

And, similarly

2

t s
Pr(]/Z;(v)A] > t) = Pr(|Z; (v )|>A)§26Xp<1vf?/‘2).

wy (i) + pr\
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W] (i)

Fort > 3A the above equation give the following bound

2 b
2 _
Pr([\/Zi(v)A] > t) < 2exp <H> = 2exp (10/\/9)

Combining equation (14) and the above equation we get

- 42
Pr(l&iZi(0)] > 1) < 2exp (£ )-

This shows that &; Z;(v) is sub-Gaussian with sub-Gaussian norm < v/3A. Therefore, 51212 (v) is
sub-exponential with sub-exponential norm < 3A. From Bernstein’s inequality, for all ¢ > 1,

Pr (Z@ZQ(U) > 5€A) < 2exp ¢,
icl
Choosing € = (14/c) log(ek/), bounds the above probability by (ek/¢)~7¢. Taking the union
bound over all possible ¢, v, I, and .J, in above equation we get Ziel &Zf (v) < elA with

probability at least
k 2 —7¢
k ek
1) 2f — >1—k 3 15

{=1

_f o
LTy =2 wl (i) < 2l

Note that, ?
N _ @3 ;o
[€:Z:(v)| < [€:Zi(v)] < SwA (DA,
where (a) uses equation (13). Then,
5 =5 3\? = 2
S G207 < Y EZiw)? < (2) (@ (0)A)°. (16)
i€l i€ [k] i€[k]

We bound the above term by showing:
Claim: With probability > 1 — 2/k3,
2 log4k—|—ke*%
> _G(@k(0)” < O<T)
i€l

Proof of the claim: Next, once again divide the rows into categories based on the expected count,
and let S; denote the category of row ¢,

g .0 if wf (i) <2 .
' j forj>1, ifwl(i)e (27,291
For a given M, category S; of row i is determined and is not a random variable unlike 7.
Note that
~f —fo M; |1 2[| X« |]1 _
{2} () > 20{ (1)} = {max{1, 50} > max{2, 25101} = {|1M5,4 11 > max{2A, 2|1 X;..[1}}-

Next,
Mi*
Pr (20Xl < 110511 ) = Pr (10l — 1104y < 2l
e Migy 1M
:Pr(Z(Xm_Mi’j)S_%) < el

J€[n]
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here we used E[X; ;| = M; ; and Chernoff bound. Therefore,

Prlwy (2) > 2wy (1)] < 1M I Aad (i)
A A e E T =e A, if | ML) > 2A.

Then from the definitions of \S; and ﬁ;};(z) it follows that

Prg, = 1] = Prfad(3) > 200 < ey
r|&; = 1] = Prjwy (2) > 2wy (2)] < af (i i (I7)
A A e*A g() §e*2s8A, if S; > 1.

Using the Chernoff bound, for any j > 1,

(Z&Zl5logk+2z )<k5 (18)

:S;=7 i:S;=j

Let 7 = |log, 2612 |.

For a row 7 such that S; > 7, using (17) we get
Pri§ =1] < k™%

Therefore, with probability > 1 — M >1—

k3
> &=o. (19)
:S;>T
Then
Soa@l®) 2] Y &(@le)
i€[k] >1 i:S;=j
NN 1y (@h@) <Y ,nsla}{(tbi(i)f} Y&
J=1 i:Si=j j=1 "7 i+Si—j
() _
< Z max { (@] (1)) 15108k +2 Y EIG))
= 1:5;, =7

< 157log k mas {(@4(0))°) + 3 max {(@]()*) max (B[} (20 : 5 = 5}

T

L t5rtogh(z ) + 3 (155 = ) x (2% e 2%)

j=1

<ot sofge{ (o) )4t S -)
Lo + o(mar () )

<okt

with probability 1 — 1/k3 — 7/k% > 1 — 2/k?. Here (a) follows since S; = 1 implies & = 0,

(b) follows from equation (19), (c) uses equation (18), (d) follows from the definition of .S; and
2

equation (17), and (e) follows as total number of rows are k and % is bounded for

x > 0. This completes the proof of the claim.

