Appendix

A Lower Bound Results

We list all the results for the lower bound here.

A.1 The Lower Bound Value Iteration

Similar to upper bound, the general algorithm for lower bound iteratively finds the lower envelope of
the previous points estimation ¢, .

Q= argmin {R,, [Q), st Q)>q,, Viel]

yyri = BQ,(xi), Vié€[n]

(18)

For Lipschitz functions, this yields a simple closed form solution.

Proposition A.1. Suppose (i  is a full-support distribution over S x A. Consider the optimization
in with F = F,, in §). We have

Q,(z) = max(g, . — nd(z,z;)),
JE[n] 7

. " ] 19)
4y, = BQ,(zi), Vien].

A.2 Convergence Results
Similar to Theorem [3.2] we have a similar monotonic result for lower bound case.

Theorem A.2. Following the update in (T1)) starting from

1
49, = 1—~ (ri - ’mEI?NT"('lmi)[d(xi’xm) ) (20)
we have
Q=Q,, 2Q,vi=0,12,..., 1)
where Q" = argminge 7{ R[Q], s.t. Q(x;) > B"Q(x;), Vi € [n]}. Therefore,

Ry [Q) < Ry Q] < RE <R,
and limt—wo Ruo,w [Qt] = ﬁ

Similar to the linear convergence property of the upper bound case, we can establish a fast linear
convergence rate for the updates in (LT)).

Proposition A.3. Following the updates in (L1)), we have

'Yt
RE - Ry, (@) < O,

with constant C' 1= maX;e[n] ¢, , — 4, ;-

B Proofs

We focus on the proofs for upper bounds, all the lower bound proofs follows similarly.

We establish the monotonic convergence of the iterative update in section[3.2] We start with the result
for general function spaces F and then apply it to the case of Lipschitz functions space, where F can
ensure that the optimization in (Q) is solved by a properly defined upper envelope function.
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Definition B.1. Given a function space F on domain S and a set of data points (z;, f;)7_; C QxR
we define the upper envelope function g : Q@ — R of data points (x;, f;)_, on F to be

9(z) = ENVr({=;, fi})(z) == ;lelg{f(w) tst f(zi) < fi, Vi€ [n]}, Vo e Q.

We say that F is upper-self-contained if it is closed (under the infinity norm), and the upper envelope
function g : Q@ — R is contained in F for any data points (x;, f;) that satisfies inf pe 7{ f(z;)} <
fi, Vi € [n].

Similarly, we define the lower envelope function g : 2 — R of data points (z;, f;)?_, on F to be
g() = ENVx({w:, fi})(2) = b {f(z) : st [(@i) 2 fi, Vi€ nl}, Vo € Q.

We say that F is lower-self-contained if it is closed (under the infinity norm), and the lower envelope
function g : Q — R is contained in F for any data points (x;, f;) that satisfies sup e 7{ f(z:)} >

fi, Vi e [’I’L]

Similar to contractive operator proof in value iteration, we also define the contractive property of
upper/lower envelope operator ENV r and ENV .

Definition B.2. We say ENV r and ENV r are contractive if for two different sets of points data
{zi,pi}q and {z;,q;}—, we have,

IENVz({zi,pi}is,) — ENVr({zi,¢i}isi) oo < max lpi — pil-,

and

|IENV z({zi,pi}i1) — ENVz({7i, ¢i }ioy) oo < max Ipi — pil-

The following lemmas provide key properties for of this special function class. If F is upper-self-
contained, then the optimization in (9) is solved by the upper envelop function defined above. And
similarly, if F is lower-self-contained, then the optimization in (I8) is solved by the lower envelop
function defined above.

Lemma B.3. If F is upper-self-contained/lower-self-contained, then Q,(resp. Q,)in ©(resp. (18))
is equal to upper(resp. lower) envelope function of data points (v;,q, ;(resp. q ] i)?zl ) almost

everywhere.

Proof. The upper envelope and lower envelope is inside the function space, and is maximized(resp.
minimized) for all data points. Therefore they are the solutions to equation (@) and (I8) almost
everywhere, respectively.