Combining the Claim and (16) gives the following bound on the contribution of rows in T; = 2,

ZEJZ\? < O(log* k + k‘e_%),
il
with probability > 1 — 2/k3.
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Combining this bound and the bound in (15),
S ZP=) 677+ 67} < Ollog(ek/ A + log* b+ kexp™#),

iel i€l iel
with probability > 1 — 3k~3. Noting that /A > max(log* k, k exp_%), completes the proof. MW

The next lemma combines the bound obtained on /., — #5 norm in the above lemma and
Grothendieck-Piesch factorization to obtain bound on the spectral norm.
A

Lemma 25. With probability > 1 — 3k~3, for any Inax(log k ke"pig) < ¢ < k, and any

A
I, J C [k] of size |1|,|J| = ¢, there exists a subset J' C J such thatz w} (j) < €/2 and

(RN, @4)) ., || < ey/Mlog(ek /0).

Proof. Applying Grothendieck-Piesch factorization in Theorem 23 on matrix (D~ 2 (w,{)N VIxJs
implies that there is a vector 1 = (u(1), ..., ue(m)) with pu(j) > 0 and >, p(j) = 1 such that

JEJ

(D=4 (@) - N)pes - DV ||<f|| N)rssllooosa
Then,

(D5 @) N) ey D2l = (D7 (@) - N) ;- D75 (n) -

and J = J \ J'. Then

1 1 1 1 L
ROV @) - D3 (o)), Il > (RN @) - D (o)) > \@H(R(N,wmw, I

here the last step follows from the definition of J’. Therefore,

(RN, @) Wn_f 1o N)isslloess < ev/ATog(ek /).

Next, we bound the weight of the columns that are excluded from J'.

S ak() < g Sou) < 5 i) =5

jeJ jeJ JElk]
[ |

Applying the above lemma on (R(N,w,)) T, in place of (R(N,w,))), from the symmetry we get:

_A
Lemma 26. With probability > 1 — 3k™3, for any max(% kCXX : ) ¢ < k, and any

I,J C [k] of size |I|,|J| = £, there exists a subset I' C I such that ), , wA( ) < £/2 and
I(R(N,@p)),, Il < cy/Alog(ek/0).

The next lemma bounds the norm of a matrix using the norm of its sub-matrices. Incorporating the
above bound on the norm of submatrices, this will complete the proof of theorem 3.
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Lemma 27. Let A € R¥*™ and I, I, Is, ..., I; be t disjoint subsets of [k] such that U _, I; = [k].

Then ||Al| < /325 1Az ]2

Proof of the above lemma is given in Appendix G.

Proof of theorem 22: Main component in the proof is Lemma 25 and Lemma 26. We need to apply
these lemmas in multiple rounds.

For round j, we apply these Lemmas for some, { = ¢; and I = I;, and J = J; such that
|I;],|J;] < k/2971, where ¢;, I and .J; are defined later.

First applying Lemma 26 we get, a subset [ j’ C I, such that,
(RN, @a)) 5,1 < OG5 - M), (20)

and the weight of the excluded rows I; \ I} is at most } ;.\ 1/ w} (i) < k/27. Since weight of
FASY]

each row is at-least 1, this implies that the number of rows excluded in round j are also at most

L\ L] < k/2.

Similarly, applying Lemma 25 we get, a subset .J j’ C Jjsuchthat ), TN wl (i) < k/27,

(BN @0)) ol < OV - A)- @1

and 3 ;e\ g w} (i) < k/27 and |J; \ Jj| < k/27. Since zeroing out rows from a matrix reduces
the spectral norm, the above equation gives

(RN, @A) (1 11yt < OV - D) (22)
In round j = 1, we start with ¢, = k and I; = J; = [k]. For round j > 1 we chose, ¢, := le‘l,
Ij:=1; 1\ I;_yand J; := Jj_1 \ J;_,. Note that I;; and J; are the excluded rows and columns in
the concentration bounds of the previous round.

We use this procedure for ¢t = [log(k/ek)] rounds, so that the weight and the number of excluded
rows, and columns, in the end is at-most €k.

Let M, := I; x J;, which is of size k/2771 x k/2971, R, = I x Jjand Cj := I; \ I} x J} =
I xdJ j’ Note that equation 20 and 22 gives the concentration bound for sub-matrices corresponding
to R; and Cj, respectively. Figure 1 shows this construction.

Ra

____________________________________ __C_g____'

Mt

Figure 1: Construction of submatrices in proof of theorem 3.
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This construction decomposes the submatrix indexed by M into three submatrices

(RN, @a)) o, =(R(N,@2)) o + (R(N,04)) ;. + (RN, @p))

R;j M1’
Applying the above equation recursively,
(R(N, ﬁ)A)) = (R(N wA))M

- Z (R(N> wA R, + Z N wA + (R(N’ wA))MtH

= (R(N, wA))U; (R(N, wA))U; + (R(N,wn))

=1 Rj zlcj My’

where the last equality follows as R;’s and C;’s are disjoint. Then
BN 08)) (ogepp, |1 = RO, @8) = (RN @) o,
= 1RV, 00)) s, + (BN, @) e

SR, @) gy 1+ IR, 20)

(b) t -
\/ZJ L (RN, @A)+ \/Zj:l (R(N,@n)),

22.0,/T7_,7-A) < O(tVA) = Olog(k/ek) V),

where (a) follows from triangle inequality, (b) follows from Lemma 27, and (c) follows from

inequalities (20) and (22). Note that Zzeltﬂ f\(z) = Zleh\l, w/{( ) < k/2' < €k and, similarly,
ZieJt+l wA( ) < ek.

Recall that M1 = I;41 X Ji41, therefore zeroing out rows Iy from ([k] x [k]) \ M4 results
in ([k] \ I;41 x [k]). Since zeroing out rows of a matrix reduces the spectral norm, from the above
equation we get

||(R(N7 wA))([k]\If,HX[k})” < ||(R(N7 wl\))([k]x[k DA\Mi11 | < O(IOg(k/Ek)\F)

where > cp wh (i) = Dier\ w! (i) < k/2" < k. Letting I, to be the set of contaminated
rows completes the proof of the theorem. |

In the next subsection, we derive a useful implication of Lemma 24.

E.1 Proof of Lemma 20

The lemma upper bounds the sum of the absolute difference between the expected and observed
samples in each row of X. We restate the lemma.

Lemma. With probability > 1 — 3k™3,

Z|ZNZJ‘_ (/M)

Proof. To prove the above Lemma we use Lemma 24, for A = nye, f = kand I = J = [k]. The
lemma implies that w.p. > 1 — 3/k3,

max_||[D7% (@) - N-vl| = [|D72 (@) - Nlloos2 < O(y/Maveh)-

ve{—1,1}*
From the definition of ¢/, — ¢5 norm,

max _[|[D73(@!) - N -v|| = ||D7% (@) - N||oomso.
ve{—1,1}F

In the above equation choosing v = (1,1, ..., 1) and taking the square on the both side, we get

Z(Z \/T) —||D77( ) N‘|oo—>2<0(navgk)~
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The above equation can be rewritten as,

|52, Nijl?
Z T(z) < O(navek).

%

Then
Nij N 12\ 4 RS
SISl = S el < (S ) (S w0) = oty

here we used the Cauchy-Schwarz inequality, the previous equation, and Lemma 18 that states
> wl (i) < 2k. [ |

F Counterexample

The authors of [LLV17] posed the following question, whose affirmative answer may have simplified
low-rank matrix recovery. They posed the question for Bernoulli-parameter matrix.

Let M € R¥** be a Bernoulli-parameter matrix where Vi, j € [k], ||M||;«, [|M|]+; < Tmax, for
SOME Tay -

Let X = [X,;], where X;; ~ Ber(M;;), be the observation matrix of M, and let X, be the
matrix obtained by zeroing-out the rows and columns of X whose total count is > 2ny,,x. Does X
converges to M w.h.p. as

[ Xo — M|[ = O(v/nmax)?
Unfortunately, the following counterexample answers this question in negative. Therefore additional
work, such as presented in this paper, is needed to recover low-rank matrices.
For any k, choose any ny,, < v/log k/8 that grows with k, and consider the block diagonal matrix
By
B

Br_
B .

27 max

consisting of k/(2nm,x) (for simplicity assume it is an integer) identical blocks B, = B, each a
submatrix of size 2nmax X 2nm. Whose entries are all 1/2. Except for the blocks B;’s, all the other
entries of M are zero. Then M satisfies Vi, j € [n], [|[M|]i« = ||M||«,; = Nmax-

Note that, for the above matrix 14, = || M||1/k = Nmax-

The observation matrix of M is

B

_1)
B_&

Note that X has non-zero entries only in locations corresponding to the diagonal blocks B. Also,

Vi, j € [k, [|X|]i« | X||x,; < 2nmax. Therefore zeroing out rows and columns of X with more than
Nmax ones would not affect it and Xy = X. From Theorem 6,

|1X — M|| > max||B; — Bil|.