In addition, the upper and lower envelope functions is monotonic w.r.t. the data labels it goes through.
Lemma B.4. In an upper-self-contained function space F, suppose we have two sets of data points

(i, fi)iy and (x;,9;)7—, and f and G are their upper envelope functions respectively, f and g are
their lower envelopes functions respectively, if fi > g;, Vi € [n], then we have f = 3, f=g

Proof. This is directly from the definition,

f(@) =max{f(z) : s.t.f(z:) < fi}

feF
Zr}lea]}:({f(x) : Stf(xl) < gi}
:?(I),

where the first inequality holds because the feasible region of constraints f(z;) < f; is more general
than f(z;) < g; when f; > g;.

the proof for the lower envelope works similarly. O
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Lemma B.5. For a bounded upper-self-contained function class F, if the upper envelope operator is
contractive, then the maximum solution Q" for the optimization framework equation (6)) is the unique
solution of the following upper-envelope Bellman equation:

Qi :BWQ(LL‘i), Vi € [n],

- (22)
Q =ENV({z;, Qi}i=1)-

Proof. Existence

Suppose P is a optimum solution for (6), if P satisfies equation @) then we are done. Otherwise
P satisfies P € F and P(x;) < B*P(x;), Vi € [n]. Consider ¢/ = B™P(x;), its corresponding
upper-envelope function Q' satisfies:

Q'(@) = max(Q(v), s Q@) < B"P(w:)} = P(a)
Thus Qt = P. By Bellman inequality we have:

B"Q(x;) > B"P(x;) > Q' (x:),

We have Q' is in F and also satisfies Bellman inequality. By repeating this process until it converge
to Q>°, we will eventually get Q> (x;) satisfies equation (22)) and Q>° = P which means Q*° is also
at least a optimal solution to optimization framework (6).

Uniqueness

Consider there are two functions ()1 and ()2 satisfy upper-envelope Bellman equation in @
Consider ¢F = B"Q*(z;), Vi € [n], k € {1,2}, and let ¢* to denote the vector of [¢}, g5, ..., ¢*]T,
we have the infinity norm of ¢! — ¢ to be:
g —a; =7PT(Q" (x:) — Q*(x:))

=VE (o) (@' (2)) — Q*(2)]

— 1 - 2 .
=Euing (o ax{ P(a), st P(e;) < q},V) € [n]} - max{P(2), s Play) < ¢},¥j € [n]}]

<9ll¢" = ¢ oo

where the last inequality is from contractive property. This means ||q! — ¢?||o = 0, and since Q*, Q>
are there corresponding upper-envelope, we have Q' = Q2.

Proposition and@ Suppose [ . is a full-support distribution over S x A. Consider the
optimization in () with F = F,) in (8). We have

@t(x) = ]Uelgl}(at,j + Ud(ﬂ%xj)),

_ (23)
Qi1 = B"Qy(x3), Vi€ [n]
Proof. Consider () € F,,, for upper bound case, we have:
Q(r) < Qi) + nd(x, x;) <Gy ; +nd(z, ), Vi € [n].

Therefore Q(z) < min;e,{q; ; +nd(w, ;) }.
Consider the upper envelope function @, which achieves Q, () = min;e[,{q; ; + nd(z, ;) }.
By Lemma B3] we have:

Q, = R t. <

Q, = arg s (RIQ), st Qo) <7,
Similarly we can prove for the lower bound case in Proposition [A-T] O
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B.1 Monotonic Convergence

It is well known that the Bellman operator is a contractive map when v € (0,1), with Q™ as the
unique fixed point. Therefore, (B™)!Q converges to Q™ as t — oo for any Q.

Another property of special importance in our work is the monotonicity of Bellman operator. For two
functions ()1 and Q2 on S x A, we say that Q1 = Q2 if Q1(s,a) > Q2(s,a) forV(s,a) € S x A.
Then we have

Q1zQ: = B7Q1zB"Qs.
Thus if we can establish @@ > B™(Q) (which known as the Bellman inequality (Bertsekas|, [2000)), we
have Q = B™Q = (B™)2Q = ... = (B™)*>Q = Q™, which yields a sequence of increasingly tight
upper bounds of Q™. We leverage a similar idea to prove the monotonicity of our proposed algorithm.

We are ready to present our main result of convergence, in which we show that update (©) monotoni-
cally improves the bound and converges to the optimal solution of (6), if F is upper-self-contained
and {q, ; } is initialized properly such that they decrease during the first iteration.

Theorem B.6. Assume F is upper-self-contained function set whose corresponding upper envelope
operator is contractive and our evaluate distribution g (s,a) = po(s) - w(als) is full support on
S X A eg. pio«(x) >0, Va. If we initialize the updates in () with G, ;, such that

qo,i > q1,5 Vi € [n]v (24)
then we have - .
Q= Q= Q7 ¥t =0,1,2,. (25)
where Q" = arg maxger{ R[Q)], s.t. ( i) < B™Q(z;), Vi € [n]} Therefore,

R[Q] = R[Q;4.] = R} > R,
and lim;_, » R[Q,] = R%..
Proof. We focus on upper bound case, lower bound proofs follow similarly. Since 1o is full support,
from lemmawe can see that @, , is the upper envelope function of data points (z;,q, $1.4)-

Now we prove the theorem by induction on ¢ for statement Q, = Q, 11

1. Base case. t = 0. From Lemma[B.4] we have:

Qo= Q.

2. Induction Step. Suppose @, ; = Q. Thenq, ; = ri+vYP"Q,_(x;) > ri+yP"Q,(x;) =
Gy41,;» from lemma we have:
Qi = Quy1-

From the induction proof we can see that {Q,(z)} is a Cauchy sequence with a lower bound for
every data point , we know it will finally converge to a function we denote as (),

Q. € F will satisfy the constraints Q . (7;) = B"Q..(z:), Vi € [n].

On the other hand, from Lemma we know that it is the Q7 = ()°° almost everywhere.

This leads to a monotone sequence of measures { R[Q,]}2, with a limit R O

A parallel result holds for the lower bound update (L)), except that the initialization condition should
be 94 <q 14 See Appendixfor details.

Application to Lipschitz Function Space General convergence result can be easily applied to the
case of Lipschitz functions. We show that the Lipschitz ball F,, satisfies the upper-self-contained
condition, and provide a simple initialization method to ensure condition[?_?} In addition, we establish
a fast convergence rate for our algorithm.
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Lemma B.7. i) The Lipschitz ball F;, = {f : Lq(f) < n} is upper-self-contained whose envelope
operators are contractive.

ii) Following the update in (I0) starting from

1
o, = T—5 (ri + WnEz;~T"(~|xi)[d(xi,ﬂﬁg)]) ) (26)

we have Gy ; > Gy ; for Vi € [n].
Similarly, for the lower bound initializing the update in (T1) with

1
QO,i - 1—

S (ri = YIEat (o [d (@i, 27)])
ensures q, . < q, . for Vi € [n].
Therefore, the results in theorem@hold.
Iilroof. i) Consider g(z) = maxscr, { f(z) : f(x;) < fi} for given data points (z;, f;), we can see
that:
g(x) = gg[i}ll}{fi +nd(z, i)}
we can see that g() is n—Lipschitz continuous.

For the contraction property, from Proposition [3.1] the upper envelope operator can be written in the
following way:

ENVr, ({zs, fitiem)(2) = f?ffj{fl + nd(z, z;)},
then we have:
ENVz ({zi, fitieqn)(®) — ENVE ({2, gi}icm) (7)
= Dg[in]{fi +nd(x, )} — ng[in}{gi +nd(z, ;) }

<max{fi — gi},
i1€[n]

which implies contraction.

i) For @ ; = 125 (ri + V1Bt v (Ja [d(2i, 27)]), We have:
Qo0 =740,i + Ti + VBt o (2 [d(4, 27)]
=1 + VBt (|2,)[To s + nd(wi, 7))
>r; + VExQNTW(.\x,i)[}g%}ll]{%,j +nd(z;,;)}]
=q1 -
Similarly we have 4., < q, ;- O

From Theorem [B.6]and Lemma[B.7| we can immediate get Theorem[3.2] Similarly we can prove the
lower bound case.

B.2 Linear Convergence

We are ready to prove the linear convergence result for Proposition 3.4 which follow the similar idea
of proving linear convergence of value iteration.