2nmax

Since Bi is the observation matrix for the 2nm,x X 2nm.x block B; whose entries are all 1/2, and
Nmax = 0(v/1og k),
Pr (Bl- ) (1/2)%m > 1/VE.
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The probability that the whole 27y, X 2nmax block B; is 0, is (1 / 2)4mmx, which since npax =
o(v/Togk), is > 1/v/k. Hence w.h.p., at least one of the block j € [5-X

[1X = M| = [IBj]| = max > Qy/Tmax)-

This counterexample answers the question raised by the authors of [LLV17] in negative.

o ] in X is zero. Hence w.h.p.,
max

We note that the same counterexample works for the regularization R(X — M, w) used in this paper.
Because if block B; of X is zero, from the definition of w, it is easy to see that for the rows and
columns corresponding to the block B, the regularization weights are 1, which implies that

||R(X - M,’LT})H 2 ||BJ|| = Tmax;
extending the counterexample for the regularization R(X — M, @) as well.
G Linear Algebra Proofs
G.1 Proof of Lemma 4

Lemma. For any rank-r matrix A € RF** matrix B € R**¥, and weights w,

1A= BUD|y < fre (Sf (1) (S, wh(7) - IR(A - B,w)l

Proof. Recall that
BU®) .= D3 (w!) . R(B,w)") - D3 (w?),

where R(B,w) = D2 (w') - B- D2 (w") is regularized matrix B and R(B,w)(") is its rank
r-truncated SVD.

We first upper bound the spectral norm of R(A,w) — R(B,w)™ in terms of the spectral norm of
R(A — B,w). By Weyl’s Inequality 7, and the rank r of A,

orp1(R(B,w)) < 0711 (R(A, w)) + [|[R(A, w) — R(B, w)|| = |[|R(A - B,w)]|.
Hence by the triangle inequality and the salient property of truncated SVD’s,

|R(A, w) = R(B,w)"|| < [|[R(B,w)") — R(B,w)|| + || R(A, w) — R(B, w)||
= 0r+1(R(B,w)) + [[R(A = B,w)|| < 2||R(A - B, w)||.
Since A — BSVP is the difference of two rank-r matrices, it has rank < 2. Then applying Lemma 17

for matrix (R(A, w) — R(B,w)(™), and noting that A = Dz (w') - R(A,w) - D2 (w") completes
the proof. ]

G.2 Proof of Lemma 9

Lemma. For any matrix A and weight vectors w! and w® with positive entries

—2 N AL —kb ||A17*H1 HA 7J||1
ID7%(w’) - A- D (w”S\/m?X wi(i) T b ()

Proof. For a unit vector v = (v(1),...,v(m)) € R™,

ID7%(w!) - A- D75 (w?) - v||? =

S (E )

<SS o)
=S (S sty weyeo)
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(a) Aij Ai}j . Az S Az]

2y ((SE(Sor) ) <l 5 (Shor)
[Ai 1 (2 Al ||Az",*||1 , 2||A*,j||1

=ity 2 (0 X ) < me ity S0

A l[x [ Al ACI |2t 1451l
) w200 S e )

J
where (a) uses the Cauchy-Schwarz inequality. Observing that above is true for arbitrary unit vector
v completes the proof. |

G.3 Proof of Lemma 10

Lemma. Let A be an k x m matrix such that 01(A) < o and 0,1(A) < 8. Then the number of
2

disjoint row subsets I C [k] such that || Ar|| > 28 is at most (%) .

Proof. Let A = S.™F™) 6 (A)uu;7 be the SVD decomposition of A. Recall that A =

S oi(A)uv;Tandlet B=A — AM

Note that ||A(™|| = 01(A) < « and the matrix A" has rank 7 i.e. o,41(A™) = 0. And
|B|| = 01(B) = 0r41(A4) < 8.

To prove the lemma we upper bound the number of disjoint subsets I C [k] such that ||A;|| > 20.
Let I C [k] be one such subset such that || A;|| > 2/3. Then

(@) r (b) r r
1AL < AN+ 1Bl < AP+ 1BI] < 11471 + 6.
where inequality (a) follows from the triangle inequality and (b) follows from Theorem 6. Hence,
145711 = 5.
Note that since row span of A("), and hence AY) is span{vy,va, ..., v, }, therefore there exists a

unit vector, v = 37 a;v; (here S27_, a? = 1, since v is a unit vector), such that ||A{)v]| > 5.
Therefore,

B <A 0] = 147 S vl < 3 lad 1A vl < S 1A vl (23)
=1 =1 =1
Let Iy, I, ...., I; be the ¢ disjoint blocks such that |[A, || > 23, Vj € [t]. Next,

T T T t
D N4l = YA il =01 AP will
i=1 i=1 J_ i=1 j=1

t (r)
@ . > = 1AL il ©
E E HA() 1H2> E ]TZ\/iB
j=1 i=1

Here equality (a) follows since Ag )vz s for j € [t] and fixed 7 are orthogonal. Inequality (b) follows
from the AM-GM inequality (c) follows from (23).