Proposition[3.3| Following the updates in (I0), we have

’Yt

R#O,-;r [Gt] - Rijf < C 1 v

with constant C := maX;e[,) [¢1 ; — Qo |-
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Proof. Consider |[G,,; — yl|oc, Where G, = [y 1., ;] > we have:

||§t+1 — Gtlloo =m§X{§t+1,i - qt,i}
=ymax By pn (2 bg%}ll]{qm +nd(x, ;) — ,?eli[f}]{@fl,k + nd(z, xk)}:|
<y m;cxx]Em;NTw(.\xi) {%fﬁ{qm’ — Qi1 T (nd(zj, ;) — nd(:véwj))}}

ZVHqt —ﬁt_llloo-

Therefore we have ||, 1 — G4llco < 7|71 — To oo this leads to:
17, = Glloe =117 — Toolloo

o0
< Z [%i41 — Tilloo
i=t

o0
< Z Y@ — Gollo
i—t

t
= ”_Vnal — Golloo-

To conclude we have:

Ry, . [Q)) — B% =Eqmpy , [Q)(x) — Q" (2)]
=Eqrpo, [;Ielb{bl]{qt,j +nd(z,z;)} — geli[g]{@k +nd(z, vx)}]

<l7: -l

ot
=1 ,y”al — Golloo-

B.3 Tightness of Lipschitz-Based Bounds

Theorem@ Let F = F,, be Lipschitz function class with Lipschitz constant 1. Suppose X =
S x A is a compact and bounded domain equipped with a distance d: X x X — R. For a set of
data points X = {x;}7_,, we define its covering radius to be

ex = sup mind(zx, z;).
zex U

We have 5
B n
RT - R} < — ¢,
where 1 is the Lipschitz constant and 7y the discount factor.
Proof. Consider || — ¢||co, Where § = [G;,7s,-..,G,] " and ¢ = 4,: 4, ...,QH]T as the vector of
upper and lower functions @, Q at point x1, T2, ..., Tp.

Since 1; = ¢; — YP™Q(x;) for all @ satisfies the finite points Bellman equation (see more details in
Lemma[B.3), we have:

7 — 4, =7P"(Q(x:) — Q(:))
=B a2y [Q(7}) — Q(a7)]

B | minf; g, + 20l 2)]

<17~ gl + 27 Eare (1 [mind )]
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Let €, = sup, ¢y min;{d(x, z;)}, which is the epsilon ball radius given centers {x;}"_, typically
e~ O(n~ ). We have:

17 = glloc =max|g; — g,
<7 = glloo + 2y maxEa; varfa) [mjin d(x;, xj)]
<17 = glloo + 277y sup min d(z, x;)
zeX J
=717 — glloc + 2n7en.

Thus we have:

_ 21y
g *Q”oo < 1 €n
-

Consider [|@ — Q||oc, We have:
1Q = Qlloe =sup [Q(z) — Q(x)]
reX

< sup |mjn{6j —q. +2nd(x, )}
reX J J

<|17 — gllsc + 27 sup min{d(z, z;)}
zeX J

2ny

<
S1C

En + 2ne,

2

Therefore we have:

B.4 Additional Proofs

Proposition Follow equation (T4) with initialization follows ([2)), let Q, to be the upper

envelope function of data points {x;,q, ; }*_,, we have a similar monotonic result as theorem '

Q= Qi =Q , Vt=0,1,2,...,

Proof. The proof is the same as Theorem [B.6] once we see that we gradually g; but they will always
stay ahead the upper bound Q™ (z;), but the convergence is the same as the original algorithm.  [J

Proof of Theorem Let (S x A, d;) be a metric space for state action pair x and (S, d) be a
metric space for state s. Suppose d is separable so that d,(x1,x2) = ds(s1,82) if a1 = aq. If the
reward function v and the transition T are both Lipschitz in the sense that

r(x1) = r(z2) < [|r|Lipde (21, 22)

ds(T(x1), T(2)) < ||T||Lipda (21, 22), Y1, 22.
We can prove that if v|| T ||1ip < 1, we have

I [|Lip
Qlip < —— 7 — (27
19 = TS
when T is a constant policy. Furthermore, for optimal policy 7 with value function Q*, we have:
I llLip
Q" |luip < (28)
O T
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Proof. Suppose a; = arg max,{Q™(T"(x1),a) — Q™(T"(x2),a)}, where T (x;) = T'(z;) and
T'(x;) = T(T" *(2),ai—1), Vj € {1,2} is defined recursively.

If 7 is a constant policy where 7(als;) = w(als2) = w(a), Va,s1,s2, we can actually write

Q™(x) ~ Q" (x2) as:
Q" (1) = @ (a2) =(rr) = r(a2)) +7 [ (R(alT(21))Q(T(a1), ) ~ w(a|T(22))Q" (T (2).a)) d

a

(r(z1) —r(w2)) + V/GW(G) (Q"(T(21),a) — Q" (T (22),a)) da
(r(z1) —r(z2)) + 7y max (Q@™(T(x1),a) — Q"(T(22),a))
(r(z1) —r(z2)) + 7 (QT(T(21),a1) — Q7(T(2),a1)).

And similarly we have

Q™(T* (1), ai1)—Q™ (T H(w2),ai1) < (T (1), 0i1)—r((T"H(w2), ai1))+7 (Q7 (T (21), a5) — Q" (T"(w2), a

Therefore we have:

IN

oo

Q" (1) — Q" (w2) <(r(z1) — r(w2)) + Y _ 7' (r(T* (1), a5) — r(T'(22), ;)

=1

<A\pdg(x1,22) + Z Y (r (T (x1),a;) — (T (x2), a;)) Haccording to definition of max operator over a;
i=1

(o)
<Apdp(21,22) + Z YA do ([T (1), as), [T (22), a;]) //Lipschitz of reward function
i=1

=Ardg(21,22) + 3 ¥ Ards(T* (1), T'(x2)) //by the assumption dy (21, 22) = d(s1, 52) if a1 = az

i=1

S)\r (dz(zla ‘TQ) + Z’}/l)\a“dr(xla x2)>
i=1

— )\T

_1 — ”)/)\T

d.(x,T).

The last inequality can be proved inductively by
do(T" (21), T (22)) <Ard, ([T (1), @51, [T (22), a5-1])

:)\Tds (Ti_l(xl), Ti_l(l‘g)
<...

A7 (T (1), T(a2))
<Npdg (21, 23).
For Q* case we can have the similar derivation where at the beginning of the proof we have:
Q(z1) = Q" (w2) =(r(z1) = r(x2)) + y(max{Q"(T'(x1), a) } = max{Q" (T (22), a)})
<(r(z1) = r(z2)) +ymax (Q7(T'(21),a) = Q™(T(22),a))

C More Discussions on Lipschitz Norm

We show the non-identifiable results of upper bound of Lipschitz norm by constructing a set of
possible @ functions that are consistent with the data but with an unbounded increasing Lipschitz
norm.
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We first show that if our function set provides at least two different solutions, we have a nontrivial
solution in null space.

Lemma C.1 (Null Space of Finite Bellman Constraints). There is a non-zero Lipschitz continual
function G with ||G||q,Lip < 27 such that:

G(z;) =vP"G(x;), Vi € [n],

once the solution in JF,, is not unique.

Proof. Suppose Q1,Q2 € Fy, satisfies all the finite Bellman constraints. Consider G = Q1 — Q2,
we have ||G||q.Lip < 27 and

G(zi) = Q1(zi) — Q2(xi) = YP™(Q1 — Q2)(xi) = YP"G(x;).
O

Using the nontrivial solution in null space we can construct arbitrarily large Lipschitz norm solution
of () that are consistent with data.

Theorem C.2 (Non-identifiable of Upper Bound of Lipschitz Function). If there is more than one
Lipschitz functions satisfies finite Bellman constraints, For all 1 we can always find Q satisfies
Bellman constraint and ||Q||a,Lip > 7

Proof. By using GG in Lemma we can construct a set of () satisfies finite samples Bellman
equation in (@).
Qr=Q" + AG.

where if we pick A > (1 + [|Q7 ||q,Lip)/||G]4,1ip We have:
1@xlla.Lip = (1 + 1@ [la,Lip) = 1@ [la,Lip = 7-

and @, satisfies finite samples Bellman constraints:

Qx(wi) = Q™ (i) + AG(x;) = 1 + yP™(Q" (i) + A\G(x;)) = B Qx(7;).