2
We also have 37, [|[AMv,|| = 37, 04(A) < roq1(A) < ra. Therefore we get, t < (%) . n

G.4 Proof of Lemma 16

Lemma. Let A= B+Cand A =", 0;(A)u;v;T be the SVD decomposition of A. And 0,41 (B) <
B and ||Cv;|| < 2B fori € [2r]. Then oa,.(A) < 40.
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Proof. Let A®") = Z _, 0i(A)u;v;T be rank 2r truncated SVD of A, then

0i(AP) = g;(A), Vi < 2r (24)
and
2r 2r R )
A(?r) = ZAUiUiT = Z(B + C)’l)i’UiT =B + C. (25)
j i=1

Here B = 27", Buyw,;T and C = ZZ 1 CojuT.

. S . 2 . .. .
Since v;’s are orthogonal unit vector, > ;" , v;v;T is a projection matrix for subspace S =
span{vy, va, .., v2, }. And for any Projection matrix P we have, ||Pu|| < [|u||. Therefore,

2r
1BTul| = [|(Y viviT)BTul| < [|BTul|. (26)
i=1
Next, using Courant-Fischer theorem, V ¢ < min{k, m}, there exists a subspace S} with dimension
dim(S}) = i, such that

(BT) = ] BT
oi(BT) ues?iﬁﬂnzl" ul|
(a) T
< || BTul|
u€S Hu|| 1
<  max min || BTul|

S:dim(S)=1 ueS,||u||=1

Q i(BT) = 04(B),

where inequality (a) uses (26) and (b) again from Courant-Fischer theorem. Therefore,
0i(B) > 04(B), Vi < min{k,m}. 27)
Using (24), (25), Weyl’s inequality 7 and (27):
02r(A) = 02,(AP)) < 0,41 (B) + 0,(C) < 0741(B) + 0,(C) < B+ 0.(C). (29

Now
2r

CeT = Z(C% )(Cy)T Zu]u] .

i=1
Here 4i; = C'v;, hence ||1i;]] < 2. Note that CCT and 4i;1i;T’s are Hermitian matrices. Let \;(.)
denotes the i‘" largest eigenvalue of the matrix. Then

Ai(C'C’T) = 0] (C’)
For rank-1 matrices ;4;7,
M (a0 T) = |[d;]|? < 4B6% and A (djd;T) =0, Vi € [2r], i>2.
Then using Lidskii’s theorem [Bhal3], leads to

T 2r 2r—1
ZN(Z“U Z)‘ Z“J“J +Z)\ U Uy
i=1 i=1

2r—1

<Z)\ ZUJUJ +4ﬁ2

By repeated application of Lidskii’s theorem, we get
ET: Ai(i iji;T) < 8rp°.
Since \;’s are decreasing, it followsl_1 -
Zujuj < 8rf% = \(CCT) = 0%(C) < 832 (29)

Combining (28) and (29) we get the statement of the lemma. [ |
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G.5 Proof of Lemma 17

kam

Lemma. For any rank-r matrix A € and weight vectors wf and w® with non-negative entries

D} (w!) - A~ DE@h)l < /Sl ), () - 4]l

Proof.
All = 520 50,v/7(0) - w()| Ay
< ST /(4550 6)
= /S DS IVeT0]\/(5,43)
<Vt (S (4%,
QS O (! ()| Ares e
(d)

<\ w()) (Eierw? (1) - [[ Al

where (a) and (b) follow from the Cauchy-Schwarz Inequality, (c) from the definition of the Frobenius

norm
|AllF == \/ Zi,jA%jv
[|Allp < /rank(A)[[A]|. =

and (d) as

G.6 Proof of Lemma 27

Lemma. Let A € R¥*™ and I, I, Is, ..., I be t disjoint subsets of [k] such that U:_,I; = [k].
Then ||All < /3251 1Az

Proof. Letv € R™ be a unit vector. Then,

t t

Av = ZAIJU = ij.

j=1 j=1

Here w; = Ay, v. Since I;’s are disjoint, w;’s are orthogonal.

t t t
4ol = | > llwgl? < [ > max |[|Agv*|* = > llAg 2.
= o= =
Noting that the above bound holds for any unit vector v € R™ completes the proof. ]
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