D Experimental Settings

Comparison Results using Thomas BoundsThomas et al.| (2015b) We compare our method
with lower bound estimation from [Thomas et al.|(2015b), whose bound leverage a sophisticated
concentration bound by importance sampling estimators. Their method is based on the unbiased
importance sampling (Precup et al.,|2000) estimator of R™:

- T m(asy)
Ris=R(r)[] ,
vt:l Wo(at|8t)
return ,
importance weight

where 7 is the trajectory and R(7) is the normalized and discounted average reward of a trajectory.

They obtain a high confidence lower bounds for IA%}TS by leveraging the concentration inequality with
an adjust threshold parameter specified by user.

Number of Trajectories 2 4 6 10 20 30
Thomas Relative Lower Bound | -8.61e-03 | -2.87e-03 | -1.72e-03 | -9.56e-04 | -4.53e-04 | -2.97e-04
Our Relative Lower Bound -0.131 0.343 0.536 0.698 0.805 0.850

Table 1: Comparison with Thomas Lower Bound Thomas et al.|(2015b), close to 1 is better.

We empirically evaluate the method on Pendulum environment, where we use the same default settings
as we conduct experiments for our algorithms. Table |1| shows the results compared to our lower
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Figure 4: Landscape of upper and lower bound of V™ with different number of samples.

bound. We pick the best result choosing the threshold number from {0.001, 0.01,0.1,1.0,10.0} and
we set the confidence level of Thomas lower bound to be 95%. All the numbers are the relative
reward that divided by the ground truth.

We can see that Thomas’ lower bound is not sensitive to small number of samples, which is almost
near 0. This is mainly because the importance ratio between the target policy 7(a|s) and the behavior
policy g (als) for each trajectory sample goes to O due to the curse of horizon (we use horizon length
= 100 here) , which makes IS based estimator not a proper method for long (or infinite) horizon
problems. As a consequence, concentration confidence bounds based on IS estimators could be
potentially loose in such problems (The number of trajectories used in Thomas et al.|(2015b) can be
n = 107 if they want to get a tight lower bound).

Synthetic Environment with A Known Value Function The transition of this environment is a
one dimension linear function:
T(s,a) =0.8s — 0.4a — 0.1,
and the target policy we use is
7(s,6) = 1.55 — 0.1 4+ &, & ~ N(0,0?),

where Gaussian variance o = e~®. And the historical data is pre-collected by a behavior policy 7
similar to 7 but with a larger variance.

The predefined g-function is Q™ (s, a) = f(s) + f(a — 5) where f(z) = \/2? + xsin(z) + 1. For
distance metric we use Euclidean distance d(x,y) = ||z — y||2. Under this distance metric, we can
calculate the exact Lipschitz constant:

™ _or V2 V2
LA(@") —sup lim @020 = Q6+ Feat P9

s,a €0 €
- f(s) = f(s+ B
=2sup lim
s €—=0 €
=2

Figure |4|shows a full landscape of upper and lower bounds of state value function V™ under different
number of samples, similar to Figure[2]e).

Pendulum Environment We learn a feature map ¢ for Q™ by a two hidden layers neural
network [f1, fa, f3], where the input layer is state action pair zp = x, the first hidden layer
is 21 = fi(z) = RELU(W{ x + b;) with 100 hidden dimension matrix W7,b;. We set
ry = fo(z0,71) = |20, RELU(W, z; + by)]T as feature layer, where we let the concatenate
the input layer and a relu of linear layer for the hidden layer as our feature. We add the input layer
to our feature layer to ensure that our distance function d(xg, Zo) = ||x2 — Z2|| is a true distance
function (not a semi-distance one because x2 = I, requires x = Z). And finally the last layer is a
linear layer with output dimension 1 as the output of g-function. Thus our approximate g-function
can be represented as
Q(z) = Wy @(x) + bs,
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where ®(z) = fo(z, f1(2)).

We apply fitted value evaluation algorithm Munos & Szepesvari| (2008); [Le et al.| (2019) to use
off-policy data to pre-train a Q™, then we use the feature layer 5 = ®(x) as our feature, and set the
Lipschitz constant approximately 2 times the {2 norm of the last linear layer parameter W3 as our
default parameter.

HIV simulator We follow exactly the same settings as|Liu et al.|(2018b).
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